THE DIPOLE SOLUTION FOR THE POROUS MEDIUM EQUATION IN SEVERAL SPACE DIMENSIONS

by Josephus Hulshof Mathematical Institute Leiden University P.O. Box 9512 2300 RA Leiden, Nederland

Juan Luis Vazquez Departamento de Matemáticas Universidad Autónoma 28049 Madrid, Spain

Typeset by AMS-TEX

Dedicated to the memory of P. de Mottoni

ABSTRACT We establish the existence and uniqueness of the Dipole Solution of the porous medium equation (PME), i.e. the solution of u_t = Δ(|u|^{m−1}u) , in Q = {(x, t) : x = (x_i) ∈ R^N , t > 0} , with m > 1 and initial value u(x, 0) = M ∂ ∂x_1 δ(x) , where δ is Dirac delta function in R^N and M ≠ 0. It has the self-similar form u(x, t) = t^{−α}U(xt^{−β} ) , with exponents α and β determined from dimensional considerations. The profile U has compact support. The proof uses the so-called dual porous medium equation, z_t = |Δz|^{m−1}Δz, and depends on the existence of a certain type of radially symmetric and self-similar solution in dimension N − 1.

We also prove that any solution of the PME in a half-space H = {x : x_1 > 0} with zero boundary data on ∂H converges as t → ∞ to the Dipole solution with the same moment.

AMS Subject Classification. 35K65, 35B40.

Keywords and phrases. Nonlinear diffusion, porous medium equation, dipole solution, selfsimilar solutions, asymptotic behaviour.

Introduction

In this paper we address the existence of special solutions u(x, t) of the porous medium equation (PME)

(0.1) u_t = Δ(|u|^{m−1}u) , m > 1 ,

posed in Q = {(x, t) : x = (x_i) ∈ R^N , t > 0}. We work in any space dimension N ≥ 1 and consider solutions with changing sign. Our main interest is to find a solution to the initial value problem with data

(0.2) u(x, 0) = − ∂ ∂x_1 δ(x) , where δ is Dirac delta function in R^N . This is called a Dipole Solution (the minus sign is inserted so as to make the solution positive for x_1 > 0. Of course, any rotation in space gives an equivalent Dipole Solution). We prove that such a solution exists and has the self-similar form (0.3) u(x, t) = t^{−α}U(xt^{−β} ) , with

(0.4) α =

N + 1 (N + 1)m + (1 − N) and β = 1 (N + 1)m + (1 − N) . These exponents can be obtained from dimensional considerations: we only have to substitute formula (0.3) into the equation to obtain (m − 1)α + 2β = 1. Enforcing that the moment ∫ x_1 u(x, t) dx be a conserved quantity implies α = (N + 1)β. So we get (0.4).

The problem can be rephrased as the determination of the profile U(y), which is a nontrivial and nonnegative solution of the nonlinear elliptic equation (0.5) Δ(|U|^{m−1}U) + βy · ∇U + αU = 0 in H = {y ∈ R^N : y_1 > 0}, with boundary conditions

(0.6) U(0, y_2, · · · , y_N ) = 0 .

We will show that U has compact support. If we write y ∈ R^N in the form (y_1, y^′) with y^′ = (y_2, · · · , y_N ) we find that U is a function of y_1 and |y^′|. In particular, it is symmetric in the variables y_j for j ≠ 1. It can also be extended in an antisymmetric way to the half-space y_1 < 0 to form a solution in the whole space with changing sign.

For the Heat Equation, u_t = Δu, the dipole solution can be obtained as (minus) the derivative with respect to x_1 of the fundamental solution. When m > 1 and the space dimension is one an explicit Dipole Solution was found by Barenblatt and Zel’dovich in 1957 [BZ]. One way of obtaining it is as follows: we can intregrate the PME to obtain another evolution equation of degenerate parabolic type, w_t = (|w_x|^{m−1}w_x)_x, which admits an explicit solution of point-source type. Its derivative in x provides us with a Dipole Solution for the PME.

This method does not work in dimension N greater than one, because integration in x_1 does not lead to a simple equation. Our results are based on the study of the equation

(0.7) z_t = |Δz|^{m−1}Δz

which we shall call the dual equation, because it can be obtained from the PME after applying the operator (−Δ)^{−1}, and setting −Δz = u. A study of this equation in N = 1 was done in [BHV]. See Appendix below for further details.

Finally, let us remark that once the existence of a dipole solution of the form (0.3) with initial data (0.2) has been established, it is not difficult to see that there is also a dipole solution of the form (0.3) with initial data given by

(0.8) u(x, 0) = −M ∂ ∂x_1 δ(x) , where M can be any positive constant. This follows from the fact that when U is a solution of (0.5), so is U_λ, defined by

(0.9) U_λ(y) = λ^{2m}�^1 U(y/λ) .

Then λ and M are related by M = λ^{m+1m}�^1 .

A second part of our paper concerns the use of the Dipole solution to describe the asymptotic behaviour of the solutions of the initial and boundary problem for the PME

(P ) u_t = Δ(|u|^{m−1}u) , in Q^+ = H × (0, ∞) u(x, 0) = u_0(x) for x ∈ H u(x, t) = 0 on Σ = ∂H × [0, ∞) .

Of course, we can also think of the problem as the PME in the whole of Q with initial data antisymmetric in x_1, namely u_0(−x_1, x^′) = −u_0(x_1, x^′).

There is a conservation law associated to the solutions u of this problem, namely the invariance in time of the first moment

(0.11) ∫ H x u(x, t) dx = constant. This allows us to prove that any solution of problem (P) with nonnegative and integrable initial data with compact support converges as t → ∞ to the Dipole solution having the same moment.

The plan of the paper is as follows: Sections 1 to 6 are devoted to the construction and properties of the Dipole solution. After posing the problem and stating the existence and uniqueness result in Section 1, we prove uniqueness in Section 2 by a Lyapunovfunctional argument involving the first moment. The construction of the solution is begun in Section 3 by introducing suitable approximations which form a monotone sequence. The construction is interrupted in Section 4 to study the radially symmetric and self-similar solutions of the PME with one sign change and compact support, for which we prove that the exponent α is anomalous. This extends results obtained in [BHV] in collaboration with Francisco Bernis. It is very curious that such a result can be used to construct a supersolution for our problem, and thanks to this the construction of the Dipole solution is finished in Section 5. Section 6 establishes that its support is compact in space. Section 7 addresses the asymptotic behaviour as t → ∞. Finally, we gather in the Appendix some facts concerning the dual equation.

Let us finally comment on a related question. Can we have radially symmetric selfsimilar solutions having at t = 0 some kind of dipole singularity? It follows from the phase-plane analysis of radially symmetric solutions of (0.1), as done for instance in [H], that no such changing sign solutions exist, even if, in order to avoid the singularity at r = 0, we allow ourselves to take out of the domain of definition of U a small neighbourhood of the origin.

