1. Harmonic functions
Throughout this section, {2 C R™ is a bounded domain.

1.1 Definition A function v € C?(Q) is called subharmonic if Au > 0 in ), harmonic if
Au =0 in €2, and superharmonic if Au < 0 in €.
1.2 Notation The measure of the unit ball in R" is

27Tn/2
n = |B1| = R™ : 22 + ... 2 <Y = de = ———.
s = 1Bl =z e R 1ot b et <) = [ de=

The (n — 1)-dimensional measure of the boundary 0B; of Bj is equal to nwy,.

1.3 Mean Value Theorem Let u € C?(Q) be subharmonic, and
Br(y) ={zeR": |z —y| <R} C Q.

Then
1

u(y) < ———— u(x)dS(x),
W= e [, u@ast)

where dS is the (n — 1)-dimensional surface element on Br(y). Also

|
— u(x)dz.
wn It Br(y)

u(y) <

Equalities hold if u is harmonic.

Proof We may assume y = 0. Let p € (0, R). Then

ou ou

0< /B Au(x)dz = - (z)dS(z) =

o5, O (x)dS(x) =

9B, or

(substituting = = pw)

du —1 —1
—(pw)p"dS(w) = p" /
. G (w) -

(a%uw»dsw - pd% /8 ulp)ds(@)

(substituting w = x/p)
d 1

= — u(x)dS(x),
e LA

which implies, writing



that f’(p) > 0. Hence

0) =l £(0) < F(F) = gy | u(wdsia)

pl0 nwy, R"—1

which proves the first inequality. The second one follows from

/BR u(z)dr = /OR{/{)BP u(z)dS(z)}dp > /OR nwnp™ " u(0)dp = wn R™u(0).

This completes the proof. =

1.4 Corollary (Strong maximum principle for subharmonic functions) Let u € C?(Q2) be
bounded and subharmonic. If for some y € Q, u(y) = supq u, then u = u(y).

Proof Exercise (hint: apply the mean value theorem to the function @(z) = u(z) — u(y),
and show that the set {x € Q: @(z) = 0} is open). =

1.5 Corollary (weak maximum principle for subharmonic functions) Suppose u € C?(Q)N

C(Q2) is subharmonic. Then

SUp U = maxu = maxu.
Q Q o

Proof Exercise. n

1.6 Corollary Let u € C*(Q) N C(Q) be subharmonic. If u = 0 on 99, then u < 0 on £,
unless © = 0 on ().

Proof Exercise.

1.7 Corollary Let ¢ € C(99). Then there exists at most one function u € C%(Q)NC(Q)
such that Au =0 in Q and u = ¢ on 0.

Proof Exercise. n

1.8 Theorem (Harnack inequality) Let Q' cC Q (i.e. €' C & C Q) be a subdomain.
Then there exists a constant C' which only depends on €2’ and €, such that for all harmonic
nonnegative functions u € C2(Q),

supu < C'inf u.
Q/ Q/



Proof Suppose that Byr(y) C 2. Then for any x1,z2 € Br(y) we have
BR($1> C B3R(.CC2) C B4R(y) C Q,

so that by the mean value theorem,

1 3"

Hence, x1, x2 being arbitrary, we conclude that

sup u < 3" inf u.
Br(y) Br(y)

Thus we have shown that for Q' = Bg(y), with B4r(y) C Q, the constant in the inequality
can be taken to be 3™. Since any ' CC € can be covered with finitely many of such balls,
say

3 C BR1 (yl) U BRQ (y2) U...u BRN(yN)7
we obtain for ' that C = 3"V .

Next we turn our attention to radially symmetric harmonic functions. Let u(x) be a
function of r = |z| alone, i.e. u(z) = U(r). Then u is harmonic if and only if

n n a xl
0= Au(z) = ; 8:132 Z (931: 83:1 Z 8331

1, i ., \Or , 0 1
— ;(;U (r) + ?U (r) 95, ;U (1) o (;))

_U/ + Z U// Z 1’1 _

1 1
U"(r) + *——=U'(r) = = (""'U"(r))
implying
?“nilU/(T) = (",
so that
Cir+ Cs n=1;
U('f’) _ Cl logr + 02 n = 2’ (11)
¢ _1 +C n>2
2 —nrn2 2 ’
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We define the fundamental solution by

1
- —1

lal "

1

I'(z) = o log |x| n=2 (1.2)
1 1
> 2,
\ nw, (2 —n) |z|n—2 "

ie. C1 =1/nw, and Cy = 0in (1.1). Whenever convenient we write I'(x) = I'(|z|) = I'(r).

