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K> of a field

For a field F let F* = F\ {0,1}. Then
Ko(F) = F* @7 F*/{x ® (1 — x)|x € F")
is an Abelian group written additively with

generators {a, b} = the class of a® b

relations  {ajao, b} = {a1, b} + {a2, b}
{a,bibo} = {a, b1} + {a, ba}
{a,1—a}=0ifaisin F’

Then also {a, b} = —{b,a} and {c,—c} =0 for a, b, c in F*.
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K-theory of a curve

Let C be an irreducible regular curve over a field k and F = k(C).
We have the

= [pecawy Ka(k(P)) = Ka(C) — Ka(F)
2 Hpecw K3(k(P)) = K3(C) — K3(F)
= [pecayK2(k(P)) = Ka(C) — Ko(F)

L Mpecawk(P)* = Ki(C) — F*

B pecwZ = Ko(C) = Z = 0

with the tame symbol T : Kz(F) = [[pccak(P)* given by
fordp(g)

Te({f,g}) = (~1)erdr(Pordr(e) P

gordp(f)
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Ka of a curve

We try to approximate Ky(C) as ker(T) and K4(C) as ker(0) using

N H Ka(k(P)) — K2(C) — Ka(F 4> H k(P
pect pectt
—_— K4(k(P))—>K4(C)—>K4(F)3> [T Kak(P) —
Pec) pPec)

Fact If k is a number field then
(1) all K2,(k(P)) (n > 1) are infinite torsion groups;
(2) K3(k(P)) is torsion if and only if k(P) is totally real.

Conjecture (Beilinson) if C is complete, regular and geometrically
irreducible, and k is a number field, then
(a) dimg K4(C)g = [k : Q] - genus(C) & o integrality condition
(b) Ry(C) = qLN(C,—1) # 0, where g € Q*, and R4(C) is a

of K4(C)g and we assume L(C, s) satisfies a
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Definition of a Beilinson regulator

Let

Can: complex manifold associated to C(C)

o: complex conjugation on Gy
reg : Ka(C) = Hig(Gan; R)* = {¢|o*(€) = &}

{71,...,7%}: a Z-basis of Hi(Can; Z)" = {7|o(7) = 7},
{a17 R )ar}: d @'baSiS of K4(C)Q

Then

Ri(C) = (2mi)~ % det(M) with M, = / reg(ay)
Vi
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A definition using surface integrals

With
{15} Zebasis of Hi(Cani Z2)™ = {vlow(v) = =7},
{wi,...,w}: R-basis of V* = {w in H(Con; QV)|0*(w) = @}, let
™= (f'yj{ wi)j,1
Orient C,, such that o reverses the orientation, and let
R = fcan reg(aj) Awj € iR.
Then det(R
Ra(C) = (2ﬂi)2’<§et)(T_)

J

For such w one can extend Ki(C) — Hiz(Can; R)T A7 IR over

Ka(C) = Ka(F) = Ka(F)/Ka(k) U F*.
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Adams weights

F any field, F* = F\ {0,1}.
o Ko(F) =17
o K]_(F) = F*
o Ky(F)~ F* @z F*/{(1 - x) ® x with x € F)

e K,(F) for n > 3 can have several parts. Write

K(j)(F) C Ky ( )o for the jth Adams weight eigenspace.

o Ko(Flg = K(F) =@

° Ki(F)g Kf (F)=Fg
#(F)g = &7, KV (F) for n > 2

o K\(F) =~ KM(F)q for n > 2, with
KM(F) = (F)®"/(--- @ (1 —x)®x®... with x € F?)

@ Beilinson-Soulé conjecture: K,(;j)(F) =0 for2j < nand n>0.

®
=
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K (F) with j < n is not so easy in general.

Theorem(Suslin; actually for K3(F) modulo image of KM (F)) If F
is infinite, then there is an exact sequence

@[Fb] d 2 (2)
F: — K7 (F
(5-term relations) = NFg = K7 (F) = 0

0= KP(F) =

where the b-term relations are of the form

5

> (~1)[er(Py, ..., Pi,... Ps)]

i=1

for 5 distinct points P; in Pk, and d[x] = (1 — x) A x.
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The localization sequence with weights

For j € Z we have the exact localization sequences

—>Hpaﬂﬂ<’l(MPD KI(C) — K (F)
— Hpecy KV (k(P)) = KP(C) = KY(F)
— Ipecor KV (k(P)) = KP(C) = KP(F)
= peca KUI(MP»—»K“«3—+K°(>
— Ipeco K&V (k(P)) = KP(C) = KY(F) = 0

In particular, 0—>K2 (C)—>K2 ( )%]_[PK ( (P)) and
05 KI(C) = KI(F) = 11p K (k(P))

