A critical case of stability in a free boundary problem

Claude-Michel Brauner Université Bordeaux I, Mathématiques Appliquées de Bordeaux 33405 Talence Cedex, France E-mail: brauner@math.u-bordeaux.fr Josephus Hulshof Division of Mathematics and Computer Science, Free University Amsterdam De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands E-mail: jhulshof@cs.vu.nl Alessandra Lunardi Dipartimento di Matematica, Università di Parma Via D’Azeglio 85/A, 43100 Parma, Italy E-mail: lunardi@prmat.math.unipr.it

Abstract

We study the stability of the planar travelling wave solutions to the free boundary heat equation in the whole R^2 . We turn the problem into a fully nonlinear parabolic system and establish a stability result which is the proper generalization of the onedimensional case. The curvature terms contribute a gradient squared corresponding to critical growth. The latter is eliminated by means of the Hopf-Cole transformation.

Keywords: Free boundary problems, stability of travelling waves, fully nonlinear parabolic problems.

1 Introduction

In this paper we consider the one-phase free boundary problem u_t = u_{xx} + u_{yy} in Ω_t = {(x, y) ∈ R^2 : x ≤ s(t, y)}, t ≥ 0, u = u_n = 1 on ∂Ω_t = {(x, y) ∈ R^2 : x = s(t, y)}, t ≥ 0,

(1.1)

with prescribed initial data (s_0, u_0) for s and u. Here subscripts denote partial derivatives, n being the normal vector to the free boundary ∂Ω_t = {(x, y) ∈ R^2 : x = s(t, y)} with positive x-component. The unknowns of the problem are the unbounded domains Ω_t (or equivalently the curves x = s(t, y)) and the function u : {(t, x, y) ∈ R^3 : x < s(t, y), t > 0} → R. The restriction to space dimension two (with variables x and y) is only for convenience but not essential. We emphasise that Problem (1.1) is set on the whole plane.

In combustion theory, Problem (1.1) is the high activation limit as ϵ → 0 of a scalar reaction-diffusion equation, which is of the form

u_t = Δu + f_ϵ(u), (1.2)

with f_ϵ smooth and nonnegative, supported in [1 − ϵ, 1] with integral

∫_1 1−ϵ f_ϵ(u)du =^1_2 .

The convergence of solutions of (1.2) with suitable initial data to solutions of (1.1) was proved in [10]. For travelling wave solutions on the real line this was already done in [2].

Problem (1.1) is a particular case of the model for premixed Near-Equidiffusional Flames (NEF’s) which goes back to [19], see also [8, 9], and reads ∂u ∂t = Δu, t ≥ 0, x < s(t, y), y ∈ R, u = 1, t ≥ 0, x ≥ s(t, y), y ∈ R, ∂v ∂t = Δv − λΔu, x ≠ s(t, y), [ ∂u ∂n ] = − exp(v), [ ∂v ∂n ] = λ [ ∂u ∂n ] , t ≥ 0, x = s(t, y), y ∈ R,

(1.3)

where [ · ] denotes the jump across the free boundary. Here u represents the temperature, v the enthalpy and λ is a parameter (λ = −^ℓ_2 where ℓ is the reduced Lewis number). For the special value λ = 0, which corresponds to the equidiffusional case, we arrive at (1.1) by setting v ≡ 0.

Problem (1.3) allows planar flame fronts, namely one-dimensional travelling wave solutions (s, u, v) = (−t, U(x + t), V (x + t)) with U = e^x, V = λxe^x, if x < 0, U = 1, V = 0, if x > 0. Our main interest is to understand their stability properties under two-dimensional perturbations. Instability has recently been proved in [5] for λ > 1. According to the physical literature, see [21] and [9], the fronts are stable for λ_c < λ < 1 where λ_c < 0. In this paper we give a rigorous formulation and proof of stability for the reduced problem (1.1). This is a first step. A next project will be to deal with the full problem for the whole range 0 ≤ λ ≤ 1.

Thus we consider Problem (1.1) with initial data close to the travelling wave solution u(t, x, y) = U(x + t), U(x) = e^x with free boundary s(t) = −t. Transforming to travelling wave variables by setting x^′ = x+t, s^′ = s+t and omitting the primes we look for solutions of u_t = u_{xx} − u_x + u_{yy}, t ≥ 0, x < s(t, y), y ∈ R, u = u_n = 1, t ≥ 0, x = s(t, y), y ∈ R, (1.4)

with initial data near the equilibrium solution (s(t, y) = 0, u(t, x, y) = U(x)).

We know that in one dimension, i.e. when there is no y in (1.4), the travelling wave is stable but not asymptotically stable: solutions converge to a translate of the travelling wave, at least when they start from initial data satisfying some decay condition as x → −∞, see [13, 7]. This is called orbital stability with an asymptotic phase and it is similar to what happens in the case of the bistable reaction-diffusion equation

u_t = Δu + u(1 − u)(u − a), (1.5)

see e.g. [12, 1, 11]. The multi-dimensional stability of planar travelling waves of (1.5) and similar bistable semilinear equations in the whole space was studied in [22] and [14]: the travelling wave is asymptotically stable under perturbations localized in both x and y (because of a Sobolev space setting) with an algebraic rate of convergence. In this setting convergence to a translate cannot occur and therefore this result does not contain the full one-dimensional case. Therefore the assumption that the perturbation is localized in y is too strong and should eventually be avoided.

Coming back to problem (1.4), we follow [4, 5] and the references included there, and set x̃ = x − s(t, y), u(t, x, y) = U(x̃) + s(t, y)U^′(x̃) + w(t, x̃, y) = (1 + s(t, y))e^{x̃} + w(t, x̃, y). (1.6)

Eliminating s from the equations as usual, we arrive at a fully nonlinear parabolic problem for the auxiliary unknown w, w_t = w_{x̃x̃} − w_x + w_{yy} + F (w, Dw, D^2w), t ≥ 0, x̃ ≤ 0, y ∈ R, w_{x̃} − w = G(w_y), t ≥ 0, x̃ = 0, y ∈ R, (1.7)

where F and G are smoothly defined near w = 0 and both F and G as well as their derivatives with respect to w vanish at w = 0. The relation between s and w is given by

s(t, y) + w(t, 0, y) = 0. (1.8)

The stationary solution (s(t, y) = 0, u(t, x, y) = e^x) corresponds to the null solution of (1.7) and stability is accordingly reformulated.

Local existence and uniqueness of the solution to the initial value problem w(0, x̃, y) = w_0(x̃, y) for (1.7) is well understood: the usual techniques of fully nonlinear parabolic problems (see e.g. [16]) may be used to get a unique regular solution in both weighted and nonweighted Hölder spaces for small initial data satisfying the natural compatibility conditions at x̃ = 0.

As far as stability is concerned, the principle of linearized stability holds also in the fully nonlinear case, see [16, 6, 4]. The linear part of the right hand side of (1.7) is the elliptic operator Lw = w_{x̃x̃} − w_{x̃} + w_{yy}, with homogeneous boundary condition w_{x̃} − w = 0 at x̃ = 0. However, its realization in the space of the uniformly continuous and bounded functions C^0(R^2_− ) = C^0((−∞, 0)×R) has bad spectral properties: the spectrum consists of the region {λ ∈ C : Re λ ≤ −(Im λ)^2}. At a first glance, the situation is not much better in the weighted space X = {w : (x̃, y) → e^{−x̃/2}w(x̃, y) ∈ C^0(R^2_− )}, where the spectrum is the whole halfline (−∞, 0]. In the one-dimensional case the weight e^{−x̃/2} changes the spectrum into (−∞, −1/4] ∪ {0} and provides a spectral gap, see [7] and the pioneering work [20]. The lack of a spectral gap is the main difference between the present situation and the situations discussed in [7, 6], and it cannot be resolved using a weight depending also on y. Thus we are always in the critical case of stability. This is similar to the situation in [22] and [14].

However, both in the weighted and in the nonweighted space, the realization L of L may be seen as L_1 + L_2, where L_1 is the realization of the operator (acting only on the variable x̃) w → w_{x̃x̃} − w_{x̃}, with boundary condition w_{x̃} − w = 0 at x̃ = 0, and L_2 is the realization of the Laplacian with respect to y. In the weighted space X, the spectrum of L_1 is equal to (−∞, −1/4] ∪ {0}, as in the one-dimensional case. The spectral projection corresponding to the eigenvalue 0 of L_1 is given by (P v)(x̃, y) = ∫_0 −∞ v(x^′, y)dx^′e^{x̃} (1.9)

and the norm of (I − P )e^{tL1} decays exponentially as t → +∞. Since the resolvents of L_1 and L_2 commute, then P commutes with both e^{tL1} and e^{tL2} . Moreover we have e^{tL} = e^{tL1} e^{tL2} = e^{tL2} e^{tL1} , and hence the norm of (I − P )e^{tL} decays exponentially as t → +∞ (the norm of e^{tL2} being 1).

