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1. INTRODUCTION

OBservaTIONS from outside the atmosphere of the Earth during the Skylab missions have
revealed that the corona of the sun and other stars is highly structured. One of the features is
the presence of hot plasma confined to quite persistent magnetic loops.

An extensive description of observations, physical mechanisms, modelling aspects, and most
of the references have been given in [1] by Pakkert ez a/. In their model there are two indepen-
dent variables: the time ¢ and the arclength x along the loop, where x = 0 corresponds to the
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Fig. 1. A coronal loop.
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loop base, and x = L to the loop summit, around which the plasma is assumed to be sym-
metrical. Neglecting the plasma velocity at x = 0, they find that the total mass M of the loop
is constant and introduce a new space variable z which is given by

=L
dz = - dx, (1.1

where p is the density. Obviously, z runs from z = 0 at the base to z = 1 at the summit. Assum-
ing the velocities to be approximately constant with respect to time, the continuity equation
decouples and is left out, whereas the momentum equation reduces to

aP
— = -, 1.2
az 1-2)
in which P is the (normalized) pressure and 1 is a positive constant (to be normalized from now
on: A = 1).
The energy equation reads
SPAT 3P _ P3 (Tm oT

p_> +a - P(T). (1.3)
9z

2Tor ot ‘Taz

Here Tis the (normalized) temperature, ¢ is a small positive parameter, partly determined by
the thermal conductivity coefficient, « is a positive constant corresponding to the heating rate
of the coronal plasma, and x(T) is the radiative loss function which depends critically on the
physical ingredients of the problem: x(T') increases quickly and monotonically until 7 =7, a
temperature typical for the bottom part of the corona, and decreases monotonically for 7> 7.

The boundary conditions are first of all

ron="7 La,n=o, (1.4)
0z

with 7; a positive constant and 0 < T, < 7. However, we simplify once more and put T = 0 in
order to make the mathematics in the next sections a little more transparent. See also remark
2.4 in Section 2.

The last condition comes from the assumption that the loop length L is constant. Via the gas
law this leads to

1
T
j ;)dz = [ (loop length condition), (1.5)
0

where / is a positive constant (which is in fact a normalization of L).

In [1] a start has been made with the quantitative analysis of the problem, using singular per-
turbation methods, the perturbation parameter being ¢. Here we shall focus on time-
independent (stationary) solutions of (1.2)-(1.5). To this end a reformulation is useful. First we
integrate (1.2) to obtain

PR)=p-z, (1.6)
with u a constant, one of the unknowns to be found. Next we set
w= T2, (.7
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and introduce

y =log P = logu - 2) (1.8)
as a new space coordinate. With the time derivative gone (1.3) reduces to (absorbing 2/5 in &)
ew,, + aw? — 2wy (W) = 0 (1.9)

forlog(u — 1) <y <logu.
The boundary conditions (1.4) (with 7; = 0) become

w,(log(u — 1)) = w(logu) = 0, (1.10)
whereas (1.5) reduces to
logp
g w(»)dy = I. (1.11)
log(r—1)

So the stationary problem consists of finding a constant 4 > 1 and a function

w: [log(u — 1), logu] = R

such that (1.9)-(1.11) are satisfied.

The outline of the paper is now as follows. The mathematical results are given in Section 2.
In Section 3 we set up an iteration argument which yields the existence of a decreasing solution
provided ¢ is sufficiently small, and in Section 4 we prove the lemmas needed in Section 3.

2. THE MAIN RESULT

In the introduction the steady-state problem has been reduced to the following problem: find
u > 1 and a nonnegative function w(y) on [log(u — 1), log 4] such that

ew'(y) + aw?® — e¥Pg(w) = 0(e > 0) fory,=logu - ) <y<logu=y,; (.1

7y W00 = WO = 0; @2

jy' w)¥*dy = |, 2.3)
34

0
where ¢, o and [/ are given positive constants, and g: [0, o) — R is a function satisfying
(H) g(0) = 0; g(s) > 0 for s > 0; g € L'(R*) N L”(R*); g is Lipschitz continuous on [0, );

g'(s) = 0 a.e. for s large enough; g(s) and A(s) = (d/ds) (sg(s)) are O(s™®) as s — o for
some B > 1. The derivatives are taken in the distributional sense.

