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DID THE SUN JUST EXPLODE?

(ITS NIGHT, SO WERE NOT SURE.)

THIS NEUTRINO DETECTOR MERSURES
WHETHER THE SUN HAS GONE NOVA.

THEN, TROWS TWO DICE. IF THEY
BOTH COME UP SiX, IT LIES TO US,
OHERWISE, ITTELLS THE TRUF.

LETS TRY.
DETECTOR! HAS THE

sz,wmmm?
LEEE O
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FREQUENTIST STATSTICIAN: BAYESIAN STATISTIOAN:

THE PROBABILTY OF THIS RESULT

HAPPENING BY CHANCE 15 5;=0027 BET YOU $50
SNCE p<0.05, T. CONCLUDE T HANT.
Tﬂﬁrmsuumam )

Taal

Source: http://xkcd.com/1132/



B
Bayes in a nutshell...

e Data:Y
 Parameter of interest: 3
« Known: likelihood 1r(Y| B) and prior 11(3)

o ?Posterior: (B |Y)

(Y IB)m(B) (Y [BIn(B)
mny)  [n(Y|B)n(B)dB
B

« Bayes' rule: m(B|Y)=

* 95% credibility interval: Cl= [qg o25(TT(B | Y), Qg o75(TT(B | Y)]

 Simple inference: 3 € CI?


Presentator
Presentatienotities
q_alpha(f) denotes the alpha quantile of density function f (or its corresponding distr function F)
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Bayesian inference, single test

Parameter of interest: gene expression difference between
two conditions: primary and metastasis. Posteriors:

P-MOrgan0 : P-MOrgan0  :

0.015

0.010

0.005

0.000
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Credibility interval: dotted lines. First: beta = 0 not in CI (null-hypothesis ‘rejected’), second: beta = 0 in CI. 



Bayesian inference
Prior () Is conjugate to likelihood (Y ) when the
posterior has an analytical form.

Normal-Normal

Normal-Normal-Inverse Gamma (for variance o¢?)
Binomial-Beta (=Beta-binomial distribution)
Poission-Gamma (= Negative Binomial)

bk owbhE

Mixtures of conjugates are also conjugate when the
mixture components are known



Bayesian inference, conjugate priors, example

Suppose Y; ~ N, 02), 1t ~ N(pg, o3)

Assume all parameters known, except ..

1 1 < ,
(2m)"/2an P | =552 2.V = #)

ol 130

because Y (yj —p)? =2 (i — V)P + XL (n—7)?

F(Y|) =




Bayesian inference, conjugate priors, example

Then, m(p]Y) oc 1(¥]p)m(p2) oc €xp {?12 {(”05"‘“

)*(5%)2:}

Observe that term in exponent ¢an be written as [(;: — m)/s]?, so

~(uY) = N(m. s).

with
gig#-ﬂ aE J—@J_/
B 1/02 + n/o?

5 1
1/08 + n/o?

m

S

lIgnoring constant -1/2



Bayesian inference, approximations

In many practical cases, exact formulas for the posteriors are
not available, hence approximations are necessary:

1. Markov Chain Monte Carlo

Very popular. Computationally intensive. Needs to be
developed for each new problem. Very general
though

2. Variational Bayes approximations.
Fast. Approximate posteriors by analytical formulas
assuming knowledge of conditional posteriors.
Require specific development for each problem

3. Integrated Nested Laplace Integration (INLA)
10
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Bayesian inference, GLM setting

Often: multiple unknown parameters, many regression parameters (3's)
and unknown analytical solution.

Y~ F(p,0). eq. F() = N(#-f.,r.:rz)._ S0 0 — o2
9(1y) = Bo + 51Xy (+ Z Bk Xkj)

7(B1]Y) o F(Y|31)7m(51)

(1) [ (Y1558 0)m(8_1))x(6)dodB

Often: many 3’s, so difficult integral
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INLA

e Approximations for marginal posteriors based on Laplace
approximations

e Fast, accurate alternative for MCMC
» Applicable to a wide variety of models, including GLM.
e Can also be used for count data

* Implementation in R: www.r-inla.org
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INLA

Laplace approximation (Rue et al., 2009, INLA) : Often reasonable to

use Gaussian priors for .

