A VERY SINGULAR SOLUTION FOR THE DUAL POROUS MEDIUM EQUATION AND THE ASYMPTOTIC BEHAVIOUR OF GENERAL SOLUTIONS

by Francisco Bernis Departamento de Matemáticas Universidad Autónoma de Madrid 28049 Madrid, Spain

Josephus Hulshof Mathematical Institute Leiden University P.O.Box 9512 2300 RA Leiden, The Netherlands and Juan Luis Vazquez Departamento de Matemáticas Unversidad Autónoma de Madrid 28049 Madrid, Spain

Typeset by AMS-TEX

1. Introduction

This paper is devoted to study the nonlinear parabolic equation (E) z_t = |z_{xx}|^{m−1}z_{xx} with m > 0. Our contribution consists in establishing the existence and properties of certain solutions of selfsimilar type which are then used to obtain information on the behaviour of general classes of solutions. Actually, for m = 1, i.e. for the classical heat equation the solutions to look for are the so-called fundamental solutions and a complete theory can be based on representation of general solutions in terms of them.

In this paper we show that for m > 1 equation (E) admits nonnegative selfsimilar solutions z̃(x, t) of the form

(1.1) z̃ = t^{−γ} F (xt^{−δ}) with γ, δ > 0 ,

with the property that z̃(x, t) is compactly supported as a function of x for every t > 0. The exponents depend on m. Moreover, such a solution is uniquely determined if we impose the normalization condition ∫ z̃(x, 1) dx = c for some fixed c > 0. In this way the concept of fundamental solution of the heat equation u_t = u_{xx} is generalized to equation (E) with m > 1. Our solutions share some of the properties of fundamental solutions of the heat equation ; thus, the asymptotic behaviour of any solution with initial data having compact support is given in first approximation by the family z̃_{m,c}. On the other hand, the functions z̃_{m,c} have a strikingly different behaviour as t → 0: while the fundamental solutions of the heat equation tend to a point mass as time goes to 0 (source-type solutions), our solutions are of a very singular type. In fact, the exponents in (1.1) are such that γ is always larger than δ. This implies not only that the total mass ∫ z̃(x, t) dx = Ct^{δ−γ} decreases in time (against the conservation law in the heat equation case) but also that

(1.2) ∫ z̃(x, t) dx → ∞ as t → 0 . This is a quite unusual phenomenon for a diffusion equation without lower-order terms.

We only know of a similar abnormal behaviour for the Barenblatt equation of elasto-plastic filtration, u_t = u_{xx} + a|u_{xx}|, which was proved by Kamin [K3]. The fact that these equations are not of divergence form is crucial.

For every fixed t > 0 the function z̃_{m,c}(x, t) is compactly supported as a function of x ∈ R. This property is also in contrast with the fundamental solutions of the heat equation, but agrees with the other two well-known nonlinear versions of the heat equation, namely the porous medium equation (PME) u_t = (u^m)_{xx}, m > 1, and the so-called p- Laplacian equation (PLE) u_t = (|u_x|^{p−2}u_x)_x for p > 2. But it must be observed that in both equations the total mass is conserved so that their nonnegative solutions of the form (1.1) satisfy γ = δ and their initial trace is a point source. Anyway, the three equations are intimately related since formal differentiation of (E) gives (PLE) with p = m + 1 and a second differentiation step gives the PME. This is why we call equation (E) the dual porous medium equation . Actually, we shall use this relationship to formulate and prove our technical results in terms of equation PME.

The interest of the particular selfsimilar solution z̃ lies in its application to describe the large-time behaviour of all nonnegative solutions of (E) defined in Q = {(x, t) : x ∈ R, t > 0}, whose initial data are continuous and compactly supported. This is a property that fundamental solutions of diffusion equations typically have.

A similar study can be performed under the assumption 0 < m < 1. In this case a family of positive selfsimilar solutions z̃_{m,c}(x, t) with optimal decay as |x| → ∞ exists. Though the situation is similar in many respects, two differences are worth noting. Firstly, we now find that γ < δ so that the solutions have zero trace in the L^1-norm (in L^1_{loc} if m ≤ 1/3) as t → 0. However, the singularity is apparent in some L^p-norm, p > 1, it is a “small singularity”. The total mass goes to infinity as t → ∞. Secondly, the support of the solutions extends to the whole Q = R × R_+ in this case.

Let us finally mention that, apart from its mathematical interest as a simple example of a fully nonlinear and degenerate parabolic equation, equations like (E) appear in some problems in elasticity with damping [DL] as well as in problems of Bellman-Dirichlet type [L]. The existence and uniqueness of solutions of equations of the general type ∂u/∂t = β(Δu), x ∈ R^N , t > 0 , for some continuous and increasing real-valued function β has been studied by Kamin [K1], Strauss [S], Bénilan and Ha [BH], [Ha], and Konishi [Ko]. The last three papers are written in the context of semigroup theory. On the other hand, the paper [KPV2] establishes the asymptotic convergence of a wide class of nonnegative solutions of the Barenblatt equation of elasto-plastic filtration towards a selfsimilar solution whose singularity at (0, 0) is not of source type, a situation exactly as the one described here.

2. Preliminaries and statement of main results for m > 1

The study of the large-time behaviour of solutions to the Cauchy Problem

u_t = (|u|^{m−1}u)_{xx} in Q = R × (0, ∞)

(2.1) u(x, 0) = u_0(x) for x ∈ R

(2.2)

can be reduced to the description of the selfsimilar solutions of this equation, i.e. solutions of the form

(2.3) u(x, t) = t^{−α}U(β^{1/2}xt^{−β} )

with U ≢ 0. Necessarily, the parameters α and β have to satisfy

(2.4) α(m − 1) + 2β = 1 .

It is convenient to introduce the ratio k = α/β so that (2.4) can be written as

(2.5) α = k k(m − 1) + 2 β = 1 k(m − 1) + 2

and the profile U = U(y) is a solution of the ODE

(2.6) (|U|^{m−1}U)^{′′} + yU^′ + kU = 0 .

In the case of the classical heat equation, which corresponds to setting m = 1 in (2.1), it is well-known that exactly for the sequence k = 1, 2, · · · , n, · · · we obtain particular solutions U_n of (2.6) which decay exponentially as |y| → ∞ while for other values of k such a decrease rate is only power-like. Moreover, the corresponding solution u_n(x, t) = t^{−n/2}U_n(x(2t)^{−1/2}) takes on the initial data

(2.7) u_n(x, t) → C_n d^{n−1} dx^{n−1} δ(x) as t → 0 , where δ is the Dirac mass and C_n is an arbitrary positive constant which uniquely determines U_n and u_n, and the limit is taken in the distributional sense. Actually, since (2.1) is a linear equation with constant coefficients all these solutions are obtained (up to a constant factor) by differentiation of the fundamental solution.

For m > 1 the situation is not essentially different. In fact, it has been proved by Hulshof [Hu] that there exists an infinite increasing sequence {k_n}, n ≥ 1 such that k_n → ∞ and for every n there exists a one-parameter family of nontrivial solutions of (2.6) with k = k_n which are compactly supported , while for other values of k the solutions of (2.6) have powerlike decay. We shall call the k_n eigenvalues of (2.1) while the corresponding solutions are called eigenfunctions. The n-th eigenfunctions are characterized by having n − 1 zeroes in their support. It is maybe worth mentioning that all eigenfunctions corresponding to the same eigenvalue can be obtained from a single one by performing a change of sign and/or the scaling transformation

(2.8) Û (y) = λ^{−2}U(λ^{m−1}y) ,

which produces out of every λ > 0 and every solution U a new solution Û = U_λ. We may thus without loss of generality normalize for instance U_n to take the value U_n(0) = 1 if n is odd (then U_n is even) or U^′_n(0) = 0 if n is even (then U_n is odd).

The eigenfunctions play an important role in the theory of the Cauchy Problem (2.1)- (2.2). In particular, the first eigenvalue is k_1 = 1 (hence α_1 = β_1 = 1/(m + 1)), and the corresponding eigenfunction has the explicit form

(2.9) U_1(y) = ( c −^{m−1}_{2m} y^2

) 1_m�_1 + with c > 0 arbitrary. Its initial data is a Dirac mass, u(x, 0) = Mδ(x) where M (the mass) is a function of c. It is usually called the source-type solution or Barenblatt solution, [Ba],

[ZK]. Any solution of (2.1)-(2.2) with u_0 ∈ L^1(R), u_0 ≥ 0 behaves for large times much as the function u_1 having the same mass as u_0: ∫ u_0(x) dx = ∫ u_1(x, t) dx. This determines the c in (2.9), see [K1]. The result has been recently extended to all u_0 ∈ L^1(R) without sign restriction if the mass is not 0, [KV1].

The second eigenfunction corresponds to k_2 = 2, α_2 = 1/m, β_2 = 1/(2m). It takes initial data of dipole form

(2.10) u_2(x, t) → Cδ^′(x) as t → 0

with C ≠ 0. This means that formula (2.7) holds for m > 1 if n = 1, 2. The profile U_2, antisymmetric and compactly supported, is also given in explicit form by

(2.11) U_2(y) = y^{1/m} ( c −^{m−1}_{m+1} y^{m+1m}

) 1_m�_1 + for y > 0. c is an arbitrary constant related to the initial constant C. The functions u_2 describe the asymptotic behaviour of solutions of (2.1)-(2.2) such that

(2.12) ∫ u_0(x) dx = 0 and ∫ xu_0(x) dx ≠ 0 , see [KV1]. An equivalent and interesting form of interpreting this result consists in integrating the problem in x which gives for the new variable

(2.13) w(x, t) = ∫_x −∞ u(s, t) ds the problem

w_t = (|w_x|^{m−1}w_x)_x in Q

(2.14)

w(x, 0) = w_0(x) ≡ ∫_x −∞ u_0(s) ds for x ∈ R .

