Strongly indefinite systems with critical Sobolev exponents

Josephus Hulshof Mathematical Institute, Leiden University P.O. Box 9512, 2300 RA Leiden The Netherlands

Enzo Mitidieri Dipartimento di Scienze Matematiche Università degli Studi di Trieste Piazzale Europa 1 34100 Trieste, Italy

Robertus vanderVorst Center for Dynamical Systems and Nonlinear Studies Georgia Institute of Technology Atlanta, GA 30332-0190, USA

Abstract We consider an elliptic system of Hamiltonian type on a bounded domain. In the superlinear case with critical growth rates we obtain existence and positivity results for solutions under suitable conditions on the linear terms. Our proof is based on an adaptation of the dual variational method as applied before to the scalar case.

Keywords Elliptic variational systems, strongly indefinite functionals, dual method, critical Palais-Smale level, critical points, ground states, decay rates, scaling.

AMS classifications 35J50, 35J55, 35J65.

INTRODUCTION

Existence and non-existence of solutions of semilinear elliptic systems has been a subject of active research during the last decades, see for example [FF,L3,PS]. Such systems are called variational if solutions can be viewed as critical points of an associated functional defined on a suitable function space. Restricting our attention to systems with two unknowns, we distinguish two classes of variational elliptic systems:

(a) potential systems.

(b) Hamiltonian systems.

Potential systems are of the form

(A) − L_1u = ∂H ∂u (u, v) , ±L_2v = ∂H ∂v (u, v), where L_1 and L_2 are second order selfadjoint elliptic operators. Formally these are the Euler-Lagrange equations of the functional f(u, v) = (L_1u, u) ± (L_2v, v) − H(u, v). Here (·, ·) is the L^2 inner product for functions defined on the underlying domain, and H(u, v) = ∫ H(u(x), v(x))dx. The functional f is often called the Lagrangian. Its critical points correspond to weak solutions of (A). The appropriate choice of the function spaces for u and v follows by asking that the quadratic part of f be well defined. This naturally leads to Sobolev spaces with square integrable first derivatives. Since also H(·, ·) must be well defined, by virtue of the embedding theorems, some growth restrictions on this latter function are required. An extra difficulty appears if we consider system (A) with a plus sign in the second equation, for then the corresponding function f has a strongly indefinite quadratic part.

For systems of superlinear type and with subcritical growth the Mountain Pass Theorem [AR] or in the strongly indefinite case, the Benci-Rabinowitz Theorem [BR,H] for strongly indefinite functionals may be applied under some extra technical assumptions on H. If we consider system (A) with critical growth, in general the critical point theorems can not be applied due to a lack of compactness. For some special systems however, decoupling techniques can be used to reduce the problem to one equation with a nonlocal term, see for example [FM1,MM], which can be treated using concentration compactness methods in the spirit of P.-L. Lions [L1,L2]. We point out that even if the decoupling technique is not applicable, systems of type (A) behave in a certain sense like scalar equations. This is essentially due to the weak coupling between the two equations, see e.g. [CFM2].

For Hamiltonian systems the situation is quite different because they are of the form (B) − Lv = ∂H ∂u (u, v) , −L^∗u = ∂H ∂v (u, v), where L^∗ is the adjoint operator of L. In this case the corresponding functional is given by f(u, v) = (u, Lv) − H(u, v). The non-quadratic part is called the Hamiltonian. One sees that the coupling now also occurs in the quadratic part of f and therefore it is much stronger than in the potential case. An immediate consequence is that there is no longer only one appropriate choice of function spaces [HV1,FF], because there is a trade off between u and v. This accounts for a much richer structure and a rather different characterization of the concept of critical growth. Consider for example (C) − Δv = H_u(u, v) in Ω, − Δu = H_v(u, v) in Ω, u = v = 0 on ∂Ω, where Δ is the Laplace operator and Ω a domain in ℜ^n. The following result has been proved in [M,V1].

Theorem 1. Let Ω ⊂ R^n with n ≥ 3 be a bounded starshaped domain with smooth boundary. Let H ∈ C^1(R^2; R) such that H(0, 0) = 0 . If there exist a ∈ R such that n n − 2 H(u, v) ≤ a u H_u(u, v) + (1 − a) v H_v(u, v) , for all (u, v) ∈ R^2 ,

then problem (C) has no positive solutions of class C^2(Ω) ∩ C^1(Ω).

In this paper we consider a special case of system (C), namely

(I_{p,q}) − Δv = λu + |u|^{p−1}u, in Ω, − Δu = μv + |v|^{q−1}v, in Ω, u = v = 0, on ∂Ω, (1) (2) (3) where λ and μ are real numbers. When λ = μ = 0, the condition in Theorem 1 reduces to 1 p + 1 + 1 q + 1 ≤ n − 2 n . However, for the critical case, more precisely, for 1 p + 1 + 1 q + 1 = n − 2 n , p, q > 1, (4) (the critical hyperbola) there may exist positive solutions for certain positive values of λ and μ. We mention that the Rellich type identity proved in [M,V1], see also [P,PS], which is used in the proof of Theorem 1 for system (C) with p and q on the critical hyperbola, reduces to n 2 p − 1 p + 1 λ ∫ Ω u^2 + n 2 q + 1 q + 1 μ ∫ Ω v^2 = ∫ ∂Ω ∂u ∂ν ∂v ∂ν (x, ν). For positive solutions on a domain starshaped with respect to the origin, the right hand side of this identity is positive. Thus the existence of positive solutions is not obstructed by the identity if λ and μ are positive.

The purpose of this paper is to obtain such existence results for solutions of system (I_{p,q}) in the case that n ≥ 4. Let us recall that if λ = μ, p = q, u = v, system (I_{p,q}) reduces to the scalar semilinear elliptic equation −Δu = λu+|u|^{p−1}u with critical exponent p =^{n+2}_{n−2} . For n ≥ 4 Brézis and Nirenberg [BrN] have shown that a positive solution exists if 0 < λ < λ_1, where λ_1 is the first eigenvalue of the Laplacian with zero Dirichlet boundary data. This solution is constructed as a mountain pass of the corresponding Lagrangian. Crucial in their arguments is that the critical value in the mountain pass is strictly less than an explicit constant related to the Sobolev embedding H^1_0 → L^{2nn−2} . Below this constant the Lagrangian satisfies the Palais-Smale (PS) condition, which is always satisfied in the subcritical case 1 < p <^{n+2}_{n−2} .

