The thin film equation with 2 ˇ n < 3 : finite speed of propagation in terms of the L^1-norm^�

Josephus Hulshof Mathematical Department of the Leiden University Niels Bohrweg 1, 2333 CA Leiden, The Netherlands E-mail: hulshof@wi.leidenuniv.nl WWW: http://www.wi.leidenuniv.nl/home/hulshof/

Andrey E. Shishkov Institute of Applied Mathematics and Mechanics 74 R. Luxemburg St., 340114 Donetsk, Ukraine

E-mail: shishkov@host.dipt.donetsk.ua

Abstract We consider the equation u_t + (u^nu_{xxx})_x = 0 with 2 ˇ n < 3 and establish an estimate for the finite speed of propagation of the support of compactly supported nonnegative solutions. The estimate depends only on the L^1-norm and is valid a posteriori for strong solutions obtained through a Bernis-Friedman regularisation.

AMS Subject Classification. 35K55, 35K65.

Key Words and Phrases. Thin Film Equation, nonnegative strong solutions, Bernis-Friedman approximation, finite speed of propagation, energy methods.

�We gratefully acknowledge the support of the Dutch Organisation for Scientific Research (NWO) and of the HCM-project ”Singularities and Interfaces in Nonlinear PDE’s” (ERBCHRXCT 940-618). We also express our gratitude to F. Bernis for his valuable comments on the first version of this work.

1 Introduction

In this paper we consider compactly supported solutions of the Thin Film Equation u_t + (u^nu_{xxx})_x = 0, (1.1)

on Q_T = {(x, t) : −R < x < R, 0 < t ≤ T } with nonnegative initial data

u(x, 0) = u_0(x), 0 ≤ u_0 ∈ H^1(−R, R), (1.2)

and lateral boundary conditions u_x(±R, t) = u_{xxx}(±R, t) = 0. (1.3) Here R is for the moment a finite positive number, but for compactly supported solutions we may of course consider R = ∞ (i.e. the Cauchy problem).

Equation (1.1) is a nonlinear degenerate fourth order diffusion equation which, for different values of the positive exponent n, arises in a number of applications, see e.g. [2] for references. We mention in particular the case n = 3, describing the height u(x, t) of a thin film of slowly flowing viscous fluid on a horizontal plate when the dominating driving force is the surface tension.

One of the main difficulties of equation (1.1) is that a weak formulation using smooth test functions and integration by parts leads to considerable technical difficulties if one tries to put the space derivatives on the test functions. In a first paper on the rigourous mathematical treatment of equation (1.1) with n ≥ 1, posed with boundary conditions (1.3) and initial conditions (1.2), Bernis and Friedman [5], use a parabolic regularisation to establish the existence of a continuous weak nonnegative solution which is smooth away from u = 0 and t = 0, satisfying the initial condition (1.2) strongly in H^1. The solution satisfies (1.1) only in the sense that ∫ ∫ Q_T uϕ_t + ∫ ∫ P u^nu_{xxx}ϕ_x = 0, (1.4)

for all smooth test functions which vanish near t = 0 and t = T . Here P is the set in Q_T where u ≠ 0. In particular u^n2 u_{xxx} ∈ L^2(P). The lateral boundary conditions are satisfied only in points where u ≠ 0. Thus this concept of a solution is too weak, which is illustrated by the fact that every function of the form (x − b)^+(c − x)^+ is a weak stationary solution in this sense.

The second space derivative u_{xx} of such a function is not even a measurable function. Under additional positivity assumptions on the initial data, which are certainly satisfied if u_0 > 0 on [−R, R], Bernis and Friedman show that the contructed solution does have u_{xx} ∈ L^2(Q_T ) and satisfies ∫ ∫ Q_T uϕ_t = ∫ ∫ Q_T u^nu_{xx}ϕ_{xx} + ∫ ∫ Q_T nu^{n−1}u_xu_{xx}ϕ_x, (1.5) for smooth test functions satisfying the additional condition that ϕ_x = 0 on the lateral boundary. Note that u_{xx} ∈ L^2(Q_T ) implies that this weak solution has u ∈ C^1([−R, R]) for almost every t ∈ (0, T ]. Such weak solutions are called strong solutions [2]. They are conjectured to be unique. The standard parabolic regularisation though in general does not produce a strong solution for all nonnegative u_0 ∈ H^1. We note that most of the qualitative properties (in particular the properties described below) for strong solutions apply only to strong solutions obtained by some limit procedure.

For n ≥ 4 Bernis and Friedman show that the weak solution is strictly positive and unique if u_0 > 0 on [−R, R], motivating a regularisation of u^n with f_ϵ(u) = u^{n+4} ϵu^n + u^4

→ u^n, (1.6)

rather than with u^n + ϵ. The corresponding regularised problem (which includes an approximation of the initial data by u_0 + ϵ^θ with an appropiate choice of θ) has a unique positive smooth solution u_ϵ. In [1] Beretta, Bertsch and Dal Passo show for all 0 < n < 3, choosing 0 < θ <^2_5 , that the solutions u_ϵ converge (along a subsequence) to a strong solution, see also [7]. Subsequently they establish various interesting properties of the behaviour of the solution near the boundary of its support. In particular they recover the exponents found by Bernis, Peletier and Williams [6], who establish the existence of compactly supported self-similar source-type solutions for 0 < n < 3: at the moving free boundary these profiles have u^{1β} ∈ C^1, where β < 2 for 0 < n ≤^3_2 and β <^3_n for^3_2 < n < 3. Another important result in [1] is that for n ≥ 2 the constructed strong solution is strictly positive for almost all times if it is strictly positive initially. This will be used in our approach for 2 ≤ n < 3.