1.9 Theorem The fundamental solution I' is a solution of the equation AI' = ¢ in the
sense of distributions, i.e.

/n (2)Av(z)ds = (0) Vi € D(R™).

Proof First observe that for all R > 0, we have I' € L (Bg) if n = 1, I' € L¥(Bg) for all
I1<p<ooifn=2and T € LY(Bg) forall 1 <p < s if n > 2, so for all ¢ in D(R"),
choosing R large enough, we can compute

/n [(z)AY(x)dx = /B ['(z)AY(x)dx = lim [(x)AY(x)dx =

pl0 Ar.,

(here Ar , ={z € Br : |z| > p})

) oY / . oY oI
1 r—— — VIVyt =1 r-- - — AT} =
/}ﬁ)l{ AR, , 61/ AR, ¢} /}{8{ 3AR,p< (91/ 81/ ) + AR, 77Z) }

) -0y /0v

lim v/ ¢n_1 }=v(0).

pl0 Jop, nwn(2 —n)p""2 " nw,p

For n = 1,2 the proof is similar. =
Closely related to this theorem we have

1.10 Theorem (Green’s representation formula) Let u € C?(Q2) and suppose 92 € C*.
Then, if v is the outward normal on 02, we have

0 ou
uy) = [ {ulo) 55T =) =T =) g @}dS(a) + [ T —y)Au(w)de

Here the derivatives are taken with respect to the z-variable.
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Proof Exercise (Hint: take y = 0, let Q, = {& € Q : |z| > p}, and imitate the previous
proof). =

If we want to solve Au = f on §2 for a given function f, this representation formula strongly
suggests to consider the convolution

/ Pz — y)f(x)de
Q

as a function of y, or equivalently,

C D)) = [ T o) fw)dy (1.3
Q
as a function of x. This convolution is called the Newton potential of f.

For any harmonic function h € C?(Q2) we have

ou oh

so that, combining with Green’s representation formula,

u(y) = /aQ{ug—f - G%} —l—/QGAu, (1.4)

where G =I'(x —y) + h(z). The trick is now to take instead of a function h(z) a function
h(z,y) of two variables x,y € €, such that h is harmonic in z, and for every y € Q,

Gzx,y)=T(x—y)+h(z,y) =0 Vx .

This will then give us the solution formula

In particular, if u € C?(€) is a solution of

Au=f in
(D){ N
u=¢ on 0,

then
u) = [ o0 1 [ Glapsae (15

5



The function G(x,y) = I'(z — y) + h(x,y) is called the Green’s function for the Dirich-
letproblem. Of course h(z,y) is by no means trivial to find. The function A is called the
regular part of the Green’s function. If we want to solve

Au=0 1in ;
u=¢ on Jf),

(1.5) reduces to

wwziégwmﬁﬁg?@¢ﬂm. (1.6)

We shall evaluate (1.6) in the case that Q = B = B1(0) = {x € R" : |z| < 1}. Define the
reflection in OB by
Y

S(y):W if y#0; S(0)=o00; S(c0)=0. (1.7)

Here oo is the point that has to be added to R™ in order to construct the one-point
compactification of R™. If 0 # y € B, then § = S(y) is uniquely determined by asking
that 0, y and 7 lie (in that order) on one line [, and that the boundary 0B of B is tangent
to the cone C' with top ¥ spanned by the circle obtained from intersecting the ball B with
the plane perpundicular to [ going through y (you’d better draw a picture here). Indeed
if T lies on this circle, then the triangles Oyxz and 0Ty are congruent and

-0 -0 _ 1
T—0  F-o0 I

Y|

so that 7 = S(y). It is also easily checked that
OB ={z e R"; |z —y[ = lyllz —7[}.
But then the construction of h(x,y) is obvious. We simply take

hz,y) = =T (lyl(x = 7)),

so that
G(z,y) =T(z —y) — L(Jyl(z — ). (1.8)

Note that since |y||[g| = 1, and since y — 0 implies § — oo, we have, with a slight abuse of
notation, that G(x,0) = I'(x) — I'(1). It is convenient to rewrite G(z,y) as

G(z,y) =T(V]z]? + [y]> = 22y) — T(V/]z|y]? + [y[>[5]? — 2|y[*27)

=TD(V]z2 + [y|2 — 2zy) — T'(V/|z[2[y]? + 1 — 2ay),

which shows that G is symmetric in z and y. In particular G is also harmonic in the y
variables.



