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Background

k: a number field of degree d

r1: the number of real embeddings of k

2ry: the number of complex embeddings of k
Oy: the ring of algebraic integers of k

K1(O) 2 O;f hasrank r =73 + 719 — 1

Let 01,...,0,+1 be the embeddings of k into C up to complex
conjugaton.
If uy,...,u, form a Z-basis of O} /torsion, let
or 1 logloi(ui)] ... logloy(uy)
R = det | : : :
[k . @] | . . . |
1 loglorti(ur)| ... loglori(ur)l

Fhen o1 (21)" R|C1(O

T1 T2

Ress=1Ck(s) = 2m) RO
w+/| Dy

D;. = the discriminant of &
W = |Of torsion| = #T00ts of unity in k



Theorem (Borel)

For n > 2:

o K2n—1(l€) has rank ry if (—l)n = 41, where r, = ry and
r_ =11+ 1re.

e there is a natural regulator map

-
Kgn_l(k) — < H R) ~ RT+

0:k—C

where F indicates the part where x, = Fxz, with image a
lattice;
o if R, (k) denotes the volume of a fundamental domain of this
image then

Ce(1) /| Di|

™ F R, (k)
is in Q*.



The conjecture

Interpolation formula
The p-adic L-function Ly, of a totally real number field £ sat-
isfies

Ly p(n,w, ") = Ep(n)Cr(n)
for all integers n < 0, where Ey(s) = [[p,(1 — N(P)™%).

Let k' Cc C, = @p be the Galois closure of k£, with completion k.
For o : k — k' consider

o TeZoyn o~
regp,a . K2n_1(k) = Kgn_l(ok) —_— Kgn_l(ok/) ——= k' .
For k totally real and n > 2 let R, ,(k) be the determinant of

regp’a —~
Ko,—1(k)/torsion LI, k'd

with respect to a basis of Ks,_1(k)/torsion.

Conjecture (B. Perrin-Riou; A. Besser and R. de Jeu)
For p prime, k a totally real number field, and n > 2 odd, we
have:

e R, (k) and Ly ,(n,w, ™) are non-zero;

e with D,i_/ 2P g square root of Dy in C, the quotient

Ly p(n,wi ")D)/*"
Ep(n)Rn,p(k)

is in Q*;

e this is the same rational number as in Borel’s theorem.
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For the last part we use compatible p-adic and real regulators
and roots of Dy:

e fix a Z-basis {a1,...,aq} of O;
o fix a Z-basis {A1,..., Aq} of Kon_1(k )/torsmn
o let afozk%Candap k—>k’(' 1,...,d) be the embed-

dings;
o let
D}/>™ = det(0°(a;))  Dy/*P = det(0®(ay))
R, (k) = det(0°(4;)) Ry p(k) = det(a?(4;)).
Then
DI::;/2,OO a d D’1€/27p
n
Ry, (k) Ry p(F)

are invariant under reordering the o9 or o} and transform in the
same way if we change the bases of Oy and Ka,,_1(k)/torsion.

Remark

o Ly p(n,w,”™) and Rn,p(k:)/D,]{;m’p are in Q,.

e In the conjecture we could replace Ks,_1(k)/torsion with
Kon—1(k)g and use a Q-basis.

Remark
The conjecture is analogous to the result by Colmez that

2 R ,|CL(Oy)]

for the p-adic regulator R; , of K;(Oy)/torsion = Of /torsion.



Zagier’s conjecture: describing Ks, 1(k)
Let

J
Li,(z) = Z—n (z in C with |z| < 1;n > 1)
=17

e Li;(2) = —Log(1 — 2)

e Li,, .1 (z) = Liy(2)/2

e Li, (2) extends to a multi-valued analytic functions on C\{0, 1}
On C\ {0,1}

Pal) =t (X 2 (21og el Lin () )

1
=07’

is single-valued and satisfies P,(z) 4+ (—=1)"P,(1/z) = 0.
[b; = j-th Bernoulli number; 7, = Im for m odd, Re for m
even. |



For n > 2:

e let B,,(k) be a free abelian group on [z], (x # 0,1 in k)
e define .
P, : B,(k) — R?

[x]n = (Pn<0'($)))0:k—>(:

e define inductively

2
dy, - By(k) = A¥. tn =2

Cr1(k) @z k* if n > 2

(I1—z)Axifn=2

[m]n—l Qxifn>2
and

C,(k) = By (k)/Ker(d,) NKer(P,)



Conjecture (Zagier)
If n > 2 then:
(i) there is an injection

Ker(d,,
( ) = — Kgn_l(k)(@
Ker(d,) N Ker(FP,)

with image a finitely generated group of maximal rank;
(ii) Borel’s regulator map is given by P,:

Ker(d,)
Ker(d,) N Ker(P,)

2
3
S
L
=
()

commutes.

