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Functions of operators.

Let A be a (bounded) linear operator from the Hilbert space X to
it self. It is well-know that functions of A can be defined.

> A% (I — A)7! etc.
» If A is self-adjoint, then f(A) is well-defined for any
continuous function f : R — R. (von Neumann)

» If f:C~— C is analytic, then we can define f(A) via the
contour integral

FA) = 5 [ £6) (6T = 2) s,

where I" is a contour enclosing the spectrum of A.
All these functions have in common:
1. If f(s) =1, then f(A) = 1.
2. If f(s) = (s—a)7!, then f(A) = (sI — A)~L.
3. If f(s) = fi(s)f2(s), then f(A) = fi1(A) f2(A).
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What we would like to do is to set up a Functional Calculus for
unbounded A's and f : C* +— C which are bounded on the right
half plane C* = {s € C | Re(s) > 0}.
More precise
» A infinitesimal generator of a Co-semigroup, (T'(t)),¢;
> feHx;
» The following properties should be satisfied.
1. If f(s) =1, then f(A) = 1.
2. If f(s) = (s —a)~ ", then f(A) = (s — A)~ L.
3. If f(s) = fi(s)f2(s), then f(A) = f1(A) f2(A).
This has been before, see e.g. work of Dunford & Schwartz, M.
Haase, and A. Mclntosh.
New idea using systems theory.
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When we have system with transfer function f, then putting e in
(as input), gives as output f(a)e®.

u(t) = e £s) y(t) = f(a)e”

Alternatively, y(t) = ffoo h(t — T)u(r)dr, and f(s) is the Laplace
transform of h(t).

So looking at the output, we can see f(a).

Idea: Extend this to Cp-semigroups. They are “e", and thus
generalisations of e,

Problems

> A Cy-semigroup is defined for ¢ > 0 only.

» In the above figure a > wyp, but we want a < wy (stable
systems).
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We flip the functions, i.e.,
feH  ={f:C_w— C| f analytic and sup,cc_|f(s)] < oo}.

Definition For f € H_ we define the Toeplitz operator My as
MG = £ ((fG)), G e L3((0,50); X),

where G is the Fourier tranform of G, II is the projection from
L?(iR; X) to H?(X), and L£~! is the inverse Laplace transform.
Lemma M has the following properties:

1. My is bounded linear operator on L%((0,00); X) with norm
bounded by || f||oo;

2. Mf1f2 = MfleZ' for fl,fg S Ho_o;
3. If K is a bounded operator on X, then KMy = MK
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More results

Let o, 7 > 0 denote the shift, i.e.,
(0-(G))(t)=G(t+7), t>0
Lemma For 7 > 0 there holds
(07 (M G)) = My (0+(G)).

Now we take G(t) = T'(t)xo, where we assume that (7'(t)),~ is
an exponentially stable semigroup. Define for g € X

Opzo = My(T(-)zo)-
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From the above Lemma we see that for 7 > 0

07 (Opxo) = or (MfT(-)z0) = My (0-(T(-)70))
= My(T(- + 7)x0) = Mp(T(-)T(7)z0) = OfT(7)0.

Now G. Weiss proved that there exists an operator C' bounded
from D(A) to X such that

(Ofxo) (t) = CT(t):L‘(), xo € D(A)

We denote this operator by f(A).
Thus
M¢(T(-)zo) = f(A)T()o.
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Some observations.

If f is the Fourier transform of an L!'-function h with support in
(—00,0), then

F(A)zg = /0 () T()zodt.

If C': D(A) — X is such that CT(-)zo € L?((0,00); X) for all
xo € X, then for 29 € D(A?)

My(CT(-)xo) = CMy(T(-)x0)
= COf(x9) = Cf(A)T(-)o.
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Bounded H, calculus

Theorem Assume that for C' : D(A) — X there exists
0 < my <mgy < oo such that for all zg € X

o0
ma|oll? < / |CT (£)o 2t < sl
0

I < 22111

Proof For xo € D(A?) there holds

Then

ma| £ (A)aol® < /OOO ICT () f(A)zol*dt = |CF(A)T(t)xol7

< ICMH(T()zo)l72 = |Mp(CT()z0)lI7
< IFIPICT()zollZe < [I£I*mallzol*.
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Von Neumann'’s inequality.
Assume now that A is dissipative. That is
(Axg, z0) + (z0, AT) <0, 20 € D(A).
We define C' as
(Axg, o) + (w0, Azo) = —||Cxol|*.

It is not hard to show that this implies that
o0
| 1eT@mlae = aol

Thus by the previous result we find von Neumann'’s inequality.

LA (A< IF]-
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Thanks for your attention and
Happy retirement, André!