The main result of this paper is given by the following.

THEOREM 2.1. Let (H) be satisfied. For £ > 0 sufficiently small problem (P) has a decreasing
solution (4, w). As ¢ { O the order of u is €27 and the order of w(log(u — 1)) = w(y,)is ¢7*/".

Remark 2.2 We suspect the decreasing solution to be unique. Although the existence proof
relies on a contraction argument, there are some technical reasons preventing us from
concluding uniqueness.
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Remark 2.3. The power 2/5 in (2.1) and (2.3) can be replaced by any 8 € (0, 1) without affect-
ing the existence proof. As ¢ { 0 the orders of u and w(y,) will then be ¢™#/®+D apd ¢~ 1/E+D,
respectively.

Remark 2.4. We have taken the liberty of setting 7, = 0 in the introduction (1.4). In reality T,
is a small positive number corresponding to a normalized temperature and therefore this simpli-
fication seems reasonable from a physical point of view.

For the sake of completeness we mention that if in (2.2) the condition w(y,) = 0 is replaced
by w(y,) = w,(w, a given positive number), theorem 2.1 remains valid, but the proof is more
involved, though essentially the same.

There is however some numerical evidence for the existence of oscillating solutions if
0 < T, < 1, something which is easily seen to be impossible if T, = 0, i.e. w;, = 0. We hope to
come back to this subject in a future paper.

3. OUTLINE OF THE PROOF

We shall construct the solution as the fixed point of a contraction. In order to do this we
begin with rewriting the problem. It will be convenient to set

S, w) = aw?’ — Pg(w), (3.1
and to redefine e¥ by

2 3.2)

o e?  fory<logu
u for y = log u.

Whenever we write e, it is understood to be redefined by (3.2). Of course this does not make
any difference for problem (P). Note, however, that ¢* is now a function of both y and x.
Let w, , ., be the unique solution of

ew'(y) + f(r,w(y)) =0  fory>logu — 1) = y,; (3.3)
(P, i, we) {W(Yo) = wo > 0; 3.9
w'(ye) = 0. (3.5)

Since we are looking for decreasing solutions of (P) we can restrict ourselves to solutions
W = W, , w, for which the inverse w™! exists. For these solutions we have

2 Wo 172
wi(y) = - {E j Sw™(9),9) dS} , (3.6
)

wiy
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We u,wo
Wol[m— ———
|
|
|
I
I
]
Yo =log{p-1) y
Fig. 3. W, , -
and hence
y 2 wo -1/2
y=—JYo= —S w'(n) {—5 fw(s), s) dsz dn, 3.7
Yo € w(n)
or
el dw
— Yo = |= . 3.8
yo x/; Swm T o6, 9 ds G8

Observe that in (3.8) w is just an integration variable, while w(y) is the solution of (P, ,, .,)
and w™!(s) its inverse. Formula (3.8) holds for all y as long as w(y) is decreasing.
In a similar way we obtain

Y g™ w23 dw
w(n)*>dn = \[— X ) (3.9
L, 2 Juoy VR f(w™(s), 5) ds
Next we substitute
w\7/5
w=wy(l =27, z=1- <—> (3.10)
Wo
in (3.8) and (3.9). For (3.8) this yields
5 | 30 Xl_(W/wa7/s dz
=2 [Ew : G.11)
YTREINT (= 9V Galz - 0,5, wo, D)
and for (3.9)
r 25 d J; N el b dz
w dn== |=-w , (3.12
j’}'o (’7) ', 7 2 o jo \/(5&/7) zZ— ¢e(4ua WO’ Z) )
where
1 "o 2w~ I(s)
DQ.(u, wy,2) = —73 e g(s) ds. (3.13)
0 Jwo(1-2)%7

