K4 of curves and syntomic regulators

R. de Jeu
University of Durham
email: rob.de-jeu@durham.ac.uk

website: http://www.maths.dur.ac.uk/~dma0rdj

The goal of this talk is to describe joint work with Amnon Besser
regarding the syntomic regulator on a particular subspace of
K f’)((]) (conjecturally all of K Z23)(0)) for a smooth, geometri-
cally irreducible curve C over a number field .



C smooth geometrically irreducible curve over a number field k.
Fix k c C
Let F' = k(C), C(C) = C(C¢)

Define

K>(F) — Hig(C(C),R(1)) = lim  Hag(U;R(1))
UCC¢
Cc\Ufinite

{f,g} — log|f|diarg g — log|g|di arg f

This works as
log |z|diarg(1 — z) — log |1 — z|di arg z = dP»(2),

P5(z) a C*°—function on C\ {0, 1}

For w in H°(C¢, Q!), the composition

ICC N w

K5(C) — Hgg (C(C),R(1)) —C

is given by

{f,g} — ; (log |f|diarg g — log |g|diarg f) A w,
C

which extends over the map K2(C) — Ka(F).



Let C be a complete, smooth, geometrically irreducible curve

over a number field &
F =K(C).

M (3)(F") is the cohomological complex
~ d = d «
Mg(F) — > MQ(F) XQ F@ — /\3 FQ

in degrees 1, 2, 3
d[fls =[fla® f
d([fle®@g) =1 —-f)NfNg

[For any field F' of characteristic zero, J/\\IJJ (F) is a Q—vector space
generated by symbols [z]; with z in F*, and unknown relations
(which include [z],, + (=1)"[z71],, = 0) and so [1]; = 0]

/\7(3)(0): the total complex associated to the double complex

—~ d — d
My(F) — > Mo(F) ©g Fy ——= N\ Fy

L 81\1/ 82l
0 —— 1[I, Ma(k(z)) —— LI, A* k(=)

[coproduct over all (closed) points z in C

—_—

with the top row being M 3 (F')

dizo=(1—-2)Az

01,2([f]2 ® g) = ord(g) - [f(2)]2 (with [0]z = [oo]s = 0)
02, determined by (7 a uniformizer at x, u; units at x):
T Aur Aug — ui(x) A uz(z)

ur ANugs ANug — 0



Similar complexes M3y (F)
M;(F) —%> My(F) @q F — > Fg @ \* F

d[fls =[fl2® f
d((flo®g)=1-f)®fAg

—_—

My(F) = My (F)/<[fln + (=1)"[f]n>
M 3y(C) is the total complex associated to the double complex

M;3(F) L M3 (F) ®q Fg 4. Fy® A’ Fg

L 811/ 821/
0 —— 11, Ma(k(z)) —— 1L, A* k()5

[coproduct over all (closed) points z in C/

M3y (F) in top row
vertical maps induced from quotient map M) (F) — Mv(g)(F)



There are maps:

KP(C)~— K (C) @ K (k) U F —— KV (F)

H?*(M5(C)) H*(M3)(F))

1%
1%

H?(M3)(C)) H?(Ms)(F))

Fix embedding ¥ C C, and w in H°(C ®, C, ;). Then the
regulator for Deligne cohomology

K{(C) — Hp(Ce, R(3)) = Hig(Cc; R(2))
followed by
/- A w: Hiz(Cc;R(2)) = C

extends over ) )
K7 (C)— K (F).

The resulting map
H?(M3)(F)) —C
is induced by
My(F)® F, — C

&
[g]2®fr—>j:—/ Pyog dlog|f] Aw
3 Ce



Coleman integration

G =Q,

| - |: p—adic valution with |p| =p
O: ring of integers of C,

F,: residue field

-1

X/O: smooth curve over O
(=smooth projective surjective scheme of relative dimension 1)

For z in X(F,), put
U, = residue disc of z = {all pts in X(C,) reducing to z}, a
copy of the maximal ideal of O.

Y C X@p nonempty open affine subscheme, smooth over F,, so
X(F,) = ¥ (F,) I{er, - en).

U, = rigid space obtained by removing discs of radius r < 1
from X(C,) for all e;: e; locally given by A = 0, so leave out
|| <.

U “=” limU, is independent of the choices, a basic wide open
rT1
in the sense of Coleman (i.e. for --- on U work in lim--- (U;))
rT1




Make a choice of logarithm log : C;; — C,, such that
(1) logab =loga + logb
(2) log(1 + z) = usual powerseries expansion for |z| small.

(I.e., fix a choice of logp.)

For z € Y(IF,), put

A(Uy) = {3~y anz™ conv. for |z| < 1}
Arog(Uz) = A(Us)

og (Ug) = Alog(Uz)dz

|2 = 2, is a local parameter on U,.]

For z ¢ Y(F,) (ie., T = ey1,...,e,, the ends), put

AUy ={3" _ anz™ conv. for r < |z| < 1, some r < 1}
Aig(U2) = A(U,)[log 2

Mog(Uz) = Alog(Uz)dz

Put
Aloc(U) = HmEX(Fp) AlOg(Uw)

(locally analytic functions, with choice of logs around the e;)

Qoc(U) = HQjGX(Fp) QIOg(Ux)

(locally analytic forms, with choice of log around the e;)

0 — llex@,) Cp —— Aioc(U) — % Qe (U) —=0

is exact by reduction formulae for [ 2" log® zdz as dlog z = %.
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If Xz is defined over Fy, so X' xp, I, for some X'/F,, let ¢ be
the geometric Frobenius of X'/F,,.