1. The Dipole Solution. Preliminaries and statement of results

Possibly the single most important solution of the Porous Medium Equation is the socalled point-source solution, which is a nonnegative solution taking as initial data a Dirac mass,

(1.1) u(x, 0) = Mδ(x) .

It is fortunate that this solution has an explicit form, [Ba], [ZK], [P], namely

(1.2) u_1(x, t) = t^{−α} ( C − b|ξ|^2 ) 1_m�_1 + where ξ = x t^{−β} and

(1.3) α = N N(m − 1) + 2 , β = 1 N(m − 1) + 2

, and b = β(m − 1) 2m , while C > 0 is an arbitrary constant which can be explicitly determined in terms of the mass M = ∫ u(x, t) dx. The solution is usually known as the Barenblatt solution. It is clear from the formula that u_1 has compact support in x for every t > 0. This reflects the basic property of Finite Speed of Propagation, a consequence of the degenerate character of the equation.

The Barenblatt solution plays an important role in the theory of solutions of the Cauchy Problem for the PME with integrable and nonnegative initial data. In particular, the largetime behaviour of any solution in this class is always a Barenblatt profile. In this respect, it plays the same role the fundamental solution plays for the heat equation.

Let us consider now solutions with changing sign. In the case of the heat equation the asymptotic behaviour is still given by the fundamental solution as long as the initial mass M = ∫ u_0(x) dx is not zero. However, when M = 0 we have a completely new situation, described by the next term in the asymptotic development. The second term is given by a multiple of the so-called dipole solution, which is obtained simply (after a convenient rotation) as the derivative with respect to x_1 of the fundamental solution. It thus reads

(1.4) u_2(x, t) = x_1 2t(4πt)^{N/2} exp(− x^2 4t ) . Further terms of the asymptotic development can be obtained by repeated differentiation of the fundamental solution. All these solutions have exponential decay in x.

It is natural to ask whether a similar situation holds for the Porous Medium Equation. To begin with, if we consider solutions with initial data u_0 ∈ L^1(R^N ) and mass ∫ u_0(x) dx > 0, then the asymptotic behaviour is still given by the Barenblatt solution.

Moreover, if the data have compact support then the solution becomes even nonnegative in a finite time, [KV]. The main concern is hence to investigate whether there exist solutions which can represent the behaviour of general solutions with zero mass.

This situation has been investigated recently in one space dimension. The analogon to the sequence of derivatives of the fundamental solutions is here represented by a sequence of self-similar solutions of the the form (1.5) u(x, t) = t^{−α}U(x/t^β ) , where U has compact support. In order to satisfy the equation the exponents α and β must be related by

(1.6) 2β + (m − 1)α = 1 .

Introducing as parameter k = α/β we may write (1.6) as

(1.7) α = k k(m − 1) + 2 and β = 1 k(m − 1) + 2 . In the heat equation case m = 1 so that β = 1/2 and α = k/2. The sequence of solutions we are considering corresponds to all the positive integer values of k, k = 1, 2, 3, · · · .

In analogy to the requirement of exponential decay for the heat equation, we have here the condition of compact support for the profiles U. Such solutions have been completely classified in [H], where it is shown that there exists a sequence

(1.8) k_1 < k_2 < k_3 < k_4 < k_5 < ....

going to infinity and such that there exists a compactly supported solution U if and only if k = k_n for some integer n ≥ 1. The solution U = U_n is unique up to scaling. Moreover, U_n is even (odd) for n odd (even), and has exactly n − 1 sign changes. The first value of k is again k_1 = 1 and U_1 corresponds to the Barenblatt solution.

For the second function we have k_2 = 2, U_2 is explicit, and its corresponding similarity solution u_2 has the first order derivative of the Dirac measure as trace at t = 0, thus originating the name of dipole solution. This solution, found in [BZ], happens to be the derivative in space of the fundamental solution of the equation

(1.9) w_t = (|w_x|^{m−1}w_x)_x ,

which is obtained from the PME by integration

(1.10) w(x, t) = ∫_x −∞ u(s, t) ds . The dipole solution was shown in [KV] to represent the large-time behaviour of solutions of the PME in 1-D with zero mass and nonzero first moment

(1.11) ∫ xu_0(x) dx . The main goal of this paper is to prove the following N-dimensional result Theorem A. There exists a selfsimilar solution u(x, t) = t^{−α}U(xt^{−β} ) ≥ 0 of the PME with compact support in space which takes initial data of dipole type, namely such that

(1.12) lim_{t→0} ∫ u(x, t)ϕ(x) dx = ∂ϕ ∂x_1 (0) .

α and β are given by (0.4), i.e. the parameter k is N + 1. Such a solution is unique if we demand that U(y) = 0 for y_1 = 0.

In addition to the existence and uniqueness of u, we also investigate the main properties of our solution and its interface.

Our proof partially relies on the knowledge of a particular positive self-similar solution z^∗(x, t) of (0.7) in space dimension N^′ = N − 1 having as initial data z^∗_0 (x) = |x|^{−N} 0 , and which is bounded but not integrable for t > 0. In fact the parameters in this similarity solution are such that had the solution been integrable, its initial data would have been a

Dirac mass. It is well known that the heat equation can not handle such initial data which are not locally integrable.

For N^′ = 1 this striking difference between the heat equation and (0.7) is a consequence of what we had proved in [BHV], namely that k_3 > 3 for m > 1. Thus the third member of the sequence of solutions u_k, u_3, does not correspond to initial data δ^{′′}(x). Consequently z_3 (z^{′′}_3 = −u_3) does not take δ as initial data. For exponent k = 3 we obtain a symmetric solution u^∗ decaying in x like O(|x|^{−3}), which takes on the initial data |x|^{−3} and not δ^{′′}(x) as happens in the heat equation. Taking the second primitive of this solution we obtain a solution z^∗ of (0.7) with initial data |x|^{−1}. It is because of this anomalous behaviour for N^′ = 1 that we can settle the proof of existence of a dipole solution in N = 2.

In order to deal with the dimensions N ≥ 3 we need to generalize the above onedimensional results for (1.5) to several space dimensions. Then one can look for radial and nonradial solutions U. The compactly supported radial solutions have been also classified in [H]. Basically, the result is the same as for the even solutions in one space dimension, with α and β given in terms of k by (1.7). Then there exists a sequence

(1.13) k_1(N) < k_3(N) < k_5(N) < k_7(N) < .... ,

such that there exists a compactly supported radial solution U = U_n(|y|) if and only if k = k_n(N) for some odd n ∈ N, the number of sign changes being (N −1)/2. Up to scaling U_n is unique. Again the first one corresponds as in the heat equation to k_1 = N and u_1 is the explicit Barenblatt solution.