As the reader may guess, all the difficulties lie in (3.13) since ®, is only well-defined if
W = W, , ., is decreasing and goes to zero. What can go wrong is that w(y) starts to oscillate
before reaching zero. ®,(u, wy, z) is only defined then for 0 < z < z*, where z* =1 —
(We/wp)"”® < 1 and w. is the first local minimum of w(y) and ®,(u, w,, z*) = (5a/7) z*. As
long as the square roots in (3.11) and (3.12) exist and are positive there is no problem.
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ProposiTiON 3.1. Suppose that the solution w, . .(¥) = w(») of (P, ,, .,) is decreasing on
(logu — 1), logw). If

U 5 3/10 jl dz
log —_ w N 3.14
u=-1_1 \ﬂ o (1 = 2*"'V(5a/T)z — (1, Wy, 2) 19
and
5 1
[ = 7\[2 w(7,/'°§ 5 dz : (3.15)
o V(Sa/T)z — O (u, wy, 2)

then (u, w) is a solution of (P).

Proof. Setting w = 0 in (3.11) and comparing with (3.14) we conclude that w(logu) = 0.
Similarly (3.12) and (3.15) yield that (2.3) holds with y, = logu. H

It follows that there is a one to one correspondence between pairs (w,, u) satisfying
(3.14)-(3.15) and decreasing solutions of (P). Thus we are going to solve (3.14)-(3.15) instead
of (P).

It will be a little bit more pleasant to work with

U e’
y=10gﬂ_1, ( =e7_1) (3.16)

rather than with g itself. Note that (3.16) is a bijection between (1, ) and R*. From now on
we shall write ®.(y, w,, 2) instead of @, (u, wy, 2).
Trying to define an iteration map we wish to solve § and W, from

N -3/1OSl dz
F== [zW 3.17)
7 \ﬁ * Jol = ¥V z - Dy, Wy, 2) (

and

5 1
[=2 \/g wgnoS dz , (3.18)
742 o V(Ga/T)z — @y, wo, 2)
for given y and w;,.

We need to control ®.(y, w,, z) to ensure that the right-hand sides are well-defined. Com-
puting 7 and Wy is straightforward. However, we also want 7 and w, to be close to y and w, so
that we can repeat the process and obtain a (bounded) sequence of iterates. Finally, we want the
sequence to converge. The following lemmas establish these properties.

LemMa 3.2. There exists a constant A > 0 such that, whenever the left-hand side exists,

A 1?2
g(}’, Wo, Z) = —73 w(‘)]/S 1+ ; 4 (319)
if wy is large enough (uniformly in y € R*, ¢ € R*and z € {0,1]).

Hence we must keep the coefficient on the right side of (3.19) smaller than 5«/7. It immedi-
ately turns out to be of order £¥7 if (w,, y) satisfies condition (3.20) in the following lemma.
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LemMa 3.3. There exist positive constants My, M,, M,, M, with M, < M, and M, < M,, such
that, for ¢ > 0 small,

Mye™" s wo s Mg, M,e¥" <y < Mye?? (3.20)

implies that W, and 7 are well-defined by (3.17) and (3.18). Moreover, W, and 7 satisfy the same
estimate (3.20) as w, and y, with the same constants.

Thus, given any pair (w}?, y©@) for which (3.20) holds, we obtain a bounded sequence of
iterates (w§”, y™) (n = 1, 2,...), provided ¢ is small enough.

LeEMMA 3.4. There exists a positive constant L such that for ¢ > 0 small and any two pairs
(wy, y) and (w,, ) satisfying (3.20), (and not necessarily (3.17) and (3.18))

|(Dc(yt WO’ Z) - q)s(}‘;) wO)z)I = L{88/7|w0 - WOI + 81/7|}’ - 7”2 (3°21)
for all z € [0, 1].

We shall prove lemmas 3.2-3.4 in the next section.

