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Bounding the kernel and cokernel of the tame symbol

K> of a field

For a field F let F* = F\ {0,1}. Then
Ko(F) = F* @z F*/{x ® (1 — x)|x € F”)
is an Abelian group written additively with

generators {a,b} = theclassof a® b

relations  {ajap, b} = {a1, b} + {az, b}
{a,b1b} ={a,b1} + {a, ba}
{a,1—a}=0ifaisin F’

Then also {a, b} = —{b,a} and {c,—c} =0 for a, b, cin F*.
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Bounding the kernel and cokernel of the tame symbol

K-theory of a curve

Let C be an irreducible regular curve over a field k and F = k(C).
We have the

= K3(F) = [pecw K2(k(P)) — K2(C) — Ka(F)
L Hpecok(P)* — Ki(C) — F*
dy HpecyZ — Ko(C) = Z — 0
with the tame symbol T : K2(F) — [[pccak(P)* given by

or or fOI‘dp( £)
Tp({f,g}) = (~1)ertrDordr(e) P

gordp(f)

We try to approximate Kx(C) as K, (C) def ker(T).

(If k is a number field then all Kz,(k(P)) (n > 1) are infinite
torsion groups.)
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Bounding the kernel and cokernel of the tame symbol

K2(Q)

-
K2(Q) = @p prime F5 with ker(T) = ({-1,-1})
Here T is the tame symbol, defined by

a"p(b)
pr(a)

To({a, b}) = (—1)"(2)%(®) modulo p

More precisely, for g prime or —1, let
Fq = ({a,b} with a,b € {-1,2,3,5,7,11,...,q}) C K2(Q)

Then
Fo/Fg S Fovia Tq  (q>2)

with ¢’ the subprime of g (= one prime smaller) (2" = —1)

Proof Let g > 2 B
e surjectivity: {i,q} —i€Fy (i=1,...,9-1)
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Bounding the kernel and cokernel of the tame symbol

 injectivity: the kernel of Fy % % is Fy:
if g=2then F, = F_1as {2,2} ={2,-1} ={-1,2} =0
if ¢ > 2 then Fy/Fy is generated by the classes of {a, q} — {b, q}

with a,b € Mg & {~1,1,2,3,4,5,... . q— 1}

F_/

If a1, a2 € Mg then {a1,q} + {a2, q} = {a3,q} for az € My:
division with remainder gives a;a, — a3 = gA with
aa=12,...,9—-1€Mgand A=-1,0,1,...,9— 2, and
if A=0: aja» = as so clear;

F_,
if A% 0: 0= {22, 2} = {a3,9} — {a1.9} — {22, 9}.
So Fq/Fy = {{a,q} — {b, q} with a,b € My}
Finally, if T4({a,q}) = Tq({b, q}) for a, b € Mg then
a—b=0,%+q and {a,q} = {b, g} modulo Fc’, as before
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Bounding the kernel and cokernel of the tame symbol

Ka(k(x))

If k is a field and x a variable then one can treat Kx(k(x)) similarly
using division with remainder in k[x]:

if d = deg(f(x)) > d’' = deg(g(x)) for f(x), g(x) # 0, then

POISO X Polgd_d/ X Polgd/_l — Polgd
(c;q,r) = cf —qg —r

is a k-linear map with non-trivial kernel:
1+4(d—d+1)+d >d+1
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Bounding the kernel and cokernel of the tame symbol

A useful lemma

The Euclidean algorithm in Z converges faster if we allow negative
remainders: a = gb + r with |r| < |b|/2. So(?) in k[x] it
“converges faster” if we allow a(x) = g(x)b(x) + r(x) with

“| deg(r(x))| < |deg(b(x))|/2". This inspired the

Lemma (VW-lemma)

Let K/k be a finite extension of fields, V, W C K k-subspaces

with dimg (V) + dimg (W) > dimg(K) . Then
K* = {vww~! with v € V*, w € W*} where V* = V \ {0} and
w* =W\ {0}.
3/41x 3 3/~2 * _ b1+b2%2
Example Q[\/E] =<a;+ a2+ az3v?2 =\ s [ where

all a;, bj, ¢ €Q, and by + bg\gﬁ2, c+ CQ\% #0
Proof of the VW-lemma If 5 € K* then V N SW # {0}.