Then, conditionalon @, 7(31(6.Y) =~ 7g(51]0.Y).

Furthermore,
(1Y) = /ﬁ(.s%\Y,G)rr(G\Y)dB
For any 3:
?T(E)@Y) W(QﬁY)
7(0|Y) x 7(0.Y) = —
) om0.Y) = G 5 V) /=(8.Y) ~ =(B16.Y)
7(0,3.Y)

#(0]Y) x

#a(3l0.Y) 2"

Length @ is usually small: computations reduce to low-dimensional
integral plus Gaussian approximations



Why go Bayesian?

Tossing of 10.000 coins, a simple example

 Setting: 10.000 coins, each flipped only three times

e Suppose 8000 fair coins: p(head) = 0.5; 1000 for which
p(head) = 0.35 and 1000 for which p(head) = 0.65

« Some computations: X ~ Bin(n,p)
p ~ Beta(a,B)
K+ a

Bayesian estimate : E[p | k] =
Y PIK= 1 o

. _ K
Frequentist estimate : -

15



Why go Bayesian?

Beta-distribution

density
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Why go Bayesian?

K+a

Bayesian estimate : E[p |k] =B(k,na,) = —— A

K
Frequentist estimate : F(k,n) = -

Suppose k=0.
F(1,3) =0.B(1,3,1,1) =1/5;B(1,3,3,3) = 3/9

Suppose k=1.
F(1,3) =1/3.B(1,3,1,1) =2/5; B(1,3,3,3) = 4/9

In particular, the informative prior renders better estimates
for the majority of coins (not for all)
17
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Why go Bayesian?

Estimation also improves in terms of precision

Possibly more important: Bayesian estimates using an
Informative prior tend to be more precise (less variance)

Show this for the beta-binomial coin tossing experiment.
[exer]



Why go Bayesian?

Nice, but we don’t know it. True, but we can estimate it!
Empirical Bayes: estimate the prior from data. Many

different forms. Simplest one:

Equate the theoretical moments of the data to the
empirical moments.

19



Why go Bayesian?

Equate theoretical moments of the data to empirical ones.
X ~Bin(n,p), p ~Beta(a,p)

EX=E[E[XIp]]=na/(a+B)=Y=£Zm: Xi/mj

VX = VIE[X | p]]+E[VIX | p]] =n*V[p] -n(E[p*] - E[p])
=(n* -n)V[p]-n(E[p])’ +nE[p]
=(n*-n)aB/[(a+B)*(a+pB-1)]-n(a/(a+B))* +na/(a+p)

. :\“/:1/(m-1)§(xi-i)2
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ShrinkBayes:
motivating example



Motivating example

25 libraries, 70,000 tags (tag clusters)
5 brain regions
e 7 donors

e Main interest: which tags differ between brain regions (Groups)

Individual | 1 2 3 4 5 6 7
Brain Region

1 A A O A A

2 0 O A 0O O

3 O O A A O

4 ] A O A A

5 O O A 0O O

22



Motivating example

Matrix Y with entries Yj; : / denotes a feature, j a sample.

j=1]j=2]j=38[j=4]]=5 j=24 =25
=1 0 0 1 3 0 6 23
j=2 1 8| 11 2 6 0 4
=3 7 4 0 0 0 0 0
i—4| 324 | 19 7| 34| 63 99 | 1451
i=5 0 0 0 5 0 0 1
i—6
j=7%10*| 65| 43| 176 3| 12 5 9

23




Motivating example

Matrix X with entries X : j a sample, k a specific covariate.
Dependence on feature i/ is allowed.

X for CAGE experiment (ANOVA-coding):
k=1:Group | k=2:Ind. | Kk =3 : Batch
1

e e T .
||
OO, WO =
N N B WM
m_L_Lm_L_L

1
1
1
1
2

24



Random effects

00 @

MM

25 source: http://anythingbutrbitrary.blogspot.fr/2012/06/random-regression-coefficients-using.html
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Model
MODEL

Yii ~ ZI-NB(pg, Mij @;) = Poi6(0) + (1-pg;)NB(H;, @)
i = 91 (XiBy)

Bi ~ N(O,(t)?) [or By ~ N(O,(ty)?); (Ty)* ~ I, B) ]
0,~ F

g : link function, e.g. g(x)=log(x)
0, : hyper-parameter (not linked to mean): @, p,;, etc.