Proof of theorem 2.1 (completion). We set & = £*'7 wy and n = £~%"y. Writing ®,(¢&, 7, 2)
instead of ®,(y, w,, z), lemma 3.4 yields

’(De(é’ n, Z) - (DB(E’ ’7, Z)I = L£3/7“é - a + Iﬂ - ﬁl}z (322)

for all &, & € [MoM,), n, /i € [M,, M3], z € [0, 1] and ¢ small, whereas (3.17) and (3.18) trans-
form in

i =&F (&, n), (3.23)
1= E"°G,(¢&, n), (3.24)
with

5 ! dz
F(& 1) = — , 3.25
& =35 L (4 - NG/ z — ®,E, 1, 2) 3.23)

5 ! dz
GE ) = . 3.26
€ =303 L JGa/Nz - O 1,2 ©.26)

Solving (3.23) and (3.24) we obtain

E=Gm' (3.27)
i = FA& mG.(& m)~7 (3.28)

which defines a map
T;: My, M\] X [M,, M3] = [My, M;] X (M, , M;]; &, m= (E, 7). (3.29)

It remains to show that 7; is a contraction for ¢ small.
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Simplifying notations we first estimate

. 5 [ 1 1 dz
F&m = FE D = |55 - =
N L {\/ Ga/Nz - @, V(Sa/T)z - cpj a-a7

< _i_ gl |d)c - &’el dz
= WV2 o VG z - 0,NGa/ Nz - &, (N(Sa/Dz - @, + NGarTyz — &)1 = ¥
(3.30)

By (3.19) and (3.20) we have for small ¢ that

Sa Sa Sa Ag 1 \?
72272"(1)52 7'—? 1+ 377 Z

Sa Ae 1 2 Sa A 1\?
Bl e B2 o

which, combined with (3.30) and (3.22), yields
|F.(&, m) — F.(& M

5 L ! dz 37 7| .
= Wz 2{(5&/7) _ (}»/Mg/s) (1 + 1/M2)2£3/7}3/2 jo Z1/2(1 _ z)2/78 “é - él + l" - ”l}
= K&¥lE - &l + |n - ) (3.32)

for some positive constant K, if ¢ is sufficiently small.

Similarly, ~ )
|G.(&, 1) — G&, M| = Ko (|E = &] + |n = 7l) (3.33)

for some positive constant if ¢ is sufficiently small.

Now (3.31) implies that for & small both F, and G, are bounded away from zero and infinity
on [M,, M,] X [M,, M5] uniformly in &. With (3.32) and (3.33) this implies that 7, defined by
(3.27), (3.28) and (3.29) is a contraction provided ¢ is small.

Hence any sequence of iterates converges to the unique fixed point of T,. By proposition 3.1
this fixed point corresponds to a decreasing solution of (P). Finally it follows from lemma 3.3
that wy = w(,) is of order ¢ =%, y is of order £*7, and hence u = €*/(¢” — 1) is of order £ ~*/".
This completes the proof of theorem 2.1. W

Remark 3.5. In order to conclude that the decreasing solution is unique one has to deal with
points outside [M,, M,] X [M,, M;] for which T, is well-defined. It is not clear whether the
contraction property holds for those points.

4. PROOFS OF THE LEMMAS

In this section we prove the lemmas of Section 3.

Proof of lemma 3.2. Because of (3.2) and the nonnegativity of g we have

ﬂZ wo
(De(y’ Wo, Z) = W, /S S g(s) ds. (4-1)

=
0 wo(1-2)
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Since
—_ e" __1+ 1 <1+1
H=5—1" a-1= 5

it remains to estimate

o

(
#(z) = J g(s) ds.

wo(l-2)

849

4.2)

4.3)

From the assumptions on g it follows that there exists B € R* such that g is decreasing on

[B, «), and that

-

()<A= § g(s)ds < .

