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Abstract

We study the sojourn times in multiple-server Processor Sharing systems with two priority classes
and with general service time distributions at both classes. The goal of this paper is to obtain simple,
explicit and accurate approximations for the mean sojourn times for customers in each of the priority
classes. We give a closed-form expression for the mean sojourn time of high priority customers,
based on a classical result on Generalized Processor Sharing models. For the low priority customers
we derive a simple closed-form expression for the mean sojourn time in several special cases; for
the general case, we develop simple and explicit approximations. Extensive numerical experiments
demonstrate that the approximations are accurate for a wide range of parameter settings. As a
by-product, we observe the counter-intuitive result that the mean sojourn time of the low-priority
customers decreases when the variability of the service-time distribution of the low-priority customers

increases.

1 Introduction

Processor Sharing (PS) models are widely applicable to situations in which different users receive a share
of a scarce common system resource. In particular, over the past few decades, PS models have found
many applications in the field of the performance evaluation of computer-communication systems. The
standard PS model consists of a single server assigning each customer a fraction 1/n of the service rate
when there are n customers in the system. Cohen [9] generalizes the PS-model to the so-called General-
ized Processor Sharing (GPS) model, where each customer receives a fraction f(n) of the service speed
when the are n customers at a node, where f(-) is an arbitrary function (under weak assumptions). The
GPS model significantly enhances the modeling capabilities of the PS model. Interestingly, over the past
few years the GPS model studied by Cohen in [9] in 1979 has received a renewed interest in the literature
on performance of computer-communication networks (cf., e.g., [17], [6], [5], [2], [20]). A particularly
attractive feature of GPS models is that in many applications they cover the main factors determining
performance, and on the other hand, are still simple enough to be analytically tractable (cf., e.g., [2],
[20]). This makes GPS models in many cases favorable to more detailed and complicated models that

are only tractable by simulation or cumbersome numerical analysis.
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We consider the sojourn times in Processor Sharing models with multiple servers and with two pri-
ority classes (without loss of generality). When the number of high-priority customers does not exceed
C, the number of servers, each high priority customer occupies a single server and is served at unit rate.
When the number of high-priority customers is larger than C', the system switches to a processor sharing
mode and the total service capacity C is equally shared among the high priority customers. The service
process of low priority customers proceeds in a similar way, but with two specific restrictions: (1) high
priority customers have strict priority (in a preemptive-resume fashion) over low priority customers, and
(2) at any moment in time the only servers available to low priority customers are those servers that are

not used by high priority customers at that moment.

The motivation for the study of this model is based on two applications in the field of computer-
communication networks that, interestingly, lead to the same model. The first application is a file
server running on a multi-processor machine in a multi-threaded environment. The file server processes
incoming transaction requests, with different priority classes. Each transaction request is handled by a
single thread of execution and in many cases includes a significant amount of CPU-intensive server-side
processing. When the number of running transactions does not exceed the number of processors, each
thread runs on a single processor. However, the effective processing power that each of the active threads
receives decreases when the number of threads exceeds the number of processors, because the different
threads effectively share the same underlying set of processors. In this example, the transaction times of
the file server are represented by the sojourn times in the model discussed above, where the customers
represent the transaction requests. We refer to [15, 22, 16] (and references therein) for more details on
transaction-server models. The second application can be found in packet-switched networks supporting
service differentiation by serving the packets of high quality traffic flows with strict priority over packets
of low quality ("best effort”) traffic flows in the network nodes (e.g. routers in IP network). Data traffic
flows are usually subjected to a network flow control mechanism such as TCP (Transport Control Proto-
col). When bandwidth on an end-to-end path is temporarily limited the flow control mechanism decreases
the transmission rate of each of the elastic flows assigning each flow a share of the available bandwidth.
On the other hand, when bandwidth is not a limiting factor, the bandwidth effectively consumed by each
elastic flow may be limited by other factors, such as the access line speed (e.g., modem speed). The
flow-level performance of elastic traffic can be effectively modeled by the model under consideration (cf.,
e.g., [2], [20]), where customers represent traffic flows and where the sojourn times represent the download

times of flows (i.e. the download time of e.g. file or web page).

In the literature, a variety of papers focus on processor sharing models. For the M/G/1-PS system
Yashkov [25], Ott [19] and Van den Berg and Boxma [3] derive (implicit) expressions for the Laplace
Stieltjes Transform (LST) of the sojourn time distribution. Van den Berg [4] obtains a simple and fast
approximation for the second moment of the sojourn time in the M/G/1-PS queue. Cohen [9] considers
so-called Generalized Processor Sharing (GPS) systems, in which the service rate of the customers in the
system is an arbitrary function of the number of customers present.? He derives explicit expressions for

the distribution of the number of customers in the system, see Section 3 for more details. The reader is

2Note, that Cohen’s GPS system is not the same as the in the context of ATM and IP networks well known Generalized
Processor Sharing cell/packet scheduling mechanism (also called Weighted Fair Queueing).