Rob de Jeu Ky of curves over number fields



Goncharov's/Zagier's conjectures

Conjecture (Goncharov, Zagier) F any field of characteristic zero
(for simplicity). There exist Q-vector spaces M,)(F) (n > 2)
generated by symbols [f], with f in F°, satisfying certain
(unknown) relations, such that

(1) for the cohomological complex in degrees 1, 2

My(F) : May(F) S N\ FS
[l (1—F)AF

there exists Hl(Mv(2)(F)) — K3(F) giving an isomorphism
HY (M)(F)) = K§(F) € Ka(F)g
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(1a) If k is a number field then we get, for any 7: k — C
H (Mz)(K) 5 K§2(k) = Ka(K)g ™5 Ka(C)o ™% R
(reg is Beilinson's regulator map) is given by
[x]2 = Pa(7(x))

where, for z € C\ {0,1}
P>(z) = / log |z|diarg(l — z) — log|1 — z|diarg z = iD(z)
20

for any zp € R\ {0, 1}.
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(2) for the cohomological complex in degrees 1, 2, 3

3
M3)(F) : Mz)(F) % My (F) @ F % AFS
[fo@g— (1—-Ff)AfAg
[fls > [fla® f

there exists H2(//\/lv(3)(F)) — K4(F)q giving an isomorphism
HA(M)(F)) = K7 (F) € Ka(F)o
with an explicit relation (see later) with the boundary map

3K4 —)HK3
pect)
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Some results

Proposition If F has characteristic zero then
(1) there exists an injection

H (M )(F)) = KP(F) € Ka(F)g
(2) there exists a map
HA(M(3)(F)) — K (F) € Ka(F)g

If k is a number field then also
(1a) for F = k (1) is an isomorphism, and for 7 : k — C,
HY (M2 (K)) = Ks(k)g = K3(C)g =% iR

is given by
[x]2 = P2(7(x))
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(2a) if F = k(C) , win VT then the composition
HA(Ma)(F)) = Ka(F)g "% Hig(Fani R)* 125 iR,

is induced by

[flo®g— —§/ P, o fdlog|g| AW

an

= g/ log |g|(log|f|dlog |l — f| — log|f|dlog|l — f]) A&
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Relation with O

Proposition The diagram
3

Ms)(F) M) (F) ® Fg d NFs

| lﬁ [

0 ——TIpecw Mey(k(P)) — = TTpecy A* k(P

commutes, where

[flo ® g 25 ordp(g)[F(P)l2

f/\g/\hrE—P>Ordp(f)g/\h7p—Ordp(g)fip/\h7p+ordp(h)g/\§

d

with fp = (fwgordP(f))‘p for any uniformizer 7p at P.
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Proposition The diagram

H2(M3)(F)) Ka(F)o
28 9
1 Hpecw K3(k(P))o
[pecw H (M2)(k(P))) o(Ks(K) U F3)

commutes (up to a universal sign)
Let M y(C) be the total complex associated to the double
complex on the previous page, so

0 = H(M)(C)) = H*(M(F) = [T H"(Mep)(k(P)))
pec®)

is exact.
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Regulator maps

From the commutative diagram (vertical maps are injective)

reg

H?(M 3 (F)) Ka(F)a

|

Ka(C)g @ Ka(k) U Fg

]

H2(M3)(C)) Ka(C)o

HC%R(Fan; R)+

Hir(Cani R)*
we define the composition

b HA(M3)(C)) = Ka(C)g ® Ka(k) U FS ™% Ka(C)g
Theorem reg(im(®¢)) = reg(Ka(C)q)
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are calculated faster so want reg(/3) as 1-form.
Proposition For f in F” and g in F* let

P(f,g) = 2P(f)diargg — log|f|log |g|dlog |1 — f|
— 3 log|1 — f|(log |f|d log |g| — log|g]d log |f])
With
W H(Ms)(C)) = Hin(Cuni ) € Hip(Funi B
[fl2®g = ¥(f,g)
we have reg(®c(8)) = V(B) for 8 in Hz(Mv(3)(C))

Idea of proof [ reg(®c(B)) AW = [ W(B)Aw forall win
HO(Can, Q1) by Stokes' theorem and the conditions on 3.
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Some simple examples (over Q)

Simple example 1 For E : (y — 3)> = x> + 1 (N = 27) we have
y(1=y)=(-x)*sofor f=[yla® (1 —x)=3[x@y

dB) =1 -y)AyA(l=x)—(1-x)Ax*Ay=0.

6(B) is supported in E(Q(+/5)) so is trivial, and
B € H*(M3)(C)). Numerically, Ry(®£(B)) = —2L'(E, -1).