Bounding the kernel and cokernel of the tame symbol

The tame symbol on a curve

Let C/k be a smooth, proper, geometrically irreducible curve over
a number field k, F = k(C), and g = genus(C).
According to Beilinson

KQ(F) I) @PGC(U/{(P)* l\gn k*
with Nm = []p Nmy(py«, should become exact after tensoring
with Q,

Example E:y?2 =x3+x—1, P={x=0}NE\ {0}, so
Q(P) = Q(i). For g a prime number with ¢ = 1 modulo 4 write

n

g = aa in Z[i]. Then for some n > 0, (%)IP €im(T)?
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Bounding the kernel and cokernel of the tame symbol

Beilinson also expect: K, (C)/Ka(k) is a finitely
generated group of rank [k : Q] - g+
where § depends on the primes of bad reduction of C

So it would be good to control coker(T) and ker(T) = K, (C)
Assume k is an arbitrary field, and C/k is smooth, proper,
geometrically irreducible with genus g.
Assume we have a rational point O € C(k) and let
RR, = L(n(0)) = H°(C,0(n(0)
RR: = RR, \ {0}
S ={0}U{P e €M such that f(P) = 0 for some f € RR3,}
S"={0}U{P e €Y such that f(P) = 0 for some f € RR3.}
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Bounding the kernel and cokernel of the tame symbol

The cokernel of T

Proposition

The restriction of the tame symbol

T *
KQ(F) g @pec(l)\s k(P)

is surjective, so coker(T) is generated by ®pcsk(P)*.

Idea of proof Induction on deg(P). Initial step:

if P ¢S, deg(P) < 2g, and 8 € k(P)*, then RRyg — k(P),

f — f(P) is injective, so there exist f; in RR3, with
f1(P)/f(P) = B (VW-lemmal!), and Ts({f1/f, fp}) = B|p for a
suitable fp.

Example If E/k is an elliptic curve defined by a Weierstrass
equation y2 4+ aixy + a3 = x3 + apx? + asx + ag, then
RRy =k & kx and S = {0} U {{x = c} for c € k}



Bounding the kernel and cokernel of the tame symbol

The kernel of T

Controlling the kernel of T is more involved (just as for Q).

Division with remainder in k[x] generalizes to the non-triviality of
kernels of the form

L(Dl) X L(Dz) X L(D3) — L(D4)

(h, h, ) = g1fi + &2 + g3f3
for suitable divisors D; on C, where L(D) = H°(C,O(D)).

Let
cl) = (P e cW with deg(P) < d}

and similarly for Ctgl).
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Bounding the kernel and cokernel of the tame symbol

The kernel and cokernel of T

Proposition

Let Fy = ({f, o} with |(£)] € C)). Ifd > 3g +1, then
Fy/Fq_1 = @inec(l)k(P)*, and the inclusions give a
d

k(P)*

- ’ —
quasi-isomorphism 5 @

!
Ka(F) 5 @pecwk(P)*

pe{otuct),

Proposition
Ifg > 1, and L3g = ({fi, b} with f; € RR3,;), then the inclusions
give a quasi-isomorphism Ls N Dpes k(P)*
g !
!
Ka(F) = @pccwyk(P)*
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Bounding the kernel and cokernel of the tame symbol

A computational example

So for an ellipic curve E given by a Weierstrass equation,
K) (E) C ({I, m} with I, m of the form ax + by + ¢ (a, b, ¢ € k))

If k = Q we only need such ax + by + ¢ with a, b and ¢ in Z and
ged(a, b,c) =1, 0ora=b=0, c =—1 or a prime number.

Example E:y? +xy +y = x>+ x?
with conductor 286 =2-11-13 and E(Q) = {O}

E has split multiplicative reduction at 2, 11 and 13 and
conjecturally K,/ (E)/Ka(Q) is finitely generated of rank 4.

By imposing a boundary condition at the primes of split
multiplicative reduction we expect to get
a subgroup of rank 1

There is a regulator R € R for this subgroup and Beilinson expects
R/L'(E,0) € Q*



Bounding the kernel and cokernel of the tame symbol

Using the "lines”

h=x h=x-1 Bh=x4+1
Iy =y b=y—1 le=y+1
h=y+x =y —x bh=y—x-1

ho=y—-x+1 hi=y+x-1 h=y+x+1
h3=y—x—-2 ly=y—x+2 hs=y+x-2
he =y +x+2 hr=y—2x hg =y + 2x
ho=y—2x—1 hy=y—2x4+1 hi=y+2x—-1
by =y+2x+1 h3=2

all elements we get in K,/ (E) are integral at 11 and 13.
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Bounding the kernel and cokernel of the tame symbol

To approximate ({/;, /j}) € Ko(Q(E)) we use a free Abelian group
Gen on generators {/;, [;} (i <j) with relations the kernel Rel of

Gen — K>(Q(x,y)) AN ©cQ(D)”

(where D runs through the irreducible curves in Aé) since

ker(T) = K»(Q) is torsion. This gives
-

Gen/Rel = K2(F)/K2(Q) = @ pcryQ(P)"
T+integrality conditions give a kernel in Gen/Rel of rank 31
instead of 1 but numerically all regulators are integral multiples of
LU(E,0).
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Bounding the kernel and cokernel of the tame symbol

For example, the conjectures suggest that, modulo torsion,

o 2{x,y}+{x+ 1Ly} +2{x,x+y+1} +{x+1, x+y+1}—0

.—2{X,y+1}—2{X,y+X}+{X+1,X—1} {X+17y+1}_
?

