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Notations

00 2
__ Xk < o0
x € (2 (C™™) means x = | xo szgre ;OJ mHmatrice;s.

(% (C"™™) consists of all x with x, = 0 if k < 0.
X(z) = Y02 o zZFx for x € (2(Cm*m).

If x € £2 (C"™™) then X(z) is analytic on D. Here D is the interior of the
unit circle T.
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Notations

For x € ¢2(C™ ™) the Toeplitz operator Tx is

x 0 0
X1 X0 0 m n
x=1% x x 43(C™) — A(CN).

[ Tx|l = ess sup{[[X(2)[| : [z] = 1}.

For x € £3 (C™ ™) the Hankel operator Hy is

X0 X1 X2
XX X3 .2 m 2 n
Hx = | x5 xs S (2(C™) — £2(CN).

[[Hx|| < ess sup{[|X(2)] - |z| = 1}.
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The Nehari extension problem

Given ..., 1¥_»,%_1,%0 a sequence of m X m matrices
with 30 [[vl] < oo.
Find a sequence (¢x),— ., such that
(i) The corresponding function & satisfies | ®(z)| < 1 for z € T.
(i) ¢k =k for k <0
(i) S5 oo lléwll < oo.

Necessary and sufficient

Yo Y1 Y2
Y1 Yoo Y3

_ .2 2 . . .
H= 1y 0 .3 04 445 (C™) — £7.(C™) is a strict contraction.
In that case a solution can be constructed as follows.
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The Nehari extension problem

( H is a strict contraction.)

Vo /m uo Vo
Vi . 1 0 u_1 %1
Let |, | = (I — H*H) 0 and uo| =H v

Then ®(z) = U(z)V(z)~! is a solution.
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The Nevanlinna-Pick interpolation problem

Given zj, 25, ..., zy different points in D and yy, y»,- -+ , yn matrices of
size m x m.

Find a sequence (¢x)32, of m x m marices with >~77 |||l < oo such
that the corresponding function ® on ID satisfies

(i) sup{[[®(z)]| : ze D} <1
(ii) CD(zk) = Yk for k = 1,...,/\/.

To find a necessary and sufficient condition for the existence of a solution

requires some preparation.
N N — N _
Put A(2) = S0 vk (T a0 22 ) and B(2) = 1Y, £2

j=1 1—zz "
Let W = AB~! and ¢ be the k-th Fourier coefficient of W.

Necessary and sufficient
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The Nevanlinna-Pick interpolation problem

Yo Y1 Y2
Vo1 Y2 3
H= oo W 3 b_s : £2(C™) — (2(C™) is a strict contraction.
Vo Im
Vi 0
In that case: Let |, | = (I — H*H) ! 0 and
Uo 0
u_1 Vi
uo| =H ||

Then &(z) = U(z)V(z)~ ! is a solution.
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The Leech problem in discrete time

Given G an m x p and K an m X q rational matrix valued bounded
function on D.

Let T¢ : Ei((CP) — Ei((Cm) and Tk : Ei((Cq) — Ei((C’") be the
corresponding Toeplitz operators.

A p x g rational matrix function X is a solution to the Leech problem if

(i) sup{[[X(2)]| : ze D} <1;
(i) GX =K
Necessary and sufficient condition is that
N=TETcTE) 1Tk : (KerTg)t — €2(CP) is a strict contraction.
In that case a solution is constructed as follows.
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The Leech problem in discrete time

Vo Im uo Vo
Vi 0 up Vi
_ -1 _
Let [, | =(/=AN o] and |, | =7,

Then det V/(z) # 0 for z € D and V! is bounded on D.

The function X = UV~ is such that K = GX and || X||o < 1. It is a
solution to the Leech problem.
With rational G and K we have the minimal realization

[G(z) K(2)] =[D1 Du] +2zC(l,—zA)"' [B1 Ba].