In the subcritical case with superquadratic Hamiltonian, i.e. 1 p + 1 + 1 q + 1 > n − 2 n , p, q > 1, n > 2, (5) positive solutions of (I_{p,q}) exist as critical points of the strongly indefinite functional f(u, v) = ∫ Ω ∇u∇v − λ 2 ∫ Ω u^2 − μ 2 ∫ Ω v^2 − 1 p + 1 ∫ Ω |u|^{p+1} − 1 q + 1 ∫ Ω |v|^{q+1}, (6) provided λμ < λ^2_1. This is shown in [HV1] and [FF] by means of an indefinite functional theorem due to Benci and Rabinowitz [BR] and in [CFM1,PV] by using topological methods. Besides a PS-condition, this theorem requires compactness of the gradient of the non-quadratic part of the Lagrangian above, which fails in the critical case (4). For the scalar case the Lagrangian is not strongly indefinite and therefore this second condition is not needed in [BrN].

In dealing with the critical case we shall circumvent this complication by using a dual formulation originally due to Clark and Ekeland [CE]. This approach was used by Ambrosetti and Struwe [AS] as an alternative for the methods in [BrN]. The dual method requires a strict convexity condition on the non-quadratic part of the Lagrangian. This allows for a relation between critical points of the functional and its dual. The main advantage is now that critical points of the dual functional of (6), despite its original indefinite character, can be obtained as mountain passes, provided that the corresponding critical value lies below a constant depending only on p, q and n, which is related to the best Sobolev constant appearing in a naturally associated Sobolev inequality. To get below this constant the exact asymptotic behaviour of the regular radial ground states of system (I_{p,q}) with λ = μ = 0 and Ω = R^n as established in [HV2] is required.

Let us remark that we have chosen to restrict our attention to a very explicit system with only pure powers in the nonlinearities. The advantage is that as in [AS], this allows a much smoother presentation of the results and proofs. Clearly generalization to a larger class of systems is possible, but this will not be a subject of the present paper.

Throughout this paper we shall assume without loss of generality that p ≥ q. We parameterize the critical hyperbola by p = n + 2 + 2α n − 2 − 2α , q = n + 2 − 2α n − 2 + 2α

, α ∈ [0, 1]. (7)

Denoting the eigenvalues of the Laplacian with homogeneous Dirichlet boundary conditions by λ_k (k = 1, 2, . . .), our main result reads as follows:

Theorem 2. Let Ω ⊂ R^n with n ≥ 4 be a bounded domain with smooth boundary, and let p ≥ q > 1 (i.e. α ∈ [0, 1)). Assume λμ ≠ λ^2_k for all k and let one of the following conditions hold. α = 0 : λ + μ > 0, 0 < α < n − 2 2(n − 1) : { μ > 0; n > 4 + 2α, μ = 0, λ > 0; n − 2 2(n − 1) < α < 1 : { μ > 0; n(n − 4α − 4) + 4 − 4α^2 > 0, μ = 0, λ > 0;

α = n − 2 2(n − 1) : { μ > 0; n^2 − 6n + 6 > 0; μ = 0, λ > 0. Then the system (I_{p,q}) has at least one nontrivial solution (u, v) ∈ (C^2(Ω) ∩ C^1(Ω))^2.

Moreover if 0 < λ, μ with 0 < λμ < λ^2_1, then there exists a solution with positive components.

Throughout this paper we shall assume that α < 1, i.e. q > 1. For q = 1 and μ = 0 the system reduces to the semilinear biharmonic equation Δ^2u = λu + |u|^{p−1}u in Ω with boundary conditions u = Δu = 0 on ∂Ω, which has been studied in [vdV2]. In what follows we shall assume that n ≥ 4. The case n = 3 is more delicate as can be seen in [BrN] and will be studied elsewhere.

This paper is organized as follows. In section 1 we introduce the functional analytic framework for the dual variational formulation of (I_{p,q}) in the spirit of Ambrosetti and Struwe. Section 2 contains the key lemma concerning the Palais-Smale condition. In section 3 we discuss the geometrical properties of the dual functional. Finally, in section 4, we use the asymptotic estimates proved in [HV2] of the ground states for (I_{p,q}) with λ = μ = 0 in R^n, to push the energy level below the critical Palais-Smale level. This allows us to complete the proof of Theorem 2.

1. VARIATIONAL FORMULATION AND THE DUAL FUNCTIONAL

Let n ≥ 3 and Ω ⊂ R^n be a bounded domain with smooth boundary. In this paper we denote the standard L^2 × L^2-duality pairing by ⟨·, ·⟩.

As in [HV1] and [FF], weak solutions of (I_{p,q}) correspond to critical points of the functional f defined on a suitable member of a family of Sobolev interpolation spaces. For a precize description of these spaces in terms of Fourier series see [HV1,FF]. Let

D(−Δ) = {u ∈ H^2(Ω) ∩ H^1_0 (Ω) : u = 0 on ∂Ω}.

For p and q satisfying (4) and α ∈ [0, 1] given by (7) define

E_α = D((−Δ)^{1+α2} ) × D((−Δ)^{1−α2} ). (1.1)

Since

i : E_α → X_α = L^{p+1}(Ω) × L^{q+1}(Ω) = L^{2nn−2−2α} (Ω) × L^{2nn−2+2α} (Ω), (1.2)

it follows that f ∈ C^1(E_α). Denoting by E^∗_α the dual of E_α with respect to the L^2 × L^2- duality ⟨·, ·⟩, the operator

∂_{−Δ} = ( 0 −Δ −Δ 0 ) : E_α −→ E^∗_α (1.3a) is in fact an isometry, see [HV1]. Alternatively, by (linear) regularity theory (Agmon- Douglis-Nirenberg estimates, see also [HV1]), we can also view it as an isomorphism

∂_{−Δ} : X^∗_α = L^{p+1p} × L^{q+1q} −→ Y_α^{def}= (W^{2, q+1q} ∩ W^{1,} q+1 q 0 ) × (W^{2, p+1p} ∩ W^{1,} p+1 p 0 ). (1.3b)

Consequently the same holds for A_{λμ} = ( −λI −Δ −Δ −μI ) (1.4)

provided λμ ≠ λ^2_k, where {λ_k} are the eigenvalues of the Laplacian. The inverse of A_{λμ} : E_α −→ E^∗_α is denoted by A^{−1}_{λμ} and the inverse of A_{λμ} : X^∗_α −→ Y_α by B_{λμ}.