referred to Yashkov [26, 27] for overviews of the available results on processor sharing systems. A specific
feature of the model studied in the present paper is that the service rate available to low priority cus-
tomers varies in time due to the fluctuations in the number of high priority customers. In the literature
several papers are devoted to processor sharing models with fluctuating service rates. Nunez-Queija [18]
considers an M/M/1-PS model with an ON/OFT server, and derives closed-form expressions for several
sojourn time statistics. In particular, he also derives closed-form expressions for the limiting sojourn-time
distribution under heavy traffic assumptions. Nunez-Queija et al. [17] consider a multiple-server model
with two priority classes, where the high priority customers may be blocked when all servers are busy,
whereas the low priority customers utilize the remaining service capacity in a processor-sharing fashion.
For this model, expressions for the blocking probabilities for the high priority customers, and the sojourn
times for the low priority customers are given. Litjens and Boucherie [14] consider an extension of the
model in Nunez-Queija et al. [17] assuming that the high priority customers can be buffered, and propose

a numerical approach to calculate the performance parameters of interest.

In this paper we study the mean sojourn times in the multiple-server queueing model with processor
sharing service discipline and two priority classes described above. The aim of this paper is to obtain
simple, explicit and accurate approximations for the expected sojourn times for customers in each of the
priority classes. Thus, simplicity and transparency of the approximations, providing insight in the impact
of the system parameters on the mean sojourn times, is of main importance. For the high priority class,
we present closed-form expressions for the mean sojourn times in a general parameter setting, which is
a special case of known results for the GPS model (cf. [9]). For low priority customers, closed-form
expressions are derived for several special cases: the single-server case where the service times of the
low-priority customers are exponentially distributed, and the multiple-server case with exponential ser-
vice times with the same means. In all other cases, exact explicit expressions for the mean sojourn times
of the low priority customers cannot be obtained. Therefore, we propose and test a simple and explicit
approximation. Numerical results demonstrate that the approximation is accurate for a broad range of
parameter settings. As a by-product, we observe the interesting and counter-intuitive result that the
mean sojourn times of the low-priority customers tend to decrease when the variability of the service

times of the low-priority customers increases.

The remainder of this paper is organized as follows. In section 2 the model under consideration is
described in detail. In section 3 we discuss some preliminary results that will be used for the analysis in
section 4 and section 5. In section 4 we give exact results for the mean sojourn times for the high-priority
customers. In section 5 we derive exact expressions for the mean sojourn times of the low-priority cus-
tomers in a few special cases, and develop an approximation for the mean sojourn time in the general
case. In section 6 the accuracy of the approximation is validated by comparing the approximations with

simulation results. Finally, in section 7 we address a number of topics for further research.

2 Model

Consider an M/G/C processor sharing model with two priority classes. The C servers are identical and
process requests at unit rate. High priority customers have strict priority (preemptive resume) over low

priority customers. High and low priority customers arrive according to independent Poisson processes



with rates Ag and Ap, respectively. The service-time requirements of the high and low priority customers
are generally distributed with finite first two moments Sy, 61(;), Br and ﬁ(L2), respectively. The squared
coefficients of variation for high and low priority service times are denoted by ¢ and c%, respectively.
The average load of the high and low priority classes is denoted by pg := Ag 8y and pr := Arfr, and the
total load of the system is denoted by pgyr := pug + pr. The service process of high priority customers
alternates between two modes: a normal mode and a processor sharing mode. The process is in normal
mode when the number of high priority customers does not exceed C. In that case, each high priority
customer occupies a single server and is served at unit rate. When the number of high-priority customers
is larger than C', the system switches to a processor sharing mode. In that case, the total service capacity
C is equally shared among the high priority customers: when there are ng > C high-priority customers
in the system, each of these customers is served in a processor sharing fashion with rate C'/ng. Notice
that customers are not buffered, and there is no customer blocking. The servers not used by the high
priority customers are available for service of the low priority customers. The service process of low
priority customers also switches between a normal model and a processor sharing mode. The low priority
service process 1s in normal mode if the total number of customers in the system does not exceed C'; in
that case, each customer is served by a single server at unit rate. The low priority service process switches
to processor sharing mode when the total number of customers exceeds C': when there are Cp servers
available for serving low priority customers and there are ny > Cp low priority customers in the system,
then each of these customers is served at rate Cr/ny. When all servers are occupied by the high priority
customers (i.e., ng > C'), the service of the low priority customers is stopped; their service is continued
as soon as the number of high priority customers becomes less than C. Recall that the priority rule is
pre-emptive resume. The stability condition of the system is pgyr < C. Throughout, it is assumed
that the system is stable and in steady state. Denote by Sy and St the steady state sojourn time of an
arbitrary high priority and low priority customer respectively. In this paper, our main focus is on E[Sy]

and F[SL], i.e. the mean sojourn times of both high and low priority customers.