The solution X can be expressed in A, By, By, C, D1, D, and (matrix)
solutions of related Lyapunov and Riccati equations.
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Definitions and notations

Cy ={seC:Rs >0} H*(C"™™M) consists of all functions F on C,
such that

[Flloc = sup{[[F(s)I| : s€Cy} < o0

Let f, be an integrable function on R;. The Laplace transform of f, is
defined as

(££,)(s) = /Ooo £(t)etdt (seCy)

and is analytic on C4. For F(s) = D + (£f,)(s) we define the
Wiener-Hopf operator TF : Li((C’") — Li((C") by putting

(Tru)(t) = Du(t) +/O £(t— T)u(r)dr (0 < t < o).
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The Leech problem in discrete time(2)

Given G an m x p and K an m X q rational matrix valued bounded
function on D.

Let Tg : £2(CP) — (3 (C™) and Tk : £2(C9) — £2 (C™) be the

corresponding Toeplitz operators.

A p x g rational matrix function X is a solution to the Leech problem if
(i) sup{||X(2)|| : ze D} < 1;

(i) GX =K

Necessary and sufficient condition is that

N=TETcTE) Tk : (KerTg)t — €2 (CP) is a strict contraction.
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The Leech problem in continuous time

Given G an m x p and K an m x q rational matrix valued bounded
function on C,..

Let T : L2(CP) — L2(C™) and Tk : L2 (C9) — L% (C™) be the

corresponding Wiener Hopf operators.

A p x g rational matrix function X is a solution to the Leech problem if
(i) sup{[|X(s)[| : s € C4} <1

(i) GX =K

Necessary and sufficient condition is that A = TE(TgTE) ™ Tk : is a strict

contraction.
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The Cayley transform

c:Cyp—Dand ct:D— Cy given by

s—1 _
c(s) = st 1 ¢ 1(2) =

1—-2z
14z

Solutions of discrete time Leech problem correspond in a one to one way
with solutions of the contnuous time Leech problem.

G(s) G(z) = G(c(2))
K(s)| «— |K(2) = K(c 1(Z))
X(s) X(2) = X(cH(2)

continuous time <—  discrete time

z
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Freek van Schagen (Vrije Universiteit Amsterdam)

Towards a formula in continuous time

To determine V/(z) in the discrete case we had

Vo Im
Vi

_ * -1
Ll =0=NN

If (1 —A*A)~L = [Vik] 75— then v; = vjo (j =0,1,2....).
For the continuous time we want a similar formula. Assume

— AN = Oov T)g(T) dT.
(1=NNe) (0= [ vie.r)er)d
Take v(t) = v(t,0). We define
/Ooo V(£ 7)0(r) d7 = (t,0).

This makes sense if v(t,7) is continuous. (So rational is sufficient!)
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Theorem: Solution of continuous time Leech problem

Assume that A= T; (Tg Tg)_1 Tk is a strict contraction. Let X be the
function defined by

X(s) = U(s)V(s)™!
where U(s) and V/(s) are the functions defined by

U(s) = (s/\ (1 — A*A)! 5)(5)
V(s) = (2(/ — AN 5) (s).
Here £ is the Laplace transform.

(i) Then X is a solution to our Leech problem. To be precise, X is a
function in H>°(CP*9) satisfying G(s)X(s) = K(s) and || X]|c < 1.

(ii) Moreover, V(s) is an invertible outer function, that is, both V(s) and
V(s)~! are functions in H>®(C9*9).
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In fact, the function )
O(s) = V(o0)2 V(s) ™

is the outer spectral factor for the function | — X*(—35)X(s), that is

I — X(~35)*X(s) = ©(~3)*0(s).
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Realizations
Given is the minimal realization

[G(s) K(s)]=[D1 Do) +C(sl — A [B1 By
We assume T T; — Ty Ty strictly positive or equivalently
AN=Te(Te TE‘;)_1 Tk strictly contractive.