Next we compute 0G /v on 0B. We write

=lz—yly T=lx—-yl; zm=v-V= i = ; =—
r=lz—yl T=lz-7 ov v leaxi ox; r ox; T

so that since G = I'(r) — I'(Jy|F),

and

n
2—n—=—n — . . _
S (e -7 = ubstituting = )

{lyl — zy},

1 2-n ’3/| 2 N
N, — |y (— . )" ;( §—xiy;) = nw, "
whence )

(9G(:L‘,y) - 1 (1 o |y|2) _ 11— |y|

ov(xr)  nw,rm T nwplz — oyt

(1.9)

1.11 Theorem (Poisson integration formula) Let ¢ € C(0B). Define u(y) for y € B by

uy) = =0 [ A asa),

nw, BT —y|™

and for y € OB, by u(y) = ¢(y). Then u € C?(B) U C(B), and Au =0 in B,

Proof First we show that v € C°°(B) and that Au =0 in B. We have

uly) = L= [ HAis@) = [ Kewewis),

NnWn, B |x_y|n OB

where the integrand is smooth in y € B, and K (z,y) is positive, and can be written as

0G(z,y) _ ix 0G(w,y)

K(z,y) = ov(x) Ox;

=1



Thus u € C*°(B) and

Next we show that v € C (E) Observe that

K(z,y)dS(x) =
oB

because u = 1 is the unique harmonic function with @ = 1 on the boundary. We have to
show that for all xg € 0B

lim u(y) = p(x0) = u(xo),

Yy—=To
yeB

so we look at

u(y) —u(zo) = | K(z,y)(p(x) — ¢(20))dS(z).
0B

Fix € > 0. Then there exists § > 0 such that

lo(x) — @(x0)| < e for all z € B with |z — x| < 6.

Thus we have, with M = maxgp |¢|, that

u(y) — u(zo)| < / K(z,y)|o(x) — o(zo)|dS(x)

x€IB, |r—x0|<6

+/ K(z,y)lp(x) — ¢(xo)]dS(x) <
x€0B, |r—x0|>d

K(z,y)edS(x) —I—/ K(x,y)2MdS(z) =
OB x€IB, |z—x0|>6

J
e+2M K(z,y)dS(z) < (choosing y € B with |y —zo| < =)
r€0B, |z—xo|>d 2

_ 2 2
e+ 2M L=WE sy < e+ ot 0 / (%)ndS(x):
oB

r€IB, |x—y|2% nwn|:l: - y|n nWwn,
2\ n )
e+ 2M(5)" (1= yP) — e as y = a0,
Since € > 0 was arbitrary, this completes the proof. =
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1.12 Remark On the ball B = {x € R" : |z| < R} the Poisson formula reads

uly) = M/a ﬂdg(x)_

nwy R Br [T —y|"

1.13 Corollary A function u € C(2) is harmonic if and only if

1
= d
u(y) o R /BR(y) u(x)dx

for all Br(y) CC Q.

Proof Exercise (hint: use Poisson’s formula in combination with the weak maximum
principle which was proved using the mean value (in-)equalities). =

1.14 Corollary Uniform limits of harmonic functions are harmonic.
Proof Exercise. =

1.15 Corollary (Harnack convergence theorem) For a nondecreasing sequence of harmonic
functions u,, : 2 — R to converge to a harmonic limit function u, uniformly on compact
subsets, it is sufficient that the sequence (u,(y))$2; is bounded for just one point y € Q.