(2.15)

Then w_2, defined through (2.13) from u_2, is a source-type solution of (2.14) and gives the asymptotic behaviour for solutions of (2.14)-(2.15) if w_0 ∈ L^1(R) and the mass ∫ w_0(x) dx does not vanish, [KV2].

The purpose of this paper is to investigate the properties of the third eigenvalue k_3 and its eigenfunctions U_3 and to relate them to the study of the behaviour of the solutions of the problem z_t = |z_{xx}|^{m−1}z_{xx} (2.16) z(x, 0) = z_0(x) ,

(2.17) which can be obtained from (2.14)-(2.15) by still another integration in space

(2.18) z(x, t) = ∫_x −∞ w(s, t) ds . Contrary to equations (2.1) and (2.14) which have been intensely studied in recent years, cf. [A], [KV1], their ‘cousin’ equation (2.16) has been somewhat disregarded in the literature. It is not an equation in divergence form for m ≠ 1. It is known that (2.16) generates a contraction semigroup in a subspace of L^∞(R), cf. [BH], [Ha], [Ko]. However, no L^p-norm, 1 ≤ p ≤ ∞, is conserved by the semigroup as we shall show below. The property of finite speed of propagation holds: initial data with compact support give rise to solutions which for every fixed t > 0 enjoy the same property.

We began our investigation by considering the problem of determining the value of k_3. The first conjecture that came to our minds was that perhaps k_3 = 3, in which case formula (2.7) would also hold for n = 3 like in the linear case. This turned out to be false.

Theorem 2.1. For m > 1 we have k_3 > 3.

In fact, we also prove that k_3 → 4 as m → ∞ (Section 4) and k_3 is also a continuous function of m ∈ [1, ∞) (Section 5). We have numerical evidence that this dependence is monotone increasing so that

(2.19) 3 ≤ k_3 < 4 for 1 ≤ m < ∞ .

In order to see the importance of Theorem 2.1 for equation (E) we recall that an eigenfunction U_3(y) gives rise to a solution u_3(x, t) given by (2.3)-(2.4), and twice integrating in x this solution gives a solution of (E) in self-similar form

(2.20) z_3(x, t) = t^{−γ} F (xt^{−δ} ) with γ = (k_3 − 2)β_3 , δ = β_3 ,

so that k_3 > 3 implies that γ > δ. We shall also show that z_3 is compactly supported in R for every t > 0: its positivity set takes the form (2.21) {(x, t) ∈ Q : u(x, t) > 0} = {(x, t) ∈ Q : |x| < Ct^{β3} } , where C > 0 can be chosen arbitrarily (by rescaling). Besides, after a possible change of sign z_3 can be taken to be nonnegative. Finally, the L^p-norm, 1 ≤ p ≤ ∞, decays in time like

(2.22) ‖z_3(·, t)‖_p = C_pt^{−μ} with μ = (k_3 − 2 −^1_p )β_3 > 0 .

Therefore, z_3 does not behave as a source-type solution as t → 0, but exhibits a very singular behaviour in the terminology now usual in parabolic equations of diffusion-absorption type where this kind of singularity also occurs, see for instance [BPT], [KPV1].

Our selfsimilar solutions z_3 can be used to describe the asymptotic behaviour of general solutions of (2.16)-(2.17), much as the fundamental solutions of the heat equation are used. The following result is proved in Section 6.

Theorem 2.2. Every solution of (2.16)-(2.17) with z_0 ∈ C(R), z_0 ≥ 0 and compactly supported, decays in time like t^{−γ} with γ = (k_3 − 2)β_3 > 0, namely there exist constants C_1 and C_2 such that for every t >> 0 (2.23) C_1t^γ ≤ sup z(x, t) ≤ C_2t^γ .

The support grows like t^{β3} : there exist C_3, C_4 such that for t >> 0 the support of z(·, t) contains the ball of center 0 and radius C_3t^{β3} and is contained in the ball with radius C_4t^{β3} . The upper bounds are still true without the assumption z_0 ≥ 0.

The above asymptotic information can be stated in terms of classes of solutions of (PLE) or (PME), by differentiating once and twice respectively. Thus, in the first case we obtain the asymptotic behaviour of solutions w of equation (2.14)-(2.15) such that w_0 ∈ L^1(R) has compact support and ∫ R^{w0 = 0 ,}

(2.24) ∫_x −∞ w_0 ≥ 0 for every x ∈ R ,

(2.25)

while u_3(x, t) describes the large-time behaviour of solutions of (2.1)-(2.2) with u_0 ∈ L^1(R), u_0 with compact support and ∫ R^{u0(r) dr = 0 ,} ∫ R ∫_s −∞ u_0(r) dr ds = 0 and

(2.26) ∫_x −∞ ∫_s −∞ u_0(r) dr ds ≥ 0 , for every x ∈ R .

(2.27)

We point out that (2.26) can be reformulated as the vanishing of the first two moments

(2.28) ∫ R^{u0(r) dr =} ∫ R^{r u0(r) dr = 0 .}

In this way we see how this result complements those obtained in [KV1] for the case when these moments do not vanish simultaneously. Again, the upper bounds hold without the sign assumptions (2.25), (2.27).

3. Proof of Theorem 2.1

In this section we assume that m > 1 and consider the eigenvalue k_3 and the eigenfunction U_3, which is an even function in R, [Hu].We normalize U_3 so that U_3(0) = 1. Thus, U_3 = U_3(x) is the solution to the following initial-value problem − (|U|^{m−1}U)^{′′} = xU^′ + kU (3.1) U(0) = 1, U^′(0) = 0 ,

(3.2)

with k = k_3.We recall that although U is not C^1 and |U|^{m−1}U is not C^2, equation (3.1) makes sense by requiring that U and (|U|^{m−1}U)^′ be absolutely continuous. Given any k > 0 and m > 1 it i s known that (3.1)-(3.2) has a unique solution defined on the whole line.

We summarize in the following Lemma some properties of U_3 proven in [Hu].

Lemma 3.1. (i) k_3 > 2.

(ii) The support of U_3 is a bounded interval of the form [−A, A] with A > 0. (iii) U_3 has a unique positive zero, x = a, inside its support (0 < a < A). (iv) (|U|^{m−1}U)^′ < 0 at x = a. We introduce the functions V_3 = |U_3|^{m−1}U_3

(3.3) Z_3(x) = ∫_A x (t − x)U_3(t) dt (3.4)

W_3(x) = Z^′_3(x) = − ∫_A x U_3(t) dt (3.5)

Thus, Z^{′′}_3 = U_3. Integrating (3.1) twice from x to A we obtain − V^′_3 = xU_3 + (k_3 − 1)W_3 = xZ^{′′}_3 + (k_3 − 1)Z^′_3 and

(3.6) − V_3 = xZ^′_3 + (k_3 − 2)Z_3 .

(3.7)

Lemma 3.2. (i) W_3(0) = 0. (ii) W_3 > 0 on (0, A).

(iii) Z_3 < 0 on [0, A). (iv) W_3(x) = Z_3(x) = 0 for all x ≥ A.

Proof. (i) is a consequence of (3.2) and (3.6), (ii) is implied by (i) and Lemma 3.1, (iii) follows from (ii) since Z^′_3 = W_3 and finally (iv) is clear from (3.4), (3.5) and Lemma 3.1. # We remark that Z_3 can be also defined by the conditions Z^{′′}_3 = U_3, Z^′_3(0) = 0 and Z_3(0) = −1/(k_3 − 2). It is easily seen that both definitions are equivalent. Lemma 3.3. We have

(3.8) − ∫_A 0 V_3(x) dx = (k_3 − 3) ∫_A 0 Z_3(x) dx . The proof consists in integrating (3.7). # The next result is the crucial step in the proof of Theorem 2.1.

Lemma 3.4. If m > 1 then

(3.9) ∫_A 0 V_3(x) dx > 0 .

Proof. For simplicity we drop the subindex 3. Observe that by (3.5) W is increasing in (0, a) and decreasing in (a, A). Taking this into account we can express V as a function of W , V = V_1(W ) in the interval (0, a), and as another function of W , V = V_2(W ) in the interval (a, A). Both functions are defined for 0 < W < W (a) = σ. Moreover, V_1(σ) = V_2(σ) = V_2(0) = 0 while V_1(0) = 1. Since

(3.10) dW dx = U = |V |^{1m} sign (V ) , we obtain

(3.11) ∫_A 0 V (x) dx = ∫_a 0 V (x) dx + ∫_A a V (x) dx = ∫_σ 0 |V_1(W )|^{1− 1m} dW − ∫_σ 0 |V_2(W )|^{1− 1m} dW . Notice that V_1 > 0 and V_2 < 0 in (0, σ).

We claim that (3.12) V_1(W ) > |V_2(W )| = −V_2(W ) for all W ∈ (0, σ) . From this claim and formula (3.11) our lemma follows since m > 1.