{X—i—l,y—i—x}—i—{x—l,y—i—l}—i—{x—l,y—l—x}:O

Herbert Gangl observed: many relations can be explained using
coming from linear triplet
relations A1jA>As + B1B>B; = (3 (G5 on E with each A;, B; and
Cia'line”: u= 2% 1_ - Bibbs
! . GGG GGG
E.g., x>(x +1) — y(y + x + 1) = 1 proves the first relation above
(up to 2-torsion) since {x?(x + 1), —y(y + x + 1)} = 0.

There are about
Replacing Rel with the resulting Steinberg relations then gives a
kernel of rank 3 for T—+integrality conditions.
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Bounding the kernel and cokernel of the tame symbol

An optimistic conjecture

One of the two still unexplained relations is

10{x,y} +5{x+1,y} ;3{x,y}+6{x,y+1}—9{x,y+x—i—1}
+{X,y—2X} _6{X+17Y} _3{X+1ay_ 1}+3{X+ 17y+1}

“3{x—1yt+3{x—-1,y—-1} —=3{x -1,y + 1}

—6{y —1,y+x+1}+3{y -1,y —2x} = 3{x+y+1,y — 2x}

The calculations suggests the
Optimistic conjecture

Let k be any field, E/k an elliptic curve, O € E(k), F = k(E),
and LF* = (RR;) C F* (RR; = H°(E,0(3(0))))

Then

LF* @z LF*

(u® (1 — u) with u,1 — u from a linear triplet relation)
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Bounding the kernel and cokernel of the tame symbol

Some theoretical evidence

Proposition If E/k is elliptic with k algebraically closed
then we only need relations u® (1 — u)
with deg(u) < 3, and those come from linear triplet relations:

e if deg(u) =0then u+ (1 —u) =1,

e if deg(u) = 2 then from some / + m = n;

e if deg(u) = 3 then from some hilhny + mymyny = ninaN.
Here all /;, etc., are in RR3 for O the neutral element.

mymy
mN -

In the last case we have u = ,111—/,2\, and 1 —u=

Rob de Jeu On Kj of curves



Bounding the kernel and cokernel of the tame symbol

Some experimental evidence (with Bogdan Banu)

Back to a curve of genus g.
Z * *
[RR3; x RR3,] s
R<w

by mapping [/, m] to {/, m}, where R<,, consists of those
[A/C, B/C] worked out into generators [/, m] for which A+ B = C
with each term of the form i/ - - I; for some t < w.
Over a finite field, everything is finite (but the calculations may be
big so have to be done in clever ways). Then experimentally the
size of the group on the left is the same as the one on the right for
25 elliptic curves (5 each over Fy, F3, Fs, F7 and F11) with w = 3,
and for 5 curves of genus 2 over I, with w = 2. O is the point at
infinity in all cases.

Using normalized lines (and allowing a constant in each
of A, B and C) gives an isomorphic group on the left and faster
calculations.
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Beilinson’s conjecture for K of curves

“Integral elements” in K, of curves over number fields

Let C/k be a smooth, proper, geometrically irreducible curve of
genus g over the number field k with ring of integers O.

Proposition

Let C/O be a regular proper model of C/k. Then the subgroup
K3 (Clin < ker(Ka(F) % @pF(D)") € K;'(C)

where D runs through all irreducible curves of C, and F(D) is the
residue field at D, does not depend on C.
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Beilinson’s conjecture for K of curves

Regulator pairing

Let X be the analytic manifold associated to C xg C; it is a
disjoint union of [k : Q] Riemann surfaces of genus g, indexed by
the embeddings o : k — C. Complex conjugation acts on X
through the action on C.

There is a regulator pairing

(") : Hi(X;Z)™ x K (C)/torsion — R
1
(1) 5 [ (@)
where for a« = {a, b},

1(«) = (log |a”|d arg(b7) — log [b7|d arg(a”))s-
Let r=g-[k:Q]. If y1,...,7, form a basis of Hi(X;Z)™ and
My, ..., M, are in K,/ (C)/torsion, define the regulator by

R = | det({yi, M}))|.