The compactly supported self-similar solutions strongly suggest that there is a finite (positive) speed of propagation property for strong solutions of (1.1) when 0 < n < 3.

For 0 < n < 2 this was proved independently by Bernis [2] a posteriori for (strong) solutions obtained through (1.6) and a priori by Kersner and Shishkov [8] for ”energy” solutions.

In [2] the continuity of the free boundary of the support, as well as its large time behaviour (choosing sufficiently large domains and solving in fact the Cauchy Problem) are also discussed. In [4] the results are extended to the range 2 ≤ n < 3. The methods in [4] involve new integral inequalities for positive functions on an interval satisfying certain homogeneous boundary conditions [3]. We will refer to these integral inequalities as the Bernis inequalities.

In the proof of the results on strong solutions described above, the regularity of the initial data, i.e. the assumption that u_0 belongs to H^1, is important. In fact the H^1-norm of the initial data appears explicitly in the estimate for the finite speed of propagation in [4] (formula’s (5.1) and (5.2)) in the range 2 ≤ n < 3. In [2] (for the range 0 < n < 2), the estimate involves only the L^1-norm of the initial data and is invariant under the scaling which leaves the source-type solutions invariant. This will be useful if one tries to describe large time behaviour of compactly supported solutions in terms of the source type solutions using a scaling limit instead of the large time limit. It is the purpose of this work to provide such an estimate for 2 ≤ n < 3.

The energy method we use is based on integral estimates reminiscent of Saint-Venant’s priniple. For linear parabolic equations such an approach was suggested and used by Oleinik, see for example [10]. These techniques were adapted to higher order quasilinear (degenerate and nondegenerate) equations in [11]. We note that we use the Bernis inequalities from [3] and not their weighted versions as used in [4]. A further difference is that we use functional inequalities rather than differential inequalities.

The paper is divided as follows. In Section 2 we give the precise formulation of the main results. An outline of the method of proof for 2 ≤ n < 3 is given in Section 3. The details of the proofs are given in Section 4.

2 The main result

The result in this paper concerns strong nonnegative solutions obtained through (1.6).

Theorem 1 Let 2 ≤ n < 3, R > 0, T > 0, and let 0 ≤ u_0 ∈ H^1(−R, R). The strong solution u of (1.1,1.2,1.3) can be obtained as a limit of smooth positive solutions u_ϵ using the regularisation (1.6) with initial data u(x, 0) ≥ u_0 + ϵ^θ with 0 < θ <^2_5 , in such a way that, if, for some R_0 ∈ (−R, R),

supp u_0 ⊂ [−R_0, R_0], (2.1)

then

f(t) = sup{x ∈ (−R, R) : u(x, t) > 0} < R_0 + Ct^{1n+4} , (2.2) where C is a constant depending only on n and ∫ R −R u_0.

The test functions used in our proofs are basically variants of u_{xx}. The first one is (uψ)_{xx}ψg, where ψ = ψ(x) is a smooth nonnegative function with a compactly supported derivative ψ_x, and where g = g(t) is a smooth nonnegative function, e.g. g(t) = exp(−^t_T ). Since this test function does not belong to the test function class of any of the weak formulations, we have to justify its use through the approximating problems. It is instructive to discuss this in some detail. We consider strictly positive unique smooth solutions u_ϵ with initial data

u_ϵ(x, 0) = u_0(x) + ϵ^θ, 0 < θ < 2 5 (2.3)

of the regularised equation (cf. (1.6))

u_t + (f_ϵ(u)u_{xxx})_x = 0, (2.4)

with lateral boundary conditions (1.3). For these smooth solutions we have, testing with (u_ϵψ)_{xx}ψg and omitting the subscript ϵ, that ∫ ∫ Q_T gf(u)u_{xxx}((uψ)_{xx}ψ)_x − 1 2 ∫ ∫ Q_T g^′((uψ)_x)^2 + 1 2 g(T ) ∫ Ω_T

((uψ)_x)^2 = 1 2 g(0) ∫ Ω ((u_0ψ)^′)^2. (2.5)

Here Ω_T = Ω × {T }. Since we only have

(f_ϵ(u_ϵ))^{12} u_{ϵxxx} → u^{n2} u_{xxx}χ_{{u>0}} weakly in L^2(Q_T ), (2.6) and (u_ϵψ)_x → (uψ)_x weakly in L^2(Ω_T ), (2.7) along a subsequence as ϵ → 0, we cannot expect to have this identity for the strong limit solution. Instead we have for the limit solution ∫ ∫ Q_T ∩{u>0} gu^nu_{xxx}((uψ)_{xx}ψ)_x − 1 2 ∫ ∫ Q_T g^′((uψ)_x)^2 + 1 2 g(T ) ∫ Ω_T

((uψ)_x)^2

≤ 1 2 g(0) ∫ Ω ((u_0ψ)^′)^2. (2.8)

The terms containing the L^2-integrals of (2.6) and (2.7) in (2.5) are the only terms which may cause the equality in (2.5) to change in an inequality in the limit. All the other (lower order) terms converge. This follows from the strong convergence results in [2] (Lemma 3.3).