3 Preliminaries

In this subsection we review a key result obtained by Cohen [9] for the Generalized Processor Sharing
(GPS) model. In the GPS model, whenever there are ¢ customers present in the system, each customer
receives service at a rate f(i), where f(-) is an arbitrary function (under some weak assumptions). Cohen
derives the following general result for the joint stationary distribution of the number of customers N in
the GPS system and their residual service-time requirements T := (T'(1),...,T(N)), cf. formula (7.19)
in [9]:

Pr[N=n, T=1]= ;«ﬁ(k ) I1 (r@)  Z 01, 2() >0, (1)
Yoheo (k) o p

where ¢(0) := 1 and ¢(n) = ([T, f(i))_l, for n = 1,2,..., and where B(-) denotes the customers’

service requirement distribution, § is the mean service requirement, A is the customer arrival rate and

p := AB. This result will be exploited in the remainder of this paper.

Remark 3.1

We emphasize that formula (1) is a remarkable result with a striking simplicity. First, formula (1) implies



that the stationary distribution of the number of customers in the system is insensitive to the service-time
distribution B(-) in the sense that it depends on B(-) only through the first moment. Second, we observe
that the residual service requirements of the individual customers in a GPS system are all identically dis-
tributed, mutually independent and independent of the total number of customers present in the system.
In particular, this distribution is the so-called excess distribution (often also referred to as the forward
recurrence time distribution) of the initial service requirements well known from renewal theory (see, e.g.,
Chapter 1 of Tijms [23]).

4 High Priority Traffic

From the model description (see section 2) it is clear that the behavior of the high priority customers is
not influenced by the presence of the low priority customers. In fact, the stochastic behavior of number
of high-priority customers in the system can be effectively modeled as a special case of the GPS model,
by taking f(i) :=1if 0 < ¢ < C, and f(i) = C/iif i > C. Consequently, for the present model we have
p(n) :=1if0 < n < C, and p(n) := n!C~"/Cif n > C. Inserting this into (1) and integrating over
all values of the residual service requirements (i) one can derive the following explicit expression for the

mean number of customers E[Ngps(p)] in the GPS sytem with load p: For 0 < p < C,

% [C(p/O)°H | (p/O)CH
ElNers (o) = C!A(C,p)< 1—p/c " (l—p/0)2> ; n—1)! ¥
with
c )+ <
ae = G 5 5 @

Then, application of Little’s formula leads to the following expression for the mean sojourn time E[Sg]:

ElNu] _ E[Neps(pr)]
)\HH _ G/}\D; H ’ (4)

where E[Ngps(+)] is given by (2) and (3).

E[Sy] =

This result for high priority customers is insensitive to the service requirement distribution, apart from
its first moment, cf. Remark 3.1. It is important to notice, however, that the mean sojourn times of the
low priority customers are not insensitive to the service-time distribution of the high-priority customers

(and of their own service time distribution, see section 6).

5 Low Priority Traffic

The analysis of sojourn times for low priority customers is more complicated. The complication is due
to the fact that the service rate at which low priority customers are served fluctuates, depending on the
variation in the number of high priority customers in the system. An exact mathematical analysis of the
mean sojourn times appears to be possible only in a few special cases. In section 5.1 we derive exact
expressions for E[Sg] for the multiple-server case with exponentially distributed service times at both
priority classes with the same means. In section 5.2 we give exact expressions for F[Sg] for the special

case C' = 1 and where the service times of low-priority customers are exponentially distributed. In section



5.3 we propose simple and fast approximations for E[Sg] for model instances that are not covered by the

results in section 5.1 and section 5.2.

5.1 The case with exponential service times with gy = (3,

It is readily seen that the number of low-priority customers in the system is given by
E[NL] = E[Ng4+r] — E[N4], (5)

where Np4p stands for the fotal number of customers in the system, and Ny and Npy are the number
of low and high priority customers in the system, respectively. An exact expression for E[Ng4r] can
be obtained by observing that the dynamic behavior of our priority system is stochastically identical to
that of the ’corresponding’ aggregated GPS system described in Cohen [9], i.e. the GPS system where
no distinction is made between the priority classes and where customers with exponentially distributed
service requirements (with mean 8y = fr) arrive according to a Poisson process with rate Ag + Ar. To
this end, note that the state diagrams of the Markov chains describing the dynamics of Ng4r (¢) (defined
as total the number of customers in the system at time ¢) are identical. Consequently, E[Ng4r] =
E[Ngps(pa+r)]- From the analysis for the high priority customers in the previous section we have
E[Ng] = E[Ngps(pm)]. Finally, from (5) and Little’s formula, we obtain the mean sojourn time E[SL]

of the low priority customers:

E[Sp] = E[NGPS(PH+L)A]L_ E[NGPS(PH)]’ ©)

where E[Ngps(+)] is given by (2) and (3).