Simple example 2 For E: (y — 3)> =x3 — x2 + 7 (N = 11) we
have y(1 — y) = x?(1 — x) and 8 = [x]> ® y + [y]2 ® x satisfies
d(B) = 0. &(B) is supported in E(Q) so is trivial, and

B € H2(M3)(C)). Numerically, Ra(®g(8)) = —3L'(E, -1).
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A tricky construction

F* @z F*, with the ¢; integers and the f; in F”. Then

Pr=[-mhoh+) glfle1-Mn)
j

is in HQ(M(3)(F)) because

hA(L—h) A+ G(L—f)AfA(L—h)=0.
j

Also in H2(M(3)(F)) is fo = Ej Cj[G]Q ® hy, with 6(52) in
Hpccw Hl(M(g)(k(P))) supported where ordp(hy) # 0.
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Drawbacks:

(1) the B; are not completely explicit: cannot compute the f; in
practice, so cannot compute §(5;).

(2) it is difficult to find a non-zero example this way: the obvious
trivial elements in Ky(F) ({f,1—f},{f,—f},...) only give
p1=p2=0.

Advantage(?):

For w the regulator integral of ®£(/51) equals (so is known!)

—4/ log |1 — h1|log |ho|d log |h1| A0

and of ®g(5,) it equals
—4/ log || log || log | | A T

an
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Non-trivially trivial elements in K(F)

Let E/k be an elliptic curve, F = k(E).

Suppose P, Q in E(k) satisfy
(1)2P=0,dQ =0
(2) P#£0,2Q# 0O

Pick fp and fg in F* with
(fe) = 2(P) —2(0) fe(Q) =1

(fQ) = d(Q) — d(0) fo(P) =1
so {fp,fo} isin ker(T), T : Ko(F) — [Ipccay k(P)*.

Fact Translation on E acts trivially on ker(T)/Ka(k) with Ka(k)
coming from the base field via pullback.

Translating over P we find, modulo K(k),
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{fp, fo} = Tp{fe,fo} = {Tpfp, Tpfa} = {cfp*, Tpfg}
with ¢ = fp Tpfp in k*. Hence, for some « in Kz(k),

{fp, fQTPfQ} = {C, Tpr} + «
If ¢" =1 then
{fp, (fQ Tpr)n} = N«

lies in K2(k) and is trivial:

{fp, (fQ Tpr)n} = n{fp, fQ Tpr} = n{fp, (1 — fp)_de TPfQ}

can be pulled back to @, and fp(Q) = 1.

The elements f; in H2(M(3)(F)) constructed from
{fp, (fo Tpfg)"} = 0 have boundary supported in
G = (P, Q) C E(k) and ) 5. TsBi has trivial boundary.
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A very explicit example

For s # 0, —%, —1 the point (0,0) has order 6 on
E:y*+(1—s)xy —(s>+5s)y =x>—(s° +5)x°

With P = 3(0,0) = (s,s%), Q = —2(0,0) = (s®> + 5,0) we get
fp =s?(x—s)and c = fpTpfp = —1/s.
For s = 1 we have y? — 2y = x3 — 2x?, where ¢ = —1,
foTrfo = (x —y)(2x+y — 4)*(x = 1) (x ~2)7°

and, in K>(Q(E)),

0={(x—1)%foTpfo} = {(x = 1)%, (x — y)’(2x + y — 4)*}
Both 31 and 3, are in H2(ﬂ(3)(E)). Using surface integrals:
Ra(®£(B1)) = —2Ra(Pe(B2)) = 2L'(E, —1) numerically.
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A general method

Starting with some generators [u]o ® v in I\~/I(2)(F) ® Fg we can try
to find elements in H*(M3)(F)) using a computer.

Advantages:

(1) can aim for elements in K, for a given curve

(2) method could work for any curve over any (number) field
(3) the elements are completely explicit

Problems:
(1) not clear which [u], ® v lead to an "efficient” calculation
(2) the resulting elements could be big

For an elliptic curve E we start from
on E with all ¢; in k*, cihbh
non-constant, all /;, m;, n; equal to 1 or in a finite set of lines

(A1, A} Ifu= Shbh thep 1y = @mmem
Lyeeer Aty c3ninang czninanz -
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An honest example (over Q)

Example E:y? +y+1=x3—x (N =179)

E(Q) = {0} so Q[x,y]/(y* +y +1—x3+x) isa UFD and it is
easy to calculate in F* = Q(E)*. With

Al = x A=x+1 A3 =x-—1
Ay=y As =y —1 As=y+1
A7 =y +x Ag =y —x Ag=y+x+1

An=y—-x+1 An=y+x—-1 Ap=y—-x-1

yields 32 really distinct linear triplet relations i.e., that
are not polynomial identities. The only prime factors in the ¢; are
2, 3. For example