The relation (2.8) with equality would simplify the proofs. It is not completely clear yet whether our result can be proved a priori for all strong solutions satisfying (2.8). For the moment we will prove Theorem 1 through the approximation with (1.6). At this point we remark that the notation in (2.6), although used in some of the papers on (1.1), is not completely correct because u_{xxx} is only defined in the positivity set of u. It would be better to say that the left hand side of (2.6) converges weakly to a function which equals u^n2 u_{xxx} in P and zero outside.

3 An outline of the proof

The proof will be based on the following lemma, which may be seen as a variant of Stampacchia’s Lemma, see [12].

Lemma 1 Suppose a nonnegative nonincreasing function J(τ) satisfies, for some τ_0 and for some 0 < θ < 1, the relation

J(τ + J(τ)) < θJ(τ) for all τ > τ_0. (3.1)

Then, for any τ_1 ≥ τ_0,

J(τ) = 0 for all τ > τ_1 +

J(τ_1) 1 − θ . (3.2)

The proof of this lemma is elementary. Define τ_{k+1} = τ_k + J(τ_k), (k = 1, 2, . . .). Then J(τ_{k+1}) ≤ θJ(τ_k), whence τ_{k+1} = τ_1 + J(τ_1) + J(τ_2) + · · · +

J(τ_k) ≤ τ_1 + J(τ_1)(1 + θ + · · ·+ θ^{k−1}) ≤ τ_1 + J(τ_1)/(1 − θ). Since J(τ_{k+1}) → 0 as k → ∞ and J is nonnegative and nonincreasing, it follows that J(τ) = 0 for all τ ≥ τ_1 + J(τ_1)/(1 − θ) and Lemma 1 is proved.

In our context J(τ) = 0 will correspond to the support being contained in a ball with radius τ. Before explaining how Lemma 1 can be applied we need some notation. We shall write Q = Ω × (0, ∞), Q_T = Ω × (0, T ), Ω(τ) = Ω ∩ {|x| > τ}, Q_T (τ) = Ω(τ) × (0, T ), Ω(τ, δ) = Ω(τ)\Ω(τ + δ), Q_T (τ, δ) = Q_T (τ)\Q_T (τ +δ), Ω_T = Ω×{T }, Ω_T (τ) = Ω(τ)×{T }, Ω_T (τ, δ) = Ω_T (τ)\Ω_T (τ + δ). In addition we use, given a function u, for each of these sets the notation S^+ = S ∩ {u > 0}.

Now let I_T (τ) = ∫ ∫ Q_T (τ)

u^{n+2}. (3.3)

Suppose that we have an estimate for I_T (τ) of the form

I_T (τ + δ) ≤

C(I_T (τ) − I_T (τ + δ))^{1+β}A(T ) δ^m , (3.4)

with m, β and A(T ) positive. Then the function J_T (τ) defined by

J_T (τ)^m = A(T )I_T (τ)^β, (3.5)

taking δ = J_T (τ) in (3.4), satisfies the assumption of Lemma 1 with θ = C/(1 + C).

The first part of the proof will consist of proving an estimate of the form (3.4). For fixed τ > 0 and δ > 0 we introduce a smooth cut-off function η(x) with 0 ≤ η ≤ 1, η(x) = 0 if |x| < τ, η(x) = 1 if |x| > τ +δ, | d^iη dx^i | ≤ Cδ^{−i}, (3.6) for i = 1, 2, 3, where C is a constant independent of δ and τ.

Lemma 2 The strong solution in Theorem 1 may be constructed in such a way that, for all τ > R_0, δ > 0 and ϵ > 0, 1 e ∫ Ω_T

(uψ)^2_x + 1 T ∫ ∫ Q_T (uψ)^2_x exp(− t T ) + d(n) ∫ ∫ Q^+_T

U exp(− t T ) ≤

ϵ ∫ ∫ Q^+_T (τ,δ) U_0 exp(− t T ) + C(ϵ) δ^6 ∫ ∫ Q_T (τ,δ) u^{n+2} exp(− t T ), (3.7) where ψ = η^{n+2}2 , U = (uη)^{n−4}|(uη)_x|^6 + (uη)^{n−1}|(uη)_{xx}|^3 + (uη)^n|(uη)_{xxx}|^2, U_0 = u^{n−4}|u_x|^6 +u^{n−1}|u_{xx}|^3 +u^n|u_{xxx}|^2, and where d(n) and C(ϵ) are positive constants independent of u, T , τ and δ.

Lemma 2 is proved using the function g(t) = exp(−t/T ) in the inequality (2.8). In the proof the homogeneous Bernis estimates [3] for positive functions are used. Thus we first use (2.8) for solutions which are positive for almost every t. Our strong solution is the limit of strong solutions of (1.1) with this property obtained by Beretta, Bertsch and Dal Passo in [1]. Let us remark here that it is conjectured (though certainly not straightforward) that the Bernis estimates also hold for nonnegative C^1-functions with compact support. If this conjecture is true, an appeal to the positivity property in [1] is not necessary and the restriction n ≥ 2 can be omitted.

In the second term on the right hand side of (3.7) we already recognize the right hand side of (3.4). If we restrict the integrals on the left hand side of (3.7) to |x| ≥ τ + δ, the integrals become smaller and the factors ψ dissappear. In the resulting estimate we can, using an iteration argument, controle the constant C(ϵ) as ϵ → 0. This yields the next lemma.

