Statistical Models

Time Series
« Definition and examples of time series

« Stationary time series
— general definition

» White noise and other basic stationary time series
= MA, ARandARMAprocesses

Lecture 8 Last time
» Models for nonstationarity
- ) = trend and seasonality
Time Series |

« Estimating the (partial) autocorrelation functiomean and
parameters ilRMAmodel

« Diagnostic checking

Time Series Stationarity

A (univariate) time series is a collection of rantdeariables
indexed by time
y BRI R P R

{x,t=..—2-1012.}

Aim: summarize structure of time series, identify suicadtand
random part of behavior

Usual approach

« plot time series (time plot)

* extractsystemati¢seasonal or trendpmponenof time series
» model remaining time series by standstationarytime series

Definition: the proceséxl),:,m (iweakly) stationaryf
EX andEX X, donotdependnt, for all k
In particular, the autocovariance function is vagfined as:

y,(K)=Cov(X,X_),kOZ
Examples of stationary time series:
MA(q) process
autocovariance function showst-off at+q

AR(p) process
autocovariance function satisfigsle-\Walker equations
‘partial autocorrelation function’ shows cut-offigi

ARMA(p,0) process

MA(2) process, example

Simulated process(xl)ff

el
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i : B=(0,-05025),0° =1

Autocovariance functiopty 1
2116 h=0
-58 h=#1
By LW R
L B ; ? 1 0 \h\ >2

AR(2) process, example
Simulated process{Xt )‘wz

X = 075X - 04X _+Z

a=(075-04) o*=1
167 h=0
089 h=#1
000 h=#2
7 Y, ()={-036 h=23
2 -027 h=t4
1 [ -006 h=35
il o ‘ 006 h=16




ARMA(1,2) process, example
Simulated proces{X, )}, X, = 075X, +Z, - 05Z_, + 025 |
e a =075 $=(-0.5,0.29]

g =1

!

1000 h=0

0458 h=#1

0510 h=#2

0,(h)=10383 h=+3

0287 h=#4

0215 h=#5

% g g % 0161 h=26

Aim: summarize structure of time series, identify stiaitand

Time Series

A (univariate) time series is a collection of rantdweariables
indexed by time

) S0 Gd S0 6 S

{X., t=...72-1012,.}

In generalsequence afiependentandom variables

random part of behavior
Usual approach
« plot time series (time plot)
« extractsystemati¢seasonal or trendpmponenof time series
* model remaining time series e.g. by standartionaryARMA model

===p Extraction of systematic component of time series

Estimation and elimination of trenc

in absence of seasonality

Basic decomposition: =

X =m+Y,
(Y,) stationary

Approaches to deal with this process
* Preliminary LS estimation off}

« Filter(X,) ; taking local moving aver
« Difference(X,)

’3}g§specially useful for lineam|

Preliminary LS estimation of trend

in absence of seasonality]

Basic decomposition.x( =m+Y
(Y,) stationary

Assume the trend function belongs to a (simpleppeterized
set of functions, e.g.

m=f(ta) =g +at+at’

Then theLS estimatorh of m is given by
M =4, +at+at’

where n 2

(8,,4,4,) =argRr3nin;(>(t - f(t;a))

Elimination of trend
in absence of seasonality|

M = f(t;8)=4,+4t = 029+ 010,

> Yhat<-matr-predict(matr.fit)
> plot(Yhat,type="b",xlab="t",ylab="")

Next step: try to fit e.g. AR
model to this (estimated)
stationary time serief§ |

==> Model can be used fwredict’] *

Estimation and elimination of trenc

in absence of seasonality

Basic decomposition: =

X, =m+Y,
(Y,) stationary

Approaches to deal with this process
* Preliminary LS estimation ofl}

« Filter(X,) ; taking local moving aver.
« Difference(X,)

1g§specially useful for lineam|




Moving average trend estimation
in absence of seasonality

Basic decomposition:xt =m+Y,
(V) stationary

Assume the trend function is (approximately) linear

m =a, +at :
Then define, fog a nonnegative integef, =——— > X,
2q+1i=, ’
(Y ded 5
W = X, = +Y |J=m=
e X, 2q+l§q(m+. )=m=m

Moving average trend estimation

in absence of seasonality|
Basic decomposition:xt =ME
(V) stationary

= > W<-filter(matr,rep(1/5,5))
| > par(mfrow=c(2,1))

o > plot(W)

ok : ; . ; > plot(matr-W,type="b")

Problemwith prediction:
trend estimate at t+1 depends
on future observations

Estimation and elimination of trenc

in absence of seasonality

Basic decomposition:

X =m+Y,
(Y,) stationary

l

Approaches to deal with this process
* Preliminary LS estimation ofm}

« Filter(X,) ; taking local moving aver
« Difference(X,)

’3}g§specially useful for lineam

Differencing to remove trend

in absence of seasonality]

Xl=m+Yl

Basic decomposition,
(Y,) stationary

Assume the trend function is (approximately) linear
m =a, +at

Then define  0OX, = X, - X,

= [0X, =0m+0Y,=a +Y,-Y, stationary!