Presentator
Presentatienotities
Same link function as for Poisson; this is the natural link function


Model

L
E ] (=]
& 4
E 4 =
- 2 -
5 £
E - 1 . - - - - E . I I | N - - g - ‘ | | I 1 1 . . . -
2 . : e 2 2 . : e 2 o 2 J s : 2
Poisson Negative Binomial Zero Inflated Negative Binomial
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ShrinkBayes
‘ How does Bayesian shrinkage work? \

Bayesian shrinkage by using informative priors, 3; group —d N(O, ng)

Prior Likelihood Posterior

max max

+ ____ﬁ/"

N W AN

r; —1 max max
ﬂ + H,-”"}"_"“_-\ = H\
30 -2 =100 max max



ShrinkBayes

Why Is shrinkage useful?

 Dispersion
» enables borrowing information across features
» leads to more stable estimates

 Parameters of interest (€.9. B; ;o)
= accommodates multiplicity correction
= corrects for ‘selection bias’ caused by regression to
the mean

* Nuisance parameters: (€.9. B; patch)

» automatic ‘model selection’ property: prior shrinks to
null when unimportant

31



ShrinkBayes: shrinkage

‘ Back to the example.... ‘

Yi ~ PoiS(0) + (1-p)NB(L;, @), ¢; = log(v))

Mij = exp(B, + Bi groupXe * Bibateh Xb + BiingiXing;)

Priors? log(v;) =9 N(u.72?)
Bigoup =2 N(0.75)
Bivach = N(0,75)

and 77,2, =9 (11, 12) for random effect 3; jng, =¢ N(0.72,4)

32 Vague priors for py and By,



ShrinkBayes: shrinkage

‘ Priors for the example

|Og(“f) —d N(JUJ?TE)
Bi.group = N(O-Té)

..='9f,batch =d N(O-. 7';;2;)

and 77,2, =9 (11, 12) for random effect 3; jng, =¢ N(0.72,4)

How do we estimate the parameters of the priors?

A= {(h1 : H-g)j Tg, Th, (!U“ T)}
33



ShrinkBayes

‘ Bayesian Empirical Bayes ‘

Let 74 (#) denote the common prior of parameters 6;,i =1,....p.

Empirical Bayes: Y;,i = 1,...,p, are samples from density f4(y). Then,

ralf) = ] ma(01)a(y)du(y) ~ 75™(0)

— _ Zm(em Z Trajua- (0]Y)).

Ildea: |) /nitialize o (and hence 74 (#)); Il) Estimate posteriors; lll) Update
T« (0): fitting parametric shape to sample of rﬂmp(f}), V) Iterate.

34



ShrinkBayes

‘ Iterative estimation of the prior parameters \

. - 1 L] s sesssaaaas h’l{ljg{l P':II'HH}E[I‘LE
[teration 1 TR —_— T,  mm=mas=== -

Prior Posterior | Posterior 2 Posterior p Empirical mean
i+ other priors) L
N ?\:I{l]'g{l Parametrize
Iteration 2 A —_—
Prior Posterior | Posterior 2 Posterior p Empirical mean

(+ other updated priors)

|

Iteration B JL ﬂk ﬂ /\.\\
INLA

Final Prior Final Posterior | Final Posterior 2 Final Posterior p
3 L {+ other final priors)

1"-,‘)-.'| N |



ShrinkBayes

Nonparametric prior

e Shape of prior may be important, in particular for central
parameter of interest (e.9. 6, = B, ;o)

 How to get
from / \ to /\j \/
6,~N(0,7?) 0~F

np

36



ShrinkBayes
‘ Nonparametric prior \

P
« Empirical Bayes fitting Is easy, remember: m(6) = Zn(e |Y.)
i=1

e S0, we simply sample from this mixture (given an initial
prior) and smoothen it (e.g. using ‘density’ in R):

37



ShrinkBayes

Nonparametric prior

 Nice, but INLA does not accept non—parametric priors!