Thus we have X^∗_α^{i∗}−→ E^∗_α^A −1 λ,μ−→ E_α^i−→ X_α , X^∗_α^{Bλμ}−→ Y_α^j−→ E_α and j ∘ B_{λμ} = A^{−1}_{λ,μ} ∘ i^∗. (1.5) where j is a noncompact Sobolev embedding. Neither of the two compositions is compact. The first one is denoted by K_{λ,μ} = i ∘ A^{−1}_{λ,μ} ∘ i^∗. It has the property that K^∗_{λ,μ} = K_{λ,μ}. This is a direct consequence of the fact that (A^{−1}_{λμ} )^∗ = A^{−1}_{λμ} . One may think of this as a selfadjointness property of operators from a reflexive space X embedded in L^2 × L^2 into the dual space X^∗ (with respect to the L^2 × L^2-duality).

Writing (6) as f(z) = 1 2 ⟨A_{λ,μ}z, z⟩ − H(iz), f : E_α → R (1.6) where z = (u, v), H(z) = 1 p + 1 |u|^{p+1} + 1 q + 1 |v|^{q+1}, H(iz) = ∫ Ω H(z), we have df(z) = A_{λ,μ}z − i^∗dH(iz). (1.7) We define the dual functional f^∗ : X^∗_α → R by f^∗(w) = H^∗(w) − 1 2 ⟨K_{λ,μ}w, w⟩, (1.8) where H^∗ : X^∗_α → R is the Legendre transform of H : X_α → R, i.e. H^∗(w) = max_{z∈Xα} ( ⟨z, w⟩ − H(z) ) . (1.9)

In fact we have H^∗(w) = ∫ Ω H^∗(w(x)) dx, (1.10) where H^∗ : R^2 → R is the Legendre transform of H : R^2 → R. Thus

H^∗(w) = ∫ Ω ( p p + 1

|w_1|^{p+1p} + q q + 1 |w_2|^{q+1q} ) . (1.11)

Since H : R^2 → R is strictly convex, the same holds for H^∗ : X^∗_α → R. It follows that both dH and dH^∗ are invertible and dH ∘ dH^∗ = I_X∗_α , dH^∗ ∘ dH = I_{Xα} . If w ∈ X^∗_α is a critical point of f^∗, it follows that z = A^{−1}_{λ,μ}i^∗w ∈ E_α is a critical point of f. Indeed we have dH^∗(w) = K_{λ,μ}w in X_α ⇒ (dH)^{−1}(w) = K_{λ,μ}w = iA^{−1}_{λ,μ}i^∗w = iz in X_α ⇒ w = dH(iz) in X^∗_α ⇒ i^∗w = A_{λ,μ}z = i^∗dH(iz) in E^∗_α. Conversely, if z = (u, v) is a critical point of f : E_α → R, regularity theory (see HV1]) implies that A_{λ,μ}z ∈ X^∗_α. Consequently we may obtain a critical point of f^∗ : X^∗_α → R by setting w = i^∗w = A_{λ,μ}z. Thus the formulations are in fact equivalent.

2. THE PALAIS-SMALE CONDITION

In this section we verify that f^∗ satisfies a Palais-Smale condition for sufficiently small energy levels. We recall that a sequence x_n is called a Palais-Smale sequence for the function f ∈ C^1(X) at the energy level c, if df(x_n) → 0 in X^∗ and f(x_n) → c for some c ∈ R. We use the following formulation of the Palais-Smale condition. (P S)_c { Let {w_n} ∈ X^∗_α be a Palais-Smale sequence for f^∗ at the energy level c. Then there exists a subsequence {w_{nk} } converging to some w ∈ X^∗_α.

Note that the limit w is a stationary point of f^∗ and that its critical value equals c. In order to see for which values of c (if any) the function f^∗ satisfies (P S)_c, let us introduce (see also [BrN,L1,L2,HV2]) the embedding constants

K_{p,q} = inf { ‖Δu‖ q+1_q ; u ∈ W^{2, q+1q} ∩ W^{1,} q+1 q 0 (Ω), ‖u‖_{p+1} = 1 } . (2.1)

Let p ≥ q ≥ 1 and 0 ≤ α < 1.

Lemma 2.1. Let 0 ≤ α < 1 and n > 2 + 2α, then f^∗ satisfies (P S)_c for all c with c < 2 n K^{n2}p,q.

Lemma 2.1 will be proved in four steps. In first step we prove that (P S)_c-sequences w_n are bounded in X^∗_α.

In the second step we show that the sequence z_n = B_{λ,μ}w_n has the property that df(jz_n) → 0, not only in E^∗_α but also in X^∗_α. In addition, the energy level is not affected: f(jz_n) → c. One might view the sequence z_n as a (P S)_c-sequence of f : E_α → R with respect to the X^∗_α-topology.

In the third step we prove that this sequence z_n contains a subsequence strongly convergent in X_α (and by regularity also in Y_α).

Finally in the fourth step we tie everything up in terms of the original sequence w_n.

Proof.

Step 1. Let w_n be a (P S)_c-sequence of f^∗. Then

f^∗(w_n) − 1 2 df^∗(w_n)w_n = c + o(1) ( ‖w_n‖_X∗_α + 1 ) as n → ∞, whence ∫ Ω |w_{1,n}|^{p+1p} + ∫ Ω |w_{2,n}|^{q+1q} = O(1) ( ‖w_n‖_X∗_α + 1 ) . (2.2)

Therefore ‖w_n‖_X∗_α ≤ C.

Step 2. Let z_n = B_{λ,μ}w_n ∈ Y_α ⊂ E_α. We note that we consider z_n here as an element of Y_α. As functions from Ω to R the elements z_n ∈ Y_α and jz_n ∈ E_α coincide. Since df^∗(w_n) = dH^∗(w_n) − K_{λ,μ}w_n → 0, i.e.

K_{λ,μ}w_n = dH^∗(w_n) + o(1) in X_α,

applying dH = (dH^∗)^{−1} and using K_{λ,μ}w_n = iA^{−1}_{λ,μ}i^∗w_n = ijB_{λ,μ}w_n = ijz_n, it follows that dH(ijz_n) = B^{−1}_{λ,μ}z_n + o(1) in X^∗_α. (2.3)

This implies that

i^∗dH(ijz_n) = i^∗B^{−1}_{λ,μ}z_n + o(1) = A_{λ,μ}jz_n + o(1) in E^∗_α,

i.e. df(jz_n) → 0 in E^∗_α.