Let us proof the claim and thus establish Lemma 3.4. Suppose that (3.12) is false. Then V_1 + V_2 has a negative or zero minimum at a point W_∗ inside (0, σ). At this point V^′_1(W_∗) + V^′_2(W_∗) = 0. On the other hand, it follows from (3.6) and (3.10) that at W_∗ − dV_1/dW = x_1 + (k − 1)W_∗V^{− 1m}_1 − dV_2/dW = x_2 + (k − 1)W_∗|V_2|^{− 1m} sign (V_2) = x_2 − (k − 1)W_∗|V_2|^{− 1m} , where x_1 and x_2 are determined as the two points where the function W (x) takes on the value W_∗, 0 < x_1 < x_2 < A. From the above we deduce that at W = W_∗ −d(V_1 + V_2)/dW = x_1 + x_2 + (k − 1)W_∗(V^{− 1m}_1 − |V_2|^{− 1m} ) .

Now, this quantity is positive since x_1, x_2 and W_∗ are so, and V_1 ≤ |V_2| at the minimum. This contradiction proves our claim (3.12). #

The preceding Lemmas imply Theorem 2.1. In fact, we know from Lemma 3.2 that Z_3 < 0 on [0, A). Use now formula (3.8) and Lemma 3.4 to conclude that k_3 − 3 > 0. # We end the section with another property of the eigenfunction U_3 which will be used later on.

Lemma 3.5. V^′_3 has a unique zero, b, in the interval (0, A) and b > a. Proof. Recalling the notation (3.3) and Lemma 3.1, it is clear that V^′_3 has at least a zero in (0, A). From equation (3.1) it follows that V^{′′}_3 > 0 at the zeros of V^′_3 in (a, A). Thus, V_3 has no local maximum in (a, A) so that V^′_3 has only one zero in (a, A). A similar argument proves that V^′_3 has no zeros in (0, a). #

4. The limit m → ∞

In this section we establish the asymptotic behaviour of k_3 as m → ∞. Theorem 4.1. Let k_3 = k_3(m) be the third eigenvalue of (2.6). Then k_3(m) → 4 as m → ∞. Before we concern ourselves with the limit behaviour of k_3 it is convenient to pass to the limit in the problem. Once we have identified the correct limit problem we shall show that k = 4 is the only acceptable solution for it. Then we will be able to prove that k_3 converges to this limit value as m → ∞.

4.1 The limit problem. We recall that integrating twice equation (2.6) we obtain for k ≠ 2 (4.1) −V = xZ^′ + (k − 2)Z , V = |U|^{m−1}U , where Z is related to U by

(4.2) Z^{′′} = U , Z^′(0) = 0 , Z(0) = − 1 k − 2 . Problem (4.1)-(4.2) can be viewed as an ODE for the variable Z with initial data at x = 0. Since the problem is even we may consider only the positive half-line x ≥ 0.

Next we take a formal limit m → ∞ in the above problem and arrive at the following problem (P_∞) : To find a function Z ∈ C^1(R_+) such that its second derivative is a function of bounded variation, Z^{′′} ∈ BV (R_+), and a continuous function V in R_+ such that − V = xZ^′ + (k − 2)Z (4.3) Z^{′′}(x) ∈ sign (V (x)) for a.e. x > 0

(4.4) Z(0) = − 1 k − 2 , Z^′(0) = 0

(4.5) the quantity k|V | +^1_2 V^{′2} is nonincreasing a.e. in R_+

(4.6)

The space BV and condition (4.6) are introduced because they play a role in ensuring the uniqueness of solutions to this problem. Following previous notations we put U = Z^{′′}. Derivatives are understood in the weak sense when necessary. Note that, as in Section 3, we still have for the solutions of (P_∞): − V^′ = xU + (k − 1)Z^′

(4.7) − V^{′′} = xU^′ + kU (4.8) V (0) = 1 , V^′(0) = 0 .

(4.9)

4.2. Solutions of the limit problem. Our first result is

Theorem 4.2. Given any k > 2 there exists a unique solution to problem (P_∞).

Observe that in an interval where V ≠ 0 we have U = sign (V ) ∈ {−1, 1}, hence U^′ = 0 a.e. and from (4.8) it follows that V^{′′} = −k sign (V ). Therefore, both Z and V are given by second-degree polynomials, i.e. they are parabolic arcs. Existence and uniqueness questions are thus reduced to the points where V = 0. Theorem 4.2 is then a consequence of the next result.

Lemma 4.3. Let Z be a solution of Problem (P_∞) defined in an interval [0, c) with c > 0. Assume that V (c) = 0 and V > 0 in a left neighbourhood of c, (c − δ, c). Then V and Z exist and are uniquely determined in a right neighbourhood of c. Furthermore,

(i) V^′(c−) < 0 and V^′(c+) ≤ 0 (ii) If |V^′(c−)| ≤ 2c then V^′(c+) = 0 and V (x) = 0 for all x ≥ c (iii) If |V^′(c−)| > 2c then

V^′(c+) = 2c + V^′(c−) < 0

(4.10)

and V < 0 in a right neighbourhood of c.

Proof. (i) It is clear that on (c − δ, c) V is given by a parabolic arch and V^′(c−) < 0. From (4.7) it follows that V^′ ∈ BV_{loc}(R_+) and hence the one-sided limit V^′(c+) exists. Finally, if V^′(c+) > 0 then V would be positive to the right of c, hence U = 1, and (4.7) would then imply that V^′(c+) = V^′(c−), a contradiction.

(ii) If V^′(c+) < 0 then V < 0 in a right neighbourhood of c and from (4.7) V^′(c+) = 2c + V^′(c−) > 0. This contradiction proves that V^′(c+) = 0. Then condition (4.6) implies that V (x) = 0 for all x ≥ c and Z has a unique C^1 extension determined by xZ^′ + (k − 2)Z = 0 for all x ≥ c.

(iii) If V^′(c+) = 0 we deduce from (4.7) and U(c−) = 1 that

U(c+) = −(k − 1) Z^′(c) c = c + V^′(c−) c < −c c = −1 , which contradicts |U| ≤ 1 (recall (4.4)). Thus, V^′(c+) < 0. In this case Z and V are parabolic arcs to the right of c determined by the equations Z^{′′} = U = −1 and V^{′′} = k. # A similar result is obtained when the assumption V > 0 on (c − δ, c) is replaced by V < 0 by simply applying the Lemma to the function −V . Since the occurrence of (iii) in the above situations implies a net decrease of 2c for |V^′| accross a zero c, it is clear that after a finite number of isolated zeroes the function V settles down to the situation (ii), i.e. V has compact support. We will say that k is an eigenfunction of (P_∞) when Z is also a function with compact support. Since near infinity Z is given by the equation

(4.11) xZ^′ + (k − 2)Z = 0 this is equivalent to asking that U = Z^{′′} or W = Z^′ have compact support.

The result we need about problem (P_∞) is the following Theorem 4.4. Let k > 2. Problem (P_∞) admits a nonpositive solution Z with compact support if and only if k = 4. The solution is an even function supported in [− √ 2, √ 2]. Proof. Step 1. Clearly the solutions of (P_∞) are even functions, hence we restrict our calculations to x ≥ 0. It is easy to see that near 0 and as long as V > 0 we have U = 1, hence V is given by the arc V (x) = 1 − (k/2)x^2, so that V has a first zero at a = √ 2/k . Moreover, since V^′(a−) = −ka and −ka + 2a < 0, from Lemma 4.3-(iii) it follows that V^′(a+) = −(k − 2)a and V has at least a second parabolic arch, stretching from x = a to, say, x = A. Then V (A) = 0 and V < 0 on (a, A). Using the symmetry of this arch we conclude that

(4.12) V^′(A−) = −V^′(a+) = (k − 2)a .

In fact, since by (4.8) V^{′′} = k in (a, A) we have in this interval

(4.13) V^′(x) = kx − 2(k − 1)a .

(4.12) and (4.13) imply that V^′(A−) = (k − 2)a = kA − 2(k − 1)a, hence

(4.14) A = 3k − 4 k a . Step 2. We turn now to the determination of Z. Since Z^{′′} = 1 for 0 < x < a and Z^{′′} = −1 for a < x < A and Z(0) = −1/(k − 2) we arrive at the values

(4.15) Z^′(A) = −a k − 4 k and Z(A) = aA k − 4 k(k − 2) . Thus, for k > 4 we arrive at a contradiction since Z(A) becomes positive. Let us also exclude the case 2 < k < 4: this follows from the observation that

(4.16) V^′(A−) − 2A = a k^2 − 8k + 8 k which is negative for those values of k, hence by Lemma 4.3-(ii) we have V (x) ≡ 0 on (A, ∞). Now, since by (4.15) the value of Z(A) is not zero (more precisely negative) and Z satisfies equation (4.11) whenever V vanishes, we then would have Z < 0 for all x ≥ A.

Step 3. Finally, if k = 4 it is easy to see that a = 1/ √ 2, A = 2a, Z(A) = 0 and both V and Z are prolonged to the right of A as the null function. It is clearly seen that Z < 0 on (0, A) and V has exactly one zero in this interval. #

4.3. Convergence as m → ∞. We may now proceed with the proof of Theorem 4.1. We begin with some estimates for the solutions of problem (4.1)-(4.2).