Then Ry = D1Df — D> D3 is strictly positive.
Denote by A the solution of the Lyapunov equation

AA + AA* + BB — B,B; =0

Put I = BiD; — BoD5 + AC™.
Let Q be the stabilizing solution of the Riccati equation

AQ+ QA+ (C-T*Q) Ry} (C-T*Q) =0.

That is: Q is strictly positive and Ag = A — FRO_I(C —*Q) is stable.
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Realizations

Let
go(t) = C1e”* B with A stable and t > 0.
Then
(£85)(s) = Ci(sl — A)7B.
Therefore with G(s) = Dy + Ci(sl — A)"'B and f € L, (CP):

(Tef)(t) = Duf(t) + /OOO Cr e ABf(1)dr.

Freek van Schagen (Vrije Universiteit Amsterdam) Leech October, 13-14, 2022 18 / 25



Theorem: Realization of the solution X .

Let G and K be be given by the minimal (stable) realization of the
previous slide. Furthermore, assume that T¢ T5 — Tk T is strictly
positive.

Then a solution X to Leech problem with data G and K is given by the
following stable state space realization:

X(s) = D{Ds + G, (sl — A) (B> — BiDID,)
Ce=D{C+ (I - DID)BfQ(I - AQ) ™"
A=A-B_C
D} = Di(D1D}) ™. (3) |
The operator A is stable, and || X||c < 1.

Finally, the McMillan degree of X is less than or equal to the McMillan
degree of (G K].
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Theorem: realization of V/(s).

Recall X(s) = U(s)V/(s)™ 1.

Put G = RO_I(C — Q) and accept that | — AQ is invertible.
Assume that A = T¢(Tg TE})*1 Tk strictly contractive. Consider the
function V/(s) defined by

V(s) = (£(I = A"A) 1 5)(s) (4) |
where §(t) is the Dirac delta function.

Then a state space realization for V/(s) is given by

1

V(s) = (I + D;Ry ' Da) + (D3 Go + B3 Q) (sl — Ao) "B,

B=(I-AQ) (B — BiD[Dy) 1+ D;R;'D,). 5) |

Because Ay is stable, V is a function in H>(C9*9).
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Theorem: Realization of U(s)

Assume that A = T¢(Tg Té)_1 Tk strictly contractive.
Consider the function U(s) defined by

U(s) = (EA (I = A*N)716)(s). 6) |
Then a state space realization for U(s) is given by
U(s) = DiRy™*Da + (D; Co + BLQ)(s! — Ao) B
B=(1-4Q) " (B~ &:DID:) (14 DsRD:).  (7) |

Because Ay is stable, U is a function in H>*(CP*9).
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Theorem: Realization of V/(s)~

Assume that A = Tg(Tg TE) ! Tk strictly contractive
Consider the function V(s) = (£(/ — A*A)7"d)(s).

Recall
V(s) = D, + C,(sl — A))"'B

D, = (I + D3Ry D), C,=D;Co+B3Q

B=(1-4Q) (B~ BiDID>) D,

Then a state space realization for V(s)™?

is given by
V(s)' =D, -

D;YC, (1 —AQ) Y (sl — A) (B, — BiDI D),
A=A—BD]C—Bi(l - DiD)B{Q(I — AQ)™?

Moreover, the operator A is stable. In particular, V/(s) is an invertible

outer function, that is, both V/(s) and its inverse V/(s)~! are functions in
Hee(Ca%9).
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The operator Tg

Then

with
Ro = D1D; — D, D3,
= B1D] — B,D; + AC*,
'Here A is the unique solution of the Lyapunov equation
AA + AA* + B1Bf — BoB; = 0.

The Wiener-Hopf operator Tg plays an important role in the proofs.

t o0
(Try)(t) = Roy(t) + / CeAtNry(7)dr + / e =8 C*y(r)dr
0 t
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Thank you for your attention
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