Therefore, even if P and Q = I − P are spectral projections only for L_1 but not for L, they enjoy some properties of the usual spectral projections which are enough to employ a sort of Lyapunov-Schmidt procedure. Indeed we set, like in [22] and [14], w = P w + Qw = p(t, y)e^{x̃} + z(t, x̃, y), (1.10) where we think of the range of P as an “infinite dimensional center subspace”. After some computations we arrive at a system for (p, z),

p_t − p_{yy} = (1 + (p_y + z_y(t, 0, y))^2)^{12} − 1, t ≥ 0, y ∈ R, (1.11) z_t = Q(z_{x̃x̃} + z_{yy} − z_{x̃}) + QF (pe^{x̃} + z, D(pe^{x̃} + z), D^2(pe^{x̃} + z)), t ≥ 0, x̃ ≤ 0, y ∈ R, z_x(t, 0, y) − z(t, 0, y) = (1 + (p_y + z_y(t, 0, y))^2)^{− 1}2 − 1, t ≥ 0, y ∈ R, where the equation for p may be considered as a “center part” of the problem, and the equation for z as a “stable part”. Unlike in classical Center Manifold Theory, the equation for p is not an ODE but a PDE. Its right hand side contains the quadratic term p^2_y/2, which is critical as far as stability of p = 0 is concerned, see the discussion in Section 3.1 of [17]. We circumvent this complication using the Hopf-Cole transformation. Setting q = e^{p/2} − 1, we get q_t − q_{yy} = q_yz_y(t, 0, y) + · · · , The quadratic term q_yz_y(t, 0, y) is much better than p^2_y/2 in the p-equation because z is to belong to the “stable subspace” Q(X).

Eventually (Theorem 2.12), the initial value problem for the (q, z) system is solved for small initial data q_0 and z_0 in suitable Hölder spaces. In particular we obtain the estimates

sup_{t≥0} (‖q‖_∞ + (1 + t^{1/2})‖q_y‖_∞ + (1 + t)‖q_{yy}‖_∞ + (1 + t^{1+θ/2})[q_{yy}]_Cθ )

≤ C(‖q_0‖_C2+θ + ‖e^{−x̃/2}z_0‖_C2+θ ), and sup_{t≥0} (1 + t)‖e^{−x̃/2}z‖_C2+θ ≤ C(‖q_0‖_C2+θ + ‖e^{−x̃/2}z_0‖_C2+θ ).

Here the norms and semi-norms are the usual ones on R^2_− = {(x̃, y) ∈ R^2 , x̃ ≤ 0} for z and on R for q, see Section 2.1.

These estimates imply that q stays bounded and its derivatives go to zero, with the same algebraic decay as the solutions of the linear heat equation. In particular ‖q_y‖_∞ decays at least as fast as t^{−1/2}. The same holds for p = 2 log(q + 1). The decay rates for z are better. For z_y(t, 0, y), which is the only form of z in the PDE for p, we have a uniform decay at least as fast as t^{−1}.

When we translate these results back to the original problem (1.4), we have to invert (1.6). Using (1.8) and (1.10) we get s(t, y) = −(p(t, y) + z(t, 0, y)), t ≥ 0, y ∈ R, u(t, x, y) = (1 − z(t, 0, y))e^{x−s(t,y)} + z(t, x − s(t, y), y), t ≥ 0, x ≤ s(t, y), y ∈ R, and conversely p(t, y) = ∫_0 −∞ u(t, x^′ + s(t, y), y)dx^′ − (1 + s(t, y)), t ≥ 0, y ∈ R,

z(t, x̃, y) = u(t, x̃ + s(t, y), y) − ∫_0 −∞ u(t, x^′ + s(t, y), y)dx^′e^{x̃}, t ≥ 0, x̃ ≤ 0, y ∈ R. Therefore, (p_0, z_0) close to (0, 0) means (s_0, u_0) close to (0, U) = (0, e^x).

Theorem 2.12 implies that if s_0 : R → R, u_0 : Ω_0 = {(x, y) : x ≤ s_0(y)} → R satisfy

u_0(s_0(y), y) = 1, ∂u_0 ∂n (s_0(y), y) = 1,

(n being the unit exterior normal vector to ∂Ω_0), and the norms

‖s_0‖_C2+θ_{(R)}, ‖e^{−x/2}(u_0 − e^x)‖_C2+θ_{(Ω0)} are small enough, then problem (1.4) has a global classical solution (s, u). The convergence of z to zero as t → ∞ now implies that p(t, y) + s(t, y) → 0, u(t, x, y) − e^{x−s(t,y)} → 0, x ≤ s(t, y), y ∈ R. Since in general q (and hence also p) cannot be expected to converge as t → ∞, there is no convergence of s and u, despite the convergence of s_y and p_y to zero. In fact, if we assume that the perturbations are localized in (x, y) we can prove convergence back to the travelling wave, as in [22] and [14], working in weighted Hölder spaces with exponential weight e^{−x/2} with respect to x and suitable polynomial weight with respect to y. However, we emphasize once again that our result is the appropriate generalisation of the onedimensional case, in which one does have convergence to a translate of the wave and all the translates form a one-dimensional center manifold with trivial dynamics. This is because the p-equation (1.11) is simply p_t = 0.

The two-dimensional case is much more complicated. All we can say is that asymptotically the behaviour is governed by p = 2 log(q + 1). Our method of proof, in which the Hopf-Cole transformation is crucial to get global existence, suggests us to expect that eventually q behaves like a solution of the heat equation q_t = q_{yy}. Mutatis mutandis we expect p to behave for large time like a solution of the integrated Burgers’ equation

p_t = p_{yy} + p^2_y 2 . This explains why it is not possible to prove convergence: it is not true for the heat equation itself and will not be true here either.

It remains to be seen to what extent our expectation concerning the role of Burgers’ equation is true.

Let us describe briefly the contents of the paper. After deriving problem (1.7) for the auxiliary unknown w, in Section 2.1 we study the spectral properties of the linear operator L and we introduce the projections P and Q. The systems for (P w, Qw) = (pe^{x̃}, z) and for the final unknowns (q = e^{p/2} − 1, z) are written down in Section 2.2. The (fully nonlinear) system for (q, z) is solved in Section 2.4 by a fixed point argument, which works thanks to optimal regularity and asymptotic behavior results for linear systems which are proved in Section 2.3. Section 2.3 is the technical part of the paper and uses as main tools the theory of analytic semigroups in Banach spaces and interpolation theory.

2 The fully nonlinear problem

We invoke the methods developed in [3, 4, 5, 6, 7] to transform problem (1.4) to a fully nonlinear problem on the fixed domain {(x, y) ∈ R^2 : x < 0}.

Setting x̃ = x − s(t, y), ỹ = y, t̃ = t; u(x, y, t) = U(x̃) + s(ỹ, t̃)U^′(x̃) + w(x̃, ỹ, t̃), (2.1) we arrive at a system for the new couple of unknowns (s, w), which reads as, omitting the tildes,

w_t = w_{xx} − w_x + w_{yy} + (s_t − s_{yy})w_x + s^2_yw_{xx} − 2s_yw_{xy} + ( ss_t − ss_{yy} + ss^2_y − s^2_y ) e^x, (2.2)

for x < 0, y ∈ R, with the boundary conditions

w + s = 0, w_x + s = (1 + s^2_y)^{−1/2} − 1, x = 0, y ∈ R. (2.3)

The first equality in (2.3) allows us to decouple the system. An equation for s_t is derived as usual by taking the trace of (2.2) at x = 0. Combining again with both equations in (2.3) this gives s_t − 1 − s^2_y 1 + s^2_y s_{yy} = −s^2_y − (1 + s^2_y)^{3/2}(w_{xx}(0) − w_x(0)), (2.4)

where we use the notation f(0) for f(t, 0, y). Eliminating s_t then gives

w_t = w_{xx} − w_x + w_{yy} + 2w_y(0)w_{xy} + w_{yy}(0)w_x + w_y(0)^2w_{xx} − ( 2w_y(0)^2 1 + w_y(0)^2 w(0)w_{yy} (0) + w_y(0)^2 + w(0)(1 + w_y(0)^2)^{32} (w_{xx}(0) − w_x(0)) ) e^x (2.5) − ( 1 − w_y(0)^2 1 + w_y(0)^2 w_{yy}(0) + w_y(0)^2 + (1 + w_y(0)^2)^{3/2}(w_{xx}(0) − w_x(0)) ) w_x, with boundary condition

w_x(0) − w(0) = (1 + w_y(0)^2)^{−1/2} − 1. (2.6)

Setting Lw = w_{xx} − w_x + w_{yy}, the problem for w is then of the form w_t = Lw + F (w, Dw, D^2w), t ≥ 0, x ≤ 0, y ∈ R, Bw = w_x(0) − w(0) = φ(w_y (0)), t ≥ 0, x = 0, y ∈ R,

(2.7)

where F and φ are defined by the right hand sides of (2.5), (2.6), respectively. Since both F and φ vanish at w = 0 with all their first order derivatives, problem (2.7) is parabolic near w = 0. The usual techniques of fully nonlinear parabolic equations can be used to get wellposedness of the initial value problem for (2.7) in Hölder spaces, for small initial data. However, the linear part of the problem has not good spectral properties in the usual Hölder spaces, and for this reason we will consider weighted spaces.