Next we show that f(z_n) → c. At this point we have no longer need to distinguish between z_n and jz_n. Thus we may write

f(z_n) = 1 2 ⟨A_{λ,μ}z_n, z_n⟩ − H(iz_n) = 1 2 ⟨i^∗w_n, z_n⟩ − H(iz_n) = ⟨w_n, iz_n⟩ − H(iz_n) − 1 2 ⟨w_n, iz_n⟩ = ⟨w_n, iz_n⟩ − H(iz_n) − 1 2 ⟨K_{λ,μ}w_n, w_n⟩ = ⟨w_n, dH^∗(w_n)⟩ − H(dH^∗(w_n)) − 1 2 ⟨K_{λ,μ}w_n, w_n⟩ + o(1) = H^∗(w_n) − 1 2 ⟨K_{λ,μ}w_n, w_n⟩ + o(1) = c + o(1)

,

which completes the proof of step 2.

Step 3. Since by step 1 the sequence w_n is bounded in X^∗_α, it follows that the sequence z_n is bounded both in Y_α and E_α. Rewriting (2.3) we obtain { − Δv_n − λu_n − u_n|u_n|^{p−1} = o(1) in L^{p+1p} , − Δu_n − μv_n − v_n|v_n|^{q−1} = o(1) in L^{q+1q} .

(2.4) (2.5)

Thus along a subsequence we have that z_n ⇀ z in Y_α. The weak limit is easily seen to be a weak solution of (I_{p,q}), i.e. df(z) = 0. It remains to show that f(z) = c.

We first exclude that z = 0. Since α < 1 we have z_n → z strongly in L^2 × L^2. Therefore for some nonnegative number k we find ∫ Ω ∇u_n∇v_n → k, ∫ Ω |u_n|^{p+1} → k, ∫ Ω |v_n|^{q+1} → k. (2.6) Furthermore, from (2.5), ∫ Ω |Δu_n|^{q+1q} = ∫ Ω |v^q_n|sign(v^q_n) − |Δu_n|^{1q} sign(−Δu_n) + o(1) ≤ (∫ Ω |v_n|^{q+1} )^q_{q+1} (∫ Ω |Δu_n|^{q+1q} ) 1_{q+1}

+ o(1),

which yields ∫ Ω |Δu_n|^{q+1q} ≤ ∫ Ω |v_n|^{q+1} + o(1) = ∫ Ω |u_n|^{p+1} + o(1) = k + o(1). (2.7)

On the other hand, by the Sobolev embedding theorem we have ||u||_{p+1} ≤ K^{−1}_{p,q} ||Δu|| q+1_q .

Combining the above inequality with (2.7) and taking the limit we get k ≥ K^{n2}p,q. On the other hand in view of (2.6) and step 2 we must have c ≥ 2 n k ≥ 2 n K^{n2}p,q. This contradicts the assumption on c. Therefore the limit z is nonzero.

Next we set (following [BrN]) α_n = u_n − u and β_n = v_n − v. Clearly (α_n, β_n) ⇀ (0, 0) in Y_α and (α_n, β_n) → (0, 0) in L^2. In view of the Brezis-Lieb lemma (see [BrL]) we have ∫ Ω |u_n|^{p+1} = ∫ Ω |u|^{p+1} + ∫ Ω |α_n|^{p+1} + o(1),

and likewise for v. Also ∫ Ω ∇v_n∇u_n = ∫ Ω ∇u∇v + ∫ Ω ∇α_n∇β_n. Hence f(z) + ∫ Ω ( ∇α_n∇β_n − 1 p + 1 |α_n|^{p+1} − 1 q + 1 |β_n|^{q+1} ) = c + o(1). (2.8)

As before we may assume now that ∫ Ω |α_n|^{p+1} → k, ∫ Ω |β_n|^{q+1} → k, ∫ Ω ∇α_n∇β_n → k, so that f(z) + 2 n ∫ Ω ∇α_n∇β_n = c + o(1). This implies that either k = 0 or k ≥ K^{n2}_{p,q}. Since by assumption c < K^{n2}_{p,q} it follows that k = 0. This proves the strong convergence of z_n in X_α.

Step 4. Since w_n = dH(z_n)+o(1) in X^∗_α and z_n contains a strongly convergent subsequence, the existence of a convergent subsequence of w_n in X^∗_α is now immediate. This concludes the proof of the Lemma 2.1.

3. GEOMETRY OF THE DUAL FUNCTIONAL

In this section we begin with the construction of a critical point of mountain pass type of the dual functional f^∗ defined by (1.8). Note that this functional has a local minimum in zero. There exist (see e.g. [BF], [CV1]) numbers a, ρ such that

f^∗(w) ≥ a > 0, ∀w ∈ X_α = L^{p+1p} (Ω) × L^{q+1q} (Ω) with ||w|| = ρ.

Depending on the sign of the quadratic part, we see that far away from the origin we may find arbitrarily large positive and negative values so that we are in a situation where we may apply the Mountain Pass Lemma. We now look for a curve connecting the origin to a point where the functional is negative and such that along this curve the functional has a maximum strictly less then the value in Lemma 2.1. Let (w_1, w_2) ∈ X^∗_α be a function pair to be determined later.

Substituting w = (tw_1, sw_2) in (1.8) we find that f^∗ becomes

f^∗(tw_1, sw_2) = pt^{p+1p} p + 1 ∫ Ω |w_1|^{p+1p} + qs^{q+1q} q + 1 ∫ Ω |w_2|^{q+1q} − 1 2 ⟨w, K_{λμ}w⟩. (3.1) Note that the last term in (3.1) contains t and s. Fixing w_1 and w_2 the numbers t and s parameterize a linear subspace spanned by (w_1, 0) and (0, w_2). In this subspace the restricted functional has a saddle point. Roughly speaking we are going to choose our curve through this point along the unstable direction.

