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Motivation

k: a number field.
Oyg: the ring of algebraic integers of k.

r1: the number of embeddings £ — R
2r9: the number of nonreal embeddings k£ — C

[k:(@]:rl—l—2r2
Or hasrank r =7, +ry — 1

Let 01,...,0,41 be the embeddings of k£ into C up to complex
conjugation.
If uy,...,u, form a Z-basis of O; /torsion, let

1 logloi(ui)| ... logloi(uy)|
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A = the absolute value of the discriminant of k.
w = |0} . .| = #roots of unity in k.

Res;—1(x(s) =



Ko(Or) 2 Z @ Cl(Oy)
K1(Ok) = Oy
|CL(Ok)| = [Ko(Ok)tor|
w = |K1(Ok)tor|

If F'is a field, then

Ko(F)=27Z
Ki(F)= F* = F\{0}
Ky F)=2F'QzF'/<z®(1—z),ze F*'\{1} >.

The class of a ® b in K5(F') is denoted {a,b}, so Ko(F') is
generated by symbols {a,b} with a, b in F*, and rules

{alag, b} = {al, b} + {CLQ, b}
{CL, blbg} = {CL, bl} —+ {a, bg}
{z,1—z} =0.

It follows that {a,b} + {b,a} = {z,—x} = 0.

Example

K Q) ={+1}e & (z/vz)".

» prime
p>2



Borel’s theorem

k: number field (hence Ks,_1(Of) & Ko,—1(k) if n > 2)
K, (Oy) is finitely generated for all n > 0.

my, = the rank of K, (Oy).

Theorem (Borel) K5,(0y) is a finite group if n > 1. For
r1 + rq if n is odd,

n > 2, Kop—1(Oy) has rank mao,_1 = { .
) if n is even.

Furthermore, there exists a natural regulator map

Kzn_l(ok)/tOI‘SiOIl — RM2n—1

The image is a lattice with volume V,, of a fundamental
domain
Ck(n)

Q* ﬂ.n([k:(@]—mzn_l) ) /Ak

where Ay is the absolute value of the discriminant of k.

Vi ~

a ~o+« b means a = ¢b for some ¢ in Q*.
Q

Example (g is the Riemann zeta function. For n > 2:
Kon—1(Z) is finite for n even;
K2,—1(Z) has rank 1 for n odd, and V,, ~g+ {(n).

n 2 3 4 5 6 7
mon—1 0 1 0 1 0 1 .«
((n) |w2/6 |irrat. | 7*/90 | 777 |75/945| 777 |...




Getting a hold on higher K-groups.

“Algebraic K-theory is a functor that associates
to your favourite exact category Abelian groups
K,, (n > 0), about which you know nothing.”

Let k be a number field.
Bs(k): a free Abelian group on [z]2, x in k, x # 0, 1.
Define

dy : Ba(k) = [\ k*

Define D(z) on C* \ {1} by
dD(z) = log|z|darg(1l — z) — log |1 — z|d arg(z)
and a linear map

D : By(k) — RIFU
[z]2 = (D(o(x)))s

where ¢ runs through the embeddings of k£ into C.
Then

K
er(ds) ~ /torsion >~ K3(k)/torsion
Ker(dy) N Ker(D

and Borel’s regulator map is essentially given by D.



Zagier: inductive procedure.

This involves polylogarithms:

Lin(2) = peq Z—: forn > 1 on |z]| < 1.

Lii1(z) = —Log(1 — 2)

Using dLi,41(2) = Liy(2)dlogz for n > 1, Li,(z) extends
to a multivalued function on C* \ {1}.

Single valued versions for n > 2:

S (D
Pu(2) =Tp1 Y - log" | 2| Lin—p(2)
k=0 |

[7m: real part for m even, imaginary part for m odd;
By, Bernoulli number.|

Py(2) = P2,za6(2) = D(2)



B, (k): a free Abelian group on [z],, z in k, x # 0,1 (n > 3)
Define a linear map
Py zag : Bp(k) — RFC
@] = (Pr,zag(0(2)))o

where ¢ runs through the embeddings of k£ into C.