 Solution:
1. Use iterative procedure to find a good parametric

shrinkage prior: f,(6)

2. Obtain posteriors under f,(6)

3. Apply the same iterative procedure to obtain a non-
parametric estimate f,,, computing posteriors by:

T (0) 4o
F(e)

n,©0]Y)=C (9|Y)fnp(e) [exer]
H(01Y)=Cr (6]Y, r @ xer

Y

jnnp(ew)de 101 C= (

38
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ShrinkBayes: inference

Hypothesis testing in a Bayesian setting

e In a Bayesian setting it Is very natural to test interval Hy:
6= b

» Using & # 0 avoids detecting small, biologically non-
relevant effects

* Testing H: |6;] = 6 trivial from posteriors:
fdr =P(H, | Y)=P(16,[<5|¥)=| P(6,¥)de

...and BFDR(t) =E[lfdr|lfdr < t] computed from Ifdr as
before!

40 More on False Discovery Rate (FDR) in later lectures



ShrinkBayes: inference

Bayesian hypothesis testing: multiple comparisons

* Multiple comparisons: 8, = 6, - 6, for all (k,l). E.g. (B; group1 -

Bi,groupZi Bi,groupl - Bi,group3' Bi,groupz - Bi,group3' etC.)

e Hy: |6,4< & for all (k,1).

Ifdr =P(H, | Y;) =P(max, [0,,[<8]Y,)=1-P(max,, |0, |>5]Y)
<1-max, P(]6©., |><S|Yi):min(k’|)[1—P|6ikI |>6]Y)]

— min(k,n P( | eik| IS 6 | Y|) — I"nin(k,l) Ifdrkl

e SO: If minimum Ifdr < a then certainly global Ifdr < a

e Also works for BFDR
41
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Presentatienotities
Inequallity comes from P[union (Ai)] >= P(Ai) for any i, hence also for the index corrsponding to the maximum probability


ShrinkBayes: inference

Point null-hypothesis in a Bayesian setting

* Recall that for testing Hy: 6, = 0 (e.9. 6,= [3; 41,,p) PrioOr
needs to contain mass on O!

E.Q: n(8) = p,8(0) + (1- p,)N(O, T°)
Theni:
. (Y) = por(Y|0) po1(Y]|0)

Por(Y [0)+(1-py)N(Y) } p,r(Y|0)+(1-p,) j r'(B)r(Y |6)d6

42 ldropping index |



ShrinkBayes: inference

Point null-hypothesis in a Bayesian setting

poru(Y|0) _ poruY|0)
Por(Y[0)+(1-po)NY) p m(Y|0)+(1-p,) j rt'(B)r(Y |6)d6

1, (Y) =

m(Y|0) and l1(Y) are marginal likelihoods which are
conveniently provided by INLA (where 1(Y|0) is obtained after
fitting the null-model: i.e. the model not containing 3,

P
Zno(v)l{no(v)st}
BFDR(t) = E[r, (Y) | 1t,(Y) < t] ==
Zl{no(v)ﬁ}
i=1

43



ShrinkBayes: inference

Posterior

Posterior Is [exer]:

_ _ Por(Y | 0)
PO =01 = o x (Y 10)+ @ poyn(Y)
f0]Y)=— 2 PJTOIY) 0,

Por(Y [ 0)/m(Y)+(1-po)

Where f'(0|Y) is the posterior obtained by INLA under the
Guassian prior N(0,t?)

44
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ShrinkBayes

‘ Demo

See the R-Vignette ShrinkBayesVignette.pdf for many
examples

46
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ShrinkBayes:
Plusses and minuses



ShrinkBayes

Plusses and minuses, comparison with edgeR

+ Better (in terms of power) for small sample sizes

+ Can deal with pairs, random effects, excess of zeros
+ Automatic model selection

+ More reproducible results

- More difficult to use

- More time-consuming

- Bayesian concept, less familiar to most biologists
48
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