5.2 The case with C =1 and exponential service times for low-priority traffic

The exact analysis of the previous subsection does not apply when the service times of low and high prior-
ity customers are not identically exponentially distributed. However, exact results are still available in the
single-server case (i.e., C'= 1) with exponentially distributed service times for low-priority customers by
focussing on the amount of unfinished work for both priority classes, rather than the number of customers.
Denote by Wy, Wi and Wg4r the amount of unfinished work for high-priority customers, low-priority

customers, and the total amount of unfinished work in the system, respectively. Then, obviously we have
E[WL] = EWh4L] - E[WH]. (7)

Since for C' = 1 the system is work conserving (i.e., runs on full speed whenever there is work in the

system), we have
EWgir] = EWaal, (8)

where Wy /1 stands for the total amount of unfinished work in the M/G/1 (PS or FCFS) system without
priorities, with arrival rate Ay + Ap and where the first two moments of the service-time distribution are

given by

>\H >\L (2) /\H (2) >\L
d . )
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respectively. The classical Pollaczek-Khintchine formula for the M /G/1-queue implies that

PH+L ﬁj(‘j)/G/l
E = . . |
Wajanl = 1= pH+L 28M/G )1 :

Then after several straightforward manipulations we obtain the following expression:

A (2)
EWi = EWirys] = EWa) = 52— (Audp) + 20,81 ) - S0 (11)

To obtain an expression for E[SL], we need two additional arguments. First, using the memoryless
property of the exponential distribution, the mean amount of unfinished low priority work E[W}] can

easily be related to the mean number of low priority customers E[N] in the system:

E
By = 2] (12)
BL
and second, from Little’s formula we obtain
FE|N
B[St] = [A z] (13)
L
Finally, combining (11)-(13) we obtain the following expression after several straightforward algebraic
manipulations:
A B2

(= pusr) 20— pusr)(0—pu)

Remark 5.1

It is easy to verify that this result coincides with the mean sojourn time result obtained by Nunez-Queija
[18] for the M/M/1-PS model with an ON/OFF server. To this end, take the ON and OFF periods in
Nunez-Queija’s model equal to the idle and busy periods of the high priority customers in our model.
More precisely, the idle periods are exponentially distributed with mean 1/Ag, and the first two moments

of the M/G/1 busy periods are given by my := 8 /(1 — pg) and mq := Qﬁg)/(l — pr )3, respectively.

5.3 Approximation for the general case

In the general case exact explicit expressions for the mean sojourn times of the low-priority customer can
not be obtained. Therefore, in this section we develop an approximation for E[Sg]. We reemphasize that
an important requirement of the approximation is that it should be simple and explicit, providing insight
in the relation between the response time performance and the system parameters. This is preferred to
numerical approximation techniques that require the solution of sets of linear equations.

To develop an approximation for E[Sy], we adopt the derivation for the case of C' = 1 in the previous

section. So our starting point is: For C' > 1,
E[WH] + E[WL] = E[WL+H] ~ E[WGPS]; (15)

where Wg ps stands for the total amount of unfinished work in the system without priorities; that is, the
system (throughout referred to as the GPS system) with arrival rate Ag + A, and where the service-time

distribution is a mixture of the service-time distribution of high- and low-priority customers, respectively.



It is readily seen that the first two moments of the services-time distribution in the GPS system are given
by the following expressions (cf. (9)):
An AL (2) Al

AL 2
4 _ (2) ()
/\H+/\LBH+/\H+)\LBL’ and Seps Ag + AL +/\H+/\L L

Baps = (16)

Recall from section 3 that the total amount of unfinished work in the GPS system can be obtained
from Cohen’s general result for the joint distribution of number of customers and their residual service

requirements (see also Remark 3.1):

(2)
EWeaps] = %GZSS E[Ngps(pr+L)], (17)

where fgps and ﬁGPS are defined in (16). Similarly, for the high-priority customers we have
(2)
25

Now, applying the approximation step (15), we obtain the following estimation for the mean amount of

EWg] = E[NGps(pu)] - (18)

unfinished work E[W] belonging to the low priority customers in the system:

(2) (2)
EWL] % BlWaps] ~ Wil = 525 ENers(pms)] - 3 ENers (on)] (19)

Recall from Remark 3.1 and the analysis in section 4 that equation (1) implies that for high-priority
customers the amount of unfinished work is the independent sum of the remaining service times of all
high-priority customers in the system. We adopt this idea to low-priority customers to obtain the following
approximate relation between mean the number of low-priority customers E[N] and corresponding mean
amount of unfinished work E[W]:

E[WL] .
8 126;

Note that this relation is generally not exact, unless the service times for low priority customers are

E[Ng] ~ (20)

exponentially distributed (in this case equation (12) holds). Then, from Little’s formula we obtain