The choice of w_1 and w_2 will have to ensure that along this curve the functional remains below the critical Palais-Smale level. The existence of a critical point of mountain pass type will follow from the standard min-max argument. For this purpose we need the precize decay rates [HV2] of the ground states of (I_{p,q}) with λ = μ = 0 and (p, q) on the critical hyperbola. Let us denote this one-parameter family of ground states by z_ϵ = (u_ϵ, v_ϵ), where ϵ ∈ (0, ∞). Replacing Ω by R^n, putting w_1 = u^p_ϵ and w_2 = v^q_ϵ and taking λ = μ = 0, we find that (3.1) becomes g(t, s) = K^{n2}_{p,q} ( p p + 1 t^{p+1p} + q q + 1 s^{q+1q} − ts ) . (3.2)

The function g(t, s) has a saddle point in (t, s) = (1, 1) and

g(1, 1) = 2 n K^{n2}p,q, which is exactly the critical Palais-Smale level. There exists a curve through the origin along which g(s, t) attains a maximum in (1, 1), indeed this curve is given by

t^{p+1p} = s^{q+1q} . (3.3)

Now we replace R^n by Ω and we take arbitrary λ and μ. We will show that along (3.3) the function f^∗(tu^p_ϵ , sv^q_ϵ ) has a smaller maximum. The parameter ϵ will be used to control the change from R^n to Ω, whereas λ and μ, in combination with ϵ will push the maximum down below the critical Palais-Smale level.

We split (3.1) up into a part which resembles (3.2) and a remainder part. Let φ_ϵ and ψ_ϵ be the harmonic functions which coincide on the boundary of Ω with u_ϵ and v_ϵ respectively. Let Φ_ϵ = (φ_ϵ, ψ_ϵ), D = ( s 0 0 t ) and Λ = ( λ 0 0 μ ) .

First we deal with the quadratic part of the functional.

For w_ϵ = (tu^p_ϵ , sv^q_ϵ ) we have

K_{0,0}w_ϵ = (∂_{−Δ})^{−1}w_ϵ = ( s(u_ϵ − φ_ϵ) t(v_ϵ − ψ_ϵ) ) = D(z_ϵ − Φ_ϵ).

Therefore K_{λ,μ}w_ϵ = D(z_ϵ − Φ_ϵ) + r_ϵ. (3.4) By regularity the function pairs, K_{λ,μ}w_ϵ and B_{λ,μ}w_ϵ coincide, thus

w_ϵ = B^{−1}_{λ,μ}(D(z_ϵ − Φ_ϵ) + r_ϵ) = B^{−1}_{λ,μ}(D(z_ϵ − Φ_ϵ)) + B^{−1}_{λ,μ}(r_ϵ) = ∂_{−Δ}(D(z_ϵ − Φ_ϵ)) − Λ(D(z_ϵ − Φ_ϵ)) + B^{−1}_{λ,μ}(r_ϵ) = w_ϵ − Λ(D(z_ϵ − Φ_ϵ)) + B^{−1}_{λ,μ}(r_ϵ) and r_ϵ = B_{λ,μ}ΛD(z_ϵ − Φ_ϵ) = K_{λ,μ}ΛD(z_ϵ − Φ_ϵ). (3.5) For the quadratic part we now find ⟨w_ϵ, K_{λμ}w_ϵ⟩ = ⟨w_ϵ, Dz_ϵ − Dϕ_ϵ⟩ + ⟨w_ϵ, r_ϵ⟩ = ts { ∫ Ω (u_ϵ − φ_ϵ)u^p_ϵ + ∫ Ω (v_ϵ − ψ_ϵ)v^q_ϵ } + ⟨w_ϵ, r_ϵ⟩. (3.6)

Combining (3.6) and (3.1) we get

f^∗(tw_1, sw_2) = g_1(t, s) + g_2(t, s), (3.7)

where

g_1(t, s) = pt^{p+1p} p + 1 ∫ Ω u^{p+1}_ϵ + qs^{q+1q} q + 1 ∫ Ω v^{q+1}_ϵ − 1 2 ts ∫ Ω u^p_ϵ (u_ϵ − φ_ϵ) − 1 2 ts ∫ Ω v^q_ϵ (v_ϵ − ψ_ϵ)

= pt^{p+1p} p + 1

A_ϵ + qs^{q+1q} q + 1 B_ϵ − tsC_ϵ, (3.8) and g_2(t, s) = − 1 2 ⟨w_ϵ, r_ϵ⟩. (3.9) We note that C_ϵ is the sum of two equal terms. Indeed, we have ∫ Ω u^p_ϵ (u_ϵ − φ_ϵ) = − ∫ Ω (Δ(v_ϵ − ψ_ϵ))(u_ϵ − φ_ϵ) = ∫ Ω (∇(u_ϵ − φ_ϵ), ∇(v_ϵ − ψ_ϵ)), so that

A_ϵ = ∫ Ω u^{p+1}_ϵ , B_ϵ = ∫ Ω v^{q+1}_ϵ , C_ϵ = ∫ Ω u^p_ϵ (u_ϵ − φ_ϵ) = ∫ Ω v^q_ϵ (v_ϵ − ψ_ϵ). (3.10)

A straightforward computation yields that along (3.3) the function g_1 has a maximum for t = ( n n + 2 p p+1 A_ϵ +^q_{q+1} B_ϵ C_ϵ )^{p(q+1)}_{pq−1} , and that this maximum is given by M_{p,q} = 2 n ( n n + 2

)^{n+22} ( p p + 1

A_ϵ + q q + 1

B_ϵ)^{n+22} C^{− n2}_ϵ

= 2 n + 2 ( p p + 1

A_ϵ + q q + 1

B_ϵ)

(^p_{p+1}^n_{n+2} Aϵ +^q_{q+1}^n_{n+2} Bϵ C_ϵ )^{n2} . (3.11)

The second factor in (3.11) converges from below to^{n+2}_n K^{n2}_{p,q} as ϵ → 0, whereas the third factor in (3.11) may be rewritten as ( 1 + p p + 1 n n + 2 ∫ Ω u^p_ϵ φ_ϵ ∫ Ω u^p_ϵ (u_ϵ − φ_ϵ) + q q + 1 n n + 2 ∫ Ω v^q_ϵ ψ_ϵ ∫ Ω v^q_ϵ (v_ϵ − ψ_ϵ) ) n_2 . Thus the maximum of g_1 along (3.3) satisfies M_{p,q} ≤ 2 n K^{n2}_{p,q} + O( ∫ Ω u^p_ϵ φ_ϵ) + O( ∫ Ω v^q_ϵ ψ_ϵ)

= 2 n K^{n2}_{p,q} + O(‖u_ϵ‖^p)O(‖u_ϵ‖_L∞_{(∂Ω)}) + O(‖v_ϵ‖^q)O(‖v_ϵ‖_L∞_{(∂Ω)}). (3.12)

Next we consider g_2. Our goal is to show that as ϵ → 0, the contribution of g_2 will pull the maximum of f^∗(tw_1, sw_2) along (3.3) down.