Lemma 3 Under the same conditions as in Lemma 2 we have, with new constants, ∫ Ω_T (τ+δ)

|u_x|^2 + 1 T ∫ ∫ Q_T (τ+δ) |u_x|^2 + d(n) ∫ ∫ Q^+_T (τ+δ)

U_0

≤ C(n) δ^6 ∫ ∫ Q^+_T (τ,δ) u^{n+2}, (3.8)

where C(n) and d(n) are positive constants independent of u, T , τ and δ.

If the support of u is compact, the first two terms on the left hand side of (3.8) may be bounded from below using Poincaré’s inequality.

Corollary 1 Suppose

suppu(x, t) ⊂ [−f(T ), f(T )] for all 0 < t ≤ T and f(T ) < R.

Then, with new constants, ∫ Ω_T (τ+δ)

u^2 + 1 T ∫ ∫ Q_T (τ+δ) u^2 + d(n)(f(T ) − τ − δ)^2_+ ∫ ∫ Q^+_T (τ+δ)

U_0

≤ C δ^6

(f(T ) − τ − δ)^2_+ ∫ ∫ Q_T (τ,δ) u^{n+2} for all τ > R_0, δ > 0 (3.9) Next we consider the left hand side of the desired estimate (3.4) and observe that, assuming f(T ) < R, by the homogeneous Gagliardo-Nirenberg inequalities,

I_T (τ + δ) ≤ C(n)( ∫ ∫ Q^+_T (τ+δ)

(u^{n+22} )^2_{xxx})^{nn+12} (Ψ n+2_2 (τ + δ, T ))^{12n+12} , (3.10) where Ψ_λ(τ, T ) = ∫ T 0 ( ∫ Ωt(τ) u^2)^λ. (3.11) The first factor on the right hand side of (3.10) is controled by U_0 in (3.8). Estimating also the second factor on the right hand side of (3.10) we shall arrive at an estimate of the form (3.4). Here the estimates (3.8) and (3.9) are not yet good enough because they only controle (3.11) with λ = 1. Therefore we need a version for λ > 1. To this purpose we define the function ζ_λ(t) = ∫ t 0 ( ∫ Ωs (uψ)^2_x)^λds, λ > 0, (3.12) and employ as test function (uψ)_{xx}ψζ_λ. Note that we omit the t-dependence in the notation. Here again we have to go through the regularisation. We obtain the recurrence estimate ζ_{λ+1}(T ) ≤ C(n)ζ_λ(T ) (I_T (τ − δ) − I_T (τ + δ) δ^6 ) , (3.13) which leads to ζ n+2_2 (T ) ≤ C(n)^{n2} ζ_1(T )(

I_T (τ − δ) − I_T (τ + δ)

δ^6

)^{n2} . (3.14) Combining (3.14), (3.10) with (Poincaré) Ψ n+2_2 (τ + δ, T ) ≤ C(f(T ) − τ − δ)^{n+2}_+ ζ n+2_2 (T ), (3.15) and controling ζ_1(T ) by (3.7), we shall arrive at an estimate of the form (3.4). Lemma 4 Let u be as in Lemma 2. Then, for all τ > R_0 and δ > 0, I_T (τ + δ) ≤ C(n)(f(T ) − τ − δ) 12(n+2) n+12

+ T^{12n+12}

( I_T (τ) − I_T (τ + δ) δ^6

) 7n+12_{n+12}

. (3.16) The constant does not depend on u, τ, δ and T .

Fixing τ_1 > R_0, whence for τ ≥ τ_1, f(T ) − τ − δ < f(T ) − τ_1, and using Lemma 1 as explained at the beginning of this section we now obtain: Lemma 5 For all τ_1 > R_0 we have for the support of the solution u from Lemma 2 that f(T ) − τ_1 ≤ C(n)T^{25n+8} I_T (τ_1)^{n5n+8} . (3.17) This completes the first part of the proof. To prove the main theorem, it remains to estimate I_T (τ) and to choose an optimal value of τ_1. Before doing that we apply the inhomogeneous Gagliardo-Nirenberg estimates to the right hand side of (3.8). Using mass conservation plus an interation argument we obtain an L^1-version of Lemma 3.

Lemma 6 The solution u considered in the previous lemma’s satisfies the estimate ∫ Ω_T (τ+δ)

u^2_x + 1 T ∫ ∫ Q_T (τ+δ) u^2_x + d(n) ∫ ∫ Q_T (τ+δ) U_0 ≤ CK^{n+2}T δ^{n+7} , (3.18)

for all τ > R_0, where K = ∫ u_0.

Using the homogeneous Gagliardo-Nirenberg inequalities again (in view of the compactness of the support), it follows from this last estimate that

I_T (τ + δ) ≤ C(n)K^{n+2}T δ^{n+1} . (3.19)

Now replace τ +δ by τ and then put (for the new τ) δ = τ −R_0. The estimate above becomes I_T (τ) ≤ C(n)K^{n+2}T (τ − R_0)^{n+1} . Combining with Lemma 5 we have

f(T ) ≤ τ + CT^{25n+8} ( CK^{n+2}T (τ − R_0)^{n+1}

)^{n5n+8} = τ +

C(n)T^{2+n5n+8} K^{n(n+2)5n+8}

(τ − R_0)^{n(n+1)5n+8}

. (3.20)

We minimize the right hand side by setting

τ = τ_{min} = ( n(n + 1) 5n + 8

)^{5n+8}

(n+2)(n+4) C(n)

5n+8 (n+2)(n+4) K n n+4 T^{1n+4} = C(n)K^{nn+4} T^{1n+4} ,

thus obtaining the final estimate f(T ) ≤ C(n)T^{1n+4} K^{nn+4} . (3.21) with C(n) independent of T and u.