2.1 The realization of L in weighted Hölder spaces Let us define the (weighted and nonweighted) spaces we need.

Let Ω be an open set in R^n with regular boundary (in what follows Ω will be either R or R^2_− = (−∞, 0) × R). For k ∈ N ∪ {0} we denote by C^k(Ω) the space of all uniformly continuous bounded functions in Ω with derivatives up to the k-th order uniformly continuous and bounded in Ω, endowed with its natural norm

‖φ‖_Ck_{(Ω)} = k∑ |γ|=0 ‖D^γ φ‖_∞.

For θ ∈ (0, 1), C^θ(Ω) is, as usual, the space of the bounded functions in Ω such that [φ]_Cθ_{(Ω)} = sup_{x,y∈Ω, x≠y} |φ(x) − φ(y)|/|x − y|^θ < ∞, endowed with the norm

‖φ‖_Cθ_{(Ω)} = ‖φ‖_∞ + [φ]_Cθ_{(Ω)}.

If k ∈ N and θ ∈ (0, 1), C^{k+θ}(Ω) is the set of the k times differentiable functions in Ω such that D^γ φ ∈ C^θ(Ω) for every multi-index γ with |γ| ≤ k. The norm is, as usual,

‖φ‖_Ck+θ_{(Ω)} = k∑ |γ|=0 ‖D^γ φ‖_∞ + ∑ |γ|=k [D^γ φ]_Cθ_{(Ω)}.

Let α = k + θ ≥ 0. We set C^α_ω (R^{2ω}_− ) = {f ∈ C(R^2_− ) : (x, y) → e^{−x/2}f(x, y) ∈ C^α(R^2_− )}, ‖f‖_Cα_{ω (R}2_{−)} = ‖(x, y) → e^{−x/2}f(x, y)‖_Cα_{(R}2_{−)}. The realization of the operator L with homogeneous boundary condition in C^0_ω(R^2_− ) will be seen as (the closure of) the sum of the realizations of the operators ∂^2/∂x^2 − ∂/∂x and ∂^2/∂y^2 in the space C^0_ω(R^2_− ).

More precisely, we define D(L_1) = {f ∈ C^0_ω(R^2_− ) : f_{xx} ∈ C^0_ω(R^2_− ), Bf(0, y) = f_x(0, y)−f(0, y) = 0}, L_1f = f_{xx}−f_x, D(Δ_y) = {f ∈ C^0_ω(R^2_− ) : f_{yy} ∈ C^0_ω(R^2_− )}, Δ_yf = f_{yy}.

The main properties of L_1 and Δ_y are stated in the next lemma.

Lemma 2.1 Both L_1 and Δ_y generate analytic bounded semigroups in C^0_ω(R^2_− ). The spectrum of L_1 is (−∞, −1/4] ∪ {0}. The spectral projection corresponding to the spectral set {0} is the projection P defined by (1.9).

Proof — The proof of the first statement is standard and it is left to the reader. To prove the statement about the spectral properties of L_1 it is sufficient to follow closely [7, Sect. 3], who considered a purely one-dimensional version of the operator L_1, i.e. X = {u ∈ C^0((−∞, 0]) : x → e^{−x/2}u(x) ∈ L^∞(−∞, 0)}, A : D(A) = {u ∈ C^2((−∞, 0]) : u, u^{′′} ∈ X, u^′(0) = u(0)} → X; Au = u^{′′} − u^′. The variable y acts only as a parameter in our operator L_1. Following step by step the arguments of [7] the statement follows.

The following proposition relates the operators L_1 and Δ_y to the operator L, and it is crucial in our analysis.

Proposition 2.2 The operator L_1 + Δ_y : D(L_1) ∩ D(Δ_y) → C^0_ω(R^2_− ) is closable, and its closure L generates the analytic semigroup e^{tL} = e^{tL1} e^{tΔy} . If P is the projection defined in (1.9) and Q = I − P , then e^{tL} commutes with P and Q, and ‖Qe^{tL}‖ decays exponentially as t → ∞. More precisely, for each ε > 0 there exists M > 0 such that ‖Qe^{tL}f‖_C0_{ω (R}2_{−)} ≤ Me^{(ε−1/4)t}‖f‖_C0_{ω (R}2_{−)}, t > 0, f ∈ C^0_ω(R^2_− ). (2.8)

Proof — Since L_1 and Δ_y commute (in the resolvent sense), their sum is closable and the closure L = L_1 + Δ_y still generates an analytic semigroup. Moreover, e^{tL} = e^{tL1} e^{tΔy} = e^{tΔy} e^{tL1} , t > 0. By lemma 2.1, the spectrum of L_1 consists of the halfline (∞, −1/4] plus the isolated eigenvalue 0, and the projection P defined in (1.9) is nothing else but the spectral projection associated to the eigenvalue 0 of the operator L_1. Therefore, ‖e^{tL1} (I − P )‖ = ‖e^{tL1} Q‖ ≤ Me^{(ε−1/4)t}, and since ‖e^{tΔy} ‖ = 1 and Q commutes with e^{tΔy} , then ‖Qe^{tL}‖ = ‖e^{tΔy} e^{tL1} Q‖ ≤ Me^{(ε−1/4)t}, t > 0.

Remark 2.3 Note that

σ(L) = σ(L_1) + σ(Δ_y) = ((−∞, −1/4] ∪ {0}) + (−∞, 0] = (−∞, 0],

while the spectrum of the part of L in Q(X) consists of the halfline (−∞, −1/4]. Therefore Q kills the whole interval (−1/4, 0] of the spectrum of L.

Another lemma which will be used later is about the characterization of weighted Hölder spaces as real interpolation spaces relevant to the operator L. If Y is a Banach space and L : D(L) → Y is the generator of a bounded semigroup e^{tL}, for 0 < θ < 1 we denote as usual by D_L(θ, ∞) the real interpolation space (Y, D(L))_{θ,∞}, and by D_L(θ + 1, ∞) = {u ∈ D(L) : Lu ∈ D_L(θ, ∞)} the domain of the part of L in D_L(θ, ∞). It is well known that the norms f → ‖f‖_Y + sup_{λ>0} ‖λ^θLR(λ, L)f‖_Y , f → ‖f‖_Y + sup_{t>0} ‖t^{1−θ}Le^{tL}f‖_Y are equivalent to the norm of D_L(θ, ∞). See e.g. [16, Prop. 2.2.6], where we may take a = 0.

Lemma 2.4 For every θ ∈ (0, 1) we have

C^θ_ω(R^2_− ) = D_L(θ/2, ∞),

with equivalence of the respective norms.

Moreover, C^1_ω(R^2_− ) ⊂ D_L(1/2, ∞),

with continuous embedding.

Finally, for every θ ∈ (0, 1) we have

{f ∈ C^{2+θ}_ω (R^2_− ) : Bf = 0} = D_L(θ/2 + 1, ∞),

with equivalence of the respective norms.

Proof — For λ > 0 and f ∈ C^0_ω(R^2_− ) the equation λu − Lu = f in C^0_ω(R^2_− ) is equivalent to (setting v(x, y) = u(x, y)e^{−x/2}) λv − Δv + 1 4 v = e^{x/2}f, x ≤ 0, y ∈ R,

v_x − 1 2 v = 0, x = 0, y ∈ R. Therefore, f ∈ D_L(θ/2, ∞) iff e^{x/2}f ∈ D_A(θ/2, ∞), where A is the realization of the Laplace operator with boundary condition v_x(0, y) − v(0, y)/2 = 0 in the space of the uniformly continuous and bounded functions in (−∞, 0] × R. The equivalence C^θ_ω(R^2_− ) = D_L(θ/2, ∞) and the embedding C^1_ω(R^2_− ) ⊂ D_L(1/2, ∞) follow now from [16, Prop. 3.1.27, Thm. 3.1.30]. The equivalence {f ∈ C^{2+θ}_ω (R^2_− ) : Bf = 0} = D_L(θ + 1, ∞) follows from Schauder’s regularity theory.

Note that the last statement of lemma 2.4 is nothing but a Schauder regularity result for the equation Lf = ψ in the weighted space C^θ_ω(R^2_− ). Indeed, it means that a function f ∈ D(L) is such that Lf = ψ ∈ D_L(θ/2, ∞) if and only if f ∈ C^{2+θ}_ω (R^2_− ). On the other hand, by the first statement of the lemma, D_L(θ/2, ∞) = C^θ_ω(R^2_− ). Therefore, ψ ∈ C^θ_ω(R^2_− ) iff f ∈ C^{2+θ}_ω (R^2_− ).