0
We have

¢'(z) = g(wo(1 — 2)wy,
and hence, if

wy = 2B,

, 1 1 1
'R =g 7 Wo Wy = 2g 3 Wo)5Wo
for 0 < z < 1/2. Now observe that fors = B
&(s)s = g(s)B + g(s)(s — B) <supg-B + A,
R+
while for s = B
g(s)s <supg-'B.
R+

Combining (4.7), (4.8) and (4.9) we have

¢'(z) =2(supg-B + A) on [0, %]
R+

provided w, = 2B. Since obviously ¢(0) = 0 it follows from (4.4) and (4.10) that

¢(2) = Az on [0, %]

where
A =2(supg- B + A).
R+

Since

Pz s A on [%,1]

we conclude that (4.11) is valid on [0, 1], and the lemma follows. B

(4.4)

4.5)

4.6)

4.7

(4.8)

4.9

(4.10)

(4.11)

4.12)

(4.13)
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Proof of lemma 3.3. Let

I - 5 j’ dz I = 5 j' dz
"7 o NGaD 2 P70 - ¥V
(These are fixed positive finite numbers.) Suppose that for some positive numbers

My, M,, M,, M, and for some (w,, y) condition (3.20) holds.
Then by lemma 3.2

4.14)

A 1\?
(v, Wo,2) = M <1 + E) ¥’z (4.15)

for small . For the moment set

A 1\?
C(Mo, Mz) = W (1 + ﬁ) . (4.16)
0 2

Then, following (3.31),

5{' d 5! d
L1=7 z J z

oGz 7o JGarz = 0,0, Wo, 2)

! dz

I <
o VGasT)z - e¥C(M,, My)z

o V5a/T) z(1 = (1/5a) 'C(M,, M.))

5
7
7 -1/2
= <1 - g—&emC(Mo,M2)> L, = K,(My, M,)L,, 4.17)

and similarly,

51! dz
L, <2 < K.(M,, M,)L,. (4.18)
P L T T AT

In particular, the square roots are well-defined.
Hence we can solve § and w, from (3.17) and (3.18) with the following estimates being a
direct consequence of (4.17) and (4.18):

Mye™"7 < w, = M, e7%7; 4.19)
M,e¥" < § < Me*” (4.20)
where
- 1\/5 10/7
=) ; 4.
MO <KL1> ? ( 21)

10/7
M, = (I—L‘/Z> ; (4.22)
1



Stationary solutions in the coronal loop problem 851

- [\/_ 3/7
M, = <KL > \/5; (4.23)
. W2\ L
My = K<L— 7 (4.24)
1
in which
7 A. 1 2 -1/2
K = Ke(MOaMZ) = <l M7/5 <1 + ﬁ) 83/7> . (4.25)
2

Observe that the constants M, , M,, M, and M, depend on ¢, M, and M,. We now finish the
proof of lemma 3.3 by clloosing My, M, M, and M, in such a way that for ¢ > 0 sufficiently
small the numbers M,, M,, M, and M, defined above satisfy

My < My < M, < M,; (4.26)
M, = M, < M, < M,. 4.27)

Clearly (4.19), (4.20), (4.26) and (4.27) prove the lemma.
First we note that K = K (M,, M,) is decreasing in M, and M,. Now choose any p > 1 and

let

2 10/7
M, = (,;‘/_) (4.28)

10/7
M, = <-[£> ; (4.29)

2 377
M, = \/_ f) (4.30)
377

M, p\L/£< ﬁ) . (4.31)

Then M, < M, and M, < M,. Moreover, since p > 1 is fixed there exists £, > 0, which can
be computed explicitly now in terms of «, A and p, such that

1 =K (M,, M, =<p forall 0<e=eg. 4.32)
Comparing (4.21)-(4.24) and (4.28)-(4.31) we see that (4.32) implies (4.26)-(4.27). This com-

pletes the proof of lemma 3.3. W

Proof of lemma 3.4. Let My, M,, M, and M, be the constants in lemma 3.3 and let (w,, y)
and (W,, 7) be arbitrary pairs for which (3.20) holds with ¢ > 0 as small as needed in the proof
of lemma 3.3. By w we denote the solution of (P, , .,) where z = ¢'/(e” — 1), and by W the
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solution of (P, ; s,). We have, simplifying notation again,

|®.(7, wo, 2) — (7, Wy, 2| = |®, - B,

1 [ . 1 [* .
773 j e ‘(:)g(s) ds — 773 j e?” l(”g(S) ds‘

W, wo(1~2)5/7 () wo(1-2)5"7
1 1 Yo w1
775 T 5773 e Cg(s)ds
WO WO Wo(l—2)5/7
L 2w (s) " 25 1(5)
s w
+ —57¢ e 2(s)ds + e g(s) ds
Wo wo(1-2)5"7 wo(1-2)57