By (3.9), (3.4) and (3.5) we have −2g_2(t, s) = ⟨w_ϵ, r_ϵ⟩ = ⟨w_ϵ, K_{λ,μ}ΛD(z_ϵ − Φ_ϵ)⟩ = ⟨K_{λ,μ}w_ϵ, ΛD(z_ϵ − Φ_ϵ)⟩ = ⟨D(z_ϵ − Φ_ϵ) + r_ϵ, ΛD(z_ϵ − Φ_ϵ)⟩ =

⟨D(z_ϵ − Φ_ϵ), ΛD(z_ϵ − Φ_ϵ)⟩ + ⟨K_{λ,μ}ΛD(z_ϵ − Φ_ϵ), ΛD(z_ϵ − Φ_ϵ)⟩. (3.13)

Therefore

g_2(t, s) = − λt^2 2 ∫ Ω u^2_ϵ − μs^2 2 ∫ Ω v^2_ϵ + λt^2 ∫ Ω u_ϵφ_ϵ

+μs^2 ∫ Ω v_ϵψ_ϵ − λt^2 2 ∫ Ω φ^2_ϵ − μs^2 2 ∫ Ω ψ^2_ϵ (3.14) − 1 2 ⟨K_{λ,μ}ΛD(z_ϵ − Φ_ϵ), ΛD(z_ϵ − Φ_ϵ)⟩. (3.15)

Using the boundedness of K_{λ,μ} : X^∗_α −→ X_α and Hölder’s inequality, (3.15) is estimated by 1 2 ‖K_{λ,μ}‖ ‖ΛD(z_ϵ + Φ_ϵ)‖^2_X∗_α ≤ ‖K_{λ,μ}‖ ( λ^2t^2(‖u_ϵ‖^2p+1_p + ‖φ_ϵ‖^2p+1_p )

+μ^2s^2(‖v_ϵ‖^2q+1_q + ‖ψ_ϵ‖^2q+1_q ) ) ≤ ‖K_{λ,μ}‖ ( λ^2t^2(‖u_ϵ‖^2p+1_p + ‖u_ϵ‖^2_L∞_{(∂Ω)}) + μ^2s^2(‖v_ϵ‖^2q+1_q + ‖v_ϵ‖^2_L∞_{(∂Ω)}) ) . (3.16)

This concludes the preliminary study of the estimates related to the geometric properties of the function f^∗.

4. SCALING THE GROUND STATES

In this section we examine the limit behaviour of (3.12), (3.14) and (3.16) as ϵ → 0 in order to push the maximum of f^∗(tw_1, sw_2) along (3.3) below the critical Palais-Smale level. We recall that the ground states (u_ϵ, v_ϵ) satisfy the following scaling property:

u_ϵ(x) = ϵ^{− np+1} u_1( x ϵ ), v_ϵ(x) = ϵ^{− nq+1} v_1( x ϵ ). (4.1)

The asymptotic behaviour of (u_1, v_1) is given by:

Theorem 4.1 [HV2]. Let p ≥^{n+2}_{n−2} . Let (u_1, v_1) be a regular positive radial solution of (I_{p,q}) on R^n with λ = μ = 0. Then there exist constants a > 0 and b > 0 depending on p and n, such that lim_{r→∞} r^{n−2}v_1(r) = b, and lim_{r→∞} r^{n−2}u_1(r) = a if q > n n − 2 ; lim_{r→∞} r^{n−2} log r u_1(r) = a if q = n n − 2 ; lim_{r→∞} r^{q(n−2)−2}u_1(r) = a if q < n n − 2 . In the latter case the constants a and b are related by b^q = a(q(n^2 − 4) − 2n − q^2(n − 2)^2).

The extension to q ≥^{n+2}_{n−2} follows from interchanging the role of u and v and of p and q.

In order to find the ϵ-dependences of the terms in (3.12), (3.14) and (3.16), we need to consider three cases.

Case I.^n_{n−2} < q ≤^{n+2}_{n−2} , α ∈ [0,^{n−2}_{2(n−1)} ). As ϵ → 0 we have

‖u_ϵ‖_1 ≈ ϵ^{nq+1} = ϵ^{n−2+2α2} , ‖v_ϵ‖_1 ≈ ϵ^{np+1} = ϵ^{n−2−2α2} ,

‖u^p_ϵ ‖_1 ≈ ϵ^{np+1} = ϵ^{n−2−2α2} , ‖v^q_ϵ ‖_1 ≈ ϵ^{nq+1} = ϵ^{n−2+2α2} , ‖u_ϵ‖_L∞_{(∂Ω)} ≈ ϵ^{nq+1} = ϵ^{n−2+2α2} , ‖v_ϵ‖_L∞_{(∂Ω)} ≈ ϵ^{np+1} = ϵ^{n−2−2α2} , and n > 4 ⇒ ‖u_ϵ‖^2 ≈ ϵ^{n− 2np+1} = ϵ^{2+2α}, ‖v_ϵ‖^2 ≈ ϵ^{n− 2nq+1} = ϵ^{2−2α}, n = 4 ⇒ ‖u_ϵ‖^2 ≈ ϵ^{2+2α}| log ϵ|, ‖v_ϵ‖^2 ≈ ϵ^{2−2α}| log ϵ|, n < 4 ⇒ ‖u_ϵ‖^2 ≈ ϵ^{2(n−2)− 2np+1} = ϵ^{n−2+2α}, ‖v_ϵ‖^2 ≈ ϵ^{2(n−2)− 2nq+1} = ϵ^{n−2−2α}, n > 6 + 2α ⇒ ‖u_ϵ‖^2p+1_p ≈ ϵ^{4+4α},

n = 6 + 2α ⇒ ‖u_ϵ‖^2p+1_p ≈ ϵ^{4+4α}| log ϵ|^{2pp+1} = ϵ^{2(n−4)}| log ϵ|^{2 n−2n} , n < 6 + 2α ⇒ ‖u_ϵ‖^2p+1_p ≈ ϵ^{n−2+2α}, n > 6 − 2α ⇒ ‖v_ϵ‖^2_L q+1_q ≈ ϵ^{4−4α}, n = 6 − 2α ⇒ ‖v_ϵ‖^2_L q+1_q ≈ ϵ^{4−4α}| log ϵ|^{2qq+1} = ϵ^{2(n−4)}| log ϵ|^{2 n−2n} , n < 6 − 2α ⇒ ‖v_ϵ‖^2_L q+1_q ≈ ϵ^{n−2−2α}. Here f ≈ g means that the quotient of f and g is bounded away from zero and infinity. All the asymptotic estimates above are consequences of the exact decay rates of u_1 and v_1 combined with the observation that for β > 0 and s ≥ 1 we have