E|N
E[SL] = % (21)
L
Finally, combining (19)-(21) we obtain the following approximation for E[SL]:
200 ( BGps B’
Eapp[SL] = e (mE[NGPS(PHH)] - WE[NGPS(PH)] : (22)

Remark 5.2

By combining equations (16) and (2), it is readily verified that E.p,[Sr] in (22) is a decreasing function of
ﬁ(L2). In other words, the mean sojourn time of the low-priority customers decreases when the variability
of the service times of the high-priority customers increases. In the next section we demonstrate that this
counter-intuitive monotonicity property for the approximated sojourn times is supported by simulation
results. We emphasize that this observation provides new fundamental insight in the performance of
the model under consideration, which also addresses the importance of the development of simple and

explicit approximations, in favor of heavy-weight numerical ”exact” solution techniques.



6 Numerical Results

To assess the accuracy of the approximation discussed in the previous section, we have performed nu-
merous numerical experiments by comparing the approximation with simulation results. The results of

this comparison are outlined below.

Exponential service times

Let us first consider the situation where the service times of the high-priority and low-priority customers
are exponentially distributed. We have calculated the exact and approximated values of the mean sojourn
times for the low priority customers for different values of the load per server (i.e., pg4r/C). The "ex-
act” values, denoted by E.zq.:[Sr], have been obtained via simulations. The approximations, denoted by

Eqpp[Se], have been calculated from (22). The relative error of the approximations is defined as follows:
Ea rox Scl— Ee:t:ac S
pproz[SL] dl L]> (23)
Eexact[SL]
To assess the accuracy of the approximations, let us call the approximation ”extremely good” if the

absolute error is less than 2%, ”very good” for error range 2-5%, ” good” for 5-10% and ”fair” for 10-20%.

A% = 100% * <

Table 1 shows the expected sojourn times ("exact”) and their approximations (”app”) for the low priority
customers as a function of the load per server (i.e., pg4r/C), indicated as "load”, for varying numbers
of servers. The mean service times of the high and low priority customers are Sy = 1/4 and g = 1,

respectively; the arrival rate A has been chosen such that py/C = 0.50 in all cases.

B =025 ¢4 =1, pr=1, & =1, pr/C = 0.50
Cc=2 Cc=1 Cc=10

load | exact | app | A% | exact | app | A% | exact | app | A%
0.60 | 1.60 159 | -03 | 1.19 | 1.19 | -0.3 | 1.03 | 1.03 | -0.0
0.70 | 2.07 205 | -07| 141 | 1.39(-09 | 1.09 | 1.08 | -0.4
0.80 | 3.06 3.03 |-09) 1.88 | 1.86|-14 | 1.25 | 1.24 | -1.1
0.90 | 6.12 6.08 | -0.7| 340 | 336 |-14| 1.83 | 180 | -1.4
0.95 | 12.38 | 12.28 | -0.8 | 6.50 | 6.45 | -0.8 | 3.06 | 3.02 | -1.5

Table 1: Exact and approximated mean sojourn times for low priority traffic.

Table 2 below shows the results for the model in Table 1, but with Sz = 4 (instead of 0.25).

Bu =4, ¢4 =1,8=1,¢2 =1, p/C=05

Cc=2 Cc=14 C=10

load | exact | app1 | A% | exact | appr | A% | exact | app1 | A%
0.60 | 1.94 2.00 | +3.3 | 1.28 1.32 | +3.5 | 1.04 1.05 | +1.0
0.70 | 3.31 343 | +3.8 | 1.81 1.92 | +6.1 | 1.15 | 1.19 | +3.5
0.80 | 6.61 6.81 | +3.6 | 3.31 3.50 | +6.0 | 1.58 | 1.70 | 4+7.0
0.90 | 18.06 | 18.30 | +1.3 | 8.88 9.15 | +3.1 | 3.60 | 3.80 | +5.8
0.95 | 42.53 | 42.67 | +0.3 | 20.98 | 21.29 | +1.5 | 842 | 858 | +1.9

Table 2: Exact and approximated mean sojourn times for low priority traffic.

The results presented in Tables 1 and 2 lead to a number of observations. First, we observe that the

accuracy of the approximations ranges from ”good” to ”extremely good” (as defined above). The relative