Lemma 4.5. Let Z be the solution of Problem (4.1)-(4.2). Then the following functions are nonincreasing in R+:

Φ_1 ≡ km m + 1 |V |^{m+1m} + 1 2 V^{′2} Φ_2 ≡ m m + 1 |V |^{m+1m} + k − 1 2 Z^{′2} Φ_3 ≡ 1 2 Z^{′2} + (k − 2)^{1m} m m + 1 |Z|^{m+1m} . In the last case k > 2 is assumed.

Proof. These estimates can be checked by computing the derivatives and using equations (4.8), (4.7) and (4.1) respectively. We give a detailed derivation of Φ_3. Set g(s) = |s|^{1/m}sign s. From (4.1) it follows that −Z^{′′} = g(xZ^′ + (k − 2)Z). Then

Φ^′_3 = Z^′(Z^{′′} + (k − 2)^{1/m}|Z|^{1/m}sign Z) = − Z^′ [g(xZ^′ + (k − 2)Z) − g((k − 2)Z)] ≤ 0 ,

because g is increasing and x is nonnegative. #

Lemma 4.6. Let k > 2 and let Z be the solution of Problem (4.1)-(4.2). Then the following inequalities hold in R_+: (a) |V | ≤ 1 , (b) |Z^{′′}| ≡ |U| ≤ 1 . (c) |Z| ≤ 1 k − 2 (d) V^{′2} ≤ 2km m + 1

, (e) Z^{′2} ≤ 2m (m + 1)(k − 1)

Proof. Since |V | = |U|^m, (a) and (b) are equivalent. (a) for instance follows from V (0) = 1, V^′(0) = 0 and the monotonicity of Φ_1, from which (d) also follows. A similar argument with Φ_3 proves (c). For (e) we use the monotonicity of Φ_2. # Lemma 4.7. k_3(m) remains bounded as m → ∞.

Proof. Assume for contradiction that this is not the case and let m_j be a sequence, m_j → ∞, such that k_j = k_3(m_j ) goes to infinity. Let Z_j be the corresponding solution of Problem (4.1)-(4.2). We introduce a convenient rescaling

(4.17) Z_j (x) = 1 k_j Ẑ_j ( √ k_j x) , V_j (x) = V̂_j ( √ k_j x) , , which satisfies the ODE

(4.18) −V̂_j(t) = t k_j Ẑ′_j (t) + ( 1 − 2 k_j ) Ẑ_j (t) and the estimates |Ẑ_j | ≤ k_j k_j − 2

, Ẑ^′_j^2 ≤ 2m_j k_j (m_j + 1)(k_j − 1) , |Ẑ^{′′}_j | ≤ 1 . From the above relations it follows that (a subsequence of) Ẑ_j tends in C^1_{loc}(R_+) to a certain function Z and Z(0) = 1, Z^′(0) = 0 and Z ≤ 0 since Z_j ≤ 0 for all j (see Lemma 3.2). Passing to the limit in equations (4.18) and in Ẑ^{′′}_j = Û_j we deduce that Z must satisfy a.e. in R_+ the relation −Z^{′′}(x) ∈ sign (Z(x)). But this implies that Z has infinitely many sign changes, a contradiction. #

Therefore, for every sequence m_j → ∞ there must be a subsequence m_{jn} such that along it k_j converges to a finite limit k̄. By Lemma 4.6 there exists a further subsequence along which we have with the preceding notations the following convergences

(4.19) Z_j → Z̄, Z^′_j → Z̄^′, V_j → V̄ uniformly on bounded sets .

We have Lemma 4.8. Under the above assumptions Z̄ is a nonpositive solution of Problem (P_∞) . Proof. It follows from (4.19), U_j = |V_j|^{1/mj} sign V_j and the estimate |U_j | ≤ 1 that Z̄ and V̄ satisfy (4.3)-(4.5).

Since U_j has two nontrivial extrema (by Lemma 3.5), the uniform bound |U_j | ≤ 1 implies that U^′_j is bounded in L^1(R_+) .

Thus, Ū^′ is a measure and Ū ∈ BV (R_+). By compact embedding (and extraction of a further subsequence that we will still denote by U_j ) we obtain that

U_j → Ū strongly in L^p_{loc}(R_+), 1 ≤ p < ∞ and U_j → Ū a.e. in R_+ . This,(4.7) and (4.19) imply that V̄ also satisfies condition (4.6), which completes the proof of the Lemma. # Lemma 4.9. Both V̄ and Z̄ have compact support.

Proof. Using the estimates of Lemma 4.6 on equation (4.7) we see that |xU_j (x)| is uniformly bounded independently of j and x. This means that there exists a constant C such that

(4.20) |V_j (x)| ≤ ( C x )_{mj} . Letting m_j → ∞ we obtain V̄ (x) = 0 for all x > C.

To show that Z̄ is compactly supported we write equation (4.1) in the form −x^{k−3}V = (x^{k−2}Z)^′ . Since Z_j has bounded support we have

x^{kj −2}Z_j (x) = ∫_∞ x t^{kj−3}V_j (t) dt for all x ≥ 0 .

By (4.19), (4.20) and |V_j | ≤ 1 we may pass to the limit in this integral to obtain

x^{k̄−2}Z̄(x) = ∫_∞ x t^{k̄−3}V̄ (t) dt for all x ≥ 0. Since V̄ has compact support the conclusion follows. #

The conclusion of Theorem 4.1 is now obvious. By Lemmas 4.8 and 4.9 Z̄ must be a nonpositive solution of (P_∞) with compact support. By Theorem 4.4 this implies that k̄ = 4. Since the limit is unique the whole sequence m_j must converge.

Remark. Similar arguments allow to prove that lim m→∞ k_4(m) = 4 + 2 √ 2 ≈ 6.8284 lim m→∞ k_5(m) = 6 + 2 √ 5 ≈ 10.4721 .

Recall that k_4 corresponds to an odd eigenfunction while k_5 corresponds to an even one.

5. Continuity

In the last section we have proved that k_3(m) is continuous at m = ∞ if we put k_3(∞) = 4. Here we prove the continuity for finite values of m. Theorem 5.1. The function k_3(m) is continuous for 1 ≤ m < ∞.

The proof will follow the line of argument used for the case m → ∞ in Section 4. The only essential novelty is the obtention of suitable estimates which allow to prove that the limit function has a good decay rate as x → ∞, so it can be identified with the corresponding eigenfunction. Therefore, we begin this section with the derivation of some powerful uniform bounds, which will be also useful in the study of the case 0 < m < 1 in Section 7.

Let us remark that a quite different proof can be done in terms of the phase-plane analysis as performed in [Hu], by studying the continuity of certain connecting orbits with respect to the parameters m and k. This phase-plane analysis will be used below in Section 7 to establish the properties of the eigenvalues and eigenfunctions for 0 < m < 1.

To prepare for the proof, let us introduce a parameter λ and the conditions m > 0 , k > 0 , 2 + k(m − 1) > 0

(5.1) λ ≥ k , 2 + λ(m − 1) ≥ 0 . (5.2) Notice that (5.1) and (5.2) together imply (5.3) 2 + λm − k > 0 .

Lemma 5.2. Assume that (5.1) and (5.2) hold. Let 0 ≤ ā < a < ∞ and let U be a solution of (3.1) such that in (ā, a) U is bounded and U ≠ 0 and ā^kU(ā) = U(a) = 0 .

Then (5.4) M ≡ sup_{ā<x<a} x^λ|U(x)| ≤ F (m, k, λ)|U|^{2+λ(m} �1)_2 ∞ , where |U|_∞ is the supremum of |U| in (ā, a) and F is a continuous function defined in the region of the (m, k, λ)-space determined by conditions (5.1)-(5.2). Furthermore, F is independent of U, ā and a.

We remark that when m ≥ 1 then λ and k can be chosen arbitrarily large. On the contrary, if 0 < m < 1, then (5.1) and (5.2) imply that k < 2/(1 − m) and λ ≤ 2/(1 − m). On the other hand, observe that for λ = k we have Corollary 5.3. Assume that (5.1) holds and let ā, a and U be as in Lemma 5.2. Then (5.5) sup_{ā<x<a} x^k|U(x)| ≤ G_1(m, k)|U|^{2+k(m} �1)_2 ∞ , where G_1 is continuous in the region determined by (5.1) and is independent of U, ā and a. Proof of Lemma 5.2. We may assume that U > 0 in (ā, a), the case U < 0 being analogous. There exists ρ ∈ (ā, a) such that M = ρ^λU(ρ) and (x^λU(x))^′_{|x=ρ} = ρ^{λ−1}(ρU^′(ρ) + λU(ρ)) = 0 Recalling that V = U^m we get ρ|V^′(ρ)| = λmV (ρ) (5.6) V (x) ≤ M^m/x^{λm} for all x ∈ (ā, a) . (5.7)

Writing equation (3.1) in the form −x^{k−1}V^{′′} = (x^kU)^′, integrating by parts and taking into account that V^′(a) ≤ 0 we derive that ρ^kU(ρ) = ∫_a ρ x^{k−1}V^{′′}(x) dx ≤ ≤ − ρ^{k−1}V^′(ρ) + (k − 1)ρ^{k−2}V (ρ) + (k − 1)(k − 2) ∫_a ρ x^{k−3}V (x) dx . From (5.6), (5.7) and (5.3) it follows that ρ^kU(ρ) ≤ F_1M^mρ^{−(2+λm−k)} , with F_1 = λm + (k − 1)_+ +

((k − 1)(k − 2))_+ 2 + λm − k . Hence M = ρ^λU(ρ) ≤ F_1M^mρ^{−(2+λ(m−1))} .