F (x) ≈ |x|^{−β} as |x| → ∞ ⇒ ∫ Ω F ( x ϵ )^sdx ≈ ϵ^{βs} if βs < n ϵ^n| log ϵ| if βs = n ϵ^n if βs > n We can now check for which values of n, α, μ and λ the maximum of f^∗(tw_1, sw_2) along (3.3) can be pushed below the critical Palais-Smale level by making ϵ small. When μ > 0 we use the second term on the right hand side of (3.14) to this effect. For the case that μ = 0 we shall use the first term. First we assume that n > 4 and μ > 0. We have − λt^2 2 ∫ Ω u^2_ϵ − μs^2 2 ∫ Ω v^2_ϵ ≈ −λϵ^{2+2α} − μϵ^{2−2α}. (4.2)

The contribution of all the other terms in (3.12), (3.14) and (3.16) is seen from the asymptotics above to be at most the asymptotics of ‖v_ϵ‖^2_{q+1q} . Thus, since n > 4 and μ > 0 the second term in (4.2) dominates as ϵ → 0. If α > 0, μ = 0 and λ > 0 the first term in (4.1) dominates (note there are fewer terms to consider) provided 2+2α < n−2, i.e. n > 4+2α.

For n = 4 and α > 0, (4.2) contains a logarithmic term. In this case we have to assume μ > 0. If α = 0 we need λ + μ > 0 (for all n ≥ 4). Summarizing, the maximum along (3.3) may be pushed below the critical Palais-Smale level in each of the following cases:

α = 0 : λ + μ > 0; 0 < α < n − 2 2(n − 1) : { μ > 0 n > 4 + 2α, μ = 0, λ > 0. (4.4)

Case II. 1 < q <^n_{n−2} , α ∈ [^{n−2}_{2(n−1)} , 1). We only have to consider the behaviour of terms with asymptotics differing from the asymptotics in Case I. These are given below.

‖u_ϵ‖_1 ≈ ‖v^q_ϵ ‖_1 ≈ ‖u_ϵ‖_L∞_{(∂Ω)} ≈ ϵ^{qnp+1} = ϵ^{(n+2−2α)(n−2−2α)2(n−2+2α)} ;

n < 6α + 2 ⇒ ‖u_ϵ‖^2 ≈ ϵ^{2qnp+1} = ϵ^{(n+2−2α)(n−2−2α)n−2+2α} ;

n = 6α + 2 ⇒ ‖u_ϵ‖^2 ≈ ϵ^{2+2α}| log ϵ|;

n > 6α + 2 ⇒ ‖u_ϵ‖^2 ≈ ϵ^{2+2α}; q(n − 2) > n q + 1

⇒ ‖u_ϵ‖^2p+1_p ≈ ϵ^{2npp+1} = ϵ^{n+2+2α};

q(n − 2) = n q + 1

⇒ ‖u_ϵ‖^2p+1_p ≈ ϵ^{n+2+2α}| log ϵ|; q(n − 2) < n q + 1 ⇒ ‖u_ϵ‖^2p+1_p ≈ ϵ^{− 2np+1 +2(q(n−2)−2)} ≤ ϵ^{q(n−2)−2} = ϵ^{n(n−2−2α)n−2+2α} . Proceeding as before we use the term − λt^2 2 ∫ Ω u^2_ϵ − μs^2 2 ∫ Ω v^2_ϵ ,

to push the maximum along (3.3) down. The contributions of all the other terms in (3.12), (3.14) and (3.16) are seen from the asymptotics above to be at most the asymptotics of ‖v_ϵ‖^2_{q+1q} . In particular this term still dominates ‖u_ϵ‖^2_{p+1p} .

Thus, for μ > 0 everything is the same as before because the orders have not changed. However for μ = 0 we have to use ‖u_ϵ‖^2 which now has different asymptotics. Comparing with the remaining terms we find that it dominates provided q + 1 > p − 1. Summarizing, in terms of n and α, the maximum can be pushed below the critical Palais-Smale level in the following two cases: { μ > 0 n(n − 4α − 4) + 4 − 4α^2 > 0, μ = 0, λ > 0

(4.5)

The second condition on n and α is certainly satisfied when n ≥ 4 + 4α. Case III. q =^n_{n−2} , α =^{n−2}_{2(n−1)} . This case differs from the first because of the logarithmic term in the asymptotics for u_1. We now use

F (x) ≈ |x|^{−β} log |x| as |x| → ∞ ⇒ ∫ Ω F ( x ϵ )^sdx ≈ ϵ^{βs}| log ϵ|^s if βs < n ϵ^n| log ϵ|^{s+1} if βs = n ϵ^n if βs > n Again we only give the behaviour of terms with asymptotics differing from the asymptotics in Case I.

‖u_ϵ‖_1 ≈ ‖v^q_ϵ ‖_1 ≈ ‖u_ϵ‖_L∞_{(∂Ω)} ≈ ϵ^{n(n−2)2(n−1)} | log ϵ|;

n > 4 ⇒ ‖u_ϵ‖^2_L2 ≈ ϵ^{3n−4n−1} ;

n = 4 ⇒ ‖u_ϵ‖^2_L2 ≈ ϵ^{3n−4n−1} | log ϵ|^3;

‖u_ϵ‖^2p+1_p ≈ ϵ^{2 3n−4n−1} .

For μ > 0 everything is as before. When μ = 0 and λ > 0 we find that we need n^2 −6n+6 > 0. End of the proof of Theorem 2. We define

Γ = {γ ∈ C([0, 1]; X^∗_α) : γ(0) = (0, 0), γ(1) = (t_1u^p_ϵ , s_1v^q_ϵ )},

with t_1 and s_1 satisfying (3.3). We choose t_1 and s_1 sufficiently large to ensure that f^∗(γ(1)) < for all ϵ > 0 sufficiently small. In view of the analysis above we now know that for all ϵ > 0 sufficiently small, we have

0 < c = inf_{γ∈Γ} max_{0≤t≤1} f^∗(γ(t) < 2 n K^{n2}p,q. Thus the Palais-Smale condition holds (Section 2) and c is a critical value of f^∗. As we have seen in Section 1, such a critical value is also a critical value of f. This yields the existence of a nontrivial solution.