Proof Exercise (hint: use Harnack’s inequality to establish convergence). =
1.16 Corollary If u : Q — R is harmonic, and ' CC Q, d = distance (2, 09), then
n
sup |Vu| < = sup |ul.
9% d o

For higher order derivatives the factor % has to be replaced by (%), where s is the order

of the derivative.

ns
d

Proof Since AVu = VAu = 0, we have by the mean value theorem for y € '

),
— Vu(z)dz| =
wnd Ba(y) ’

(by the vector valued version of Gauss’ Theorem)

V()| = |

1

i nuwnd” ™ sup [u(@)||v(@)] = 2 sup [u(@),

wpa" Ba(y) Ba(y)

/ u(o;)l/(a:)dS(x)| <
0Ba(y)



since v is the unit normal. =

1.17 Corollary (Liouville) If u : R™ — R* is harmonic, then u = constant.

Proof We have

1

w, R™

[Vu(y)| = |

— w, R?

/ u(z)v(z)dS(z)| < / lu(z)v(x)|dS(z)
9Br(y) 9Br(y)

n 1 n

= R Rl /83R(y) u(z)dS(z) = Eu(y)

for all R > 0. Thus Vu(y) = 0 for all y € R™, so that u = constant. =

We have generalized a number of properties of harmonic functions on domains in R?, which
follow from the following theorem for harmonic functions of two real variables.

1.18 Theorem Let Q C R? be simply connnected. Suppose u € C(2) is harmonic. Then
there exists v : 2 — R such that

F(z +1y) = u(z,y) + iv(z,y)

is an analytic function on Q. In particular u,v € C>*(Q2) and Au = Av =0 in Q.

1.19 Exercise Let u : £ — R be harmonic. Show that the function v = |Vu|? is
subharmonic in €.

1.20 Exercise Adapt the proof of the mean value theorem to show that under the same
assumptions, for dimension n > 2,

1
wo) = [ a@dr—an [ G-y R)Su(e)ds
wnR™ JBp(y) Br(y)
where ) )
1 1 n—2r°—R
G(’l“, R) - ,rn—2 - Rn—2 + 2 Rn ’

and a, > 0 can be computed explicitly. Derive a similar formula for n = 2.

1.21 Exercise Show directly that the function

R? —|y|?

K(z,y) = ——— ¥
(z,9) nwp Rz — y|™
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is positive and harmonic in y € B = Bpg, and, without to much computation, that
Jp K(2,y)de = 1. (These are the three essential ingredients in the proof of Theorem
1.11 and Remark 1.13).

1.22 Exercise Use Corollary 1.16 to prove that, if u is harmonic in 2 and Bag(x) CC €,
then

u(z) —u(y)] <z —y|*(2R)" "= sup |u| Va,y € Br(wo).
Bar(zo)

=V IR

1.23 Exercise (Schwarz reflection principle) Let €2 be a domain which is symmetric with
respect to z,, = 0, and let Q* = QN {x, > 0}. Show that a function u which is harmonic
in Q7 and continuous at 2 N {z,, = 0}, has a unique harmonic extension to €, provided

u=0on QN {z, =0}

2. Perron’s method

2.1 Theorem Let Q2 be bounded and suppose that the exterior ball condition L is sitisﬁed at
every point of 942, i.e. for every point zg € O there exists a ball B such that BNQ = {zo}.

Then there exists for every ¢ € C'(9f2) exactly one harmonic function u € C'(2) with u = ¢
on 0f2.

For the proof of Theorem 2.1 we need to extend the definition of sub- and superharmonic
to continuous functions.

2.2 Definition A function u € C(Q) is called subharmonic if u < h on B for every ball
B cC Q and every h € C(B) harmonic with u < h on 0B. The definition of superharmonic
is likewise.

Clearly this is an extension of Definition 1.1, that is, every u € C?(Q) with Au > 0 is
subharmonic in the sense of Definition 2.2. See also the exercises at the end of this section.

2.3 Theorem Suppose u € C(f) is subharmonic, and v € C(Q) is superharmonic. If
u < v on 02, then u < v on €2, unless u = v.

Proof First we prove that v < v in €. If not, then the function v — v must have a
maximum M > 0 achieved in some interior point xq in 2. Since u < v on 02 and M > 0,
we can choose a ball B CC () centered in xg, such that u — v is not identical to M on
OB. Because of the Poisson Integral Formula, there exist harmonic functions @,v € C(B)
with % = u and ¥ = v on dB. By definition, @ > v and v < v. Hence u(zg) — v(xg) > M,
while on 0B we have u — 7 = u — v < M. Because ©w and T are harmonic it follows that
u—v = M on B, and therefore the same holds for © — v on B, a contradiction.