Beilinson’s conjecture for K of curves

Beilinson’s conjecture on K, of curves

@ K, (C)int/torsion is free of rank r and the regulator pairing
restricted to it is non-degenerate.

@ Let R denote the regulator with respect to a basis of
H1(X;Z)~ and of K, (C)int/torsion. Assuming L(C,s) is
defined around 0, we have L()(C,0) = gR with q € Q*

If g > 0 then only 2 is known /tested for some specially
constructed My, ..., M, in special cases, e.g.:
e (Bloch) E a CM elliptic curve over Q.
e (Beilinson) C a modular curve, k Abelian over Q +
refinement by using decomposition by Hecke algebra.
o elliptic curves over Q with base field extended to k/Q Abelian.
@ certain hyperelliptic curves over Q (g computed numerically)
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Beilinson’s conjecture for K of curves

Non-Abelian base fields: computations (Bogdan Banu)

Example k = Q(t) with t3 — ¢t — 1 = 0 (discriminant —31)

C defined by y? + xy = x3 — t, norm of the conductor is 80621999
(a prime number).

Pick 55 elements of RR3:

X—1,X+t—-1,X—t, X+t,X—t+1,X+1,Y-1,Y+t—-1,Y—
LY, Y+t, Y4+—t+1, Y+1, =Y+ X-1,(t—-1) Y+ X-1,—tY+X—
LtY4+X—1,(—t+1)Y+X -1, Y+X -1, =Y+ X+t-1,(t-1)Y +
X+t—1,-tY+X+t—-1,tY+X+t—-1,(—t+1) Y+ X+t—-1, Y+
X+t—1,-Y4+X—t, (t-1)Y+X—t,—tY+X—t, tY+X—t,(—t+
DY4+X=t, Y4+ X—t,=Y+X,(t=1)Y+X, —tY+X, tY+X, (—t+
DY+X, Y+X, =Y+ X+t,(t—1)Y+X+t, —tY+ X+, tY+ X+
t(—t+ )Y+ X+t, Y+ X+t,-Y+X—-t+1,(t—-1)Y+X—t+
1,—tY+X—t+1,tY+X—t+1,(—t+1)Y+X—t+1, Y+ X—t+
LY+ X+, (t—1)Y+X+1, —tY+ X+, tY + X +1,t2 — t, -1
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Beilinson’s conjecture for K of curves

We obtain 1537 generators of the form [/, m] (modulo stupid
relations), and 554 elements in the kernel of T, all integral. For all
subsets of 3 of these elements, we compute the regulator R and
obtain 1000316 different non-zero g~! = R/LB)(C,0):

5073057476467 /40, 95072797701/10, 29463253479/2,
1645554280, 60792814793/10, 74307570342/5, ...

Assuming all R/L3)(C,0) are in %Z, they generate 757, and

some 3 elements in K2T(C)int give a regulator for which g% = 4—10.

Other examples over this field or other non-Abelian cubical fields
of small absolute discriminant (about 50 curves in total) give such

results with typically g7 = %, %, %, %, %, %, once % and once 8.
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Constructions of elements in Ky for certain curves

Bloch’s construction of elements in K,/ (C)

Assume that O, P, Q € C(k)

div(f) d(P) — d(0),
divig) = e(Q)— e(0),
f(RQ) = 1,
g(P) = 1

Then {f,g} € KJ (C) by the product formula

T NmyguTu(a) =1

xeC®)

for a in Ko(F).
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Constructions of elements in Ky for certain curves

Some constructions for higher genus

For g > 0, if by,...,bg in Q* are distinct, A is in Q*,
g
p(x) =2x¢T11q(x), q(x) = )\H(bjx—i—l), r(x) = 4x¢ 1 +q(x),
j=1

then y2 = —4x28%2 4 p(x)2 = q(x)r(x) defines a hyperelliptic
curve over QQ of genus g provided r has no multiple roots, with one
point O at infinity. Because

(y — p(x)) = (28 +2)((0,A)) — (2¢ +2)(0)
(bix +1) = 2((—1/b1,0)) — 2(0)

we have elements in K,/ (C) for I =1,...,g:
gef, [ v —p(x) y = p(x)
fefpd Y P 1V =2 L P 1
" {—p(—l/bo’b’” } { Bt
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Constructions of elements in Ky for certain curves

Proposition
If the b; and X are in Z then the oy are in Ky (C)int.

The regulators and L(C,2) can be computed numerically so we
can verify (2) in Beilinson’s conjecture (relation between R and
L(C,2)) numerically.