2.2 A Lyapunov-Schmidt type procedure We emphasize that the projections P and Q which we used in the previous subsection are not spectral projections for the operator L. However, they share some important features with spectral projections: they commute with e^{tL} and moreover ‖Qe^{tL}‖ decays exponentially as t → ∞. This is enough to perform a sort of Lyapunov-Schmidt procedure, splitting w as w = P w + Qw = p(t, y)e^x + z(t, x, y) (2.9) and applying P and Q to (2.2). We have (P w_x)(t, x, y) = w(t, 0, y)e^x; (P w_{xx})(t, x, y) = w_x(t, 0, y)e^x; (P w_{xy})(t, x, y) = w_y(t, 0, y)e^x; (P w_{yy})(t, x, y) = ∫_0 −∞ w_{yy}(t, x^′, y)dx^′e^x, so that (Qz_x)(t, x, y) = z_x(t, x, y) − z(t, 0, y)e^x (Qz_{xx})(t, x, y) = z_{xx}(t, x, y) − z_x(t, 0, y)e^x; (Qz_{xy})(t, x, y) = z_{xy}(t, x, y) − z_y(t, 0, y)e^x; (Qz_y)(t, x, y) = z_y(t, x, y); (Qz_{yy})(t, x, y) = z_{yy}(t, x, y). Using the above equalities we derive, applying P and Q to (2.2), p_t − p_{yy} = (1 + w_y(0)^2)^{12} − 1, t ≥ 0, y ∈ R, (2.10) z_t = Q(z_{xx} + z_{yy} − z_x) + QF = Lz − (z_x(0) − z(0))e^x + QF, (2.11) with boundary condition z_x(0) − z(0) = (1 + w_y(0)^2)^{− 12} − 1. (2.12) Replacing w_y(0) = p_y + z_y(0) in (2.10) we see that the equation for p is of the type p_t − p_{yy} = 1 2 (p_y + z_y(0))^2 + O(p_y + z_y(0))^4,

which gives technical problems because of the term^1_2 p^2_y, corresponding to quadratic (critical) growth near p = 0. As explained in the introduction we avoid this complication using the Hopf-Cole transformation, which transforms the integrated Burgers equation p_t = p_{yy} +^1_2 p^2_y into the heat equation q_t = q_{yy}, setting q = e^{p/2} − 1, (2.13) and we get

q_t − q_{yy} = q_yz_y(0) + 1 4 (q + 1)(z_y(0))^2 + q + 1 2 ω ( 2q_y q + 1

+ z_y(0) ) , (2.14)

where ω(ξ) = (1 + ξ^2)^{1/2} − 1 − ξ^2/2 = O(ξ^4) as ξ → 0. The quadratic term q_yz_y(0) here is much better than p^2_y/2 in the p-equation because z is sought in the stable subspace and z_y will be allowed to decay to 0 sufficiently fast as t → +∞.

Replacing w_y(0) = p_y + z_y(0) and w_{yy}(0) = p_{yy}(0) + z_{yy}(0) also in (2.11) and in (2.12) we get z_t = Lz + f(q, z), t ≥ 0, x ≤ 0, y ∈ R, Bz = g(q, z), t ≥ 0, x = 0, y ∈ R, (2.15) where f(q, z) = −g(q, z)e^x + ( 2q_y q + 1

+ z_y(0))^2Q(z_{xx} − z_x) + 2 ( 2q_y q + 1

+ z_y(0) ) Qz_{xy} + Qz_x·

· ( 2 (_{2qy} q+1 + z_y(0) )_2(_{2qyy} q+1 −^{2q2y}_{(q+1)2} + z_{yy}(0) ) 1 + (_{2qy} q+1 + z_y(0)

)_2 − ( 1 + ( 2q_y q + 1

+ z_y(0)

)_2)_{3/2} Qz_{xx}(0) ) , (2.16) g(q, z) = ( 1 + ( q_y q + 1

+ z_y(0) ))_{−1/2} − 1. (2.17)

We shall solve the initial value problem for (2.14,2.15) by a fixed point theorem in a ball centered at (0, 0) of a suitable product of function spaces.

We recall that the unknown q depends on (t, y), while the unknown z depends on (t, x, y). The functional spaces where q and z will live are weighted C^k and Hölder spaces, with powerlike weight with respect to t and exponential weight with respect to x, no weight with respect to y. Precisely, we shall set our problem in the space X = X_q × X_z, endowed with the product norm ‖(q, z)‖_X = ‖q‖_{Xq} +‖z‖_{Xz} . Here X_q consists of the functions q such that t → q(t, ·) is continuous in [0, +∞) with values in C^2(R), continuously differentiable with values in C^0(R), bounded with values in C^{2+θ}(R), and moreover

‖q‖_{Xq} = sup_{t≥0} ‖q(t, ·)‖_C0_{(R)} + sup_{t≥0} (1 + t)(‖q_t(t, ·)‖_Cθ_{(R)} + ‖q_{yy}(t, ·)‖_Cθ_{(R)}) < ∞.

X_z consists of the functions z such that t → z(t, ·) is continuous in [0, +∞) with values in C^2_ω(R^2_− ), continuously differentiable with values in C^0_ω(R^2_− ), bounded with values in C^{2+θ}_ω (R^2_− ), and moreover

‖z‖_{Xz} = sup_{t≥0} (1 + t)(‖z(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖z_t(t, ·)‖_Cθ_{ω (R}2_{−)}) < ∞.

The following interpolation inequalities will be thoroughly used in the sequel.

Lemma 2.5 If q ∈ X_q then

(a) sup_{t≥0}(1 + t^{1/2})‖q_y(t, ·)‖_C0_{(R)} ≤ C‖q‖_{Xq} , (b) sup_{0≤s≤t}(1 + s)(t − s)^{−1/2−θ/2}‖q_y(t, ·) − q_y(s, ·)‖_C0_{(R)} ≤ C‖q‖_{Xq} . (2.18)

If z ∈ X_z then (c) sup_{0≤s≤t}(1 + s)(t − s)^{−1/2−θ/2}‖Dz(t, ·) − Dz(s, ·)‖_C0_{ω (R}2_{−)} ≤ C‖z‖_{Xz} . (2.19) Proof — Estimate (2.18)(a) is standard. To prove (2.18)(b) and (2.19)(c) it is sufficient to use the inequality

‖Df‖_L∞_{(Ω)} ≤ C(‖f‖_Cθ_{(Ω)})^{1+θ2} (‖D^2f‖_Cθ_{(Ω)})^{1−θ2} ,

applied to the function y → q(t, y) − q(s, y) with Ω = R and to the function y → e^{−x/2}(z(t, x, y) − z(s, x, y)) with Ω = R^2_− , respectively. We get, for every y ∈ R and t ≥ s ≥ 0, |q_y(t, y) − q_y(s, y)| ≤ C ‖ ‖ ‖ ‖ ∫_t s q_t(σ, ·)dσ ‖ ‖ ‖ ‖ 1+θ 2 C^θ (R) ( ‖q_{yy}(t, ·)‖_Cθ_{(R)} + ‖q_{yy}(s, ·)‖_Cθ_{(R)} ) 1−θ_2

≤ C(t − s)^{1+θ}2 ( sup_{σ≥s} ‖q_t(σ, ·)‖_Cθ_{(R)} ) 1+θ_2 ( 2 sup_{σ≥s} ‖q_{yy}(σ, ·)‖_Cθ_{(R)} ) 1−θ_2

≤ C^′ (t − s)^{1+θ}2 1 + s ‖q‖_{Xq} , and (2.18)(b) follows. (2.19)(c) is proved similarly.

The main tool for the fixed point argument to work are the next theorems 2.6 and 2.11, which provide optimal regularity results and estimates for linear problems in the above weighted spaces. Such results will be obtained in the next subsection, using analytic semigroups and interpolation techniques, and constitute the technical part of the paper.

2.3 Optimal regularity and estimates for linear problems Let us begin with regularity results and estimates which will be used for the linearized q-equation, q_t(t, y) = q_{yy}(t, y) + φ(t, y), t ≥ 0, y ∈ R, q(0, y) = q_0(y), y ∈ R, Since the linear part is the heat equation, we shall use some well known estimates about the heat semigroup T (t) given by (T (t)f)(y) =^1_{(4πt)1/2} ∫_{+∞} −∞ exp(−(y−s)^2/4t)f(s)ds. Precisely, ‖T (t)f‖_∞ ≤ ‖f‖_∞, ‖∂^k/∂t^kT (t)f‖_∞ ≤ C t^{k/2} ‖f‖_∞, k ≥ 1, t > 0, (2.20) and [D^kT (t)f]_Cθ ≤ C t^{(k+θ)/2} ‖f‖_∞, t > 0, (2.21) for every f ∈ C^0(R).

Theorem 2.6 Let φ : [0, ∞) × R → R be such that both φ and φ_y are continuous, and for some α > 0

[[φ]] = sup_{t≥0} (1 + t^{1+α})‖φ(t, ·)‖_∞ + sup_{t≥0} (1 + t^{3/2})‖φ_y (t, ·)‖_∞ < ∞.