Observing that M ≤ ρ^λ|U|_∞ and consequently ρ^{−λ} ≤ |U|_∞/M, from 2 + λ(m − 1) ≥ 0 it follows that the conclusion of the lemma holds with F = F^{λ/2}_1 . #

Remark. Lemma 5.2 and Corollary 5.3 hold also when a = ∞ if we assume in addition that, as x → ∞ we have x^λU(x) → 0 and x^kU(x) → 0, respectively.

We may now proceed with the Proof of Theorem 5.1. Step 1. As in Section 4 we let m_j be a sequence converging to a value m̄ ∈ [1, ∞) and let k_j = k_3(m_j ) and U_j be the corresponding solution of (3.1)-(3.2). Let k_j → k̄ ∈ [3, ∞] (possibly after passing to a subsequence). Recalling Section 4 from Lemma 4.5 onwards, by similar - in fact simpler arguments - we deduce that for some subsequence, which we still call {j}, we have U_j → Ū , V_j → V̄ , and V^′_j → V̄^′ uniformly on bounded subsets of R and k̄ < ∞. Hence, V̄ = |Ū|^{m̄−1}Ū and Ū is the solution of (3.1)-(3.2) with k = k̄ and W̄ ≥ 0 on (0, ∞). Now W̄ cannot have a local minimum at a point where W̄ > 0 (see equation (4.7)). Besides, W̄ (x_0) = W̄^′(x_0) = 0 imply W (x) = 0 for all x ≥ x_0, because of the monotonicity of the function Φ_2 in Lemma 4.5. From these two facts it follows that Ū = W̄^′ has a unique isolated zero in (0, ∞).

Step 2. Ū is absolutely continuous because Ū = |V̄ |^{1m −1}V̄ and V̄ is C^1, the function s → |s|^{1/m̄}sign s is absolutely continuous and V̄ has a finite number of monotone arches (the last assertion is proved as in Lemma 3.5). By (3.1) V̄^′ is also absolutely continuous.

Step 3. It remains to prove that Ū has bounded support for m̄ > 1 and exponential decay for m̄ = 1. Since m_j > 1 we may Lemma apply 5.2 to U_j with λ arbitrary large. Hence |U_j (x)| ≤ C(λ)x^{−λ} for all x > 0 , where C(λ) is independent of j. Recall also that |U_j| ≤ 1 on R. We conclude that Ū decays at infinity faster than any power of x^{−1}. Now, if m̄ > 1 it has been proved in [Hu] that solutions decaying faster than |x|^{−k} as |x| → ∞ must be compactly supported. Hence, Ū has compact support, and k̄ = k_3(m̄) because of the uniqueness of the eigenvalues proved in [Hu].

In the case m̄ = 1 it follows from standard linear methods that the solutions of −U^{′′} = xU^′ + kU decaying faster than |x|^{−k} as |x| → ∞ actually have exponential decay. Thus, k̄ = k_3(1) = 3. #

6. Asymptotic behaviour for equation (E). Proof of Theorem 2.2

Let us begin by reviewing the existence and uniqueness theory for the Cauchy Problem for equation (E), i.e. (2.16)-(2.17). Since (E) can be obtained by twice integrating the PME (2.1), we may use the well-known theory for this latter equation to obtain existence results for our equation.

Thus, we recall [A] that for every u_0 ∈ L^1(R) there exists a unique function u = u(x, t) ∈ C(Q) ∩ C([0, ∞) : L^1(R)) ∩ L^∞(R × (τ, ∞)), where Q = R × R_+ and any τ > 0, which satisfies (2.1) in the sense of distributions in Q and takes on the initial data u(·, 0) = u_0. Moreover, if u_0 has compact support, then for every t > 0 the function u(·, t) has compact support.

Integration of this result allows to construct a solution z = z(x, t) ∈ C^{2,1}_{x,t} (Q) of equation (E) for every initial data

(6.1) z_0 ∈ E = {v ∈ C^1(R) : v^′ and v^{′′} ∈ L^1(R)} .

The uniqueness of such classical solution is an easy consequence of the Maximum Principle. Moreover, the same argument allows to show the following Contraction Principle.

Lemma 6.1. Let z_i, i = 1, 2 be classical solutions of (E) with initial data z_{0,i} satisfying the above hypothesis. Then the quantity

(6.2) ‖(z_1(·, t) − z_2(·, t))_+‖_∞

is nonincreasing in time.

In fact, this kind of property allows for the construction of generalized solutions of (2.16)-(2.17) as uniform limits of classical ones for all continuous initial data tending to 0 at infinity, z_0 ∈ C_0(R), which is a subset of the closure of E ∩ L^∞(R) with respect to the uniform norm. In this way we obtain for every z_0 ∈ C_0(R) a function z(x, t) ∈ C(Q) with z(x, 0) = z_0(x) and the Contraction Principle is still true. In particular, this Principle implies the following Comparison result.

Lemma 6.2. Let z_i, i = 1, 2 be two generalized solutions of (2.16)-(2.17) with respective initial data z_{0,i} and assume that z_{0,1} ≥ z_{0,2} in R. Then z_1 ≥ z_2 in Q.

Taking z_2 ≡ 0 we conclude that if z is a solution such that z(x, 0) ≥ 0 in R then z(x, t) ≥ 0 in Q. On the other hand, taking as z_2 an arbitrary solution z and as z_1 the selfsimilar solution z_3 constructed in Section 2, cf. (2.20), rescaled if necessary by means of the formula Ẑ(y) = λ^{−2m}Z(λ^{m−1}y) , cf. (2.8), so that −z_3(x, 1) ≤ z(x, 0) ≤ z_3(x, 1), we obtain (6.3) −z_3(x, t + 1) ≤ z(x, t) ≤ z_3(x, t + 1) for every x ∈ R and every t > 0 .

In this way we conclude Lemma 6.3. For every solution z(x, t) of (2.16)-(2.17), where z_0 ∈ C(R) has compact support, and for every t > 0 we have:

(i) The function z(·, t) has compact support and there exists C > 0 such that the support of z(·, t) is contained in the ball of radius Ct^{β3} centered at 0.

(ii) There exists a constant C_2 > 0 such that (6.4) |z(x, t)| ≤ C_2t^{(k3−2)β3} . C and C_2 depend only on z_0.

To complete the proof of Theorem 2.2 we still have to derive lower estimates for nonnegative solutions. This is easily done by the same comparison technique. #

The precise statement and derivation of the corresponding estimates for equations (PLE) and (PME) under conditions (2.24)-(2.25) and (2.26)-(2.27) respectively should offer no difficulty and is left to the reader. #

Comment on Existence Theory. The preceding results can be viewed in the framework of a more abstract theory, though we have preferred the above presentation for its simplicity. Thus, Bénilan and Ha [BH] and Konishi [Ko] have shown that equation (E) generates a semigroup of contractions in L^∞(R). This result is based on the fact that for every bounded interval I ⊂ R the nonlinear operator A defined in the domain (6.5) D(A) = {v ∈ L^∞(I) ∩ H^1_0 (I) ∩ H^2(I) : v^{′′} ∈ L^∞(I)} by the formula (6.6) A(v) = |v^{′′}|^{m−1}v^{′′} is m-dissipative in L^∞(I). Using this property the Crandall-Liggett Semigroup Generation allows to obtain for every z_0 ∈ D(A) a function z ∈ C([0, ∞) : L^∞(I)) which solves equation (E) in a mild sense and the map S_t : z_0 → z(t) = z(·, t) is a contraction in the L^∞-norm, see [C] or [E]. Mild solutions do not necessarily solve the equation in any usual (distribution ) way. Nevertheless, classical solutions and uniform limits of classical solutions are mild solutions and in that case the solution is unique, hence our generalized solutions are included in this concept.

7. The case 0 < m < 1. Eigenvalues

In the sequel we will concern ourselves with similar problems for equation (E) under the assumption that 0 < m < 1. In this section we study the existence of eigenfunctions and eigenvalues to equation (2.6). For reasons of convenience in the phase-plane analysis to be performed below we will slightly change the equation by using a new space variable

(7.1) y = β^{12} η ,

and replace k by the exponents α and β given by (2.5), assuming always that k(1−m) ≤ 2. Then k = α/β. By means of this we transform equation (2.6) into the form

(7.2) V^{′′}(η) + βηU^′(η) + αU(η) = 0 .

where α > 0 is a free parameter and 2β = α(1 − m) + 1 (cf. (2.4)). This corresponds to writing the solutions u of (E) in the form u(x, t) = t^{−α}U(η) with η = xt^{−β} , and letting as usual V = |U|^{m−1}U. Note that though (7.2) looks more general than (2.6), they are in fact equivalent.

The novelty in posing the problem lies in the fact that for m < 1 there are no nontrivial solutions of (7.2) with compact support, so that the definition of eigenfunction has to be changed into “solution of (7.2) with rapid decay as |η| → ∞”. It will turn out from the analysis performed in this section that for 0 < α < ∞. i.e.