error is no more than 6% for the whole range of values for the load per server, and for a broad range of
values of C', the number of servers. We also observe that the approximation results for the case 8y > 5¢
are consistently less accurate than in the case g < fr, but still good to very good in most cases. Second,
the approximation results for the case Sy < 8L consistently tend to underestimate the exact (simulated)
value of E[Sp], whereas in the case Sy > B the approximations lead to overestimations of F[Sr]. To
give an intuitive explanation for this observation, notice that since in this example the service times of
the low-priority customers are exponentially distributed, the only source of the inaccuracy in the approx-
imation (22) is the approximation of the total mean amount of work in the system (15). Let us call the
”aggregated system” the system without priorities and with arrival rate Ay 4+ Ar and hyper-exponentially
distributed service times with the first two moments given by (16). The ”priority system” is our model
as described in section 2. Then in the case fg >> fr in the aggregated system the customers with
relatively large service-time requirements (these are the high-priority customers in the priority system)
tend to receive a lower service rate than they would receive in the priority system. Consequently, the
total amount of unfinished work in the aggregated system tends to be due to a relatively small number
of large ("high priority’) customers, while in the priority system the unfinished work tend to be due to
a large number of small ("low priority’) customers. This is ’disadvantageous’ for the aggregate system
as it will be more often in the situation that not all servers are used. Consequently, the total mean
amount of unfinished work in the aggregated system is expected to be larger than in the priority system,
which supports the results shown in Table 2. A similar argument can be used to support the observed
underestimation of E[Sr] in Table 1 for the case Sy << fr. A third observation is that the absolute
error considered as a function of the load per server tends to increase up to some maximum value (around
load-per-server values of 80-90%) and tends to decrease when the system is close to saturation. In this
context, note that in light traffic (when the arrival rates tends to 0) the approximation is asymptoti-
cally exact, since in the limiting case the sojourn-time distribution (and hence the mean) converges to
the service-time distribution. Also, one may suspect that the approximation for the case on exponential
service times is asymptotically exact when the load per server tends to unity: As long as all servers are oc-
cupied, the work load processes in the priority system and in the (approximate) aggregated system behave

in exactly the same way. A rigorous proof of such an asymptotic results is beyond the scope of this paper.

Non-exponential service times

To assess the accuracy of the approximation for the case of non-exponential service times, we consider
the case that the service times of both the high- and low-priority customers are hyper-exponentially dis-
tributed (with balanced means [23]), for various combinations of the squared coefficients of variation c%
and c¢?. The mean service times are fixed: By = 1/4 and B = 1; the load due to low priority customers
is also fixed: pr/C = 0.5. The total load (per server) varies from 0.70 to 0.95. Table 3 shows the exact
and approximated results and the relative errors for the case of 4 servers; Table 4 shows the results for

the 20-server case.



C=4, By =1/4, B, =1, p./C = 0.50

load = 0.70 load = 0.80 load = 0.90 load = 0.95
¢4 | ¢4 | exact | app | A% | exact | app | A% | exact | app | A% | exact | app | A%
0 0 1.40 | 1.39 -0.3 | 1.86 | 1.86 -0.4 | 3.37 | 3.36 -0.5 | 6.48 | 6.45 -0.5
0 1 1.39 | 1.37 -1.0 | 1.83 | 1.80 -1.6 | 3.22 | 3.16 -1.6 | 6.02 | 5.95 -1.1
0 4 1.39 | 1.36 -1.6 | 1.81 | 1.77 -25 | 3.13 | 3.05 -2.8 | 5.87 | 5.66 -3.6
0 |16 ] 1.39 | 1.36 -20 | 1.81 | 1.75 -29 | 3.06 | 2.99 -2.1 | 5.90 | 5.52 -6.6
1 0 143 | 143 | 402 | 195 | 197 | 407 | 371 | 374 | 408 | 740 | 7.44 | 4+0.5
1 1 1.41 | 1.39 -09 | 1.88 | 1.86 -1.4 | 3.40 | 3.36 -1.3 ] 6.50 | 6.45 -0.8
1 4 1.40 | 1.37 -20 | 1.85 | 1.79 -3.1 | 323 | 3.12 -3.4 | 6.10 | 5.86 -4.1
1 [ 16| 140 | 1.36 -25 | 1.83 | 1.76 -4.0 | 3.13 | 3.01 -3.6 | 6.01 | 5.57 -7.3
4 0 1.50 | 1.63 | +2.6 | 2.20 | 2.29 | +4.3| 470 | 490 | +4.2 | 10.07 | 10.41 | +3.3
4 1 1.45 | 1.45 -0.2 | 2.02 | 2.02 -0.1 ] 3.94 | 3.94 -0.2 | 7.87 | 7.93 -0.8
4 4 1.43 | 1.39 25| 1.94 | 1.86 -4.2 | 354 | 3.36 -5.3 | 6.73 | 6.45 -4.3
4 |16 | 1.42 | 1.37 -3.5 | 1.89 | 1.78 -6.0 | 3.34 | 3.08 -7.6 | 6.30 | 5.75 -8.7
16| 0 1.72 | 1.96 | +14.1 | 3.09 | 3.61 | +17.0 | 8.44 | 9.54 | +13.0 | 20.35 | 22.28 | +9.5
16 | 1 1.58 | 1.66 | +4.7 | 252 | 268 | +64 | 593 | 6.25 | +b5.5 | 13.12 | 13.87 | +5.7
16 | 4 1.51 | 1.48 -2.0 | 2.22 | 2.12 -4.6 | 4.57 | 4.28 -6.2 | 9.26 | 8.82 -4.7
16 | 16 | 1.46 | 1.39 -49 | 2.06 | 1.86 -99 | 391 | 336 | -142| 744 | 645 | -134
Table 3: Exact and approximated mean sojourn times for low priority traffic
for different values of ¢, ¢ and the load per server (C' = 4).
C=20, fg=1/4, Br =1, pr/C =0.50
load = 0.70 load = 0.80 load = 0.90 load = 0.95