Let in addition q_0 ∈ C^{2+θ}(R), 0 < θ < 1. Then the problem q_t(t, y) = q_{yy}(t, y) + φ(t, y), t ≥ 0, y ∈ R, q(0, y) = q_0(y), y ∈ R, has a unique bounded classical solution q, which belongs to X_q and satisfies

‖q‖_{Xq} ≤ C(‖q_0‖_C2+θ_{(R)} + [[φ]]). (2.22)

In addition, sup_{t≥0} (1 + t^{θ/2})[q_{yy}(t, ·)]_Cθ_{(R)} ≤ C(‖q_0‖_C2+θ_{(R)} + [[φ]]).

Proof — The unique bounded classical solution is

q(t, ·) = T (t)q_0 + ∫_t 0 T (t − s)φ(s, ·)ds = T (t)q_0 + q_1(t, ·), t ≥ 0, where T (t) is the heat semigroup. Concerning T (t)q_0, from estimates (2.20) and (2.21) we get easily

‖T (·)q_0‖_{Xq} + sup_{t≥0} (1 + t^{θ/2}) [ ∂^2 ∂y^2 T (t)q_0 ] C^θ (R)

≤ C(‖q_0‖_C2+θ_{(R)} + [[φ]]).

Concerning q_1 we get easily for 0 ≤ t ≤ 1 ‖q_1(t, ·)‖_C2+θ_{(R)} ≤ C( sup_{0≤t≤1} ‖φ(t, ·)‖_∞ + sup_{0≤t≤1} ‖φ_y(t, ·)‖_∞).

For t ≥ 1, using estimates (2.20) we get ‖q_1(t, ·)‖_∞ ≤ ∫_{+∞} 0 1 1 + s^{1+α} ds sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞

‖^∂_{∂y} q_1(t, ·)‖_∞ ≤ ( ∫_{t/2} 0 + ∫_t t/2 ) 1 1 + s^{1+α} C (t − s)^{1/2} ds sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞

≤ ( C (t/2)^{1/2} ∫_{+∞} 0 1 1 + s^{1+α} ds + C 1 + (t/2)^{1+α} ∫_t t/2 1 s^{1/2} ds ) sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞,

≤ C t^{1/2} sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞, and ‖^{∂2}_{∂y2} q_1(t, ·)‖_∞ ≤ ( ∫_{t/2} 0 1 1 + s^{1+α} C t − s ds sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞

+ ∫_t t/2 1 1 + s^{3/2} C (t − s)^{1/2} ds sup_{s≥0}(1 + s^{3/2})‖φ_y (s, ·)‖_∞ )

≤ C t/2 ∫_{+∞} 0 1 1 + s^{1+α} ds sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞

+ C 1 + (t/2)^{3/2} ∫_t t/2 1 (t − s)^{1/2} ds sup_{s≥0}(1 + s^{3/2})‖φ_y (s, ·)‖_∞

≤ C t (sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞ + sup_{s≥0}(1 + s^{3/2})‖φ_y (s, ·)‖_∞) ≤ C t^{1/2} [[φ]]. Concerning the C^θ-seminorm of^{∂2}_{∂y2} q_1 we get, using estimates (2.21) [_{∂2} ∂y^2 q1(t, ·) ] C^θ (R) ≤ ( ∫_{t/2} 0 1 1 + s^{1+α} C (t − s)^{1+θ/2} ds sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞

+ ∫_t t/2 1 1 + s^{3/2} C (t − s)^{(1+θ)/2} ds sup_{s≥0}(1 + s^{3/2})‖φ_y(s, ·)‖_∞ )

≤ C (t/2)^{1+θ/2} ∫_{+∞} 0 1 1 + s^{1+α} ds sup_{s≥0}(1 + s^{1+α})‖φ(s, ·)‖_∞

+ C 1 + (t/2)^{3/2} ∫_t t/2 1 (t − s)^{(1+θ)/2} ds sup_{s≥0}(1 + s^{3/2})‖φ_y(s, ·)‖_∞ ≤ C t^{1+θ/2} [[φ]], and (2.22) follows.

The regularity results and the estimates we need for the linearized z-equation, z_t = Lz + Qη − ζe^x, t ≥ 0, x ≤ 0, y ∈ R, Bz = ζ, t ≥ 0, x = 0, y ∈ R, z(0, ·) = z_0, x ≤ 0, y ∈ R, are stated in the next propositions. To use analytic semigroups and interpolation techniques we shall use a variant of the Balakrishnan formula, representing z as e^{tL}z_0+ ∫_t 0 e^{(t−s)L}(Qη(s, ·)+LN ζ(s, ·)−ζ(s, ·)e^x )ds−L ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds, t ≥ 0, (2.23) where N is a suitable lifting operator such that BN ζ = ζ for each sufficiently regular ζ. The construction of N is given in the next lemma.

Lemma 2.7 There exists a linear operator N ∈ L(C^{k+θ}(R); C^{k+θ+1}_ω (R^2_− )), for each k ∈ N ∪ {0}, θ ∈ [0, 1), such that (a) BN ζ = ζ, (b) P N ζ = 0, ∀ζ ∈ C^0(R), (c) P LN ζ = ζe^x, ∀ζ ∈ C^1(R). Proof — Fix a function φ ∈ C^∞(R), with compact support, and such that ∫ R φ(ξ)dξ = 1. Fix moreover η ∈ C^∞((−∞, 0]) such that η ≡ 0 for x ≤ −2, η ≡ 1 for −1 ≤ x ≤ 0.

For each k ∈ N and ζ ∈ C^0(R) set (N_1ζ)(x, y) = xη(x) ∫ R φ(ξ)ζ(y + ξx)dξ, x ≤ 0, y ∈ R. (2.24) Then N_1 ∈ L(C^{k+θ}(R); C^{k+θ+1}_ω (R^2_− )), for each k ∈ N ∪ {0}, θ ∈ [0, 1), and N_1ζ(0, y) = 0, (N_1ζ)_x(0, y) = ζ(y), so that BN_1ζ = ζ for each ζ ∈ C^0(R). Let us define N = N_1 − P N_1.

Then N satisfies (b), and since BP = 0, it satisfies also (a). If ζ ∈ C^1(R), then φ = N ζ ∈ Q(C^2_ω(R^2_− )) so that P (φ_{yy} ) = 0 and consequently P Lφ = Bφe^x = ζe^x, and statement (c) follows.

The next proposition is concerned with the first two addenda in (2.23). Note that the function Qη(s, ·) + LN ζ(s, ·) − ζ(s, ·)e^x in the first integral belongs to Q(C^θ_ω(R^2_− )), thanks to statement (b) of lemma 2.7.

Proposition 2.8 Let ψ : [0, ∞) × R^2_− → R be a continuous function such that for each t ψ(t, ·) ∈ Q(C^θ_ω(R^2_− )), with 0 < θ < 1, and sup_{t≥0} (1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)} < ∞.

Let in addition v_0 ∈ Q(C^{2+θ}_ω (R^2_− )). Then the problem v_t(t, x, y) = Lv(t, x, y) + ψ(t, x, y), t ≥ 0, x ≤ 0, y ∈ R, Bv(t, 0, y) = 0, t ≥ 0, y ∈ R, v(0, y) = v_0(x, y), x ≤ 0, y ∈ R, has a unique bounded classical solution v, given by

v(t, ·) = e^{tL}v_0 + ∫_t 0 e^{(t−s)L}ψ(s, ·)ds = Qe^{tL}v_0 + ∫_t 0 e^{(t−s)L}Qψ(s, ·)ds, t ≥ 0. For every t > 0, v(t, ·), Dv(t, ·), D^2(t, ·), v_t(t, ·) belong to C^θ_ω(R^2_− ), and

sup_{t≥1} t(‖v(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖v_t(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C(‖v_0‖_C0_{ω (R}2_{−)} + sup_{t≥1} t‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}).

(2.25)

If in addition Bv_0(0, y) ≡ 0, then we have also

sup_{0≤t≤1}(‖v(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖v_t(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C(‖v_0‖_C2+θ_{ω (R}2_{−)} + sup_{0≤t≤1} ‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}),

(2.26)

so that v ∈ X_z, and

‖v‖_{Xz} ≤ C(‖v_0‖_C2+θ_{ω (R}2_{−)} + sup_{t≥0}(1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}). (2.27)

Proof — Since t → ψ(t, ·) is continuous with values in C^0_ω(R^2_− ) and bounded with values in C^θ_ω(R^2_− ) = D_L(θ/2, ∞), then the initial value problem v^′(t) = Lv(t) + ψ(t, ·), v(0) = v_0 has a unique classical solution in the space C^0_ω(R^2_− ), given by the variation of constants formula. Due to [18], both v_t(t, ·) and Lv(t, ·) have values in D_L(θ/2, ∞) = C^θ_ω(R^2_− ) for t > 0, and lemma 2.4 implies that for each t > 0 v(t, ·) has values in C^{2+θ}_ω (R^2_− ). If in addition Bv_0(0, y) ≡ 0 then v_0 ∈ D_L(θ/2 + 1, ∞) by lemma 2.4, and estimate (2.26) follows from [18].