(7.3) 0 < k < 2 1 − m every nontrivial solution of (7.2) defined for positive y has a discrete set of zeroes. Moreover, if this set is finite, the solution eventually decays to zero in a monotone way, the decay rate either being (7.4) |η|^{km}V (η) → C_1, or (7.5) |η|^{2m1}�^m V (η) → C_2,

as η → ∞ or η → −∞; C_i denotes a nonzero constant. Because km is smaller than 2m/(1 − m) in the range (7.3), the decay rate V (η) = O(η^{2m/1−m}) is optimal for such solutions. Therefore we will define as eigenfunction for (7.2) a global solution of the equation in R such that it has a finite number of zeroes and the decay rate (7.5) as η → ±∞. It will be also proved that global solutions of (7.2) having fast decay as y → ±∞ are necessarily symmetric or antisymmetric.

As in the case m > 1 we find two eigenvalues k_1 = 1 and k_2 = 2 and corresponding eigenfunctions given still by formulas (2.9) and (2.11). Observe that U_1 is positive and even while U_2 is positive in R_+ and odd, and both have correct decay rates. Again as in Sections 2, 3 we look for a third eigenfunction in even form (i.e. with V^′(0) = 0) which will have two zeros in R.

Theorem 7.1. Let 0 < m < 1. Then there exists a unique number k_3 ∈ (2,^2_{1−m} ), such that equation (7.2) has eigenfunctions with exactly two zeroes. Moreover, such solutions are necessarily symmetric and hence can be obtained from a single one by rescaling and/or change of sign.

Proof. Step 1. The phase plane. For 0 < m < 1 local existence and uniqueness of a solution of (7.2), given any real α, β and values of V and V^′ at some finite y-value, follows immediately from the classical theory of ordinary differential equations. Moreover, solutions cannot blow up as |η| increases thanks to the monotonicity of the function Φ_1 in Lemma 4.5. Hence, all solutions defined in a neighbourhood of η = 0 exist globally.

Since (7.2) is scale-invariant there is a standard change of variables to transform the equation into an autonomous equation, cf. [BO]. Assuming η > 0 we set

(7.6) t = log η and f(t) = η^{2m1}�^m V (η) = e^{2m1}�^{m t}V (e^t),

which transforms (7.2) into the autonomous equation

(7.7) ( d dt − 1 + m 1 − m )( d dt − 2m 1 − m )f + (β d dt − 2β 1 − m + α)(|f|^{1m −1}f) = 0.

Next we introduce the new variable

(7.8) g = ( d dt − 2m 1 − m )f = e^{1+m1}�^{m t}V^′(e^t).

This allows to write the system

(S) { g^′ =^{1+m}_{1−m} g − α|f|^{1m −1}f −^β_m |f|^{1m −1}g f^′ =^{2m}_{1−m} f + g .

Note that if V (0) and V^′(0) are well defined then (g(t), f(t)) → (0, 0) (which is a critical point for (S)) as t ↓ −∞. Thus the only orbits of interest to us are the orbits coming out of the origin. If V (0) ≠ 0 then as t → −∞ g(t) |f(t)|^{1+m}2m signf(t) = V^′(e^t) |V (e^t)|^{1+m}2m signV (e^t) → V^′(0) |V (0)|^{1+m}2m signV (0) , whereas if V (0) = 0 and V^′(0) ≠ 0, g(t) f(t) = ηV^′(η) V (η) → 1 . Apart from the origin there are two critical points, P and −P , given by

(7.9) ±P = c_1(− 2m 1 − m , 1) , with c_1 = (

2m(1 + m)

(1 − m)

)^{m1}�^m .

(Recall that α(m − 1) + 2β = 1. The fact that P does not depend on α will be used below in the uniqueness part and motivates the introduction of the variable η). These two points contain the explicit solutions

(7.10) V (η) = ±c_1η^{− 2m1}�^m .

As in (2.8), if U(η) is a solution of (7.2) then Û(η) = λ^{−2}U(λ^{m−1}η) is also a solution of (7.2) for each λ > 0. Applying (7.6) and (7.8) we get

ĝ(t) = g(t − (1 − m) log λ), f̂(t) = f(t − (1 − m) log λ) .

This means that the scaling invariance of equation (7.2) corresponds to the translation invariance of the autonomous system (S). In particular, the symmetric solutions of (7.2) with V (0) > 0 are mapped into a unique orbit of (S) which we denote by γ_s. The same happens with the antisymmetric solutions with V^′(0) > 0 which go into an orbit γ_a. Moreover, change of sign in the solutions corresponds to reflection around the origin in the (g, f)-plane. Note that for k = 1 (k = 2) γ_s (γ_a) connects the origin to P and does not intersect the g-axis. Intersections of an orbit with the g-axis correspond to zeroes of the solutions of (7.2) mapped into it.

In order to describe the global behaviour of γ_s we sketch the phase plane for (S) in Fig.1. It is invariant under the transformation (g, f) → (−g, −f).

Fig. 1. The phase plane for (S).

What can happen in forward t-time to an orbit γ coming out of the origin? From Fig.1 we see that only three possibilities may occur: (i) it can go into P or −P after a finite number of rotations around the origin, (ii) it can escape to infinity, also after a finite number of rotations, and (iii) it can turn around forever.

If case (iii) occurs then the solutions contained in γ certainly do not satisfy (7.4) or (7.5). Anyway, they would correspond to the orbit being bounded and uniformly away from the origin for all large t, which means that the solution |U(η)| would have maxima of the order of |η|^{−2/(1−m)} .

Let us examine the possibility (ii) for orbits to escape to infinity. To do so we compactify the phase plane by setting

(7.11) g = ( r 1 − r ) m_1�_m cos ϕ, f = ( r 1 − r ) m_1�_m sin ϕ, which transforms (S) into

(S^∗)

(1 − r)r^′ =^{1−m}_m r(1 − r)^2

(_{1+m} 1−m + sin ϕ(cos ϕ − sin ϕ) ) −^{1−m}_m r^2(1 − r)| sin ϕ|^1m^{−1} cos ϕ(α sin ϕ +^β_m cos ϕ) (1 − r)ϕ^′ = r| sin ϕ|^{1m −1} sin ϕ(α sin ϕ +^β_m cos ϕ) +(1 − r) cos ϕ(cos ϕ − sin ϕ),

where the factor (1 − r) on the left hand sides is irrelevant for the shape of the orbits and therefore ignored. Obviously, if an orbit γ of (S) escapes to infinity, its image γ^∗ has to go to one of the critical points at r = 1, which are

ϕ = 0( mod π) and ϕ = − arctan β mα ( mod π).

Suppose that γ^∗ goes into (r, ϕ) = (1, 0 (mod π)). From Fig. 1 we then conclude that γ goes to infinity with f remaining bounded. Computing df/dg we find that it is bounded away from zero for large t−values. But then γ^∗ cannot go to (r, ϕ) = (1, 0(modπ)), contradiction.

The above argument shows that γ can only go to infinity if its image γ^∗ goes to (r, ϕ) = (1, − arctan^β_{mα} (mod π)). Therefore solutions V of (7.2) contained in such an orbit satisfy ηV^′(η) V (η) = g(t) f(t) → − mα β = −mk, which implies (7.4) after some standard work on the equation. We skip the details because the solutions with decay (7.4) are not essential in our considerations.

We are left with the orbits of (S) going into P or −P . Because of (7.6) the corresponding solution of (7.2), V , has decay rate (7.5). This decay rate is optimal in view of the above discussion. Since we are looking for the symmetric solutions of (7.2) which have two zeroes as well as the optimal decay rate, and, say, V (0) > 0, this corresponds to looking for the orbit γ_s connecting the origin and −P intersecting the (negative) g-axis exactly once. We shall show in the sequel that this occurs for exactly one value k = k_3.

Step 2. Existence. To prove that such an orbit exists for some k we begin by computing the determinant of the linearization of (S) around P (and −P ). We find that it is equal to −2^{1+m}_{1−m} , which is negative. Thus P and −P are saddles and then it is obvious from Fig.1 that one of the orbits going into P (−P ) is contained in the second (fourth) quadrant and comes from infinity, and is therefore not relevant here.

Next we observe that the eigenfunctions of (7.2) have to be either odd or even. To prove it, note first that every global solution U of (7.2) is mapped into two orbits, one obtained from applying the transformation (7.6) to U(η), the other from applying it to U(−η). Since only one orbit can go into the saddle P (resp. −P ) coming from the origin, the two orbits corresponding to U(η) and U(−η) must be either the same or identical after reflection in the origin. Hence the conclusion.

Next, we introduce the sets A = {2 < k < 2 1 − m : γ_s intersects the positive g-axis at least once}; and B = {2 < k < 2 1 − m : k ∉ A and γ_s escapes to infinity through the fourth quadrant} .

By standard continuity arguments A and B are open. We show that these sets are nonempty. For k = 2 we know that −γ_a connects the origin and −P without intersecting the g-axis. From the phase plane (see Fig.1) and the discussion of the critical points at infinity before, it then follows that γ_s has no choice but to escape to infinity through the fourth quadrant, without intersecting the positive g-axis. By continuity arguments the same thing must happen for k sufficiently close to 2. Therefore B is not the empty set.

Let us prove that A is nonempty. Let k =^2_{1−m} . Then (2.4) loses its meaning and we have to go back to equation (2.6) instead of (7.2). Introducing the functions f and g as in (7.6) with η replaced by y we obtain in this case

(7.12) f^{′′} +

2m(1 + m) (1 − m)^2 f = (

1 + 3m 1 − m − 1 m |f|^1 �m_m )f^′ Without the first order term on the right hand side (7.12) describes a harmonic oscillator. This first order term can be seen as a (nonlinear) friction term for large |f|, and as “negative” friction for small |f|. It follows from Liénard’s theorem for such type of equations that every solution of (7.12) oscillates around zero as t increases to infinity. Clearly by continuity this implies that for k close to^2_{1−m} the symmetric solution of (7.2) must have an arbitrarily large number of zeroes. Thus A is not the empty set.