11



Next we show that also u < v on {2, unless v = v. If not, then the function v — v must
have a zero maximum achieved in some interior point xg in €2, and, unless u = v, we can
choose ¢ and B exactly as above, reading zero for M. Again this gives a contradiction. =

Using again the Poisson Integral Formula we now introduce

2.4 Definition Let u € C(€2) be subharmonic, and let B CC  be a ball. The unique
function U € C(€2) defined by

(i) U = u for Q\B;
(ii) U is harmonic on B,

is called the harmonic lifting of u in B.
2.5 Proposition The harmonic lifting U on B in Definition 2.4 is also subharmonic in €.

Proof Let B’ CC 2 be an arbitrary closed ball, and suppose that h € C (E/) is harmonic
in B’, and U < h on 0B’. We have to show that also U < h on B’. First observe that
since u is subharmonic U > u so that certainly v < h on 0B’, and hence u < h on B’.
Thus U < h on B’\B, and also on the boundary 90€’ of ¥’ = B’ N B. But both U and h
are harmonic in Q' = B’ N B, so by the maximum principle for harmonic functions, U < h
on ' = B’ N B, and hence on the whole of B’. u

2.6 Proposition If uq,us € C(Q) are subharmonic, then u = max(uy,u2) € C(Q) is also
subharmonic.

Proof Exercise. n

2.7 Definition A function u € C(f2) is called a subsolution for ¢ : Q2 — R if u is
subharmonic in 2 and u < ¢ in 02. The definition of a supersolution is likewise.

2.8 Theorem For ¢ : {2 — R bounded let S, be the collection of all subsolutions, and
let

u(x) = sup v(x), =€ Q.
vES,

Then u € C(Q) is harmonic in Q.

Proof Every subsolution is smaller then or equal to every supersolution. Since supgyg ¢ is
a supersolution, it follows that u is well defined. Now fix y € {2 and choose a sequence of
functions vy, v, vs, ... € S, such that v, (y) — u(y) as n — oco. Because of Proposition 2.6
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we may take this sequence to be nondecreasing in C(£2), and larger then or equal to infsq ¢.
Let B CC ) be a ball with center y, and let V,, be the harmonic lifting of v,, on B. Then
v, < Vi, < win Q) and V, is also nondecreasing in C'(£2). By the Harnack Convergence
Theorem, the sequence V,, converges on every ball B’ CC B uniformly to a harmonic
function v € C(B). Clearly v(y) = u(y) and v < w in B. The proof will be complete if we
show that v = u on B for then it follows that u is harmonic in a neighbourhood of every
point y in Q. So suppose v Z u on B. Then there exists z € B such that u(z) > v(z), and
hence we can find w € S, such that v(z) < u(z) < u(z). Define w,, = max(v,, %) and let
W,, be the harmonic lifting of w,, on B. Again it follows that the sequence W, converges
on every ball B’ CC B uniformly to a harmonic function w € C(B), and clearly v < w < u
in B, so v(y) = w(y) = u(y). But v and w are both harmonic, so by the strong maximum
principle for harmonic functions they have to coincide. However, the construction above
implies that v(z) < u(z) < w(z), a contradiction. =

Next we look at the behaviour of the harmonic function « in Theorem 2.8 near the bound-
ary.

2.9 Definition Let zq € 9Q. A function w € C(Q) with w(zg) = 0 is called a barrier
function in xg if w is superharmonic in 2 and w > 0 in Q\{zp}.

2.10 Proposition Let u be as in Theorem 2.8, and let g € 02, and suppose there exists
a barrier function w in xg. If ¢ is continuous in xg, then u(z) — @(xg) if z — zo.

Proof The idea is to find a sub- and a supersolution of the form u™ = ¢(x¢) & € £+ kw(x).
Fix € > 0 and let M = supyq, |¢|. We first choose 6 > 0 such that |p(z) — ¢(x0)| < € for all
r € 00 with |z — 20| < J, and then k > 0 such that kw > 2M on Q\Bs(xg). Clearly then
u~ is a sub- and u™ is a supersolution, so that ¢(z¢) —e—kw(z) < u(x) < p(xo)+e+kw(x)
for all x € ). Since € > 0 was arbitrary, this completes the proof. =

2.11 Exercise Finish the proof of Theorem 2.1, and prove that the map
0 € C(00) —ueC)

is continuous with respect to the supremum norms in C(99) and C(9).