Finally, in order to show that Problem (I_{p,q}) has a positive solution under the additional assumption λμ < λ^2_1. As in [AS] we just need to consider the modified Hamiltonian given by

H_δ(z) = δ p + 1

|u_−|^{p+1} + 1 p + 1

|u_+|^{p+1} + δ q + 1

|v_−|^{q+1} + 1 q + 1

|v_+|^{q+1}.

For δ ∈ (0, 1] one obtains exactly as before a nontrivial critical point z_δ corresponding to a positive critical value c_δ below the critical Palais-Smale level. This critical value is bounded away from zero and^2_n K^{n2}p,q, uniformly in δ. Therefore we may adjust the argument used in Section 2 and extract a convergent sequence z_{δn} . The limit is then a nontrivial solution of

(I^+_{p,q})

− Δv = λu + u^p_+, in Ω, − Δu = μv + v^q_+, in Ω, u = v = 0, on ∂Ω,

The regularity of weak solutions follows immediately from [HV1, section 5]. We emphasize that positivity of the solutions is not needed for the regularity results in [HV1] which are valid in the subcritical and critical case. By the maximum principle proved in [FM2] this solution is positive. This completes the proof of Theorem 2.

Acknowledgment: Joost Hulshof and Enzo Mitidieri gratefully acknowledge the support from the EC through the project “Reaction Difussion Equations”- grant Nr. ER- BCHRXCT930409 and MURST (60%). The authors also acknowledge the hospitality of their institutions which made this collaboration possible.

REFERENCES

[AR] A. Ambrosetti & P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14, 349-381, 1973.

[AS] A. Ambrosetti & M. Struwe, A note on the problem −Δu = λu + u|u|^{2∗−1} , Manuscripta Math. 54, 373-379, 1986.

[BF] V. Benci & D. Fortunato, The dual method critical point theory - multiplicity results for strongly indefinite functionals, Ann. Mat. Pura Appl. (4) 34, 215-242, 1982.

[BR] V. Benci & P.H. Rabinowitz, Critical point theorems for indefinite functionals, Invent.

Math. 52, 241-273, 1979.

[BrL] H. Brezis & E. Lieb, A relation between pointwise convergence of functions and convergence of functionals, Proc. Am. Math. Soc. 88, 486-490, 1983.

[BN] H. Brezis & L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents, Comm. Pure Appl. Math. 36, 437-478, 1983.

[CE] F.H. Clark & I. Ekeland, Hamiltonian trajectories having prescribed minimal period, Comm. Pure Appl. Math. 33, 103-116, 1980.

[CFM1] Ph. Clément, D.G. de Figueiredo & E. Mitidieri , Positive Solutions of Semilinear Elliptic Systems, Comm. Partial Diff. Equations, 17 (5&6 ), 923-940, 1993.

[CFM2] Ph. Clément, D.G. de Figueiredo & E. Mitidieri , A priori estimates for positive solutions of semilinear elliptic systems via Hardy-Sobolev inequalities , to appear in Pitman Research Notes in Math. 1996.

[CV1] Ph. Clément & R.C.A.M. vanderVorst, Interpolation spaces for ∂_T -systems and applications to critical point theory, Pan Am. J. Math. 4, 1-45, 1994.

[CV2] Ph. Clément & R.C.A.M.vanderVorst, On a semilinear elliptic system, Diff. & Int.

Eq. 8, 1317-1329, 1995.

[FF] P. Felmer & D.G. de Figueiredo, On super-quadratic elliptic systems, Trans. Amer.

Math. Soc. 343, 99-116, 1994.

[FM1] D.G. de Figueiredo & E. Mitidieri, A maximum principle for an elliptic system and applications to semilinear problems , Siam J. Math. Anal 17, 836-849, 1986.

[FM2] D.G. de Figueiredo & E. Mitidieri, Maximum principles for cooperative systems, C.R.

Acad. Sci. Paris 310, 49-52, 1990.

[Ho] H. Hofer, On strongly indefinite functionals with applications, Trans. Amer. Math.

Soc., 275, 1, 185-214, 1983.

[HV1] J. Hulshof & R.C.A.M. vanderVorst, Differential systems with strongly indefinite variational structure, J. Funct. Anal. 114(1), 32-58, 1993.

[HV2] J. Hulshof & R.C.A.M. vanderVorst, Asymptotic behaviour of ground states, to appear in Proc. Amer. Math. Soc.

[L1] P.L. Lions, The concentration compactness principle in the calculus of variations. The Limit case I, Rev. Mat. Iber. 1 (1), 145-201, 1985 [L2] P.L. Lions, The concentration compactness principle in the calculus of variations. The Limit case II, Rev. Mat. Iber. 1 (2), 45-121.

[L3] P. L. Lions, On the existence of positive solutions of semilinear elliptic equations, SIAM Review 24, 441-467, 1982.

[MM] G. Mancini & E. Mitidieri, Positive solutions of some coercive-anticoercive elliptic systems , Ann. Fac. Sci. Toulouse VIII (3), 257-292, 1986.

[M] E. Mitidieri, A Rellich type identity and applications, Comm. Partial Diff. Equations 18 (1 & 2), 125-151, 1993.

[P] S.I. Pohozaev, On the eigenfunction of quasi-linear elliptic problems, Mat. Sbornik 82 (1-4) 2, 171-188, 1970.

[PS] P. Pucci & J. Serrin, A general variational identity, Indiana Univ. Math. J. 35, 681-703, 1986. 1990.

[PV] L.A. Peletier & R. C. A. M. vanderVorst, Existence and Non-existence of Positive Solutions of Nonlinear Elliptic Systems and the Biharmonic Equation , Differential & Integral Equations,54, 747-767 ,1991.

[V1] R.C.A.M. vanderVorst, Variational identities and applications to differential systems, Arch. Rat. Mech. Anal. 116, 375-398, 1991.

[V2] R.C.A.M. vanderVorst, Fourth order elliptic equations with critical growth, C.R.

Acad. Sci. Paris 320, 295-299, 1995.