Because A and B are both nonempty open subsets of (2,^2_{1−m} ) there exists a number k_3 ∈ (2,^2_{1−m} ) not contained in the union of A and B. Since k_3 > 1 the symmetric solutions must change sign (see [Hu] for similar arguments when m > 1), so that for k = k_3 γ_s intersects the negative g-axis. This can also be seen from (7.13) below and the reasoning thereafter. But then it is clear from the phase plane analysis and the analysis of the critical points at infinity above, that γ_s must enter the fourth quadrant, stay there, and remain bounded. This can only happen if γ_s goes into −P . The existence of k_3 is established.

Step 3. Uniqueness. The proof depends on a monotonicity property of systems (S) and (S^∗) with respect to α (considering β as depending on α by (2.4)). It is here that we use equation (7.2) instead of (2.6) as there is no equivalent property in terms of k. Since this argument is worked out in detail for the slow diffusion case in [Hu], we only sketch it here. Rewriting (S^∗) as

(S^∗) {_m 1−m r0_r = F (r, ϕ, m, α) (1 − r)ϕ^′ = G(r, ϕ, m, α), we find that

(7.13) F G_α − F_αG = 2m 1 − m r(1 − r)| sin ϕ|^1 �m_m (sin ϕ + 1 − m 2m cos ϕ)^2 ≥ 0,

in other words, the arrows in the phase plane turn monotonically in one direction.

The orbit γ^∗_s containing the symmetric profiles is the only one to come out of the critical point (r, ϕ) = (0,^π_2 ) along the eigenvector (1 α) corresponding to the largest eigenvalue 2 of the linearization of (S^∗) around (r, ϕ) = (0,^π_2 ).

Now suppose that there are two values of α for which γ_s connects the origin and −P without crossing the positive g-axis. Then γ^∗_s goes into the image of −P which has ϕcoordinate ϕ = − arctan^{1−m}_{2m} ∈ (^{3π}_2 , 2π). Note that in choosing this branch of the arctangent we disregard the connections which do cross the positive g-axis. Because of (7.13) these two connections can not intersect, and since −P is independent of α, they form the boundary of a region which is negatively invariant for one of the two values of α and positively invariant for the other. In the latter case this implies that all orbits entering it have to go into −P , which is impossible because −P is a saddle. This completes the proof of the uniqueness and thereby of the theorem. #

We recall for later use the information obtained above about the behaviour of the eigenfunctions.

Corollary 7.2. The eigenfunction U_3 of (7.2) has the asymptotic behaviour (7.14) U_3(η) ≈ ±c_1η^{−σ} as η → ∞

with c_1 =

(_{2m(m+1)} 1−m ) m_1�_m and σ = 2/(1 − m). Moreover,

(7.15) |U_3(η)| ≤ c_1|η|^{−σ} for all η ∈ R.

The result is a consequence of formula (7.6) and the phase-plane picture which easily allows to deduce that |f| ≤ c_1. The plus or minus sign in (7.14) can be chosen by changing a given U_3 into −U_3. It is worth noticing that this behaviour (including the exact constant c_1) is not altered under the natural rescaling Û (η) = λ^{−2}U(λ^{m−1}η).

The argument used in the above proof can be easily extended to show that there there exists an infinite sequence of eigenvalues as in the cases m ≥ 1. Theorem 7.3. There exists a strictly increasing sequence

(7.16) 0 < k_1 = 1 < k_2 = 2 < k_3 < k_4 < k_5 < .... < 2 1 − m , such that the symmetric (anti-symmetric) solutions of (7.2) have optimal decay if and only k = k_n with n odd (even), the number of zeroes being n − 1. The asymptotic behaviour (7.14) is always true.

We do not know whether k_i → 2/(1 − m) as i → ∞, though we conjecture that it does so. On the other side, the behaviour of the k_i, i ≥ 3, as m → 0 follows immediately from (7.16).

Corollary 7.4. As m → 0 we have k_i → 2 for i = 3, 4, · · · .

We are now ready to show as in Section 2 for m ≥ 1 that k_3 ≠ 3. In our case the result is Theorem 7.5. For 0 < m < 1 we have k_3 < 3.

The proof is done exactly as in Section 3, with same definitions for V , W and Z, except that none of these functions has compact support and consequently A is replaced by ∞. Formula (3.8) still holds, Z_3(x) continues to be nonpositive, but now we have instead of (3.9)

(7.17) ∫_∞ 0 V_3(x) dx < 0 . as a consequence of applying the inequality (3.12): V_1 > |V_2| to formula (3.11) and taking into account that now the exponent 1 −^1_m is negative. It follows that k_3 < 3. # Finally, as in the case m > 1 we can show

Theorem 7.6. The function k_3(m) is continuous in 0 < m ≤ 1.

Proof. It is very similar to the one performed in Section 5 for m > 1. We give next a sketch of the parts which differ for the reader’s convenience. We begin by considering the eigenfunctions of equation (2.6) rather than (7.2). As in Theorem 5.1 we have m_j → m̄, k_j → k̄ and Ū (y) has a unique zero in (0, ∞). Furthermore, 0 < m̄ ≤ 1 and

k̄ ≤ min{3, 2 1 − m̄ } . If m̄ = 1 we apply Lemma 5.2 and the Remark of Section 5. Since 2/(1 − m_j ) → ∞, we may take λ arbitrarily large in Lemma 5.2. Hence, Ū(y) is an eigenfunction of the linear equation and k̄ = k_3(1) = 3.

If 0 < m̄ < 1, it follows that k̄ < 2/(1 − m̄), because when k̄ = 2/(1 − m̄) the function Ū(y) would have infinitely many zeroes (see the paragraph including formula (7.12)). Thus, ᾱ < ∞, where ᾱ is the value of α corresponding to k = k̄. Going now to equation (7.2), we deduce from (7.15) that η^{σj} U_j (η) is bounded uniformly in η and j. Hence, Ū(η) is an eigenfunction of (7.2) with k̄ = k_3(m̄).

8. Asymptotic behaviour for (E) with 0 < m < 1

We turn now to the application of the results of the preceding section to equation (E). As in Section 6 for m > 1 we begin by establishing basic existence and uniqueness theory by reducing the study of (E) to a repeated integration of (PME).

Thus, it is known [HP] that for every u_0 ∈ L^1_{loc}(R) there exists a solution u = u(x, t) ∈ C(Q) ∩ C([0, ∞) : L^1_{loc}(R)). Moreover, if u_0 is integrable so is u(·, t) for every t > 0 and the L^1-norm is conserved in time. Also, the solution is unique under the condition that u_t be a locally integrable function in Q. Finally, if u_0 ≥ 0, then u is positive and smooth everywhere in Q. Integrating these results we obtain for every initial data z_0, say as in (6.1), a unique solution z(x, t) ∈ C^{2,1}_{x,t} (Q) of (E). The comparison Lemmas of Section 6 are still true.

On the other hand, we can construct as in the case m > 1 a solution

(8.1) z_3(x, t) = −t^{−γ} Z_3(η) with η = xt^{−β} ,

where γ = α − 2β, α and β are given in terms of k = k_3 by (2.5) and Z_3 is obtained by integration of the eigenfunction U_3(η) constructed in the last Section. After the change of sign z_3 becomes nonnegative in Q. We observe that since k_3 < σ = 2/(1 − m) and recalling the asymptotic formula (7.14), we have for every x ≠ 0 and t ≈ 0 (which implies η → ∞)

(8.2) z_3(x, t) ≈ t^{−γ}η^{2−σ} = t^{(σ−k3)β}x^{2−σ} , hence z_3(x, t) → 0 as t → 0 if x ≠ 0. However, at x = 0 we have (8.3) lim_{t→0} z_3(0, t) = ∞ .

This means that z_3 has an isolated singularity at (0, 0). This singularity can also be seen in some L^p-norms, p < ∞. Thus, Z(η) is L^p-integrable in R if p > p_0 = (1 − m)/(2m) (since 2 − σ = 2m/(1 − m)) and then we have formula (2.22) for the L^p-norm, hence there exists (8.4) p_∗ = 1/(k_3 − 2) > 1 such that as t → 0 ‖z_3(·, t)‖_p tends to ∞ if p > p_∗ , to 0 if p_0 < p < p_∗, and is constant in time if p is precisely p_∗. Note that k_3 < 2/(1 − m) implies that p_0 < p_∗. For m > 1/3 we have p_0 < 1 so that namely (8.5) lim_{t→0} ∫ z_3(x, t) → 0 , i.e. the singularity cannot be seen in L^1(R). On the other hand, for 0 < m ≤ 1/3 we have p_0 ≥ 1 and then ∫ R^{Z(η) dη = ∞. However, if I = (−r, r), r > 0 and t ≈ 0 we have}

(8.6) ∫ I z_3(x, t) dx ≈ Ct^{β(σ−k3)} → 0 ; we conclude that the singularity disappears in L^1_{loc}. A last observation about the solution z_3 comes from estimate (7.15), which implies that Z_3(η) ≤ Cη^{2−σ}, hence (8.7) z_3(x, t) ≤ Ct^{(σ−k3)β}x^{−2m/(1−m)} . for some constant C > 0.