4 Details

In this section we prove the estimates stated in Section 3. Let us first recall from [3] that for any^1_2 < n < 3, for any interval [a, b] and for any strictly positive v ∈ C^1([a, b]) with v^′(a) = v^′(b) = 0, the following estimates hold: ∫ b a v^{n−4}|v^′|^6 ≤ C(n) ∫ b a v^{n−1}|v^{′′}|^3; ∫ b a v^{n−1}|v^{′′}|^3 ≤ C(n) ∫ b a v^n|v^{′′′}|^2; (4.1) ∫ b a |(v^{n+22} )^{′′′}|^2 ≤ C(n) ∫ b a v^n|v^{′′′}|^2. (4.2)

The constants depend only on n and can be computed explicitly. A relaxation of the strict positivity assumption would be most welcome.

These estimates will be used in combination with Young’s inequality applied to the ”lower order terms” u^nu_ju_k δ^i with i ≥ 1, j, k ≥ 0, i + j + k = 6, u_j = | ∂^ju ∂x^j |. (4.3)

Young’s inequality may be written as abc δ^i ≤ ϵ( a^p p + b^q q ) + c^r rϵ^{r−1}δ^{ir} , 1 p + 1 q + 1 r = 1 (q = ∞ if b = 1). (4.4)

Proof of Lemma 2. We substitute ψ(x) = η(x)^{n+2}2 and g(t) = exp(−^t_T ) in (2.8). Let us first evaluate the integrand in the first term. We have

(u^nu_{xxx})((uψ)_{xx}ψ)_x = (u^nu_{xxx})(uψ)_{xxx}ψ + (u^nu_{xxx})(uψ)_{xx}ψ_x = B_1 + B_2. (4.5) Then B_1 equals B_{1,1} + B_{1,2} = u^nu^2_{xxx}ψ^2 + (u^nu_{xxx}uψ_{xxx}ψ + 3u^nu_{xxx}u_{xx}ψ_xψ + 3u^nu_{xxx}u_xψ_{xx}ψ). (4.6) For the first term we have B_{1,1} = (uη)^n((uη)_{xxx} − 3u_{xx}η_x − 3u_xη_{xx} − uη_{xxx})^2 = (uη)^n(uη)^2_{xxx}− ( 2(uη)^n(uη)_{xxx}(uη_{xxx} + 3u_xη_{xx} + 3u_{xx}η_x) − (uη)^n(uη_{xxx} + 3u_xη_{xx} + 3u_{xx}η_x)^2 ) = B^1_{,1} − B^2_{1,1}. (4.7)

We want to apply the Bernis estimates to uψ and conclude that ∫ Ω^+

B^1_{,1} = ∫ Ω^+ (uη)^n(uη)^2_{xxx} ≥ d(n) ∫ Ω^+

U, (4.8)

where U = (uη)^{n−4}(uη)^6_x + (uη)^{n−1}(uη)^3_{xx} + (uη)^n(uη)^2_{xxx}, d(n) > 0. Then we can evaluate (2.8) as 1 2e ∫ Ω^+_T

(uψ)^2_x + 1 T ∫ ∫ Q^+_T

(uψ)^2_x exp(− t T ) + d(n) ∫ ∫ Q^+_T

U exp(− t T )

≤ ∫ T 0 exp(− t T ) ∫ Ω^+_t (τ,δ)

(B^2_{1,1} − B_{1,2} − B_2) + 1 2 ∫ Ω_0

(uψ)^2_x, (4.9)

and continue with the right hand side.

It is in (4.8) that we need the positivity of u which holds for almost every t if u is the strong solution in [1] with strictly positive initial data (the cut-off function ψ is harmless here). For the moment we assume that u(x, 0) > 0.

Using the bounds on η and its derivatives the terms in B^2_{1,1} −B_{1,2} −B_2 can be estimated by the terms in (4.3). All these lower order terms are supported between x = τ and x = τ + δ and bounded by, using Young’s inequality,

ϵU_0 + C(ϵ) δ^6 u^{n+2}. (4.10)

Thus from (4.9), apart from the last term ∫ (uψ)^2_x, we arrive at (3.7).

Finally we observe that we can construct a strong solution with nonnegative initial data by first lifting the data, taking the strong solution from (4.8), and then taking the limit. It is not clear however wether any strong solution constructed directly can also be obtained in this way. This completes the proof of Lemma 2.

Proof of Lemma 3. From (3.7) we also have, writing τ^′ + δ^′ = (τ +^δ_2 ) +^δ_2 , absorbing the terms with e in the constants, and taking the first integral on the right hand side over the whole of Q^+_T (τ^′) = Q^+_T (τ +^δ_2 ), that ∫ Ω_T (τ+δ)

|u^2_x| + 1 T ∫ ∫ Q_T (τ+δ) |u_x|^2 + d(n) ∫ ∫ Q^+_T (τ+δ)

U_0

≤ ϵ ∫ ∫ Q^+_T (τ+^δ_2 )

U_0 + C(ϵ) (^δ_2 )^6 ∫ ∫ Q_T (τ+^δ_2 ,^δ_2 )

u^{n+2}. (4.11)