In Section 4 we generalize the results of [BHV] to show that the second solution u_3 corresponds to an anomalous exponent k_3 > N +2 if m > 1. Now, for exponent k = N +2 we obtain a radially symmetric solution decaying in space as O(|x|^{−(N+2)}), with initial data |x|^{−(N+2)} and not Δδ(x) as in the case of the heat equation. Taking the Newton potential of this solution we obtain a self-similar solution of (0.7) with initial data |x|^{−N} .

Remark. We record here the curious fact that the dipole solution in one dimension belongs to a family of explicit self-similar solutions containing the dimension N as a parameter. They are given by the formulas α = 1 m , β = 1 2m , and U(y) = |y|^2 �N_m (C − m − 1 N(m − 1) + 2 |y|^{N+ 2} �N_m )^{1m}�^1_+ .

While for N = 1 this solution is a dipole solution, it is not for N > 1. Thus, for N = 2 it is the Barenblatt point-source solution. For N > 3 it is not even a solution in any neighbourhood of x = 0, due to the existence of a singularity in y = 0 which continues for all times t > 0.

2. Uniqueness of the dipole solution. A conservation law

We begin by stating a basic conservation law valid for solutions of the PME in a halfspace.

Lemma 2.1. For every solution of the PME in Q^+ = H × (0, ∞) with zero boundary data and compact support we have

(2.1) ∫ H x u(x, t) dx = constant .

Proof. Integrate by parts. �

The vector quantity ∫ x u(x, t) dx is called the (first) moment. Note that for solutions which are symmetric with respect to some coordinate variable x_i the moment has i-th component equal to zero. Therefore, we will only be interested in the first component of the moment, ∫ x_1 u(x, t) dx. A second observation concerns the requirement of compact support. This can easily be weakened to the requirement of finite integral ∫ |x|u(x, t) dx. This moment conservation law plays an important role in the proof of uniqueness and also in the determination of the asymptotic behaviour of general solutions of the initial and boundary value problem.

The uniqueness of the Dipole Solution is based on the following Lemma.

Lemma 2.2. Let u_1 and u_2 be two self-similar solutions of the PME of the form (0.3), (0.4), taking on boundary data u_i(x, t) = 0 for x_1 = 0, x^′ ∈ R^{N−1} and t ≥ 0, and having compact support. If the moments have the same first component then the solutions coincide.

Proof. We define û = max{u_1, u_2} and ǔ = min{u_1, u_2}, both max and min being defined pointwise. Clearly,

(2.2) û − ǔ = |u_1 − u_2| .

We also have, due to the self-similar form (0.3), (0.4) of u_1 and u_2:

(2.3) ∫ H x_1|u_1(x, t) − u_2(x, t)| dx = c, where c is positive constant, i.e. it is time-independent.

Assume now that the moments of u_1 and u_2 have the same first component, and do not coincide. Since solutions of the PME eventually cover the whole space domain H, for large times their supports have to overlap at least in part. Because of the selfsimilarity this must then hold for all times. Moreover, there must exist a set Z where both solutions are positive and coincide, otherwise one should be larger then the other, which contradicts the equality of moments.

Consider now the solutions u_3, u_4, which start at time t = 1 with value û, ǔ respectively. Namely

(2.4) u_3(x, 1) = max{u_1(x, 1), u_2(x, 1)}, u_4(x, 1) = min{u_1(x, 1), u_2(x, 1)} .

By the maximum principle we have in H × (1, ∞)

u_4 ≤ ǔ ≤ u_1, u_2 ≤ û ≤ u_3 .

Moreover, by the Strong Maximum Principle u_3 and u_4 cannot coincide at any point of positivity, contrary to what happens to û and ǔ in Z. Consequently, u_3 − u_4 ≥ û − ǔ and both differences are not identical. Hence, for t > 1 ∫ H x_1 (u_3(x, t) − u_4(x, t)) dx > ∫ H x_1 (û(x, t) − ǔ(x, t)) dx = ∫ H x_1|u_1(x, t) − u_2(x, t)| dx = c . However, since both u_3 and u_4 are solutions with compact support we have ∫ H x_1 (u_3(x, t) − u_4(x, t)) dx = ∫ H x_1 (u_3(x, 1) − u_4(x, 1)) dx = ∫ H x_1 (û(x, 1) − ǔ(x, 1)) dx = c . This contradiction discards the possibility of noncoincidence. �

Remark. As a consequence of the above argument, two different self-similar solutions of the form (0.3)-(0.4) cannot intersect. It follows that the dipole solutions U_λ defined by (0.9) form a strictly monotone family which is increasing in λ. Their supports are also a monotone family of subsets of H.

3. Construction of the solution

In this section we establish the existence of the dipole solution as a limit of solutions obtained from one particular solution by a suitable scaling. We use the fact that a solution of (3.1) z_t = |Δz|^{m−1}Δz yields a solution of PME if we set u = −Δz and vice versa. Let Γ(x) be the fundamental solution of Laplace’s equation, i.e. ΔΓ(x) = δ(x). The dipole solution of PME which we seek corresponds to the solution of (3.1) with initial data given by

(3.2) z_0(x) = ∂Γ ∂x_1 = c_N x_1 |x|^N = c_N cos ϕ_1 r^{N−1} , where c_N = 1/(meas {|x| = 1}). The notation x_1 = r cos ϕ_1, x_2 = r sin ϕ_1 cos ϕ_2, · · · stands for the generalized polar coordinates.

Step 1. Approximate problems. We truncate the singularity at r = 0 as follows. We consider the sequence of functions (3.3) z_{0n}(x) = c_N ψ_n(r) cos ϕ_1 , n = 1, 2, · · · for a certain function ψ_n(r) determined from ψ_1(r) by (3.4) ψ_n(r) = n^{N−1}ψ_1(nr) so that z_{0n}(x) = n^{N−1}z_{01}(nx). We want to take

(3.5) ψ_1(r) = min(r, 1 r^{N−1} ) . Clearly in that case

(3.6) ψ_n(r) ↑ 1 r^{N−1} for all r > 0. Because of the jump in ψ^{′′}_n we have

(3.7) Δψ_n(r) cos ϕ = −N n^N δ(r − 1 N ) cos ϕ , which means that for any smooth test function < Δz_{0n}, χ >= −c_N N n^N ∫ r=1/N χ cos ϕ

In order to avoid working with measures we smooth down the function ψ_1 given in (3.5) into a C^∞ function by making a perturbation in a small neighbourhood of the value r = 1 in such a way that Δz_{01} ≤ 0 and the z_{0n} form a monotone increasing sequence of functions. Step 2. Approximate solutions. We now solve equation (3.1) with initial data (3.3). In order to do that we set −Δz_n = u_n and solve the PME for u_n. See Appendix. We thus obtain unique classical solutions z_n(x, t) by taking the Newtonian potential of the −u_n.