Differencing trend removal in R

in absence of seasonality|

Basic decomposition: =M *+ Y,
(Y,) stationary

> DX<-diff(c(0,matr))
> plot(1:100,DX,type="b")

Estimation and elimination of trenc

in absence of seasonality

Basic decomposition:

X, =m+Y,
(Y,) stationary

l

Approaches to deal with this process
* Preliminary LS estimation ofl}

« Filter(X,) ; taking local moving aver
« Difference(X,)

’5}g§specially useful for lineam|




Estimation and elimination of

trend and seasonal component
X =m +s +Y,
Basic decomposition{Y, ) stationary

-%ﬁ%;%zo

Three methods:
« small trend method
trend assumed to be constant within each period
« filtering
first take moving average such that seasonal compiozancels
and obtain trend estimate; then estimate the seslsmmponent
« differencing
construct stationary time series by considerinfedéinces

‘The small-trend method
x],k:mj+sk+Yj,k
X, =X

X =m+s+Y
(V) stationarymeanQ ===

t

ik k+d(j-1)

Assume trend is constant during each per
(compare decomposition in ANOVA models)

d 1 d
Z(mj *S +Yj,k)= 1 +7kz:lYi,k =y

M)
1
[SPRIEN
Mh
—
X
r|
=3

l) =§( +%ZJ:(mI _ml)+%IZJ:YJ,k =S(

=1 j=1 =1

Y, = X, —M —§ Estimated stationary noise compone

CO, data

Small trend method

Atmospheric
concentrations

of CO, are expressed
in parts per million
(ppm) and reported in_
the preliminary 1997 °
SlOmanometric mole
fraction scale.
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CO, data

A Small trend method

360

h
320 340

> co2m<-matrix(co2,

+ byrow=TRUE,ncol=12)

> mhat<-apply(co2m,1,

+ mean)

> shat<-apply(

+ co2m-mhat,2,mean)

> par(mfrow=c(2,1))

> plot(mhat,xlab="years")
> plot(shat,xlab="months")

hat
o1 MDD 5

CO, data

: Small trend method

> Yhat<-co2m-outer(mhat,shat,"+")
> plot(as.vector(t(Yhat)),xlab="months",
s + ylab="" type="1")

8
s l (V)" “stationary

Estimation and elimination of
trend and seasonal component
X, =m+s +Y,

Basic decomposition: (Y)stationary
t

d
S.58:2.8=0
Three methods:
« small trend method
trend assumed to be constant within each period
=)« filtering
first take moving average such that seasonal compon
cancels and obtain trend estimate; then estimage th
seasonal component
« differencing
construct stationary time series by considerinéedéinces|




Filtering X;

X, =m+s§+Y, Supposel=2q+1
q

()sttonary ;=13 =1%m +q,+v)
d d i=-a : d i=-q A ; :
$e792870 | cldmalsy sisn im
d i=q ; dl}q ! dJ:*q )
1 in case of a linear trend
Vk = n_qu(Xkﬂd ‘”L,d)

5=V, —ézd:vl (to ensure that the sum equals zero)
i=1

e | Estimated stationary
) VXM & | noise component |

CO, data

Filtering method

Atmospheric g
concentrations

of CQO, are expressed
in parts per million
(ppm) and reported in,,
the preliminary 1997 ©
SlOmanometric mole
fraction scale.
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Filtering X;

Decomposition of additive time series

trend observed
W W W @ o w

> library(ts)
> m<-decompose(co2)
> plot(m)

“Stationary'(Y |

random
05 00 05 32

Estimation and elimination of

trend and seasonal component
X, =m+g+Y, |
Basic decomposition{Y; ) stationary

d
Sea =§,§§ =0

Three methods:
« small trend method
trend assumed to be constant within each period
« filtering
first take moving average such that seasonal compon
cancels and obtain trend estimate; then estimae th
seasonal component
=) . differencing
construct stationary time series by considerinfpdénces

DifferencingX;

X =m+s+Y, i
(Y,) stationary

d 3
§.58.28=0 :

X =X =X, =m-Mm,+§ -8, +Y Y.,

=m-m, +Yx _Ymg
ekl L9 stationary process
trend

Trend can now be estimated by one of the standatidads

DifferencingX;

T T T T T
o 100 200 300 400

tim e

> DX<-diff(co2m) # difference taken for each column
> plot(as.vector(t(DX)),type="1",xlab="time",,ylab="")




DifferencingX;

detrending
> Z<-as.vector(t(DX))
> t<-1:length(Z)
> Z.fit<-Im(Z~t) # extract linear trend 2 7 :
> Y<-Z-predict(Z.fit) SR et

> plot(t,Y,type="1",xlab="time",ylab="")

Where are we?