Introducing the δ-dependent quantities

A(δ) = δ^6 (∫ Ω_T (τ+δ)

|u_x|^2 + 1 T ∫ Q_T (τ+δ) |u_x|^2 ) ,

H(δ) = δ^6 ∫ Q^+_T (τ+δ)

U_0, F (δ) = ∫ Q_T (τ+δ) u^{n+2}, multiplying by δ^6 and fixing ϵ = d(n)2^{−7}, this last estimate (4.11) can be rewritten and iterated as A(δ) + d(n)H(δ) ≤ d(n) 2 H( δ 2 ) + C(n)(F ( δ 2 ) − F (δ)) ≤ d(n) 1 2^2 H( δ 2^2

) + C(n)(1 + 1 2 )(F ( δ 2^2 ) − F (δ)) ≤ 1 2^2 ( 1 2 d(n)H( δ 2^3

) + C(n)(F ( δ 2^3

) − F ( δ 2^2 )) ) + C(n)(1 + 1 2 )(F ( δ 2^2 ) − F (δ)) ≤ d(n) 1 2^3 H( δ 2^3

) + C(n)(1 + 1 2 + 1 2^2

)(F ( δ 2^3 ) − F (δ)) ≤ . . . ≤ d(n) 1 2^j H( δ 2^j

) + C(n) j∑ i=0 1 2^i

(F ( δ 2^j

) − F (δ)). (4.12)

The dependence on n of C(n) is through the choice of ϵ above. Letting j → ∞ we deduce that

A(δ) + d(n)H(δ) ≤ 2C(n)(F (0) − F (δ)), (4.13)

which completes the proof of Lemma 3.

In the proofs of Lemma 4, Lemma 6 and finally Theorem 1 we use the Gagliardo-Nirenberg interpolation inequalities (see e.g. the book of Maz’ja [9]) in the form (with the same subscript notation as in (4.3)) (∫ b a |v_i|^α ) 1_α ≤ C_1 (∫ b a |v_m|^β ) θ_β (∫ b a |v|^γ ) 1�θ_γ + C_2 (b − a)^{i+ α} �γ_{αγ} (∫ b a |v|^γ ) 1_γ , (4.14) for α > 0, β ≥ 1, γ > 0, θ ∈ [ i m , 1), 1 α − i = ( 1 β − m)θ + 1 − θ γ , with constants only depending on the parameters. If v has support smaller than [a, b], the constant C_2 may be taken equal to zero. The resulting estimate is then homogeneous. We shall apply these estimates to v = u^{n+2}2 to controle the L^{n+2}-norm of u by the L^2-norm of v_{xxx} and the L^2- or L^1-norm of u.

Proof of Lemma 4. We first derive (3.10). From (4.14) above with C_2 = 0, α = β = 2, γ =^4_{n+2} , i = 0, m = 3 and θ =^n_{n+12} it follows that ∫ Ωt(τ+δ) u^{n+2} ≤ C(n)( ∫ Ω(τ+δ) (u^{n+22} )^2_{xxx})^{nn+12} ( ∫ Ω(τ+δ) u^2)^{6(n+2)n+12} ,

whence, using Hölder’s inequality, (3.10). The first factor on the right of (3.10) is controled by (3.8), since (u^{n+2}2 )^2_{xxx} ≤ C(n)U_0. To controle the second factor on the right of (3.10), we would like to use (2.8) with g replaced by (3.12). Unfortunately the recurrence inequality (3.13) can only be derived with an equality in (2.8). Thus we have to go back to the regularized problem again and to (2.5) with g replaced by

ζ^ϵ_λ(t) = ∫ t 0 ( ∫ Ωs (u_ϵψ)^2_x)^λds, λ > 0. (4.15)

We have from (2.5) that 1 2 ζ^ϵ_λ(T ) ∫ Ω_T

(u_ϵψ)^2_x − 1 2 ζ^ϵ_{λ+1}(T ) + ∫ ∫ Q_T (f_ϵ(u_ϵ)u_{ϵxxx})((u_ϵψ)_{xx}ψ)_xζ^ϵ_λ = 0,

whence

ζ^ϵ_{λ+1}(T ) = ζ^ϵ_λ(T ) ∫ Ω_T

(u_ϵψ)^2_x + 2 ∫ ∫ Q_T (f_ϵ(u_ϵ)u_{ϵxxx})((u_ϵψ)_{xx}ψ)_xζ^ϵ_λ =

ζ^ϵ_λ(T ) ∫ Ω_T

(u_ϵψ)^2_x + 2 ∫ ∫ Q_T ζ^ϵ_λf_ϵ(u_ϵ)u^2_{ϵxxx}ψ^2 + 2 ∫ ∫ Q_T ζ^ϵ_λ(. . .) ≤ ζ^ϵ_λ(T ) (∫ Ω_T

(u_ϵψ)^2_x + 2 ∫ ∫ Q_T f_ϵ(u_ϵ)u^2_{ϵxxx}ψ^2 + 2 ∫ ∫ Q_T | . . . | ) (4.16)

The dots contain terms of the form, omitting the epsilons from the notation,

f(u)u_3u_iψ_jψ_k, i + j + k = 3, i ≤ 2, (4.17) where subscripts denote again numbers of x-derivatives. All these terms are supported between x = τ and x = τ + δ, and can be estimated by Young’s inequality:

|f(u)u_3u_iψ_jψ_k| ≤ δf(u)u^2_3ψ^2 + C(δ)f(u)u^2_i ψ^2_j ψ^2_k ψ^2

. (4.18)

Here we note that we may adjust the choice of the cut-off function in such a way that, in addition to (3.6), also

ψ^2_j ψ^2_k ψ^2 ≤ C δ^{j+k} . (4.19)

The estimate (4.16) may be rewritten as

ζ^ϵ_{λ+1}(T ) ≤

ζ^ϵ_λ(T ) (∫ Ω_T

(u_ϵψ)^2_x +(2+δ) ∫ ∫ Q_T f_ϵ(u_ϵ)u^2_{ϵxxx}ψ^2 +C(δ) ∫ ∫ Q_T (τ,δ) (. . .) ) , (4.20)

the dots containing the lower order terms on the right hand side of (4.18).