Since the initial data are antisymmetric in x_1 and symmmetric in x_i for i = 2, · · · , N, we conclude that the same property holds for the solutions z_n(·, t) at any time t > 0. In particular, we will have z_n(x, t) = 0 for x_1 = 0.

The Maximum Principle holds for equation (3.1) posed in the half-space H = {x_1 > 0}, therefore z_n(x, t) ≥ 0 for x_1 > 0. We also see that the sequence z_n is increasing in Q^+ = H × (0, ∞).

Moreover, since u_{0n} = −Δz_{0n} ≥ 0 in H and u_{0n} = 0 on the boundary x_1 = 0 we have u_n(x, t) ≥ 0 for every x ∈ H and every t > 0. This means that ∂ ∂t z_n = |Δz_n|^{m−1}Δz_n ≤ 0 in H .

Therefore, the functions z_n(x, t) satisfy (3.8) z_n(x, t) ≤ z_{0n}(x) ≤ z_0(x) . We see that the bound does not depend on n.

Step 3. The limit. Self-similarity. In view of these properties we may conclude that the sequence z_n converges to a limit which we denote by z, so (3.9) z_n(x, t) ↑ z(x, t) in Q^+ = H × (0, ∞) , and 0 ≤ z(x, t) ≤ z_0(x) in Q. A number of properties are also easily deduced from the construction. Thus, z(x, t) takes on the boundary values z(x, t) = 0 for x_1 = 0. Also z(x, t) is symmetric in the variables x_i, i = 2, · · · , N and (3.10) z_t(x, t) ≤ 0 at least in distribution sense. We shall see later that this inequality is true everywhere and z_t is a continuous function.

A basic property of z is selfsimilarity. In order to establish this property we use a similarity-invariance argument, based on the existence of a scaling group which transforms solutions into solutions. In our case we define the transformation (3.11) (T z)(x, t) = λ^{(N−1)β}z(λ^βx, λt) with β = ((N + 1)m + (1 − N))^{−1}. The exponents are chosen in such a way that not only T z is a solution of (3.1) whenever u is, but also the initial data z_0(x) are invariant in the transformation. Regarding the approximating sequence z_n(x) we have (3.12) (T z_n)(x, 0) = z_{nλ}β (x, 0)

By uniqueness of bounded solutions of equation (3.1) it follows that (3.13) z_{nλ}β (x, t) = (T z_n)(x, t) in H × (0, ∞) . and passing to the limit n → ∞ we get z(x, t) = (T z)(x, t) = λ^{(N−1)β}z(λ^β x, λt) , which holds for every (x, t) and every λ > 0. Fixing x and t and letting λ = 1/t we get (3.14) z(x, t) = t^{−(N−1)β}Z(xt^{−β}) with Z(x) = z(x, 1) . Step 4. The limit is nontrivial. The dipole solution we are looking for will be (3.15) u(x, t) = −Δz(x, t) Of course, u will inherit from z the self-similar form (0.3) u(x, t) = t^{−α}U(xt^{−β} ) , with α = (N + 1)β and β given by (0.4). But before we proceed we have to make sure that z(x, t) does not coincide with z_0(x), since in this case we would obtain u(x, t) ≡ 0 in Q^+ = H × (0, ∞), the trivial solution.

We can exclude this by showing that the function Z(x) is bounded. We shall establish this crucial estimate as a consequence of the results of the next Section. To end the construction we also have to show that z is a solution of (3.1) and u is a solution of the PME.

4. On radially-symmetric self-similar solutions of the PME

We have explained above that when trying to obtain radial selfsimilar solutions with compact support for the PME we find a sequence of parameters k_n → ∞ for which such solutions exist, [H]. Moreover, it is proved in [BHV] that in one space dimension the sequence begins (as in the corresponding sequence for the heat equation) with k_1 = 1, k_2 = 2, but the third value is anomalous if m ≠ 1, and in particular k_3 > 3, when m > 1. Indeed, it tends to 4 as m → ∞.

Here we extend this result to several space dimensions. Thus, we will show Theorem 4.1. The value k = k_3(N) for which we find a compactly supported radial solution of the PME of the form (1.5)-(1.7) with one sign change satisfies for m > 1 the inequality (4.1) k_3(N) > N + 2 .

Proof. (i) We follow the lines of the proof in [BHV] that k_3 > 3 in dimension one. Thus, we write k = k_3(N) , U = U_3, and normalize U by U(0) = 1. We also use as independent variable r = β^{1/2}|y| since the extra factor β^{1/2} simplifies the formulas (4.3)-(4.5) below.

As in [BHV] there exist unique numbers 0 < a < A < ∞ such that U > 0 on [0, a), U(a) = 0, U < 0 on (a, A), and U = 0 on [A, ∞). Let V (r), W (r), and Z(r) be defined by

(4.2) { V = |U|^{m−1}U , W (r) = − ∫_A r s^{N−1}u(s)ds and Z(r) = ∫_A r s^{1−N} W (s)ds . Note that this means that U = −ΔZ. We have

(4.3) −(r^{N−1}V^′)^′ = r^N U^′ + kr^{N−1}U .

A first integration yields

(4.4) −r^{N−1}V^′ = rW^′ + (k − N)W .

In particular, (k − N)W (0) = 0, so that in view of k > N, W (0) = 0. Consequently W is increasing on (0, a) from zero to its maximum value σ in r = a and then decreasing on (a, A) to zero in r = A. Hence Z is positive on [0, A). Furthermore (k − N)Z^′ = V + r^{2−N} W^′ = V^′ + rU, so that Z^′(0) = 0. Dividing (4.4) by r^{N−1} and integrating again gives

(4.5) V = rZ^′ + (k − 2)Z ,

implying Z(0) = 1/(k − 2). A final integration leads to

(4.6) ∫_A 0 r^{N−1}V (r)dr = (k − 2 − N) ∫_A 0 r^{N−1}Z(r)dr , which shows that k > N + 2 if

(4.7) ∫_A 0 r^{N−1}V > 0 .

(ii) We still have to prove that (4.7) holds. Again we follow the proof for N = 1 in [BHV]. Because of the properties of W there exist functions V_1(W ) and V_2(W ) defined on [0, σ] such that

(4.8) V (x) = { V_1(W (x)) for x ∈ [0, a] V_2(W (x)) for x ∈ [a, A] .

Then, because W^′(r) = r^{N−1}U(r) = r^{N−1}|V (r)|^{(1/m)−1}V (r),

(4.9) ∫_A 0 r^{N−1}V (r)dr = ∫_a 0 r^{N−1}V (r)dr + ∫_A a r^{N−1}V (r)dr = ∫_σ 0 |V_1(W )|^{1−1/m}dW − ∫_σ 0 |V_2(W )|^{1−1/m}dW , which will be larger than zero if we can show that (4.10) V_1(W ) + V_2(W ) > 0 .