2.12 Exercise Show that for a function u € C(Q2) the following three statements are
equivalent:

(1) w is subharmonic in the sense of Definition 2.2;

(i) for every nonnegative compactly supported function ¢ € C?(Q) the inequality

/QuA¢20
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holds;

(iii) w satisfies the conclusion of the Mean Value Theorem, i.e. for every Br(y) CC Q the
inequality
1

u(y) < W[?BR(y)U(x)dS(z)

holds.

Hint: In order to deal with (ii) show that it is equivalent to the existence of a sequence
()09, of strictly increasing domains, and a corresponding sequence of subharmonic
functions (u,)$2, € C*°(Q,), with the property that for every compact K C  there
exists an integer NV such that K C Qu, and moreover, the sequence (u,)o° 5 converges
uniformly to u on K.

Finally we formulate an optimal version of Theorem 2.1.

2.13 Theorem Let €2 be bounded and suppose that there exists a barrier function in
every point of 9€). Then there exists for every ¢ € C(9f2) exactly one harmonic function

u € C(Q) with u = ¢ on 9. The map ¢ € C(0Q2) — u € C(Q) is continuous with respect
to the supremum norm.

Proof Exercise.

3. Potential theory

We recall that the fundamental solution of Laplace’s equation is given by

1
by log(|x|) if n = 2;
T
r@=ren=4"
n 9
—n(2—n)wn|x| it n > 2,

and that the Newton potential of a bounded function f : 2 — R is defined by

Note that we have interchanged the role x and y in the previous section.

When n = 3, one can view w(z) as the gravitational potential of a body Q with density
function f, that is, the gravitational field is proportional to —Vw(z). This gradient is well
defined because of the following theorem.
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3.1 Theorem Let f € L*>(Q2), 2 C R™ open and bounded, and let w(z) be the Newton
potential of f. Then w € C'(R") and

dw () / o0 (z — y)

or, o, f(y)dy.

Proof First observe that

8F(:B—Z/): Ti — Yi <o that |6F$—y)‘§ 1 .
ox; nwy|T — y|™ oz nwy |z — y|n— T

Hence

[ e, o [ _

Bay) 0% " JBa) mwnlr —y""t g 0) nwnlz["
L
= / ——r"ldr = R < o0,
0 7’”_1

and

l'(z —y)

oz, € L'(Bg(y)) for all R > 0.

Thus the function or( )
r—y
@)= | L f(y)d
w(o) = [ F= pwy
is well defined for all € R".

Now let n € C*°([0, 00)) satisfy

n(s) =0 for 0 <s<1;
0<n(s) <2 for 1<s<2;
n(s) =1 for s> 2,

and define

wela) = [ T -yl =91y b y)ay.

3

Then the integrand is smooth in z, and its partial derivates of any order with respect to
x are also in L>°(Q2). Thus w, € C*°(R") and

o= [ g e )y =

3

| S it + [ v = (D S

Ox; Q e elr—yl
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We have for n > 2, and for all x € R", that

\%}gﬂ —vi(@)| = | /Q M(gxz 9 (28 1) gy

3

# [ e 2 i) <

171 ay+ |
00{ |z—y|<2e nwn‘x - y’n—l |z—y|<2e ?’L(?’L - 2)(")%‘3: - y’n—2 €

el [ S [ 2ty
= . r r ~r r
g 1l o (n—2)yr"2¢

).

1
= [|flloo{2e + mg(%)Q} = [|flloo (2 +

n—2

so that
ow,

81172'

— v; uniformly in R" as ¢ | 0.

Similarly one has

|w¢w—w@n:y@ru—yxm“‘yb—mf@mm

€

2e 1 1 52
< 1 £llos S ——C ) A ] [ —
R T A

so that also w. — w uniformly on R™ as & | 0. This proves that w,v; € C(R™), and that
v; = Ow/dx;. The proof for n = 2 is left as an exercise. =

The next step would be to show that for f € C(Q2), w € C?(Q) and Aw = f. Unfortunately
this is not quite true in general. For a counterexample see Exercise 4.9 in [GT]. To establish
w € C%(Q) we introduce the concept of Dini continuity.