=J + . (4.33)

First we treat J,:

1 1 o -1
Ji= =5 - =5 ™ g(s)ds
: we”? W jwo(l—z)”’
Wwl’s _ Wi/s
= 2 —77% 2 D.(y, w,2)
Wo
7
=< -S-max<w§/5, W§/5>]w0 — Wolwy 0,
7 S5/ "
< E(M15—5/7)2/5(M08 5/7) 7/5"4,0 _ WofC(Mo,Mz)83/7Z
7 -
= M7 MPC(Mo, M)e™ | wo = oz, (4.34)

where C(M,, M,) is defined by (4.16), and where we have used (4.15).
Next we treat J,:

1 "o 2019 o 2w ()
w s,
S = =75 e g(s)ds — e g(s) ds
Wo wo(1~2)5/7 wo(1-2)5"7

1 ! w1 - w-1 -
= W73 j o woe?™ og(wo &) — Woe® (%ag(Wof)‘ dé
0 (1-2)

1 ! - - -1
< =373 |wog(Wo) — Wog(Wed)|e™ ™ P de&
Wo a-25
1 ! - - 2w~ K(wp) 2w = L(wed)
+ =75 Wog(Wod)le o) — e 9| d¢&
Wo a-257

=1+ 1. (4.35)
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On we go with /,:

1 (! ) i
I = wv,sj e oD wog(wy &) — Wog(Wod)| d&
0 (1_2)5/7
2 1
= ——.”7/5 § [wog(wo&) — Wog(Wo &)l de. (4.36)
Wo a-2

Observe that for small g, (3.20) implies

TR (%) R RREY
wg/s = Wg/s = g/s <1 + M2> £, 4.37)
and set for the moment
o(w, &) = wg(wé) w=0,¢=0,. (4.38)
Then

do , d
FYwe g(wé) + weg'(W8) = — (85 e = h(WE), 4.39)

w ds

where 4 is as in the assumptions. Rewriting we estimate, assuming w, = W,

woa¢
S ﬁdw‘ df

1

wo

1
g | wog(Wo&) — Wog(We8)| dE = S

I-z

1-z

1
gl—z

1 wo
w(z) =j j |A(w&)| dw d¢. (4.41)

1-2z Jwo

'(wo h(w&) dw

wo

1 wy
d¢é =< g X [A(wE)| dw dé.

1-z Jwo
(4.40)
For the moment, set

Then
1 ["wy
wi@) = w(l) = j j |h(w&)| dw d&

0 Jwo

&7 Pwy 1 wy
=§ j lh(Wf)ldef+j j |a(w®)| dw dé&

0 wo /7 Jwo

wo e 57
se”nhn@lwo—wouj j [Qwe™ e dn dw

wo J1

we (e~
< &l wo — vio] + eS/’Kj j (e ® d dw
W 1

wo

. K su- -
< IWo _ Wo'£85/7”h”m + F85(1 B)/7j n Bdr]}
0

1

¥, (4.42)

< Iy w(,thnw + m,f—_r)}

where K = ||s?h()|.,.
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For 0 < z < 1/2 we have

o
w'(@) = } |A(w(1 = )| dw = |wy — WolKwg (1 = 2)7°
wo
K2® ., k2® )
< Wa””lwo — Wl = Ws”ﬂwo ~ V. (4.43)
Combining (4.42) and (4.43), it follows that
w@) < Ce¥7|lwy — Wolz  forall0=z=<1l, (4.44)
for some constant C. Hence, using (4.36), (4.37) and (4.40),
I, < Ce¥7|wy — Wolz (4.45)
for some (other) constant C.
It remains to estimate L,,
1 ! - _
L= TsS Wog(Weg)|e? ™ "0 — 271D g
o Ja-2¥7
1 Wo -1 -1
=< 573 g(s) ds- “e2w (o8 — ezw (WOS)"«:
Wo wo(1-2)
A 2w~ Ywgh) 2~ (Wof)
< —=¢zfe o — e O, (4.46)
M,

where we have used the same estimate as in the proof of lemma 3.2 for (4.3).
So we still have to estimate

fle?w ™ nad — 2% ICHD|_ (4.47)
Note that so far we have not encountered terms with |y — 7|. If we set