Observe that V_1(0) + V_2(0) = 1, and that V_1(σ) + V_2(σ) = 0. Thus if (4.10) is false, there must be a value W = W^∗ ∈ (0, σ) where V_1 + V_2 has a negative minimum. Then there exist unique 0 < r_1 < a < r_2 < A with W^∗ = W (r_1) = W (r_2), so that at W = W^∗ (4.11) −dV_1/dW = −V^′(r_1)/W^′(r_1) = r^{2−N}_1 + (k − N)r^{2(1−N)}_1 W^∗|V_1|^{−1/m} , and similarly (4.12) −dV_2/dW = −V^′(r_2)/W^′(r_2) = r^{2−N}_2 − (k − N)r^{2(1−N)}_2 W^∗|V_2|^{−1/m} . Adding (4.11) to (4.12) we obtain, setting V^∗ = V_1(W^∗) < |V_2(W^∗)| and r_2 > r_1,

(4.13)

0 =r^{2−N}_1 + r^{2−N}_2 + (k − N)W^∗(r^{2(1−N)}_1 V_1(W^∗)^{−1/m} − r^{2(1−N)}_2 |V_2(W^∗)|^{−1/m}) >(k − N)W^∗(r^{2(1−N)}_1 − r^{2(1−N)}_2 )V^{∗−1/m} > 0 , contradiction. This completes the proof of (4.1). � Proposition 4.2. The radial solutions Ũ of (0.5) with k = N + 2 have one sign change and behave as |y| → ∞ as (4.14) Ũ(y) ∼ C|y|^{−(N+2)} . Proof. In the analysis of [H] radial solutions of (0.5) have precise power decay when k does not belong to the special ‘eigenvalue’ sequence k_n(N). It is givn by lim_{r→∞} rU^′ (r) U(r) = −k . Using standard arguments, cf. [GP1-3], this limit can be improved to the form (4.14). � The decay in time of the similarity solution corresponding to k = N + 2 is given, cf.

(1.7), by (4.15) ũ(x, t) ∼ t^{−(N+2)/(m(N+2)−N)} .

Taking z̃(x, t) = (−Δ)^{−1}ũ(x, t) we obtain a radially symmetric similarity solution of equation (3.1), which for any fixed t > 0 is strictly positive (or negative) and which is asymptotically equal to (4.16) z̃(x, t) ∼ |x|^{−N} . Furthermore the decay rate for t → ∞ of z̃ is given by (4.17) z̃(0, t) = C t^{−N/(m(N+2)−N)} . We now take space dimension N − 1 with space varibles x^′ = (x_2, · · · , x_N ) and consider the corresponding solution, i.e. the selfsimilar and radially symmetric solution ũ = ũ(x^′, t) of the PME with k = N + 1. The decay rate in space is then (4.18) z̃(x^′, t) ∼ |x^′|^{1−N} , while in time we have (4.19) z̃(0, t) = C t^{−(N−1)/(m(N+1)+1−N)} .

This latter rate is exactly what we have in (3.14) for z. We think of z̃ as a function of (x, t) ∈ R^N ×(0, ∞) by putting x = (x_1, x^′). Thus, z̃ is independent of x_1. We will consider this function in the next section as a comparison function in the argument to prove the same decay rate as in (4.19) for the z_n of Section 3.

5. End of the existence proof

We interrupted the flow of the existence proof at the end of Section 3 because of the nagging doubt that maybe our constructed solution of the z-equation gives after all a trivial solution of the PME. We are now in a position to discard this possibility. As we said, this can be done by proving Lemma5.1. Z(x) is bounded. Proof. We know that z_j (x, 1) = lim_{j→∞} j^{N−1}z_1(jx, j^{m(N+1)+1−N}) (use for instance (3.13) with λ^β = j and n = 1). Therefore, Z(x) = z(x, 1) = lim_{j→∞} z_j (x, 1) = lim_{t→∞} t^{(N−1)β}z_1(xt^β , t) .

Thus, the result is true if we can show that (5.1) z_1(x, t) ≤ C t^{−(N−1)β} = C t^{− N} �1 m(N+1)+1�N .

Thus, in order to show that Z(x) is bounded, we only have to obtain a decay rate for z_1

Now, the decay rate in space obtained in (4.18) for the z̃ = z̃(x_2, · · · , x_N , t) allows us to rescale it in such a way that

(5.2) |z_{01}(x_1, · · · , x_N )| < z̃(x_2, · · · , x_N , 1) ,

because z_{01} is bounded by |x|^{1−N} . Therefore, we can use z̃(x_2, · · · , x_N , t) as a comparison function for the solution z_1(x_1, · · · , x_N , t) and thus obtain the decay as needed in (3.14).

By the Maximum Principle, which holds for equation (3.1), we conclude that

(5.3) 0 ≤ z_1(x_1, · · · , x_N , t) ≤ z̃(x_2, · · · , x_N , t + 1) ,

for every (x_1, · · · , x_N ) ∈ H and t > 0. This ends the Proof. �

Step 5. Our next task consists in checking that z satisfies equation (3.1) in a classical sense and that u is a suitable solution of the PME. Both facts are immediate consequences of the limit process once we are certain that convergence takes place in suitable norms. Now, we know that in the domain Q^+_τ = H × (τ, ∞) the sequence z_n(x, t) is bounded uniformly in x, t and n. The interior estimates derived in the Appendix allow us to prove that in this situation also the u_n = −Δz_n form a bounded sequence in the Hölder spaces C^α_{loc}(S^′) for every set S^′ compactly contained in H × (0, ∞). Hence, we get in the limit z ∈ C^{2,1}_{x,t} (S) and u ∈ C(Q^+). With suitable antisymmetric extensions equation (3.1) is satisfied in a classical sense in the whole space by z when t > 0, while u satisfies the PME in distribution sense.

Step 6. The initial data. There is no doubt that z takes on the initial data z_0(x) continuously away from the origin. This follows from the monotonicity of the sequence z_n and the fact that z_t is nonpositive.

The fact that u takes on initial data u(x, 0) = 0 for x ≠ 0 needs some extra work. Since the solution is self-similar, we have with y = xt^{−β}

(5.4) lim_{t→0} u(x, t) = |x|^{−(N+1)} lim_{|y|→∞} |y|^{N+1}U(y) .

We are going to prove in the next section that U has compact support. It is then immediate that the limit (5.4) is zero for every x ≠ 0, and that (1.12) holds. With this the proof of the existence of the dipole solution will be complete.