3.2 Definition f: Q — R is called (locally) Dini continuous in €, if for every Q' CC Q
there exists a measurable function ¢ : Rt — R with

R
/ 20 dr < oo forall R >0,
0 T

such that
[f(x) = f(W)] < e(lz —yl)

for all z,y in €. If the function ¢ can be chosen independent of €', then f is called
uniformly Dini continuous in €.
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3.3 Definition [ : Q@ — R is called (uniformly) Hoélder continuous with exponent o € (0, 1]
if f is (uniformly) Dini continuous with ¢(r) = re.

3.4 Theorem Let 2 be open and bounded, and let f € L°°(€2) be Dini continuous. Then
w € C?(Q), Aw = f in €, and for every bounded open set Qg D Q with smooth boundary
aQO?

9w (x) /Q ’T'(r —y) vi(y)dS(y),

= | amar, (®— @)y~ @) / IL(x —y)

81’181'3' 890 8752

where v = (vq, ..., y,) is the outward normal on 0€y, and f is assumed to be zero on the
complement of 2.

Proof We give the proof for n > 3. Note that

PT(x—y) 1 |lz—ylPdy —nlzi —yi)(z; —y;)

Ox;0r;  nw, |z — y|nt2 ’
so that
’82F(x —y) | 1 1
ox;0x; ' wy |z —y|?

which is insufficient to establish integrability near the singularity y = z. Let

we) = [ FEEI ) - sy f) [ S

N P (¥)dS(y).

Since f is Dini continuous, it is easy to see that u;;(x) is well defined for every = € €,
because the first integrand is dominated by

1 p(r)
wp M
and the second integrand is smooth. Now let

vie(z) = /Q oLz - y)n( L] ) f(y)dy.

ox; €

Then

ow(x oI'(x — T —
i) = 22| = | [ EEZI () 1) pgpay)

1 _
< Wl | grhdr = 2] e,
0 Nwpr

so that v;. — Ow/0z; uniformly in R™ as € | 0. Extending f to Qg by f = 0 in Q°, we
find for z € Q, using the smoothness of (OI'/0x;)nf, that

Ovic () 0 IOl'(z —vy)

_ lz —yl _
81:j N Q0 813]' 8901 77( g )f(y)dy B
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/ {f(y) 8 8F($_y)n(|x;y‘)dy+

N ow, o
o | 8§j =
/ (fly 81 ar(gxz y)n( K ; y|)dx — f(z) /890 %x:y)yj(y)ds(y),
provided 2¢ < d(x, 99), so that
g2 = 28 = [ 5000 s o - (2 20y

Iz —vy) [z —y e =yl x5 —y; O0(x — y)
|Qo 6?:1:—8333(1_77(7))_77( € >s\x—y] ox; P X

(fy) - F(o)}dy| < / L 2 Yol - yl)dy <

z—y|<2e wn]x - y|n 5nwn|x - yln

/06<3+ 2 yp(ryrldr <

rn grn—l

2e 2e 2e
n/ #r) dr + 2/ relr) dr < (n+2) / #(r) dr,
0 T 0 eE T 0 T

81]1'5
8l'j

implying

—u;; as €0,

uniformly on compact subsets of Q. This gives v; € C*(Q2) and

_ Ovi(z) 0%w(x)
Hij (IE) N 8fL’j N 89526:1:]

It remains to show that Aw = f. Fix x € Q and let Qo = Bg(x) D Q. Then

:;Uu(fﬁ)—z 1 a;; _ Z/aBR(m) - ) (y)dS(y):
~ ol —y) o ar
) NS e = [ s =
1

fl@)nw, R™ = f(x),

nw, Rn—1

and this completes the proof. =

18



3.5 Definition Let f be locally integrable on Q. A function v € C() is called a weak
Co-solution of Au = f in Q if, for every compactly supported ¢ € C?(2), the equality

/Qqu:/wa

holds.

3.6 Exercise Let f € C(Q), and let w € C*(R") be the Newton potential of f. Show
that w is a weak C-solution of Au = f in 2, and that the map

fecQ) -wel)

is compact with respect to the supremum norm in C(€2).