In (4.20) we cannot take the limit ϵ → 0, because the first two terms on the right hand side are not under control, cf. (2.6). Therefore we rewrite the highest order term using (2.5) with g = 1, ∫ ∫ Q_T f_ϵ(u_ϵ)u^2_{ϵxxx}ψ^2 = − 1 2 ∫ Ω_T

(u_ϵψ)^2_x + 1 2 ∫ Ω_0

(u_ϵψ)^2_x − 2 ∫ ∫ Q_T (. . .), where the dots contain again terms of the form (4.17). These terms are controled as before by (4.18), so we derive that

(1 − δ) ∫ ∫ Q_T f_ϵ(u_ϵ)u^2_{ϵxxx}ψ^2 = − 1 2 ∫ Ω_T

(u_ϵψ)^2_x + 1 2 ∫ Ω_0

(u_ϵψ)^2_x C(δ) ∫ ∫ Q_T (τ,δ) (. . .), but now the dots contain the same lower order terms as in (4.20). With this estimate it follows from (4.20) that, with a new constant,

ζ^ϵ_{λ+1}(T ) ≤ ζ^ϵ_λ(T )

( 2 + δ 1 − δ ∫ Ω_0

(u_ϵψ)^2_x + C(δ) ∫ ∫ Q_T (τ,δ) (. . .) ) , (4.21) in which the dots are the same as in (4.20) and contain only terms which converge as ϵ → 0. Note that also the first term on the right hand side of (4.20) has dropped out with a negative sign. Thus we may now take the limit and drop the epsilons in (4.16). By assumption also the first term on the right hand side dissappears. Fixing e.g. δ =^1_2 we obtain

ζ_{λ+1}(T ) ≤ Cζ_λ(T ) ∫ ∫ Q_T (τ,δ) (. . .), the dots containing terms of the form

u^nu^2_i ψ^2_j ψ^2_k ψ^2

, i + j + k = 3, i ≤ 2. (4.22)

As in the proof of Lemma 2 these terms may be estimated by (4.10). Combining with Lemma 3 it follows that

ζ^ϵ_{λ+1}(T ) ≤ C(n) ( 1 δ^6 ∫ ∫ Q_T (τ−δ,2δ) u^{n+2} ) ζ^ϵ_λ(T ), (4.23)

i.e. (3.13).

Now observe that, writing A(t) = ∫ Ωt (uψ)^2_x, ||A||_λ = (∫ T 0 A^λ ) 1_λ , this estimate is of the form ||A||^{λ+1}_{λ+1} ≤ C||A||^λ, whence ||A||^{m+p}_{m+p} ≤ C^m||A||^p, for m = 0, 1, 2, 3. . . . . Since, for 1 ≤ p ≤ 2, ||A||_p ≤ ||A|| 2�p_p 1 ||A|| 2p�2_p 2 ≤ ||A|| 2�p_p 1 ( C||A||_1 ) p�1_p = C^p

�1_p ||A||^{1p}_1 , it follows that ||A||^{m+p}_{m+p} ≤ C^{m+p−1}||A||_1. Thus (3.14) follows from (3.13).

The second factor on the right of (3.10) is now controled by

Ψ n+2_2 (τ + δ), T ) ≤ C(f(T ) − τ − δ)^{n+2}_+ ζ n+2_2 (T ) ≤

(f(T ) − τ − δ)^{n+2}_+ ζ_1(T ) ( C(n) δ^6 ∫ ∫ Q_T (τ−δ,2δ) u^{n+2} ) n_2 , in which, in view of (3.7) and (3.8), also

ζ_1(T ) ≤ C(n) δ^6 T ∫ ∫ Q_T (τ−δ,2δ) u^{n+2}. Combining the controle on both factors on the right hand side of (3.10), and taking all integrals over the larger set Q_T (τ − δ, 2δ), we arrive at (3.16) with I_T (τ − δ) instead of I_T (τ). Changing by τ^′ = τ − δ, δ^′ = 2δ, the proof of Lemma 4 is complete.

Proof of Lemma 5. As explained in the beginning of Section 3, we apply Lemma 1 to J_T (τ) = T^{27n+12} (f(T ) − τ_1)^{2(n+2)7n+12} I_T (τ)^{n7n+12} , which satisfies the assumption of Lemma 1 with θ = ( C(n) 1 + C(n)

) n_{7n+12} . It follows that

f(T ) ≤ τ_1 +

J_T (τ_1) 1 − θ = τ_1 + C(n)T^{27n+12} (f(T ) − τ_1)^{2(n+2)7n+12} I_T (τ)^{n7n+12} ,

with a new constant C(n), which implies (3.17).