Example (g =2) For by =1, b, =8, A = 1 we get

! (2'7\:)4 L(C,2) £ 274371771R

with N =2-7-59.

Example (g =4) For b =i (i=1,...,4) and A = 1 we get
2 N

@ L(C,2) £ 270572R

with N =29.32.17.113.
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Constructions of elements in Ky for certain curves

Another construction (with Hang Liu): an example

Let Ly, -, L, be ndistinct lines given by equations
a;x + bjy + ¢; = 0 which are not parallel to each other. Consider
the curve defined by
n
[ILi=1
i=1

and C the normalisation of its projective closure. It has n distinct
points P; corresponding to the points [—b;, a;, 0], and

div(f£) = n(Px) — n(P;).

Denote a;bx — axb; by [i, k|

{ i.m] Le [i.K] Lm
[k, m] L,' ’ [m, k] L,'

} € Ky (C), ik, m distinct

Rob de Jeu On Kj of curves



Constructions of elements in Ky for certain curves

Another construction (with Hang Liu): general case

Let Lij,1 <i<N,N=>21<,<N;be a family of distinct lines
such that they are parallel to each other only for the same / and
defined by ajx + bjy +¢;j = 0.

Consider the curve defined by the equation

N N;
Fooy) =[] L—1=0
i=1j=1

and C the normalisation of its projective closure.
We have two types of elements of K, (C)

i,m L I,k Lmn H 1ot
) 1yJ ’ IJ

Li' L m . .
Rijkil,mn = {Lii’ Ll;,, } i#1,j#k,m#n,
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Constructions of elements in Ky for certain curves

Let V be the subgroup of K,/ (C) generated by all the elements
Rijk:i,mn and T; .. .mn. Then V is generated by

Rigjeim  1<j<Ni, 1<m< Ny
Tl,l;k,l;m,na 2 < k<m < N; 1< / < Nka 1<n< Nm;
Tij2tmn  3<SMSN, 2<j< N, 1<n <Ny,

In characteristic 0, for almost all A, the projective completion of
the curve defined by f(x,y) = 0 has as singularities only the simple
singular points [b;, —a;,0],1 < i < n with multiplicity N;. By the
degree-genus formula the genus g of C is

<z,-_12/v, 1> —Z('Z’) = Y N - Y ML
i=1 1<i<j<N 1<i<N

This is also the number of generators in the proposition above.
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Constructions of elements in Ky for certain curves

Integrality of the elements

For N =2 or 3, C is the projective regular model of an affine curve

N
fix,y) = )\Hx—i—a,Hy—i—b)ﬁ( —x+¢c)—1=0
j=1 k=1

Let a;, bj, cx, A\ be algebraic integers with X # 0. Then the
elements R; j i.;.m.n and Tjj.k j:m,n are in KQT(C)int.

Example

On the elliptic curve corresponding to Ax(x + a)y(y + b) =1 for
non-zero integers A, a and b with a2 b? # 16, the element

{%ﬂ,ﬁ} is in Ky (C)int.
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Constructions of elements in Ky for certain curves

When is C hyperelliptic?

Assume Ny > N> > N3 > 0 and the characteristic is 0. If the affine
curve defined by f(x,y) = 0 is nonsingular, then C is hyperelliptic
if and only if Npb =2 N3 =0o0r N, = N3 = 1.

When Ny =2, N3 =0, C has affine model defined by

g
y(y +2x&1t 4 )\H(a,-x +1)) +x*T2 =0.
i=1

(Already studied by T. Dokchitser, R. de Jeu and D. Zagier.)
When N, = N3 = 1, C has affine model defined by

g
y(y + 2572 4 A J(aix + 1)) + X6 = 0.
i=1
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Constructions of elements in Ky for certain curves

Results on limits of regulators

C a regular proper model of

i

N N
fooy)=A[[I]L—-1=0.

i=1j=1

Theorem

Let C be as above with fixed a;, b, ¢;j in R, such that no three of
the lines meet in an affine point. If we take t = 1/\ in R and let
t — 0, then the generators in the proposition give regulator
R = R(t) satisfying
R(t)
t—0 | log |t||&
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Constructions of elements in Ky for certain curves

C a regular proper model of

Ny N> N3
Foay) =A[Jx+a) [+ b)) [Ty —x+ c) —1=0.
i=1 j=1 k=1

Let C be as above and assume no three of the lines meet in an

affine point. If the a;, bj, ci are fixed integers, and |\| >0, X € Z,
then in general the regulator of the elements we constructed does
not vanish, hence for general C in the family K2T(C);nt has rank at
least g.
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