4. Existence results; the method of sub- and supersolutions

We begin with some existence results which follow from the previous results. The first
one combines the results of Perron’s method (Theorem 2.1 and Exercise 2.13) with the

continuity of the second derivatives of the Newton potential of a Dini continuous function
(Theorem 3.4).

4.1 Theorem Let 2 be bounded and suppose that there exists a barrier function in every
point of 9. Then the problem

Au=f in §;
u=¢ on Jf),

has a unique classical solution u € C*(Q) N C(Q) for every bounded Dini continuous
f € C(Q2) and for every ¢ € C(09Q).

Proof Exercise (hint: write u = @ + w, where w is the Newton potential of f). m

The previous theorem gives a classical solution u € C?(Q) N C(Q). We recall that for f
locally integrable on €, the function u € C(Q) is called a weak Cp-solution of Au = f in
Q if, for every compactly supported 1 € C?(2), the equality [uAy = [ f holds. The
next theorem combines Perron’s method with Exercise 3.5.

4.2 Theorem Let 2 be bounded and suppose that there exists a barrier function in every
point of 9. Then the problem

Au=f in
u=0 on 0,
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has a unique weak Cp-solution for every f € C(Q). The map
feC) —ueC()

is compact with respect to the supremum norm in C(9).
Proof Exercise.

4.3 Exercise Compute the solution of

Au=—1 1in §;
u=0 on 01,

in the case that
N=Q r={zeR": e<|z| <R}

4.4 Exercise Let ) be bounded and suppose that for some € > 0 the exterior ball condition

is satisfied at every point of 92 by means of a ball with radius r > €. For f € C(Q2) let u
be the unique weak Cj-solution of

Au=f in
u=20 on 0f2.

Prove that
lu(z)| < C|| f|loodist(z, 052),

where C' is a constant which depends only on € and the diameter of €.

The concept of weak solutions allows one to obtain existence results for semilinear problems
without going into the details of linear regularity theory, which we shall discuss later on
in this course. We consider the problem

D) {Azi: flxz,u) in §;
u=0 on 01,

where f: R x Q — R is continuous.

4.5 Definition A function u € C(f) is called a weak Cy-subsolution of (D), if u < 0 on
99, and if for every compactly supported nonnegative ¢ € C?(€), the equality

/Q Ul > /Q f (5, u())da
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holds. A Cy-supersolution @ is defined likewise, but with reversed inequalities. A function
u which is both a Cp-subsolution and a Cy-supersolution, is called a Cp-solution of (D).

4.6 Theorem Let ) be bounded and suppose that there exists a barrier function in every
point of 9. Let f : R x  — R be continuous. Suppose that Problem (D) admits a
Co-subsolution u and a Cy-supersolution w, satisfying v < @ in 2. Then Problem (D) has
at least one Cy-solution u with the property that u < u <.

Sketch of the proof The proof is due to Clement and Sweers and relies on an application
of Schauder’s fixed point theorem. Let

[u,u) = {u e C(Q): u<u<u}.
In order to define the map T we first replace f by f* defined by f*(z,s) = f(z,s) for
u(z) < s <u(z), f*(x,s) = f(z,u(z)) for s > u(x), and f*(x,s) = f(z,u(z)) for s < u(x).
It then follows from the maximum principle that every solution for the problem with f*

must belong to [u,u]. Writing f for f* again, the map T is now defined by T'(v) = u,
where u is the weak Cy-solution of the problem

Au = f(z,v(x)) in Q;
u=0 on Jf.

Let e € C%(Q) be the (positive) solution of

{ Ae=—1 in )
e=0 on 0f.
Then e is bounded in 2 by some constant M. We introduce the set
Ap ={u e CQ): |u(x)| < ke(x) Vz € Q}.
From the maximum principle it follows again that T : Ay — Ay is well defined, provided &

is larger then the supremum of f = f*. The compactness of T" follows from Theorem 4.2.
Hence there exists a fixed point, which is the solution we seek. =

4.7 Exercise Fill in the details of the proof.

4.8 Exercise Prove the existence of a positive weak solution in the case that f(u) =
—uP (1 —u) with 0 < 3 < 1.

4.9 Exercise Prove the existence of a positive weak solution in the case that f(u) = —u”
with 0 < 8 < 1.
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