Theorem (R. de Jeu; Beilinson-Deligne)
For n > 2 there exists an injection as in Zagier’s conjecture such
that the diagram commutes, with finitely generated image.

Remark
e For n = 2 this predates Zagier’s conjecture and is due to Bloch
and Suslin.
e The image in the theorem has maximal rank for:
* n =2 (Suslin);
* n =3 (Goncharov);
* all n > 2 if k is cyclotomic.



p-adic polylogarithms: Coleman integration on Elcp

AN

Let:

® Cp = Qp

e |- |, p-adic valution with |p|, =p
e (0: valuation ring

e F,: residue field

-1

Fix a logarithm log : C; — C, such that:
e log(ab) = log(a) + log(b);
e log(1 + z) = usual power series expansion for |z|, small.

For each z in P% (Fy):

o let ’
U, = residue disc of z = {all y in ]Pép (Cp) that reduce to x},
a copy of the maximal ideal of O

e fix a local parameter t = t, on U, (e.g., t, = z — z if x # o0,
too =1/2)



For x # 1,00 in ]P’%p (F,) let:

e A(Uy) ={>_."ant™ that converge for [t|, < 1}
o Aiog(Us) = A(Us)
® Qlog(Ux) = Alog(Ux)dt

For x =1, 00 let:

e A(U,) ={>_7" __ aut™ conv. for r < [t|, <1, somer <1}
o Alog(Uw) — A<Ux)[log t]
e Qg (Uy) = Ayog(U,)dt

Then

0 Cp Alog(Ux) $ Qlog(Um) —0

is exact for each z since dlog(t) = dt/t.

Theorem (Coleman):
There exists a subspace

ACOI C H Alog(Ux)
CUEX(FP)

contalning

Ayig = li%rllArig(IP’(lcp \ {z such that |z — 1|, <ror |z|, > 1/r})

and such that, with Q¢ = Acodz,

d
0 Cp ACol — QCol —0
1S exact.
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Definition
For w in Qco and P, Q) not in Uy or Uy, let

Q
/P w=F,(Q) — F.(P)

for any F,, in Ago with dF, = w.

Example

Put Li,y1(2 fo Li,(y)dlogy starting with Lip(2) = tZ5.

The Li, (2 ) are characterlzed in Age by

o Lin(2) =352, & ~ for |z], < 1

o dLi,4+1(2) = Lln( )dlog(z) when n >0
Other properties:

e The Li,(z) extend to C, \ {1}.
o Lin(2™) = m" ' 3 m_y Lin(C2).

The function

ch log” (2)Li,— i(2)

with ¢y = 1 satisfies

if ZJ 0 JJ), = 0.
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Theorem (A. Besser and R. de Jeu)
Let k be a number field, and for ¢ : k — k' let

Cy(0) ={[z], | o(x), 1 — o(x) are in O*)
_ Bn (k)
~ Ker(d,) NKer(P,)

Cn (k)

Then ~ R
PP B, (k) > K

[z]p = Pr(o(z))

induces a map

AN

PP:C%(0) = K

and the solid arrows in

i Ker(d,,)
CRHO) N Ker) e ey i

form a commutative diagram.

Remark

e We conjecture that the dotted arrow exists and that the full
diagram commutes.

e This holds for m[z], if z # 1 is an m-th root of unity.
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Calculations

We checked the Perrin-Riou/Besser—de Jeu conjecture numer-
ically under the assumption that the dotted arrow in the last
diagram exists and that the resulting diagram commutes.

About the calculations:

e To find a subgroup of Ker(d,)/Ker(d,) N Ker(P,) of rank
dimg Ks,—1(k)g we start with a lot of elements z # 0,1 in k
and go through the process of Zagier’s conjecture.

e We used the computationally simple

PP(2) = Li,(2) + log™ ! (2) log(1 — 2)/n!
so that PP(1/z) = (=1)""1P?(z) and we reduce to |z|, < 1.
o If |2/, < 1 and |z — 1|, > 1 then we compute P?(z) using

Taylor series around the Teichmiiller representatives (.
o If |1 — 2|, < 1 then we do this for

Li,(z) —

— log(2)Li,—1(2),

which has a power series expansion on Uj.
e All constants of integration are determined by using

Lin(2™) =m™ ' ) Lin(¢2)

¢m=1

or by using that

Lin(2) = p~"Lin(2") = gu(1/(1 - 2))

for some g, (v) in vQ[[v]], convergent when |v| < p!/(P~1),
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