Aim: summarize structure of time series, identify suaitand
random part of behavior

Usual approach

« plot time series (time plot)

« extractsystemati¢seasonal or trendpmponenof time series
» model remaining time series by standstationarytime series

l

Having detrended and de-seasonalized, an appraljnstationary timg
series is extracted that can be modelled usingia ARMAmodel

Choose a specific ARMA model
s> Estimate parameters of this model
Diagnose the model

Estimation of the ACF of stationary

time series

Let X, be a stationary time series
Recall: 4 =EX mean function

¥y (h) =Cov(X,, X,.,) autocovariance function

Py (h) =Corr(X,, X,.,) =y, )/, (0

autocorrelation function

These functions can be estimated by their sampietegparts:

SLns
M= Xn &2 n;Xi
B =13 (x,, - X Jx, - X,)

A (h) =7, (h)/y, 0)

Choice forMA, ARor ARMA

Let X, be a stationary time series
Estimate the autocorrelation function bydtsrellogramp, (h)

=== | correllogram shows clear cut-off at certain tagchooseMA(q)

Estimate the partial autocorrelation functP&CFby the
partial correllogram

If partial correllogram shows clear cut-off
at certain lag, chooseAR(p)

== | Otherwise choose ARMA model

(choice ofp andq e.g. based oAIC)

Choice of model

Residuals CO2-data, using small trend method

Series Yh

ACF

02 02 06 10

> Yh<—"as.vector(t(Yhat)) ) 5 2 o

> par(mfrow=c(2,1)) 5
> acf(Yh) Series Yh

> pacf(Yh) /

Correllogram and 2 3 -
partial correllogram AR ‘
T A R
We will illustrate AR3) o

Estimation of the parameters
in ARMAmodel

Maximum Likelihood, Least Squares, SubstitutionARrmodel,
using Yule Walker equations). Yule-Walker: solve

afxh-)) h>0
Bz
iaix(j)ﬂ?z h=0

j=

> YhAR3<-ar(Yh,method="yule-walker",order.max=3)

> YhAR3
Call: ar(x = Yh, order.max = 3, method = "yule-walker")
Coefficients:

1 2 3

0.4052 0.0082 -0.1669
Order selected 3 sigma”2 estimated as 0.06883

.| > YhAR32<-ar(Yh,method="mle",order.max=3)
REIICC: 5 YhaR33<-arimal(th,c(3,00))




Comparing ACF’s

Fitted model:Y = 0405 +0.0082_ ~0.166% +Z.
where(Z,), is white noise with variance 0.06883

estimated theoretical acf

> empacf<-acf(Yh,plot=FALSE)
> plot(ARMAacf(ar=

+ ¢(0.4052,0.0082,-0.1669),

+ lag.max=27),type="h",

+ ylab="",main="estimated

+ theoretical acf") =
> points(ARMAacf(ar=c(0.4052,
+ 0.0082,-0.1669),lag.max=27)) b 00
> abline(0,0)

> plot(empacf$acf,type="h",

+ ylab="",main="empirical acf")
> points(empacf$acf)

> abline(0,0) v

0w 04 o8

02 02 06 10

Comparing PACF’s
Fitted model:Y = 04052 +0.0082_ ~0.166% +Z.
where(Z,), is white noise with variance 0.06883

> emppacf<-pacf(Yh,plot=FALSE) estmated theoretical pact
> plot(ARMAacf(ar=

+ ¢(0.4052,0.0082,-0.1669),
+ lag.max=27,pacf=TRUE),

o1 01 03

+ type="h",ylab="",main=
+ "estimated theoretical pacf") 2 2 . Q 2 =
> points(ARMAacf(ar=
+ ¢(0.4052,0.0082,-0.1669), empirical pact

+ lag.max=27,pacf=TRUE)) &
> abline(0,0)

> plot(emppacf$acf,type="h",

+ ylab="",main="empirical pacf")
> points(empacf$acf)
> abline(0,0)

Diagnostic checks of model

Most important aspectesiduals!
Basic ingredient of our time series models ishate noise
processThis process can be approximated by decomposing
the observed time series according to the modetiddation,
with trend, seasonal component and further pararsetstimated

Residuals can be plotted versus time
— ACF of residuals can be plotted

Time Series
summary
« Definition and examples of time series

« Stationary time series
— general definition

» White noise and other basic stationary time series
= MA, ARandARMAprocesses

» Models for nonstationarity
— trend and seasonality

« Estimating the (partial) autocorrelation functiomean and
parameters ilRMAmodel

« Diagnostic checking