¢4 | ¢ | exact | app | A% | exact | app | A% | exact | app | A% | exact | app | A%

0 0 1.02 | 1.02 | -0.1 | 1.08 | 1.07 | -0.4| 1.34 | 1.31 -1.0 | 1.95 | 1.93 -1.2

0 1 1.02 | 1.02| -0.1 | 1.08 | 1.07| -0.6 | 1.32 | 1.30 -1.4| 1.87 | 1.84 -1.7

0 4 1 102 |102] -0.1| 1.07 | 1.07| -0.8 ] 1.31 | 1.29 20| 1.84 | 1.79 -2.8

0 (16 | 1.02 |1.02| -0.1| 1.07 | 106 | -09 | 1.31 | 1.28 -2.1 | 1.86 | 1.77 -5.2

1 0 1.02 | 1.02| -0.1 | 1.08 | 1.08 | -0.1 | 1.39 | 1.39 -0.1 | 2.10 | 2.10 -0.3

1 1 1.02 | 1.02| -0.1 | 1.08 | 1.07| -06| 1.35 | 1.33 -1.3 ) 1.95 | 1.93 -1.4

1 4 1 1.02 | 1.02] -0.1| 1.08 | 1.07| -0.9| 1.33 | 1.30 -23 | 1.89 | 1.82 -3.3

1 (16| 1.02 | 1.02| -0.1 | 1.08 | 1.07| -1.0| 1.32 | 1.28 -2.8 | 1.89 | 1.78 -5.9

4 0 1.02 | 1.02 | +0.3 | 1.10 | 1.11 | +1.2 | 1.51 | 1.5 | +2.8 | 2.54 | 2.61 | +2.7

4 1 1.02 | 1.02 | -0.0 | 1.09 | 1.09| -0.1 | 1.42 | 1.41 -0.1 ] 2.18 | 2.18 -0.1

4 4 1 102 |102] -0.1| 1.08 | 1.07| -0.9 | 1.37 | 1.33 -2.6 | 2.00 | 1.93 -3.7

4 16| 1.02 | 1.02| -00| 1.08 | 1.07 | -1.3 | 1.34 | 1.29 3.6 1.94 | 1.81 -7.0

16| 0 1.02 | 1.04 | +1.8 | 1.13 | 1.23 | +8.2 | 1.91 | 2.21 | +15.8 | 4.11 | 4.64 | +12.9

16 | 1 1.02 | 1.03 | +0.7 | 1.11 | 1.15 | +3.0 | 1.64 | 1.74 | +6.6 | 3.01 | 3.20| +6.2

16 4 | 1.02 | 1.02 | +0.1| 1.10 | 1.10 | -0.1 | 1.47 | 1.46 -0.8 | 2.37 | 2.33 -1.6

16 (16 | 1.02 | 1.02| -0.1| 1.09 | 1.07| -1.3 | 1.39 | 1.33 4.4 2.09 | 1.93 -7.8

Table 4: Exact and approximated mean sojourn times for low priority traffic




for different values of ¢%, ¢2 and the load per server (C' = 20).

First, we observe that accuracy of the approximations is good to extremely good in the majority of the
cases considered in Tables 3 and 4, for both a small (C' = 4) and a large (C' = 20) number of servers.
Second, the results in Tables 3 and 4 consistently support the counter-intuitive observation that the
mean sojourn times for low-priority customers decreases when the variability of the service times of the
low-priority customers increases. In this context, we reemphasize that the approximation (22) also pos-
sesses this monotonicity property (see Remark 5.2). This observation is quite intriguing, because in PS
systems without priorities the mean sojourn times are independent of the service requirement variability
(cf. Section 3) and in an M/G/1 queue with FIFO service discipline the mean service time is an increas-
ing function of the service time variance! Appearantly, in the present PS system the fluctuation of the
service speed (due to the presence of high priority customers) is less disadvantageous for very small and
very large low priority customers (small customers tend to ”slip through”; large customers experience

the mean service speed) than for average size customers.