Coleman:

(1) There exists a lift ¢ of ¢ to U (coming from a rigid analytic map
¢:U, = U for some s <r < 1).

(2) There exists a subspace Acol(U) of Ajec(U), containing the
rigid analytic functions A(U) on U, such that with Q¢ (U) =
Aca1(U) - QYU)

0 Cp ACOI(U) $ QCol((]) —0

1s exact.

Denote [ : Qcol(U) = Acol(U) mod C, by w — [w or w +— F,,.
Then

(a) dF, = w

(b) [ (w)=¢"(Jw)

[Acor is independent of ¢.]
Let P and Q be in U, w in QCOI(U), and F, in ACol(U) with
dF, = w. Put [#w=F,(Q)— F.(P).

More generally, if D = ). a;P; with all P;in U and ), a; =0,
put [,w =73 a,F(P).



Example

X =P

Y = P%p \ {1,000}

U “=> BL \ U1 1] Us

¢(z) = 2P (working over F))
p(z) =(z-1)P +1

Put Lini1(2) = [y Lin(2)dlog z starting with Lig(z) = {2

1-2°
Lin(2) =3 rey ,j—: for |z| < 1.

[In fact, Li,(2) extends naturally to C, \ {1}.]

Lo(2) = Lia(z) + log z - log(1 — 2)

1
Lo mod(2) = Lia(2) + 3 log z - log(1 — 2)

Lo does not satisfy a nice functional equation for z versus z 71,

but
L2,m0d(z) + L2,m0d(z_1) = 0.

Use Coleman integration for regulators in the following context:

K complete discrete valuation subfield of C,

C smooth, complete, geometrically irreducible curve over num-
ber field £ C K with good reduction at the corresponding valu-
ation ideal.

O, valuation ring in k

C smooth proper model of C over O,

w in HO(C, Q}K)



Theorem (Besser) With reg. , the syntomic regulator, the
composition

I‘egsyn

KD (0) = K2(0) =5 Hin(C, (2)) = Hig (C/K) ==

factorizes through
2 2
K(C) = K3 (F),
and then is induced by
KP(F) = K

{f,9t = [ log(g)w.
()

[ log(g)w(z) is given by the constant term at z: if [log(g)w =
>_; fi(2z)log’ 2y, the constant term is fo(0).

For [log(g)w, the result is independent of the choice of a uni-
formizing parameter z, at x: fix f log(g)w, fix F, such that
F,(z) =0, and define [ F,dlog(g) via [log(g)w = log(g)F.,, —
[ F,dlog(g). Then log(g)F, has constant term zero for any
2z, and F,dlog(g) is holomorphic at z, so its integral can be
evaluated at x to give the constant term.
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Theorem (Besser+RdJ)

H?*(M35(0))

K (C) = K (C)

HZ,(C, (3)) = Hig(C/K) "2 g

syn

is given by

2[91]2 ® fi — 22/( ) La(g;)w,

provided that none of the f;, g; and 1 — g; have a zero or pole
along the special fibre of C.

[The Coleman integral is carried out on a wide open space U on
which f;, g; and 1 — g; are holomorphic.]

([ L2(g)w) (z) is given by the constant term.
For [ Ls(g)w that is again independent of the choice of local
parameter z.
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Back to a single residue disc, an end e. For three functions
F,G,H in A(U.) + K - log z, fix for each two functions R and
S out of F,G, H a choice of [ RdS (i.e., a function in Ajog(Ue)
whose differential is RdS) and of [ SdR in such a way that

/RdS-I—/SdR:RS.

Denote all this data (including the auziliary data [ FdG etc.)
by (F,G; H).

Proposition (Besser+RdJ)
There exists a unique function (F,G; H) — (F, G; H), called the
triple index on the end e, from data as above to K, satisfying
(1) Multilinearity - the triple index is linear in each of the three
variables (with linear choices of [ RdS etc.).
(2) Symmetry - we have (F,G;H) = (G,F;H) (the [ FdG etc.
must also be swapped).
(3) Triple identity - We have, again with the obvious additional
choices,
(F,G;H)+ (F,H;G)+ (G, H; F) = 0.

(4) Some compatibility for changing the auxiliary data.
(5) Reduction to double index - if G is in A(U,), then

(F,G;H) = <F / GdH>,

where [ GdH is from the auxiliary data and is in A(U.)+ K -log 2
because by assumption GdH is in A(U,) - dz.
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The double index
(,): (A(Ue) + K -log z) x (A(Ue) + K -logz) — K
is the unique alternating K—linear map such that
(F,G) = ResFdG

if F'is in A(U,) and G is in A(U.) + K - log 2.

Furthermore, if F', G and H are Coleman functions on a basic
wide open U, such that dF' and dG are holomorphic on U, dH
is holomorphic on each end Ue,, and we use Coleman integrals
for [ FAG etc., then the global index

(F,G;H), = Y (F,G;H),
e€Ends(U)

depends only on F', G and H and not on the auxiliary data.

Theorem (Besser+RdJ)
If we allow w to be a form of the second kind on Cfk in the
previous Theorem, then the composition is given by

o ® fiv <log(fi>,1og(gz-); [ Pudiog1 - gi>> .

where F,, is any Coleman integral of w and the sum of triple
indices is done with respect to a wide open space U on which
all f;, gi, 1 — g; as well as w are holomorphic.

13