The properties announced in the introduction are easy to check. �

6. The property of compact support and the coincidence set

It is important to know whether the support of u is compact in space for every time t > 0. Taking (−Δ)^{−1} this problem transforms into the broader question of the coincidence set between z(x, t) and z(x, 0). To begin with, we know that (6.1) z_n(x, t) ≤ z_{n+1}(x, t) ≤ z(x, t) ≤ z(x, 0) . In order to continue we need the following result Lemma 6.1. Suppose that a bounded continuous function f(x) with compact support satisfies ∫ f h dx = 0 for every harmonic function defined in a neighbourhood of supp(f).

Then the Newtonian potential of f, N(f), which satisfies ΔN(f) = f in the sense of distributions, has the same support as f.

Proof. For any y ∉ suppf, the fundamental solution Γ(x − y) is a harmonic function of x in a neighbourhood of suppf. Thus, by the assumptions of the Lemma, N_f (y) = ∫ Γ(y − x)f(x)dx = 0. The other implication is trivial: if x ∉ suppN(f), then f(x) = ΔN(f)(x) = 0. �

Remark. In the application we will restrict h to belong to the set of harmonic functions defined in a neighbourhood of supp(f) ∪ B, where B is a ball. The above argument allows then to conclude that the support of −N(f) is contained in B ∪ supp(f).

Let B_n be the ball B_{1/n}(0) which contains the support of u_{0n}. We consider the sets S_n(t) = supp(u_n(·, t) − u_{0n}) ∪ B_n ,

(6.2) G_n(t) = supp(z_n(·, t) − z_{0n}) ∪ B_n .

(6.3) ¿From the theory for PME it follows that S_n(t) is a compact set, because the support of u_{0n} is compact, hence so is the support of u_n(·, t). Moreover, the supports of the functions u_n(·, t) are expanding since u_n is a nonnegative solution of a Dirichlet problem for the PME. Therefore the sets S_n(t) are also expanding in time. Proposition 6.2. We have S_n(t) = G_n(t). Proof. Let 0 < T . We have

(6.4) d dt ∫ u_n h dx = ∫ (u_n)_t h dx = ∫ Δ(|u_n|^{m−1}u_n)h dx = ∫ (|u_n|^{m−1}u_n)Δh dx = 0 , for any harmonic function h defined in a neighbourhood of S_n(T ), outside of which u_n(·, t) vanishes for every 0 < t ≤ T . Integration in time gives

(6.5) ∫ u_n(x, t)h(x) dx = ∫ u_{0n}(x)h(x) dx = 0 , for this family of h’s, so that f(x) = u_n(x, t) − u_{0n}(x) satisfies the assumptions of the Remark to Lemma 6.1. But then we can recover g(x) = z_n(·, t) − z_{0n} by taking −N(f), for these last two functions have the same Laplacian, and both go to zero as |x| → ∞. Thus, they have to be the same, and we can conclude from the Remark to Lemma 6.1 that u_n(·, t) − u_{0n} and z_n(·, t) − z_{0n} have the same support away from B_n. �

Theorem 6.3. The support of u = −Δz, where z is the limit of the sequence z_n, is compact. Moreover, the support of u(·, t) equals the coincidence set of z(t) and z(0),

(6.6) suppu(·, t) = G(t) = supp(z(·, t) − z_0) ,

Proof. Since the functions z_0(x) and z_{0n}(x) coincide for |x| > 1/n it follows from (6.1) that G(t) ⊆ G_n(t), thus it is compact. In fact, the sequence of sets G_n(t) shrinks to G(t). By definition the support of u(t) is contained in G(t). The equality follows from Lemma 6.1 above since the support of u shrinks to {0} as t → 0. �

7. Properties of the interface

We study in this section the geometry of G(t), the support of u at time t > 0, and its boundary Γ(t) (the Free Boundary). G(t) is the closure in H = {x ∈ R^N : x_1 ≥ 0} of the positivity set P (t) = {x ∈ H : u(x, t) > 0} . To begin with, the self-similarity of u immediately implies that

(7.1) G(t) = t^βG(1) , Γ(t) = t^βΓ(1) , P (t) = t^βP (1) ,

as subsets of H. This reduces the study to time t = 1. We have

Property 1. G(1) possesses radial symmetry in the variables x^′ = (x_2, · · · , x_N ).

Proof. It is immediate form the construction. Indeed, a stronger result is true: the function u = u(x, x^′ ) is radially symmetric in the variable x^′ and nonincreasing in |x^′|. This monotonicity property can be obtained in different ways, for instance applying the maximum principle to u_{x2} in an appropriate domain. �

Property 2. G(1) is starshaped around the origin.

Proof. This is a consequence of (7.1) and the following well-known property of retention of positivity, which holds in particular for nonnegative solutions of the PME with homogeneous Dirichlet data. The property says that if any given point x and time t_1 > 0 the solution is positive, then it will be positive at x for all later times t_2 > t_1. In other words, the sets {P (t)} form an expanding family. A simple proof of this can be obtained by comparison from below with a very small Barenblatt solution (so small that it does not reach the boundary in the time interval 0 ≤ t ≤ t_1).

Property 2 is then proved as follows: take a point (x, t) ∈ Q^+ where u > 0 and let x̃ = λx with 0 < λ < 1. By self-similarity the point (x̃, t̃) corresponds to the positivity set of u if t̃ = λ^{1/β}t < t. By the retention property u(x̃, t) > 0. �

Property 3. The boundary Γ(1) satisfies the cone condition, both external and internal, away from x_1 = 0.

Proof. Let x = (x_1, · · · , x_N ) ∈ Γ(1), x_1 > 0. By the symmetry properties we can always assume that we are in N = 2 and that x_2 ≥ 0. There exist points x̃ ∈ P (1) and points x̂ ∉ G(1) as close as desired to x. By Property 2 for every for every λ < 1 we know that u(λx̃, 1) > 0, while for λ > 1 u(λx̂, 1) = 0.

On the other hand, the monotonicity of u in |x^′| produces a similar result when we move from x in any direction ν^′ perpendicular to the x_1-axis. It follows that the cone generated at x by the directions of the form ν = c_1x+c_2ν^′ with c_1 and c_2 > 0 is external to G(1) while the opposite cone is internal. Indeed, we can do better by making a symmetry argument around any line x_2 = ax_1 + ε with a > 0 and ε > 0 as small as we like. We conclude at any point x with x_2 > 0 the function u(x, 1) is monotone in the direction perpendicular to the radius vector joining x to the origin. As a consequence we conclude that u is monotone along circles centered at the origin in the (x_1, x_2)-plane.

Combining these results we conclude that there exist complementary interior and exterior cones with angle π/2 at every point of the interface. �

As a consequence of these results we have

Property 4. The free boundary Γ(1) is a Lipschitz-continuous surface in H. It can defined by the formula

(7.2) |x^′| = f(x_1) , for 0 ≤ x_1 ≤ A.