Proof of Lemma 6. We go back to (3.8). Using the inhomogeneous (4.14) with C_2 > 0, i = 0, m = 3, α = β = 2, γ =^2_{n+2} and θ =^{n+1}_{n+7} , concerning the second term on the right hand of (3.8), we have ∫ Ωt(τ,δ) u^{n+2} = ∫ Ωt(τ,δ) (u^{n+22} )^2 ≤

C(n) (∫ Ω^+_t (τ,δ)

(u^{n+22} )^2_{xxx} ) n+1_{n+7} (∫ Ωt(τ,δ) u )^{6(n+2)}_{n+7} + C(n) δ^{n+1} (∫ Ωt(τ,δ) u )n+2 .

This implies that ∫ ∫ Q_T (τ,δ) u^{n+2} ≤ C(n) (∫ ∫ Q^+_T (τ,δ) (u^{n+22} )^2_{xxx} ) n+1_{n+7} (∫ T 0 ( ∫ Ωt(τ,δ) u)^{n+2}

) 6_{n+7} + C(n) δ^{n+1} ∫ T 0 (∫ Ωt(τ,δ) u )n+2 ≤ (since ∫ Ωt u = ∫ Ω u_0 = K), ≤ C(n) (∫ ∫ Q^+_T (τ,δ) (u^{n+22} )^2_{xxx}

) n+1_{n+7}

(K^{n+2}T )^{6n+7} + C(n) δ^{n+1} K^{n+2}T. We may now estimate the right hand side of (3.8) by C(n) δ^6 (∫ ∫ Q^+_T (τ,δ) U_0

) n+1_{n+7}

(K^{n+2}T )^{6n+7} + C(n) δ^{n+7} K^{n+2}T ≤ ϵ ∫ ∫ Q^+_T (τ,δ) U_0 + (C(n) + C(n)^{n+76} C(ϵ)) 1 δ^{n+7} K^{n+2}T. Using the same iteration procedure as in the proof of Lemma 3 we can take ϵ = 0. This completes the proof of Lemma 6.

Proof of Theorem 1. We prove (3.19), from which Theorem 1 follows as explained at the end of Section 3. We apply again (4.14) with C_2 = 0, i = 0, m = 3, α = β = 2, γ =^2_{n+2} and θ =^{n+1}_{n+7} to obtain that ∫ Ωt(τ+δ) u^{n+2} ≤ C(n)( ∫ Ω(τ+δ) (u^{n+22} )^2_{xxx})^{n+1n+7} ( ∫ Ω(τ+δ) u)^{6(n+2)n+7} ,

whence, using Hölder’s inequality, I_T (τ + δ) ≤ C(n) (∫ ∫ Q^+_T (τ+δ)

(u^{n+22} )^2_{xxx} ) n+1_{n+7} (∫ T 0 (∫ Ωt(τ+δ) u )n+2) 6_{n+7}

≤ C(n)K^{6(n+2)n+7} T^{6n+7} (∫ ∫ Q_T (τ+δ) U_0

) n+1_{n+7}

(in view of (3.18))

≤ C(n)K^{6(n+2)n+7} T^{6n+7} (K^{n+2} 1 δ^{n+7} T )^{n+1n+7} = C(n)K^{n+2}T 1 δ^{n+1} . This completes the proof of Theorem 1.

References

[1] E. Beretta, M. Bertsch & R. dal Passo, Nonnegative solutions of a fourth order nonlinear degenerate diffusion equation, Arch. Rat. Mech. & Anal. 129: 175-200, 1995.

[2] F. Bernis, Finite speed of propagation and continuity of the interface for thin viscous flows, Adv. Diff. Equ. 1(3): 337-368, 1996

[3] F. Bernis, Integral inequalities with applications to nonlinear degenerate parabolic equations, in: Nonlinear Problems in Applied Mathematics, eds. Angell, Cook, Kleinman & Olmstead, Volume in honour of Ivar Stakgold, SIAM, Philadelphia: 57-65, 1996.

[4] F. Bernis, Finite speed of propagation for thin viscous flows when 2 ≤ n < 3, C. R. Acad. Sci. Paris 322(1): 1169-1174, 1996.

[5] F. Bernis & A. Friedman, Higher order nonlinear degenerate parabolic equations, J. Diff. Equ. 83: 179-206, 1990.

[6] F. Bernis, L.A. Peletier & S. Williams, Source type solutions of a fourth order nonlinear degenerate parabolic equation, Nonlinear Analysis T. M. A. 18: 217-234, 1992.

[7] A. Bertozzi & M. Pugh, The lubrification approximation for thin viscous films: regularity and long time behaviour of weak solutions, Comm. Pure and Appl. Math. 49(2): 85-123, 1996.

[8] R. Kersner & A.E. Shishkov, Existence of Free Boundaries in Thin Film Theory, Preprint 1996.

[9] V.G. Maz’ja, Sobolev Spaces, Springer Verlag, 1985.

[10] O.A. Oleinik & G.A. Iosifian, Analogs of Saint-Venant’s principle and uniqueness of solutions of boundary problems in unbounded domains, Uspekho Math. Nauk. 31(6): 142-166, 1976.

[11] A.E. Shishkov, Dynamics of the geometry of the support of the generalized solution of a higher order quasilinear parabolic equation, Differenz. Uravnen. 29(3): 537-547, 1993.

[12] M.K.V. Murthy & G. Stampacchia, Boundary value problems for some degenerate elliptic operators, Annali di Matematica 80(4): 1-122, 1968.