4A1A2A3 + (—1)AZ = 3A¢
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The give

- TS 7 IR - R
e~ TS L L

_ A _A __A _ AlAs
Uo = A, As U0 = 74 1 = =7 U12 = A545,
i3 = Ai\:h u1g = ATA3 uis = Aigh Ui = AE\?
U7 = f\‘jﬁ; u1g = —Aigﬁ ug = —Ai?6 Uy = 7A12§A3
up1 = %?43 Upp = %2'43 Up3z= 4/4;722/43 u2g = A1A2A3
us = A1A4As U6 = —Lﬁ;As up7 = 7A1€498A1° upg = 2 ;\45:12
g = —% us0 = 2‘922\1% U3 = %ﬁé‘s usp = —%ﬁé‘ﬁ
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We avoid simple relations among the [u;]2 by using a complement
in Z[[uj]2] of the kernel of the composition

Z{[ulo] — Miay(F) — /\ F
[u,']g — (1 — u,-) N Uj

For computing the regulator numerically:

if W(3) is defined on Ean \' S and v is a path in E,, \ S, then
f reg(®e (3 f V(B

S=Ui(EN A,-) may be big and "in the way", necessitating large
precision when integrating over v in Hy(Ean; Z)™"
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Using vj in {A1,...,A12,2,3} we get 32 x 14 = 448 generators
[uil2 ® vj in M(2)(F) ® Fg) and find 129 independent elements in
the kernel of 3

d: Moy(F)® Fy— N\ FS
that also satisfy the boundary condition

ker(d) = HX(M@)(F) > [T H M) (Q(P)))
PcE®)

Of those only 2 give non-zero regulators, with values L'(E, —1) and
—21L'(E, —1). For the first one the element is, modulo
(Bla® A1,...,[8]2® A12,[3]2® 2, [3]2 ® 3),
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(2[u1]2 + 4[uz]2 — 16[us]o + 43[ua]2 + 4[us]2 — 11[ue)2 + 16[u7]2 +
22[ug]> — 14[ug]2 + 34[u10]2 — 12[u11]2 + 20[u12]2 + 14[u13]2 —
15[tn4]2 — 5[us]2 + 26[u16]2 — 5[ur7]2 — 2[t1g]2 + 25[u1g]2 +
[uoo]2 + 56[uo1]2 + 34[u2z]2 — 22[u24]2 — 12[uos]2 + 13[uze]2 —
12[u27]2 + 2[U29]2 — 4[U30]2 + [U31]2 — 8[U32]2)®A1 + (—19[u2]2 —
8[ual2 + 22[us]2 + 2[ue)2 — [u7]2 — 10[ug]2 + 9[ugl2 — 10[u10]2 +
5[u11]o + 11[u1o]2 + 8[uis]e — [u14]2 + 4[uis]2 + [u1e]2 + T[ui7r)2 +
2[u1g]2 — 19[u19]2 + [u20]2 — 14[u21]2 — 3[u22]2 + 11[u24]2 + [u2s]2 —
3[uze]2 — 2[u27]2 — 2[u29]2 + 6[uz0]2 + [us1]2 + 6[us2]2) WAL +

(10[U2]2 + 3[U3]2 — 7[U4]2 — 8[U5]2 — [u6]2 — 2[U9]2 — 2[u10]2 +

10[u12]2 + 3[u13]2 — 6[u14]2 + 4[u1s]2 + 5[uie]2 — Blurz]2 — 2[uig]2 —
[u10]2 + [t20]2 + [w21]2 + [u22]2 + [u3]2 + [Us]2 + 3[u26]2 + 5[u27]2 —
2[uoglo — [u30]2 — 2[u31]2 — 3[uz2]2)@A10 + (3[u2o]2 + 4[u23]2) @ A14

where A1z = 2 (does not occur in this element) and Aj4 =3
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Another example (also over Q)

Example For E:y? +xy +y=x3—x>+2x—1 (N =802)
using Ag,..., A1 =x,x+1,x—1Ly,y—1y+1lLy+xy—x,
y—x—-1y—x+1ly+x—-1y+x+1Ly—x+2,y+x+2
Y+x=2,y+2x,y—=2x,y+2x+1,y—2x—-1,y+2x -1,y —2x+1
there are 54 really different exceptional relations, giving

um = —2MAG AL, u = AtAS ALg . . .. For the 134 basis
elements 3 in ker(d) N ker(d) we get Ra(Pe(F)) = 0 except for

b1 = —67644406137[U1]2 ® A1 + 12363841124[u2]2 QAL+
Br = —1055221213702[U1]2 ® A — 12521056913[U2]2 QA — -

for § = —17115708; — 7811071/, =
8358185957144399932[u;1|o®A1+76641284989879143[un]r @ A1+ - -
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