To prove (2.25) we use the estimates ‖e^{tL}Qf‖_C0_{ω (R}2_{−)} ≤ Me^{−ωt}‖f‖_C0_{ω (R}2_{−)}, ‖Le^{tL}Qf‖_C0_{ω(R}2_{−)} ≤ Me^{−ωt} t^{1−θ/2} ‖f‖_Cθ_{ω (R}2_{−)}, ‖L^2e^{tL}Qf‖_C0_{ω (R}2_{−)} ≤ Me^{−ωt} t^{2−θ/2} ‖f‖_Cθ_{ω (R}2_{−)}, with ω > 0, which follow from the usual properties of analytic semigroups of negative type and from the characterization of C^θ_ω(R^2_− ) as the interpolation space D_L(θ/2, ∞). We get immediately ‖e^{tL}v_0‖_C2+θ_{ω (R}2_{−)} ≤ Ce^{−ωt}‖v_0‖_C2+θ_{ω (R}2_{−)}, and for t ≥ 1 ‖ ‖ ‖ ‖ ∫_t 0 e^{(t−s)L}ψ(s, ·)ds ‖ ‖ ‖ ‖_{C0ω (R2−)} ≤ ( ∫_{t/2} 0 + ∫_t t/2 ) Me^{−ω(t−s)} 1 + s ds sup_{t≥0} (1 + t)‖ψ(t, ·)‖_C0_{ω (R}2_{−)}

≤ M ( e^{−ωt/2} log(t/2 + 1) + 1 ω(1 + t/2) ) sup_{t≥0} (1 + t)‖ψ(t, ·)‖_C0_{ω (R}2_{−)}, ‖ ‖ ‖L ∫_t 0 e^{(t−s)L}ψ(s, ·)ds ‖ ‖ ‖_{C0ω (R2−)} ≤ ( ∫_{t/2} 0 + ∫_t t/2 ) Me^{−ω(t−s)} (1 + s)(t − s)^{1−θ/2} ds·

· sup_{t≥0}(1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}

≤ M ( e^{−ωt/2} log(t/2 + 1) (t/2)^{1−θ/2} + 1 1 + t/2 ∫_∞ 0 e^{−ωs} s^{1−θ/2} ds ) sup_{t≥0} (1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}, and for each ξ > 0 ‖ ‖ ‖ξ^{1−θ/2}L^2e^{ξL} ∫_t 0 e^{(t−s)L}ψ(s, ·)ds ‖ ‖ ‖_{C0ω (R2−)}

≤ ξ^{1−θ/2} ( ∫_{t/2} 0 + ∫_t t/2 ) Me^{−ω(ξ+t−s)} (1 + s)(ξ + t − s)^{2−θ/2} ds sup_{t≥0} (1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}

≤ M ( ξ^{1−θ/2}e^{−ω(ξ+t/2)} log(t/2 + 1) (t/2)^{2−θ/2} + ξ^{1−θ/2} 1 + t/2 1 1 − θ/2 ( 1 ξ^{1−θ/2} − 1 (ξ + t/2)^{1−θ/2} )) sup_{t≥0} (1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)},

≤ C 1 + t sup_{t≥0} (1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)},

so that sup_{t≥0} (1 + t)‖Lv(t, ·)]_{DL (θ/2,∞)} ≤ C sup_{t≥0} (1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}, and the statement follows through the characterization of D_L(θ/2 + 1, ∞) provided by lemma 2.4.

The investigation on the term L ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds in formula (2.23) is performed using a general result about abstract parabolic equations in Banach spaces, which we state below.

Proposition 2.9 Let Y be a Banach space, let A : D(A) ⊂ Y → Y be the generator of an analytic semigroup of negative type in X, and let f : [0, +∞) → X be a γ-Hölder continuous function such that

sup_{t≥0} ‖f(t)‖_Y + sup_{t>s≥0}(1 + s) ‖f(t) − f(s)‖_Y (t − s)^γ < ∞, with 0 < γ < 1. Then the function u(t) = ∫_t 0 e^{(t−s)A}f(s)ds, t ≥ 0 is the unique classical solution of u^′(t) = Au(t) + f(t), t > 0; u(0) = 0, u^′ has values in D_A(γ, ∞) for t > 0 and sup_{t≥1} t ‖u^′(t)‖_{DA (γ,∞)} ≤ C ( sup_{t≥1} ‖f(t)‖_Y + sup_{t>s≥1}(1 + s) ‖f(t) − f(s)‖_Y (t − s)^γ ) . If in addition f(0) = 0 then u^′ is bounded with values in D_A(γ, ∞) also for 0 ≤ t ≤ 1, and we have sup 0<t≤1 ‖u^′(t)‖_{DA(γ,∞)} ≤ C‖f‖_Cγ_{([0,1];Y )}. Proof — The regularity of u and the estimate sup_{0≤t≤1} ‖u^′(t)‖_{DA(γ,∞)} ≤ C‖f‖_Cγ_{([0,1];Y )} (if f(0) = 0) follow from well known old results, which go back to Kato [15], see [18] for a detailed proof. Here we check the statement about asymptotic behavior. Let M_k, ω > 0 be such that t^k‖A^ke^{tA}‖_{L(Y )} ≤ M_ke^{−ωt}, t > 0, k = 0, 1, 2, and set [f] = sup_{t>s≥0}(1 + s) ‖f(t) − f(s)‖_Y (t − s)^γ . Then u^′(t) = ∫_t 0 Ae^{(t−s)A}(f(s) − f(t))ds + e^{tA}f(t), t ≥ 0, so that for t ≥ 1 ‖u^′(t)‖ ≤ M_1 ( ∫_{t/2} 0 + ∫_t t/2 ) e^{−ω(t−s)} (t − s)^{1−γ} (1 + s) [f]ds + M_0e^{−ωt}‖f(t)‖_Y

≤ M_1 ( e^{−ωt/2} (t/2)^{1−γ} ∫_{t/2} 0 ds 1 + s + 1 1 + t/2 ∫_{t/2} 0 e^{−ωσ} σ^{1−γ} dσ ) [f] + M_0e^{−ωt}‖f(t)‖_Y ≤ Ct^{−1}([f] + ‖f(t)‖_Y ), and for ξ > 0, t ≥ 1 we have ‖ξ^{1−γ} Ae^{ξA}u^′(t)‖ ≤ ξ^{1−γ} M_2 ( ∫_{t/2} 0 + ∫_t t/2 ) e^{−ω(ξ+t−s)}(t − s)^γ (ξ + t − s)^2(1 + s) [f]ds

+M_1ξ^{1−γ} e^{−ω(ξ+t)} ξ + t ‖f(t)‖_Y

≤ M_2ξ^{1−γ} ( (t/2)^γ e^{−ω(ξ+t/2)} (ξ + t/2)^2 ∫_{t/2} 0 ds 1 + s + 1 1 + t/2 ∫_t t/2 1 (ξ + t − s)^{2−γ} dσ ) [f]

+M_1 e^{−ωt} t ‖f(t)‖_Y ≤ C^′ t ([f] + ‖f(t)‖_Y ), and the statement follows.

We shall use proposition 2.9 to study the function −L ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds. The pro- cedure is the same of [16, Ch. 5], [4], adapted to the present situation.

Proposition 2.10 Let ζ : [0, ∞) × R → R belong to C^{(1+θ)/2,1+θ}([0, ∞) × R), be such that ζ(0) = 0 and

[[ζ]] = sup_{t≥0} (1 + t)‖ζ(t, ·)‖_C1+θ_{(R)} + sup_{t>s≥0}(1 + s) ‖ζ(t, ·) − ζ(s, ·)‖_C0_{(R)} (t − s)^{(1+θ)/2} < ∞. Then the function w(t, ·) = −L ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds, t ≥ 0, is twice continuously differentiable with respect to (x, y), once continuously differentiable with respect to t, and

sup_{t≥1} t(‖w(t, ·)‖_C2+θ_{ω (R2−)} + ‖w_t(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C ( sup_{t≥1} t‖ζ(t, ·)‖_C1+θ_{(R)} + sup_{t>s≥0}(1 + s) ‖ζ(t, ·) − ζ(s, ·))‖_C0_{(R)} (t − s)^{(1+θ)/2} ) . (2.28)

Moreover, w_t = Lw − LN ζ, t > 0, x ≤ 0, y ∈ R, (2.29)

Bw(t, 0, y) = ζ(y), t > 0, y ∈ R. (2.30) If in addition ζ(0, ·) = 0, then we have also

sup_{0≤t≤1}(‖w(t, ·)‖_C2+θ_{ω (R2−)} + ‖w_t(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C ( sup 0≤t≤1 ‖ζ(t, ·)‖_C1+θ_{(R)} + sup_{0≤s<t≤1} ‖ζ(t, ·) − ζ(s, ·))‖_C0_{(R)} (t − s)^{(1+θ)/2} ) . (2.31)

Proof — The function t → N ζ(t, ·) belongs to C^{(1+θ)/2}([0, ∞); C^1_ω (R^2_− )) and it is bounded with values in Q(C^{2+θ}_ω (R^2_− )). Moreover, sup t>s≥0 (1 + s) ‖N ζ(t, ·) − N ζ(s, ·))‖_C1_{ω (R}2_{−)} (t − s)^{(1+θ)/2} ≤ C[[ζ]], sup_{t≥0} (1 + t)‖N ζ(t, ·)‖_C2+θ_{ω (R}2_{−)} ≤ C[[ζ]].