We may also apply to Z_3 the rescaling (2.8) to obtain a whole one-parameter family of selfsimilar solutions of (E) ẑ(x, t) = ẑ_3(x, t; λ) given in terms of z_3 by the formula (8.8) ẑ(x, t) = λ^{−2m}z_3(λ^{m−1}x, t) .

Of course, the properties previously mentioned for z_3 apply also to the functions ẑ. In particular, (8.7) is true with the same constant.

The study of the asymptotic behaviour of general solutions of (E) proceeds now by means of comparison with these selfsimilar solutions. In this way we can obtain an analogon of Lemma 6.3.

Theorem 8.1. For every solution of (E) with initial data z_0(x) ∈ C(R) such that (8.9) z_0(x) = O(|x|^{−2m/(1−m)}) as |x| → ∞ there exists a constant C > 0 such that (8.10) |z(x, t)| ≤ C(t + 1)^{−γ} with γ = (k_3 − 2)β_3 .

On the other hand, for nonnegative initial data our solutions will be positive in Q, and we obtain bounds both from above and below.

Theorem 8.2. If moreover z_0 ≥ 0 then for every τ > 0 we have a positive selfsimilar solution ẑ_3(x, t; λ) such that z(x, t) ≥ ẑ_3(x, t; λ) if t ≥ τ . Hence,

(8.11) z(x, t) ≥ C_1(x)t^{−γ} .

Proof of Theorem 8.1. Step 1. Suppose that we prove that there exists a τ > 0 and a rescaling ẑ of the solution z_3 such that z_0(x) ≥ ẑ(x, τ ) for every x ∈ R. Then by the maximum principle we will conclude that (8.12) z(x, t) ≤ ẑ(x, t + τ ) ≤ ẑ(0, t + τ ) = C(t + τ )^{−γ} which is equivalent to (8.10).

Step 2. To prove the previous claim let C > 0 be such that z_0(x) ≤ C|x|^{−μ}, where μ = σ − 2 = 2m/(1 − m) > 0 and let M = sup{z_0(x) : −R ≤ x ≤ r}. Twice integrating estimate (7.14) for U_3 we deduce that z_3 satisfies for fixed τ > 0

(8.13) lim_{x→∞} z_3(x, t)|x|^μ = c_2τ^α ,

where c_2 = c_1/(1 − σ)(2 − σ). Applying rescaling (8.2) and taking λ < 1 small enough, we may assume that ẑ(x, τ )|x|^m uniformly approaches the limit c_2 > 0 for ε < |x| < ∞. Choosing τ large we then obtain ẑ(x, τ ) ≥ z_0(x) in that region. On the other hand, for λ small we have also ẑ(0, τ ) = z_3(0, τ )/λ^{2m} >> M, hence ẑ(x, τ ) ≥ z_0(x) for |x| ≤ ε. Summing up, ẑ(·, τ ) ≥ z_0(·) in R. #

proof of Theorem 8.2. As in the previous theorem it is enough to prove that z(x, τ ) ≥ ẑ(x, τ ) for all x ∈ R and some small τ . Observe to begin with that since z_0 ≢ 0 we may assume that z_0(0) > 0, hence z(x, t) ≥ c > 0 for |x| ≤ r and 0 ≤ t ≤ τ if r and τ are small enough.

We first compare z and ẑ in the region D = {(x, t) : x > r, 0 < t < τ }. Let us check the parabolic boundary of D. For t = 0, x ≥ r we have z_0(x) ≥ 0 = ẑ(x). On the other hand, for 0 ≤ t ≤ τ we get z(r, t) ≥ c, while ẑ(r, t) ≤ c if τ is small enough by estimate (8.7), which is uniform in λ. Hence, z(x, t) ≥ ẑ(x, t) in D. A similar comparison can be done in D^∗ = (−∞, r) × (0, τ ) after possibly taking a smaller τ .

We are thus left with the comparison for |x| ≤ r and t = τ . But for λ large enough and |x| ≤ r ẑ(x, τ ) ≈ z_3(0, τ )λ^{−2m} < c , which can be made arbitrarily small by choosing a large λ. #

Acknowledgements

This paper was partly written during visits of the first and third authors to the Mathematical Institute, Leiden University, and of the second author to the Department of Mathematics of the Universidad Autónoma de Madrid, all in the framework of the Project Filtration and Nonlinear Diffusion Process supported by EEC Grant SC1-0019-C(TT). We are happy to acknowledge our gratitude to the above institutions for their hospitality.

AMS Subject Classification: 35K55, 35B40.

Keywords and phrases: nonlinear parabolic equations, asymptotic behaviour, very singular solutions, eigenvalues of nonlinear ODE’s.

References

[A] D. G. Aronson, The prorous medium equation, in Some Problems in Nonlinear Diffusion, A. Fasano & M. Primicerio eds., Lecture Notes in Math. 1224, Springer-Verlag, Berlin, 1986.

[B] G. I. Barenblatt, On self-similar motions of compressible fluids in porous media, Prikl.

Mat. Mekh. 16 (1952), 679-698 (in Russian).

[BO] C. M. Bender & S. A. Orszag, Advanced Mathematical Methods for Scientists and Engineers, McGraw-Hill Book Co., New York, 1978..

[BH] Ph. Bénilan & K. S. Ha, Equation d’ évolution du type (du/dt) + βδϕ(u) ∋ 0 dans L^∞(Ω), Comptes Rendus Acad. Sci. Paris, A 281 (1975), 947-950.

[BPT] H. Brezis, L. A. Peletier & Terman, A very singular solution of the heat equation with absorption, Archive Rat. Mech. Anal. 95 (1986), 185-209.

[C] M. G. Crandall, An introduction to evolution governed by accretive operators, in Dynamical Systems - An International Symposium, L. Cesari, J. Hale, J. Lasalle, eds. Academic Press, New York (1976), 131-165.

[DD] G. Diaz & J. I. Diaz, Finite extinction time for a class of nonlinear parabolic equations, Comm. Partial Diff. Equations 4(11) (1979), 1213-1231.

[DL] G. Duvaut & J. L. Lions, Les Inéquations en Méchanique et en Physique, Dunod, Paris, 1972.

[E] L. C. Evans, Application of Nonlinear Semigroup theory to certain Partial Differential Equations, in Nonlinear Evolution Equations, M. G. Crandall ed., Academic Press, New York (1978), 163-188.

[Ha] K. S. Ha, Sur des semigroupes non linéaires dans les espaces L^∞(Ω), J. Math. Soc.

Japan 31 (1979), 593-622.

[HP] M. A. Herrero & M. Pierre, The Cauchy problem for u_t = Δu^m when 0 < m < 1, Trans. Amer. Math. Soc. 291 (1985), 145-158.

[Hu] J. Hulshof, Similarity solutions of the porous medium equation with sign changes, J.

Math. Analysis Appl. 157 (1991), 75-111.

[HuV] J. Hulshof & J. L. Vazquez, The dipole solution for the porous medium equation in several space dimensions, Annali S.N.S. Pisa, to appear.

[JL] D. D. Joseph & T. S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rat. Mech. Anal. 49 (1973), 241-269.

[K1] S. L. Kamenomostskaya (Kamin), On the Stefan Problem, Mat. Sbornik 53 (1961), 489-514.

[K2] S. Kamenomostkaya (Kamin), The asymptotic behaviour of the solution of the filtration equation, Israel J. Math. 14 (1973), 76-87.

[K3] S. Kamin, Equation of elastoplastic mode of filtration, Prikl. Mat. Mekh. 33 (1969), 1042-1049.

[KPV1] S. Kamin, L.A.Peletier & J. L. Vazquez, Classification of singular solutions of a nonlinear heat equation, Duke J. Math. 58 (1989), 601-615.

[KPV2] S. Kamin, L.A.Peletier & J. L. Vazquez, On the Barenblatt Equation of Elasto- Plastic Filtration, Indiana Univ. Math. J. 40 (1991), 1333-1362.

[KV1] S. Kamin & J. L. Vazquez, Asymptotic behaviour of solutions of the porous medium equation with changing sign, Siam Jour. Math. Anal. 22 (1991), to appear.

[KV2] S. Kamin & J. L. Vazquez, Fundamental solutions and asymptotic behaviour for the p-Laplacian equation, Rev. Mat. Iberoamericana 4 (1988), 339-354.

[Ko] Y. Konishi, On the nonlinear semi-groups associated with u_t = Δβ(u) and ϕ(u_t) = Δu, J. Math. Soc. Japan 25 (1973), 622-628.

[LOT] A. A. Lacey, J. R. Ockendon & A. B. Taylor, ‘Waiting time’ solutions of a nonlinear diffusion equation, Siam J. Appl. Math. 42 (1982), 1252-1264.

[L] J. L. Lions, Some problems related to the Bellman-Dirichlet equation for two elliptic operators, J. Math. Pures Appl.

[S] W. Strauss, Evolution equations non-linear in the time-derivative, Jour. Math. Mech.

15 (1966), 49-82.

[ZR] I. B. Zeldovich & A. S. Kompanyeets, On the theory of heat conduction depending on temperature, Lectures dedicated on the 70th. Anniversary of A. F. Joffe, Akad. Nauk SSSR (1950), 61-71 (in Russian).