At the tip of the support in the x_1 axis, x_1 = A we have even more: by symmetry the cones are π radians wide, so this point has a definite tangent plane perpendicular to the x_1-axis.

Finally we address the question of the behaviour of the interface near x_1 = 0. It is well-known that in the PME the movement of the free boundary is driven by the pressure gradient, namely speed = −k∇v with v = u^{m−1} (Darcy’s law). This could suggest that the interface does not move along the hyperplane x_1 = 0. In fact, this is not so as the following result shows.

Property 5. There exists the limit

(7.3) lim_{x1→0} f(x_1) = a ,

and a > 0.

Proof. The existence of the limit is a consequence of the monotonicity implied by the existence of suitable cones. The argument to prove that a is strictly positive is based on comparison with small Barenblatt solutions located near the origin and below our solution. Since it can be seen in detail in [LV], we omit here further details. �

8. Asymptotic behaviour

We take solutions of the PME in a half-space H = {x ∈ R^N : x_1 > 0} with initial data u_0 ≥ 0 and data u = 0 on the lateral boundary Σ = {(x, t) : x_1 = 0, t > 0} . Under these assumptions we have

Theorem 8.1. The solution converges to a Dipole Solution.

Let u be any such solution. We shall show that we can put a dipole solution under u and use it as a subsolution, and similarly, that we can put a dipole solution above u and use it as a supersolution. To do so however we need some properties of ∇u at x_1 = 0

Lemma 8.2. Let u be a solution of the above problem with nonnegative bounded initial data u_0. For every τ > 0, there exists a constant A > 0 which depends only on τ and on the supremum of u_0, such that

(8.1) 0 ≤ u(x, t) ≤ Ax^{1/m}_1 .

for t ≥ τ .

Proof. We use a travelling wave supersolution as a barrier function. Let

(8.2) ũ(x, t) = P (x_1 − ct + b) .

Substitution into the PME gives cP^′ + (P^m)^{′′} = 0, which can be integrated to give

cP + (P^m)^′ = D ,

where we take D a positive constant. Choosing P (0) = 0, we obtain a solution P (s) defined for positive s with (P^m)(s) ≤ Ds, which runs from zero to D/c as s runs through R^+. Choose b/c = τ , and let D be so large that ũ(x, 0) = P (x_1 + b) ≥ u(x, 0). Then by the maximum principle, ũ(x, τ ) = P (x_1) ≥ u(x, τ ), so that u(x, τ ) ≤ (Dx_1)^{1/m}. Since the right-hand side of this last estimate is an exact solution of the PME, it follows again from the maximum principle that the same estimate holds for all t ≥ τ . �

Lemma 8.3. Let u be a solution of the above problem with nontrivial nonnegative bounded initial data u_0. For every x^′_0 ∈ R^{N−1} there exists a τ > 0 which depends only on the initial data and x^′, such that for every t_0 > τ we have u(x, t) ≥ Cx^{1/m}_1 for (x, t) in a neigbourhood of (0, x^′_0, t_0) whenever x_1 > 0. The constant C > 0 depends on the point (0, x^′_0, t_0) and on the neighbourhood.

Proof. Consider any Barenblatt solution centered in H, and with support contained in H at t = 0. It was shown in [LV], that if we solve the problem in the halfspace with these initial data, that when the support of this solution hits x_1 = 0, the set σ(t) = {x^′ ∈ R^{N−1} : (0, x^′) ∈ suppu(t)} is an expanding ball, with u(x, t) ≥ Cx^{1/m}_1 > 0 locally for x_1 > 0 and x^′ near the center of the ball σ(t). Using this kind of solutions as subsolutions, the Lemma follows. �

Lemma 8.4. Let u be the dipole solution as constructed in the previous sections, and let U be its similarity profile. Then in a certain neighbourhood of the origin in H we have (8.3) U(y) ≥ Cy^{1/m}_1 > 0 for y_1 > 0 .

Proof. This follows from Lemma 8.2 and the similarity form of the dipole solution. � Lemma 8.5. Every compactly supported solution lies for t large between two appropriately scaled dipole solutions. Writing (8.4) u_λ(x, t) = t^{−α}U_λ(xt^{−β} ) = λ^{2m}�^1 u(x/λ, t) , where U_λ is defined by (0.9), and α and β are given by (0.4), there exist positive constants λ_1(t) and λ_2(t) such that if t is large enough (8.5) u_{λ1(t)}(x, t) ≤ u(x, t) ≤ u_{λ2(t)}(x, t) . Proof. The previous lemmas allow us to put any solution u(x, t) between two appropriately scaled dipole solutions for some fixed positive t = t_0. By the maximum principle this remains true for all t > t_0. �

To complete the proof of Theorem 8.1 we use a standard Lyapunov functional argument. Let u be the dipole solution whose first moment has the same first component as the solution u under consideration. Define (8.6) J(u, u)(t) = ∫ H |u(x, t) − u(x, t)|x_1 dx .

Lemma 8.6. Unless u ≡ u, J is strictly decreasing in time.

Proof. This follows from the same argument as in the uniqueness proof for the dipole solution in Section 2. �

Next we scale the solution by (8.7) u_λ(x, t) = λ^αu(λ^βx, λt) , where α and β are given by (0.4). Observe that (8.8) J(u_λ, u)(t) = J(u, u)(λt), . By standard a priori estimates we can pass to the limit along a subsequence λ_j → ∞. Denote the limit of u_{λj} by ũ.

Lemma 8.7. We have J(ũ, u)(t) ≡ c , for some c ≥ 0.

Proof.

J(ũ, u)(t) = lim_{j→∞} J(u_{λj} , u)(t) = lim_{λj →∞} J(u_,u)(λt) = lim_{t→∞} J(u_,u)(t) = c �

Lemma 8.8. c = 0.

Proof. By Lemma 8.7, J(ũ, u)(t) ≡ c, so it is not strictly decreasing. Hence Lemma 8.6 implies that ũ ≡ u. �

This completes the proof of Theorem 8.1.

APPENDIX

Some results about the theory of the Dual Equation

We collect here some results on the theory of the dual equation (0.7). We begin by results which are obtained by taking the Newtonian potential of solutions of the PME, as explained above.

Let X be the set of twice continuously differentiable functions f in H such that f(x) = 0 on ∂H = {x : x_1 = 0}, f(x) → 0 as |x| → ∞, and Δf has compact support (we use the notations H, Q, Q^+ and Σ, as defined in the Introduction). For those functions as initial data we have a classical solution of the Z equation.

Lemma A.1. Let z_0 belong to X. Then there exists a unique function z(x, t) ∈ C([0, ∞) : X) which satisfies equation (0.7) in Q^+ and such that Δz(·, t) has compact support for every t > 0.