Since C^1_ω(R^2_− ) is continuously embedded in D_L(1/2, ∞), we may apply proposition 2.9 with Y = Q(D_L(1/2, ∞)), A = QL_{|DL(1/2,∞)}, γ = 1/2 + θ/2, u = ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds, getting −u^′ = w(t, ·) − N ζ(t, ·) ∈ D_A(1/2 + θ/2, ∞), t > 0, sup_{t≥1} t‖(w(t, ·) − N ζ(t, ·)‖_{DA(1/2+θ/2,∞)} ≤ C[[ζ]], (2.32)

and, if ζ(0, ·) = 0, sup 0≤t≤1 ‖w(t, ·) − N ζ(t, ·)‖_{DA(1/2+θ/2,∞)} ≤ C[[ζ]]. (2.33) By reiteration, D_A(1/2 + θ/2, ∞) = QD_L(1 + θ/2, ∞), and by lemma 2.4, QD_L(1 + θ/2, ∞) = {g ∈ QC^{2+θ}_ω (R^2_− ) : Bg(0, y) = 0}. It follows that B(w − N ζ) = 0, i.e. (2.30) holds. Since ‖N ζ(t, ·)‖_C2+θ_{ω (R}2_{−)} ≤ C‖ζ(t, ·)‖_C1+θ_{ω (R)}, from (2.32) and (2.33) we get sup_{t≥1} t‖w(t, ·)‖_C2+θ_{ω (R}2_{−)} ≤ C[[ζ]], and if ζ(0, ·) = 0, sup 0≤t≤1 ‖w(t, ·)‖_C2+θ_{ω (R}2_{−)} ≤ C[[ζ]]. Since u^′ is continuous with values in Y = QD_L(1/2, ∞) and bounded with values in D_A(1/2 + θ/2, ∞) = QD_L(1 + θ/2, ∞) ⊂ D(L), then u^′ is continuous with values in D(L), so that Lu is time differentiable and (Lu)^′ = Lu^′. It follows that w = −Lu(t, ·) is differentiable with respect to time and w_t = −Lu^′(t, ·) = Lw − LN ζ, i.e. (2.29) holds. The statement follows.

Taking into account the results of propositions 2.8 and 2.10 we may state the regularity and asymptotic behavior results we need for the z-problem.

Theorem 2.11 Let ψ : [0, ∞) × R^2_− → R, ζ : [0, ∞) × R → R satisfy the assumptions of propositions 2.8, 2.10, and let z_0 ∈ QC^{2+θ}_ω (R^2_− ) be such that Bz_0 = ζ(0, ·). Then the function z defined by

z(t, ·) = e^{tL}z_0 + ∫_t 0 e^{(t−s)L}(ψ(s, ·)+LN ζ(s, ·)−e^xζ(s, ·))ds−L ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds, (2.34) is the unique bounded solution of z_t(t, x, y) = Lz(t, x, y) + ψ(t, x, y) − ζ(t, y)e^x, t ≥ 0, x ≤ 0, y ∈ R, Bz(t, 0, y) = ζ(t, y), t ≥ 0, y ∈ R, z(0, x, y) = z_0(x, y), x ≤ 0, y ∈ R. (2.35)

Moreover z ∈ X_z and ‖z‖_{Xz} ≤ C ( ‖z_0‖_C2+θ_{ω (R}2_{−)} + sup_{t≥0}(1 + t)‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)}

+sup_{t≥0} (1 + t)‖ζ(t, ·)‖_C1+θ_{(R)} + sup_{t>s≥0}(1 + s) ‖ζ(t, ·) − ζ(s, ·))‖_C0_{(R)} (t − s)^{(1+θ)/2} ) . (2.36)

Proof — To study the regularity of z for t > 0 and to get estimates for t near 0, say 0 ≤ t ≤ 1, write it as z = z_1 + z_2, where

z_1(t, ·) = e^{tL}(z_0 − N ζ(0, ·)) + ∫_t 0 e^{(t−s)L}(ψ(s, ·) + LN ζ(s, ·) − ζ(s, ·)e^x)ds, z_2(t, ·) = −L ∫_t 0 Qe^{(t−s)L}N (ζ(s, ·) − ζ(0, ·))ds + N ζ(0, ·). Let us consider z_1: the initial datum v_0 = z_0 − N ζ(0, ·) belongs to C^{2+θ}_ω (R^2_− ), and Bv_0(0, y) ≡ 0. Moreover the function s → ψ(s, ·) + LN ζ(s, ·) − ζ(s, ·)e^x is continuous with values in Q(C^0_ω(R^2_− )) and bounded with values in Q(C^θ_ω(R^2_− )). By proposition 2.8, z_1 solves D_tz_1 = Lz_1 + ψ + LN ζ − ζe^x, t > 0, x ≤ 0, y ∈ R, Bz_1 = 0, t > 0, y ∈ R, z_1(0, x, y) = z_0(x, y) − (N ζ(0, ·))(x, y), x ≤ 0, y ∈ R, and it satisfies

sup_{0≤t≤1}(‖z_1(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖D_tz_1(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C(‖z_0‖_C2+θ_{ω (R}2_{−)} + sup_{0≤t≤1} ‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)} + sup_{0≤t≤1} ‖ζ(t, ·)‖_C1+θ_{(R)}). Let us consider now z_2. The function s → ζ(s, ·)−ζ(0, ·) is (θ +1)/2-Hölder continuous with values in C^0(R), and bounded with values in C^{1+θ}(R); moreover it vanishes at s = 0. By proposition 2.10, z_2 solves D_tz_2 = Lz_2 − LN ζ(t, ·), t > 0, x ≤ 0, y ∈ R, Bz_2(t, 0, y) = ζ(t, y), t > 0, y ∈ R, z_2(0, x, y) = (N ζ(0, ·))(x, y), x ≤ 0, y ∈ R, and it satisfies

sup_{0≤t≤1}(‖z_2(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖D_tz_2(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C(‖z_0‖_C2+θ_{ω (R}2_{−)} + sup_{0≤s<t≤1}(t − s)^{−(1+θ)/2}(‖ζ(t, ·) − ζ(s, ·)‖_C0_{ω (R}2_{−)}

+ sup_{0≤t≤1} ‖ζ(t, ·)‖_C1+θ_{(R)}).

Summing up, we get that z solves (2.35) and

sup_{0≤t≤1}(‖z(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖D_tz(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C(‖z_0‖_C2+θ_{ω (R}2_{−)} + sup_{0≤t≤1} ‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)} + sup_{0≤t≤1} ‖ζ(t, ·)‖_C1+θ_{(R)}).

To get estimates for t ≥ 1 we split z = z_1 + z_2, where now

z_1 = e^{tL}z_0 + ∫_t 0 e^{(t−s)L}(ψ(s, ·) + LN ζ(s, ·) − ζ(s, ·)e^x)ds,

z_2(t, ·) = −L ∫_t 0 e^{(t−s)L}N ζ(s, ·)ds. Using respectively estimates (2.25) and (2.28) we get

sup_{t≥1} t(‖z_1(t, ·)‖_C2+θ_{ω (R}2_{−)} + ‖D_tz_1(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C(‖z_0‖_C2+θ_{ω (R}2_{−)} + sup_{t≥0}(1 + t)(‖ψ(t, ·)‖_Cθ_{ω (R}2_{−)} + ‖ζ(t, ·)‖_C1+θ_{(R)})), and sup_{t≥1} t(‖z_2(t, ·)‖_C2+θ_{ω (R2−)} + ‖D_tz_2(t, ·)‖_Cθ_{ω (R}2_{−)})

≤ C ( sup_{t≥0} (1 + t)‖ζ(t, ·)‖_C1+θ_{(R)} + sup_{t>s≥0}(1 + s) ‖ζ(t, ·) − ζ(s, ·))‖_C0_{(R)} (t − s)^{(1+θ)/2} ) , and the proof is complete.

