Some transformations related to the Thin Film Equation by Josephus Hulshof

Mathematical Institute, Leiden University Leiden, The Netherlands

In a recent paper [BKO] the travelling wave problem for the Thin Film Equation (TFE),

u_t + (u^nu_{xxx})_x = 0, (n > 0)

leads to the local analysis of solutions of the third order equation

u000_{= u}�a_{(a = n − 1),}

which is subsequently reduced to a planar dynamical system.

In this letter we show how the reduction in [BKO] of the third order equation is related to some well known standard substitutions. First of all, for increasing solutions we may set

s = u, y = u0^2,

which gives for y as a function of s the second order equation

y00_{(s) = 2s}�a_y�1/2_.

Note that y0 = 2u00. This transformation was applied in relation to the construction of source type solutions of TFE in [BPW]. We observe that this transformation is not restricted to to pure power type nonlinearities. Thus it is also useful for the global analysis of the travelling wave problem for TFE, see [BHP].

The y-equation may be reduced one step more by introducing (here the scaling invariance of the equation is essential)

τ = log s = log u; X = sy0_{(s)} y(s) = 2uu00 u02^{; Y = s2}

�a_{y(s)}�3/2_{= u}2�a_u0�3_,

which leads to the quadratic system

X0_{= X − X} 2_{+ 2Y ; Y} 0_{= Y (2 − a −}^3_{2X).}

This second transformation can already be found in [J] and was used in [H1] for the construction of all compactly supported similarity solutions of the porous medium equation with sign changes, see also the classical paper [LOT]. Apart from an inversion of y this quadratic system is almost the same as derived in [BKO].

Positive increasing (decreasing) solutions of the third order equation correspond to orbits of the quadratic system in the upper (lower) half plane. It is possible to give a complete rigorous global phase plane analysis of this system. This involves a local analysis of the three finite critical points, two of which are on the X-axis and have a very simple local structure. Orbits coming in to or out of these two points correspond to solutions with linear and quadratic behaviour as u → ∞ and u → 0 respectively. In [BKO] these points lie at infinity. The third critical point depends on the parameter a. Its local structure is slightly more complicated, but its stability properties are easily determined, see [BKO], where also the existence of limit cycles is excluded. This third point corresponds to an explicit power solution (exponent^3_{a+1} ) and orbits coming in to or out of it to solutions with (the same) powerlike behaviour as u → ∞ and u → 0 respectively.

Orbits escaping to infinity correspond to solutions of the third order equation with u0 = 0 at some point. The analysis of orbits escaping to infinity is simpler if we change the definition of Y into

Y^2 = s^2�^ay(s)�^{3/2} = u^2�^au0�^3, where we restrict to increasing solutions. This changes the quadratic system into

X0_{= X − X} 2_{+ 2Y} 2_{; Y} 0_{= Y (1 −}^a_{2 −}^3_{4X),}

with Y > 0. The critical points at infinity are determined using the Poincaré transformation (see e.g. [P] for this technique and [H2, H3] for applications to similarity solutions) X = ξ ζ ; Y = η ζ ; ξ^2 + η^2 + ζ^2 = 1; ζ ≥ 0.

One finds at infinity (i.e. ζ = 0) six points, among them (ξ, η, ζ) = (±1, 0, 0), one (+) a stable node, the other (−) an unstable node. This is consistent with the behaviour of solutions of the third order equation with u0 = 0 and u00 ≠ 0 at some point.

In addition to (ξ, η, ζ) = (±1, 0, 0) one also has four saddles (only two of which are relevant) (ξ, η, ζ) = (±^2_3 √ 2, ±^1_3 ) as critical points at infinity. This is consistent with the behaviour of solutions of the third order equation with u0 = u00 = 0 at some point.