Proof. Solve the PME with initial data u_0(x) = −Δz_0. It is known that under such circumstances the solution u(x, t) is Hölder continuous with a modulus that depends only on the sup norm of the initial data if we are away from t = 0. Take then the Newtonian potential of the solution. Uniqueness follows from the next Lemma. �

Lemma A.2. The Maximum Principle applies to the above solutions. Moreover, we have a semigroup of contractions in X with respect to the sup norm.

Proof. This property is straightforward to check, our solutions being classical. If z_1 and z_2 are solutions, there can be no point where the function (z_1(x, t) − z_2(x, t))e^{at}, a > 0 can have an interior maximum. �

In fact, this is the basic property used to obtain a theory of generalized solutions for equation (0.7) with merely continuous initial data. One way is to approximate z_0 with smooth initial data in X, solve and then pass to the limit in the sequence solutions which will be a converging sequence in the sup norm. The construction of a solution in the framework of semigroup theory is done in [BH], [Ha] and [Ko] for instance. See [C] for general reference to generation of nonlinear semigroups with accretive operators.

Lemma A.3. If z_0 ≤ 0 we have

(A.1) z_t ≤ − z (m − 1)t . Proof. This estimate, as explained in [BC], can be obtained for quite general evolution equations if (i) they are homogeneous (i.e. have power-type scaling), and (ii) they satisfy the Maximum Principle. The proof consists in noting that if z is a solution of (0.7), then the function z_λ(x, t) = λz(x, λ^{m−1}t) is also a solution of (0.7). Moreover, for λ > 1 it has larger initial data. Therefore dz_λ dλ | | | |_{λ=1} ≥ 0 .

This gives z + (m − 1)tz_t ≤ 0. i.e. (A.1). �

In our analysis above we have only considered solutions with nonpositive Laplacian. Lemma A.4. If Δz_0(x) ≤ 0 then Δz(x, t) ≤ 0 and z_t ≤ 0. (Similarly, resp. Δz_0(x) ≤ 0 implies Δz(x, t) ≥ 0 and z_t ≥ 0).

Proof. It follows from is the Maximum Principle for the PME. �

Lemmas A.3 and A.4 imply a control for Δz in sup-norm.

Corollary A.5. If Δz_0(x) ≤ 0 we have Δz(x, t) bounded in S_τ = H × (τ, ∞) for every τ > 0. We also have gradient bounds Lemma A.6. We get a local estimate for ∇z in L^2 in terms of local bounds for z_0 in L^{(m+1)/m}.

Proof. Write the equation in the form G(z_t) = Δz, with G defined by G(s) = |s|^{1/m}sign (s). Take a cutoff function ζ. Multiplying the equation by zζ^2 and integrating by parts in H we get ∫ |∇z|^2ζ^2 dx = − ∫ G(z_t)zζ^2 dx − 2 ∫ zζ∇z · ∇ζ dx . Use now (A.1) to obtain, after some manipulations

(A.2) 1 2 ∫ |∇z|^2ζ^2 dx ≤ c_m t^{1/m} ∫ z^{(m+1)/m}ζ^2 dx + 2 ∫ z^2|∇ζ|^2 dx � Lemma A.7. Let Δz ≤ 0. There exist local C^α bounds in S_τ for u = −Δz in terms of any L^p-norm of u_0 = −Δz_0.

Proof. This is standard PME theory. Proofs can be found in [CF], [dB] or [S]. �

ACKNOWLEDGMENTS

This paper was written during a stay of the authors in the IMA to participate in the Special Year in Phase Transitions and Free Boundaries.

REFERENCES

[Ba] G. I. Barenblatt, On self-similar motoins of compressible fluids in porous media, Prik.

Mat. Mekh. 16 (1952), 679-698 (in Russian).

[BZ] G. I. Barenblatt & Y. B. Zel’dovich, On dipole-solutions in problems of nonstationary filtration of gas under polytropic regime, Prikl. Mat. Mekh. 21 (1957), 718-720.

[BC] P. Bénilan & M. G. Crandall, Regularizing effects of homogeneous evolution equations, in Contributions to Analysis and Geometry, suppl. to Amer. Jour. Math., Baltimore (1981), 23-39.

[BH] P. Bénilan & K. S. Ha, Equation d’évolution du type (du/dt) − β∂ϕ(u) ∈ 0 dans L^∞(Ω), Comptes Rendus Acad. Sci. Paris, A 281 (1975), 947-950.

[BHV] F. Bernis, J. Hulshof & J. L. Vazquez, A very singular solution for the dual porous medium equation and the asymptotic behaviour of general solutions, J. reine und angewandte Math., to appear.

[CF] L.A.Caffarelli & A. Friedman, Continuity of the density of gas flow in a porous medium, Trans. Amer. Math. Soc. 252 (1979), 99-113.

[C] M. G. Crandall, An introduction to evolution governed vy accretive operators, in Dynamical Systems- An International Symposium. L. Cesari, J. Hale and J. Lasalle eds., Academic Press, New York (1976), 131-165.

[DB] E. DiBenedetto, Continuity of weak solutions to a general porous medium equation, Indiana Univ. Math. Jour. 32 (1983), 83-118.

[GP1] B. H. Gilding & L. A. Peletier, On a Class of Similarity Solutions of the Porous Media Equation, J. Math. Anal. and Appl. 55 (1976), 351-364.

[GP2] B. H. Gilding & L. A. Peletier, On a Class of Similarity Solutions of the Porous Media Equation II, J. Math. Anal. and Appl. 57 (1977), 522-538.

[GP3] B. H. Gilding & L. A. Peletier, On a Class of Similarity Solutions of the Porous Media Equation III, J. Math. Anal. and Appl. 775 (1980), 381-402.

[Ha] K. S. Ha, Sur des semigroupes non-linéaires dans les espces L^∞(Ω), J. Math.Soc.

Japan 31 (1979), 593-622.

[H] J. Hulshof, Similarity solutions of the porous medium equation with sign changes, J.

Math. Anal. Appl. 157 (1991), 75-111.

[Ko] Y. Konishi, On the nonlinear semigroups associated with u_t = Δβ(u) and ϕ(u_t) = Δu, J. Math. Soc. Japan 25 (1973), 622-628.

[LV] A. Lacey & J. L. Vazquez, Interaction of gas fronts, Quart. Appl. Math., to appear. [P] Pattle, Diffusion from an instantaneous point source with a concentration-dependent coefficient, Quart. J. Mech. Appl. Math. 12 (1959), 407-409.

[S] P. E. Sacks, Continuity of solutions of a singular parabolic equation, Nonlinear Anal. 7 (1983), 387-409.

[ZK] Zel’dovich & Kompanyeets, On the theory of heat conduction depending on temperature, Lectures dedicated on the 70th anniveersary of A. F. Joffe, Akad. Nauk SSSR.