2.4 The solution of the nonlinear system The (q, z)-system will be solved in the obvious way, looking for a fixed point of the operator Γ defined in a small ball B(0, r) ⊂ X , Γ(q, z) being the couple (~q, ~z) defined by

~q(t, y) = (T (t)q_0)(y) + ∫_t 0 T (t − s)h(q, z)ds (y),

~z(t, x, y) = (e^{tL}z_0)(x, y) + ∫_t 0 Qe^{(t−s)L}(f(q, z)(s, ·) + LN g(q, z)(s, ·))ds (x, y)

−L ∫_t 0 e^{(t−s)L}N g(q, z)(s, ·)ds(x, y). Here T (t) is the heat semigroup in dimension n = 1, e^{tL} is the semigroup generated by L, h(q, z) is defined by the right hand side of (2.14),

h(q, z) = q_yz_y(0) + 1 4 (q + 1)(z_y (0))^2 + q + 1 2 ω ( 2q_y q + 1

+ z_y(0) ) , g(q, z) is defined by (2.17), and f(q, z) is defined by (2.16).

Theorem 2.12 Let q_0 ∈ C^{2+θ}(R) and z_0 ∈ Q(C^{2+θ}_ω (R^2_− )) be such that the compatibility condition Bz_0(y) = ( 1 + ( 2q^′_0(y) q_0(y) + 1 + ∂ ∂y z_0(0, y)

)_2)_{−1/2} − 1 (2.37) holds.

There are r, ρ > 0 such that if

‖q_0‖_C2+θ_{(R)} + ‖z_0‖_C2+θ_{ω (R}2_{−)} ≤ r

then problem (2.14,2.15) with initial data (q_0, z_0) has a unique solution in the ball B(0, ρ) ⊂ X . There is K > 0, independent of q_0 and z_0, such that the solution (q, z) satisfies

‖(q, z)‖_X ≤ K(‖q_0‖_C2+θ_{(R)} + ‖z_0‖_C2+θ_{ω (R}2_{−)}).

Proof — The initial value problem for (2.14,2.15) is rewritten in the equivalent form (q, z) = Γ(q, z), Γ being the nonlinear operator defined above.

It is important to understand why Γ maps (a small ball of) X into itself. Due to the behavior of g near q = 0, z = 0, we get |h(q, z)(t, y)| ≤ C(|q_y(t, y)z_y(t, 0, y)| + |z_y(t, 0, y)|^2 + |q_y(t, y)|^4) ≤ C 1 + t^{3/2} ‖(q, z)‖^2_X ,

| ∂ ∂y h(q, z)(t, y)| ≤ C 1 + t^2 ‖(q, z)‖^2_X . Therefore the function φ(t, y) = g(q, z)(t, y) satisfies the assumptions of theorem 2.6, with α = 1/2. Theorem 2.6 guarantees that ~q is in the right space X_q, provided q_0 ∈ C^{2+θ}(R). In addition, ‖~q‖_{Xq} ≤ C(‖q_0‖_C2+θ_{(R)} + ‖(q, z)‖^2_X ). (2.38) Moreover, |g(q, z)(t, y)| ≤ C(|q_y(t, y)|^2 + |z_y(t, 0, y)|^2) ≤ C 1 + t ‖(q, z)‖^2_X , and using the inequality | | | 1 (1 + a^2)^{1/2} − 1 (1 + b^2)^{1/2} | | | ≤ |a − b| |a + b| we get |g(q, z)(t, y) − g(q, z)(s, y)|≤ (| | | q_y(t, y) 2(q(t, y) + 1) − q_y(s, y) 2(q(s, y) + 1) | | | + |z^y(t, 0, y) − z^y(s, 0, y)| )

· | | | | q_y(t, y) 2(q(t, y) + 1) + q_y(s, y) 2(q(s, y) + 1) + z_y(t, 0, y) + z_y(s, 0, y) | | | | so that sup t>s≥0 (1 + s) ‖g(q, z)(t, ·) − g(q, z)(s, ·))‖_C0_{(R)} (t − s)^{(1+θ)/2} ≤ C‖(q, z)‖^2_X . Therefore, the function ζ(t, y) = g(q, z)(t, y), t ≥ 0, y ∈ R, satisfies the assumptions of proposition 2.10.

Concerning the nonlinear function f, we get easily sup_{t≥0} (1 + t)‖f(q, z)(t, ·)‖_Cθ_{ω (R}2_{−)} ≤ C‖(q, z)‖^2_X . Therefore the function ψ(t, x, y) = f(q, z)(t, x, y) + e^xg(q, z)(t, y), t ≥ 0, x ≤ 0, y ∈ R, satisfies the assumptions of proposition 2.8. The initial datum z_0 is in Q(C^{2+θ}_ω (R^2_− )) and the compatibility condition Bz_0 = ζ(0, y), y ∈ R is satisfied thanks to (2.37). We may apply theorem 2.11 which gives ~z ∈ X_z and

‖~z‖_{Xz} ≤ C(‖z_0‖_C2+θ_{ω (R}2_{−)} + ‖(q, z)‖^2_X ). (2.39)

Using (2.38) and (2.39) it follows that if Cρ ≤ 1/2 and ‖q_0‖_C2+θ_{(R)} + ‖z_0‖_C2+θ_{ω (R}2_{−)} ≤ r = ρ 2C then Γ maps the ball B(0, ρ) ⊂ X into itself. Similar arguments show that if Cρ ≤ 1/2 then Γ is a 1/2-contraction. Therefore it has a unique fixed point (q, z) in the ball, which satisfies ‖(q, z)‖_X ≤ 2C(‖q_0‖_C2+θ_{(R)} + ‖z_0‖_C2+θ_{ω (R}2_{−)}).

References

[1] D.G. Aronson & H.F. Weinberger: Multidimensional nonlinear diffusion arising in population genetics, Adv. Math. 30 (1978), 33-76.

[2] H. Berestycki, B. Nicolaenko & B. Scheurer: Travelling wave solutions to combustion models and their physical limit, SIAM.J. Math. Anal. 16 (1985), 1207-1242.

[3] C.M. Brauner, J. Hulshof & Cl. Schmidt-Lainé: The saddle point property for focusing selfsimilar solutions of a combustion type free boundary problem: the radial case, Proc. Amer. Math. Soc. 127 (1999), 473-479.

[4] C.M. Brauner , J. Hulshof & A. Lunardi: A general approach to stability in free boundary problems, J. Diff. Eqns. 164 (2000), 16-48.

[5] C.M. Brauner & A. Lunardi: Instabilities in a combustion model with free boundary in R^2 , Arch. Rat. Mech. Anal. (to appear). Preprint Dip. Mat. Univ. Parma (1999).

[6] C.M. Brauner, A. Lunardi & Cl. Schmidt-Lainé: Multi-dimensional stability analysis of planar travelling waves, Appl. Math. Letters 7 (1994), 1-4.

[7] C.-M. Brauner, S. Noor Ebad, C. Schmidt-Lainé: Nonlinear stability analysis of singular travelling waves in combustion: a one-phase problem, Nonlinear Analysis TMA 16 (1991), 881-892.

[8] J.D. Buckmaster & G.S.S. Ludford: Theory of laminar flames, Cambridge University Press (1982).

[9] J.D. Buckmaster & G.S.S. Ludford: Lectures on mathematical combustion, CBMS-NSF Conference series Applied Mathematics, SIAM (1983).

[10] L.A. Caffarelli & J.L. Vazquez: A free boundary problem for the heat equation arising in flame propagation, Trans. Amer. Math. Soc. 347 (1995), 411-441.

[11] P.C. Fife & J.B. McLeod: The approach of solutions of nonlinear diffusion equations to travelling wave solutions, Arch. Rat. Mech. Anal. 65 (1977), 335-362.

[12] D. Henry: Geometric theory of semilinear parabolic equations, Springer Lecture Notes 840 (1981).

[13] D. Hilhorst & J. Hulshof: An elliptic-parabolic problem in combustion theory:

convergence to travelling waves, Nonlinear Analysis TMA 17 (1991), 519-546.

[14] T. Kapitula: Multidimensional stability of planar travelling waves, Trans. Amer.

Math. Soc. 39 (1997), 257-269.

[15] T. Kato: Perturbation Theory for Linear Operators, Springer-Verlag, Berlin (1966).

[16] A. Lunardi: Analytic semigroups and optimal regularity in parabolic problems, Birkhäuser-Verlag, Basel (1995).

[17] A. Lunardi: Stability in Fully Nonlinear Parabolic Equations, Arch. Rat. Mech.

Anal. 130 (1995), 1-24.

[18] E. Sinestrari: On the abstract Cauchy problem of parabolic type in spaces of continuous functions, J. Math. Anal. Appl. 107 (1985), 16-66.

[19] B.J. Matkowski & G.I. Sivashinsky: An asymptotic derivation of two models in flame theory associated with the constant density approximation, SIAM J. Appl. Math. 37 (1979), 686-699.

[20] D.H. Sattinger: On the stability of waves of nonlinear parabolic systems, Advances in Math. 22 (1976), 312-355.

[21] G.I. Sivashinsky: On flame propagation under conditions of stoichiometry, SIAM J. Appl. Math. 39 (1980), 67-82.

[22] J. X. Xin: Multidimensional stability of travelling waves in a bistable reactiondiffusion system, Comm. PDE’s 17 (1992), 1889-1900.