For n > 3 define inductively

B,_1(k)

~

C._1(k) =
1() Ker(dp_1) N Ker(Po—1 7ag)

and
dy : Bp(k) — Cph_1(k) ® k™

[Z]n = [2]n-1 @2

Then there exists an injection

Ker(d,, ) )
er(dy) _ torsion — Ko,,_1(k)/torsion
Ker(d,) NKer(P,, zag)

and on its image Borel’s regulator map is essentially given by

~

P, 7a¢ (RdJ). [This map is an isomorphism if n = 3 (Gon-
charov) or k is cyclotomic.]



Curves.

Let k be a number field and C/k a (smooth, proper, geomet-
rically irreducible) curve of genus g.

Conjecture (Beilinson) Let n > 1.

(1) K2,(C) ® Q is of dimension r = [k : Q] - g if n > 2, and
K3 (C) ® Q contains a subspace of dimension 7 consisting of
“integral” elements;

(2) there is an isomorphism

reg : Ko (C)ins ® R = Hig (C(C); R)™ = R”

where (—1)" = +£1, and if aq,...,a, form a Q-basis of
K2, (C)int and 71,...,7, form a Z-basis of H;(C(C);Z)*,

then
det (/ reg(aj))‘
Vi
is related to L(C,n + 1).

[+ relates to the action of complex conjugation on C'(C), a
disjoint union of [k : Q] Riemann surfaces, each of genus g.]

R2n (C) —




A few results

(1) there are enough elements for elliptic curves over Q with
complex multiplication, and the expected relation with the
L-function holds (Deninger);

(2) there are enough elements for modular curves and the
relation with the L-function holds (Beilinson);

(3) same holds for elliptic curves over Q because they are
modular;

(4) for every g > 2, there are g-dimensional families of hy-
perelliptic curves C over Q of genus g with g “integral” ele-
ments in K5(C)/torsion, and in general non-vanishing regu-
lator map (RdJ);

(5) for every real quadratic field k£ there are infinitely many
elliptic curves over k, non-isomorphic over Q, with irrational
j-invariant, and with two “integral” elements in K5, and
non-vanishing regulator (RdJ).

Explicit example of (4):
For the curves C = C, ; defined by

y? = —42°% + (22° 4 (az + 1)(bz + 1))?
with integers 0 < b < a (of genus 2 if a > 0):

1) there are 2 “integral” elements in K5 (C)/torsion;

2) the Jacobian of C, ; does not split over Q if, e.g., a and
satisfy a = 1 and b = 2 modulo 3;

3

~—~~N N

lim —R2 (Ca’b)

= 487 .
a—oo (loga)? "



More for curves and fields

Let F' be an infinite field. Then one has an Adams decom-
position

Kn(F) 0z Q=KX (F)@---& K™ (F)
for n > 2.
Write Fg for F* ®z Q.

Let B, (F') be a free Q-vector space on [z],, z in F', z £ 0,1,
modulo some inductively defined relations.

Complex I'(F, n) in cohomological degrees 1,...,n for n > 2:
n—2 n
Bu(F) = Bpy(F)® Fg — ... = By(F)® N\ Fg— N\ F§
dlz]; QUi A .. . AYpi = [x)ic1 QT AYL Ao o A Yy (1 > 3)
dlzlo @ A.. AYna=1—2)AzAYy1 A ... AYn_2

Conjecture (Goncharov)
HP(D(n, F)) 2 K" (F) for all n > 2 and all p.

2n—p
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Let C' a complete nonsingular curve over a field k. Then one
has an Adams decomposition

K,(C)®zQ=K?C)®--- & K" (C)
for n > 2.

F = k(C): the field of rational functions on C.
['(n,C): total complex associated to double complex, in co-
homological degrees 1,...,n + 1,

By(F) — > By 1(F)® Ffy —> - .
0 ——— [ Bn-1(k(z)) ——---

with the coproduct over the closed points x in C. The ver-
tical maps are “based on” [f],, ® g — ord;(g) - [f(x)]m with

0] = [00]sm = 0.
Conjecture (Goncharov)
H?(D(n,C)) 2 K (C) for all n > 2 and all p.

2n—p
Some results
(1) There exists maps Kf’)(F) — H?*(T'(3,F)) (RdJ) and
K®)(F) — H2(T'(F,3)) (Goncharov);
(2) if k£ is a number field, we get a complete description of
the image of the regulator map of K4(C);
lonly K f)(C) contributes]
(3) we also get a complete description of the image of the
regulator map of Kg(C), although the results corresponding

o (1) for Ké4) (F') are less precise.
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