For decreasing solutions we change notation. Taking −x as a new variable in the third order equation, we now look at increasing solutions of the equation

u000_{= −u}�a_{(a = n − 1),}

so that the last quadratic system changes into

X0_{= X − X} 2_{− 2Y} 2_{; Y} 0_{= Y (1 −}^a_{2 −}^3_{4X),}

which only has (ξ, η, ζ) = (±1, 0, 0) as critical points at infinity. (Note that u0 = u00 = 0 at some point does not occur in this situation in view of the sign of u000.)

As a is varied, all these systems undergo a qualitative change for distinct values of a, namely at 5 4 − 3 4 √ 3, 1 2 , 5 4 , 2, 5 4 + 3 4 √ 3. For a =^5_4 the orbits are symmetric with respect to the line X =^1_2 . Moreover, if one defines a0 by

a0_{+ a =}^5_{2 ,}

then the orbits for the systems with a replaced by a0 maybe found by reflection in the line X =^1_2 . Thus there is a relation between solutions of the corresponding third order equations.

We conclude with the observation that all this is very similar to what happens in case of the radial semilinear Poisson equation

U00_{(r) +}^{n − 1}_{r U}0_{(r) + U(r)}p_{= 0.}

This equation was analysed by Fowler by transforming it into what is now called an Emden-Fowler equation, see [F], but one can also set X = rU0_{(r)} U(r) ; Y = r^2U(r)^p�^1; t = log r,

which leads to the system (see [HV1])

X0_{= X(2 − n − X) − Y, Y} 0_{= Y (2 + (p − 1)X).}

In this case the critical Sobolev exponent, p =^{n+2}_n�_2 , gives a symmetry in the line X =^2�^n_2 . In the same manner, this gives a relation between sub- and supercritical solutions. Recently, these methods have also been applied to systems of semilinear Poisson equations in [HV2].

References.

[BHP] Beretta, E., J. Hulshof & L.A. Peletier, On an ODE from forced coating flow, in preparation. [BPW] Bernis, F., L.A. Peletier & S.M. Williams, Source type solutions of a fourth order nonlinear degenerate parabolic equation, Nonl. Anal., TMA 18(3) (1992), 217-234.

[BKO] Boatto, S., L.P. Kadanoff & P. Olla, Traveling-wave solutions to the thin-film equation, Phys. Rev. E 48(6) (1993), 4423-4431.

[F] Fowler, R.H., Further studies of Emden’s and similar differential equations, Q.J. Math. (Oxford Series) 2 (1931), 259-288.

[H1] Hulshof, J., Similarity Solutions of the Porous Medium Equation with Sign Changes, J. Math. Anal. & Appl. 157 (1991), 75-111. (research announcement in Appl. Math. Newsl. 2(3) (1989), 229-232.)

[H2] Hulshof, J., Selfsimilar solutions for the k − ε model in turbulence, Leiden preprint W93-11 (1993). [H3] Hulshof, J., A local analysis of similarity solutions of the thin film equation, Leiden preprint W94-22 (1994).

[HV1] Hulshof, J. & R.C.A.M. van der Vorst, Positive solutions of the equation Δu + u^p = 0 on a bounded domain, Leiden preprint W93-06 (1993).

[HV2] Hulshof, J. & R.C.A.M. van der Vorst, Asymptotic Behaviour of Ground States, Georgia Institute of Technology, preprint CDSNS95-207 (1995).

[J] Jones, C.W., On reducible nonlinear differential equations occurring in mechanics, Proc. Roy. Soc.

A217 (1953), 327-343.

[LOT] Lacey, A.A., Ockendon, J.R. & A.B. Tayler, Waiting time solutions of a nonlinear diffusion equation, Siam J. Appl. Math. 42) (1982), 1252-1264.

[P] Perko, L., Differential Equations and Dynamical Systems, Texts in Appl. Math. 7, Springer Verlag 1993.

The preprints in the references may be found on my home page on Internet, just connect to http://www.wi.leidenuniv.nl/home/hulshof/.