WO = wl(wed), (4.48)
and
w = wyé (4.49)
in (3.11), we obtain

5 \/; 3/10 i dz
L5 e, , (4.50)
YO = Yo+ 3 J3%o So (1 - N(5a/T)z ~ Dy, Wo, 2)

and a similar expression for y(&) = w1 (W, ¢).
In order to control (4.47) we first estimate

5 e
@ - 5@ =y = ol +3 \[5 g% — 5" S
1 1 dz

5 e 1
+- |z Wg/m - = 377
742 o INGa/Nz - @, NGa/Dz -0,/ -2
= |yo — Jol + B, + B,. (4.51)

! dz
o (1 = 2¥'VGSa/T)z - @,
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For B, we have from (4.18), (4.32), the mean value theorem and (3.20)

/T 3pL .
B, = pLZJ; 1O(M N0y — | = 10M7/'Z°\/_e|w° ~ Wl (4.52)

whereas

B, <

2\/; 73710 jl |®, — &, dz
742 7°  JoVGarz - 0, VGarDz - &, (NGa/Nz - @, + VGa/Tz - &,) (1 = 277

(using a similar estimate as in (4.17), together with (4.32))

5 -5/7 3/10 l ' |(I> ~ I
= 7«[ e 0 Gal1 971 - 97 &

|(I> (7, WO’ Z) (y’ w09 Z)I
= Ce?” jo . 270 = z;2/7 dz

(4.53)

for some constant C.

At this point the reader may get the impression that we are back at where we started off.
However, let us collect all the estimates so far for |®, — ®,| and insert them in (4.53). From
(4.34), (4.45) and (4.46) it follows that

|(De(yy Wo Z) - q)c(is W09 Z)I = C{88/7IW0 - WOI + £”e2y(9 - ezy(allw}z’ (4'54)
for some constant C. Substitution in (4.53) yields
B, = Cle"7|lwy — Wo| + £*7[e¥® — PO} (4.55)

for yet another constant C involving

1
e
L 2721 __Z)z/'7' dz (4.56)

which is finite. Combining (4.55) with (4.51) and (4.52) we find, absorbing higher powers of ¢
in the lower ones, and taking the supremum over &,

1) = 7w = 1o — Fol + Clelwy — Wl + &¥7[[e¥® — ¥ P ). 4.57)
Now observe that because of (3.2)
[e¥® — e¥®| < 2 max (u?, A)|¥(©&) — H&)|. (4.58)

As in (4.37) we have that
1 2
2 max(u?, %) = 2<1 + ﬁ) ™47, 4.59)
2

which together with (4.58) implies that in (4.57) the last term on the right hand-side is of lower
order than the left-hand side if ¢ > 0 is sufficiently small. We obtain

17 = 5Olle = Cllyo = Fol + lwg = W} (4.60)
and consequently, as in (4.58) and (4.59),
le?® — e¥O), < Cle™*|yo — Jo| + € 7|wo — Wol]. (4.61)
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Finally, we observe that

l¥o = 7ol = llog(e” — 1) — log(e” - 1)
eY e¥
< max (e_“’——_l’ e—“7-——f>ly — 7l = max (u, Dly - 7
< Ce™ ¥y - 7, (4.62)
as in (4.59). Substitution of (4.62) in (4.61) yields
1@ — ¥, < Cle™"ly = 71 + &¥7lwy — Wol} (4.63)

which inserted in (4.54) completes the proof. W
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