Weaknesses of the approximation
Each approximation almost by definition has ”weak spots”, i.e., combinations of parameter values for
which the accuracy of the approximations tends to degrade. First, we observe from Tables 3 and 4 that
the worst-case approximations are consistently found when c% is large (i.e., when the variability of the
service-time distributions of the high-priority customers is high). Second, the accuracy of the approxima-
tions depends strongly on the asymmetry in the mean service time. To illustrate this, consider the model
in Table 1 with C' = 4. We have calculated the exact and approximated values of E[SL] as a function
of the total load per server, for By /Br = 0.25, 1.00 and 4.00. The squared coefficients of variation are
the same for the high and low priority customers: ¢, = ¢7 = «, where 7y is varied as 0, 4 and 16.
The cases v = 0, 4 and 16 have been taken to represent service-time distributions that are constant,
”fairly variable” and ”highly variable” | respectively. In the case v = 0 the service time are deterministic,
and in the cases ¥ = 4 and v = 16, the service times for both priority classes are hyper-exponentially
distributed, with balanced means (cf. [23]). Notice that in all cases considered here we have ¢%, = 7,
so that the approximations are the same for all values of 7. Figures 1, 2 and 3 below show the results.
The results in Figures 1, 2 and 3 demonstrate that in all cases the accuracy of the approximation is
”extremely good” to ”good” when Sy < fr. In Figures 1 and 2, the worst-case relative error was found
to be no more than 11%, which is still considered fairly good. However, Figure 3 demonstrates the fact
that the accuracy tends to degrade significantly when Sg >> (. This phenomenon is due to the fact
that when B8y >> 81 the approximation step in (15) becomes less accurate. An intuitive explanation for
this observation is given above in the discussion of the results presented in Tables 1 and 2. In this context,
it is important to notice that this situation is of minor practical relevance, because in practice usually
B << Pr, i.e., the service requirements of high priority transactions are generally small compared to
the service requirements of low priority transactions. For example, in computer-communication systems,
the heavy-weight transactions (e.g., document transfers) are typically lower priority than light-weight

transactions in real-time systems.

To summarize, the numerical results demonstrate that the approximations satisfies our goals of being
simple, explicit and accurate. In fact, the accuracy of the approximations can be classified as good to

extremely good in most cases. The ”weak spots” in the approximations are consistently found to be the
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Figure 1: Exact and approximated mean sojourn times for low priority traffic for different values of the

load per server (8m/8c = 0.25).

cases in which the following conditions are met: (1) the mean service time for the high priority customers
is large compared to the mean service times of the low priority customers (i.e., B8g >> fr) and (2) the

service-time distributions of high-priority customers are highly variable.

7 Topics for Further Research

The results presented in this paper lead to a number of interesting topics for further research. First,
each approximation method (almost by definition) has a parameter-value range for which the approxi-
mation becomes less accurate. The numerical results in section 6 have demonstrated that the worst-case
approximations are consistently found when 3y >> 31 and c% is high. Refinement of each of the two
approximation steps (15) and (20) is a challenging topic for further research. Second, in the present
paper it is assumed that the arrival processes are independent homogeneous Poisson arrival processes.
However, in many applications the arrival processes are correlated, so that the Poisson assumption is
not realistic. For instance, the arrival process of transaction requests at Web servers is characterized
by successive burst of arrivals. To capture the impact of correlated arrivals on the processing times of
servers with correlated arrivals, the Poisson assumption needs to be relaxed. Analysis of the model with
non-Poisson type of arrival processes is topic for further research Third, in the present paper it is as-
sumed that the customers are served in a processor sharing fashion. This assumption is motivated by the
modeling of transaction servers that are CPU-bound. Examples are multi-threaded HT'TP Web servers

with significant server-side scripting (cf. [2]). In many applications, however, the CPU is not necessarily
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Figure 2: Exact and approximated mean sojourn times for low priority traffic for different values of the

load per server (8m/8c = 1.00).

the limiting factor. For example, for file servers that primarily handle plain text files the disk I/O speed
is more likely to be the performance bottleneck. This type of applications leads to FIFO-type, rather
than PS-type queueing models. Analysis of multi-server FIFO queuing models with multiple priority
classes is a challenging topic for further research. Fourth, with the advent of on-line services Web servers
are being used as front-end servers in many distributed multi-tiered system architecture. To speed up
performance these Web servers are typically implemented to support multi-threading, which in many
cases leads to synchronization and locking issues in situations were different threads of execution need to
access shared data, which may have a significant impact on the performance of the Web servers and the
end-to-end performance of the system. Inclusion of the impact of synchronization among the different
threads is an interesting topic for further research. Finally, the present model can be used to describe the
flow-level characteristics of the Transport Control Protocol (TCP), supporting the majority of Internet
traffic. Currently, the Internet is migrating from a best-effort networking technology to a QoS-enabled
network supporting QoS differentiation. Flow-level models have been shown to be highly effective for
dimensioning Internet access lines connecting end users to Internet Service Providers (ISPs), see [2, 20].
In this context, the present model and the proposed approximations can be used to quantify the potential
for QoS differentiation at the TCP layer and for the dimensioning of ISP access trunks. To this end, it
is a challenging topic for further research to validate the flow-level performance model (with priorities)

by comparing the performance predictions based on the model with real TCP performance data.
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