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Abstract

We consider M/G/1 queues with workload-dependent arrival rate, service speed,
and restricted accessibility. The admittance of customers typically depends on the
amount of work found upon arrival in addition to its own service requirement. Typical
examples are the finite dam, systems with customer impatience and queues regulated
by the complete rejection discipline. Our study is motivated by queueing scenarios
where the arrival rate and/or speed of the server depends on the amount of work
present, like production systems and the Internet.

First, we compare the steady-state distribution of the workload in two finite-buffer
models, in which the ratio of arrival and service speed is equal. Second, we find an ex-
plicit expression for the cycle maximum in an M/G/1 queue with workload-dependent
arrival and service rate. And third, we derive a formal solution for the steady-state
workload density in case of restricted accessibility. The proportionality relation be-
tween some finite and infinite-buffer queues is extended. Level crossings and Volterra
integral equations play a key role in our approach.

Keywords: restricted accessibility, finite buffer, impatience, state-dependent rates,
workload, cycle maximum, level crossings, Volterra integral equation.

1 Introduction

Queueing systems where the service speed is workload-dependent are well-known, specifi-
cally in the studies of dams and storage processes, see e.g. [3, 8, 12, 17, 19, 22]. Also, in
production systems the speed of the server often depends on the amount of work. This
is particularly true if the server is not being represented by a machine, but rather by a
human being; see [6, 27] for an example where the speed of the server is relatively low
when there is much work (stress) or when there is little work (laziness).
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In addition to general service speeds, the rate at which jobs arrive at the system may also
depend on the amount of work present. In the human-server production system, we may
try to control the arrival rate of jobs to optimize server performance. In packet-switched
communication systems, the transmission rate of data connections may be dynamically
adapted based on the buffer content, see for instance [15, 16, 26, 29]. In particular,
feedback information on the buffer state provides the basis for the Transmission Control
Protocol (TCP) to carefully regulate the transmission rate of Internet flows.

These considerations led us to study single-server queues where the arrival rate and service
speed depend on the amount of work present (see also [4]). Specifically, we consider
M/G/1-systems with restricted accessibility. In this paper, the admittance of customers
typically depends on the amount of work upon arrival in addition to its own service
requirement. In such systems, we may distinguish three main rejection disciplines: (i) the
finite dam, governed by the partial rejection rule (scenario f), (ii) systems with impatience
of customers depending on the amount of work found upon arrival (scenario 4), and (iii)
queues regulated by the complete rejection discipline (scenario c).

The three main goals of our study are the following. First, we establish relationships
between two queueing models with arrival rates \;(z) and service speeds 7;(z),7 = 1, 2, for

which i‘ll((j)) = ;\j((i)),Vx > 0. Hereby, we extend results from [4] to queues with restricted
accessibility. These relationships between two queueing systems will allow us to obtain
results for a whole class of models from the analysis of one particular model. This is
particularly useful in considering performance measures such as steady-state workload
densities and loss probabilities.

Turning to our second goal, we obtain an explicit (formal) expression for the cycle max-
imum in an M/G/1 queue with workload-dependent service and arrival rate. This may
be an important tool in determining the maximum buffer content. Exact results for such
systems are hardly known; we refer to Asmussen [2] for an overview on cycle maxima.
Third, we derive a formal solution for the steady-state workload density in finite-buffer
M/G/1 systems. Often, the density may be expressed as the solution of a Volterra integral
equation. In some special cases, this reduces to an analytically tractable expression.
Otherwise, numerical methods are widely available, see e.g. [21, 24]. Another tool to solve
the workload density is the proportionality of the workload distribution between systems
with finite and infinite-buffer capacities. This relation is well-known for some traditional
queueing models (where work is depleted at unit rate), see [11, 12, 20]. Using a similar
sample path approach as in [20, 31], the proportionality relation is extended to similar
systems with workload-dependent arrival and service rate.

In classical queueing systems, the workload just before a customer arrival represents a
waiting time, and the workload right after an arrival instant may be identified with a
sojourn time. For such models, the rejection rules have a direct interpretation. Our first
discipline, the finite dam (scenario f), represents a system where every customer has a
bounded sojourn time; a rejected customer may enter the system but his sojourn time
is restricted. This model is also frequently used in the context of inventory and storage
processes. Due to the above mentioned proportionality, the finite dam is closely related
to the infinite-buffer version of the model [11, 12], and has thus been analyzed in detail,
see e.g. [12].

The second rejection discipline, scenario %, reflects the fact that impatient customers are
only willing to wait a limited amount of time. Results are also well-known for these
traditional queueing models, see e.g. [7, 10, 13, 23]. In queues with general service speeds,



the workload found upon arrival does in general not equal the waiting time. However,
these two quantities are closely related and the admittance may depend on the workload
upon arrival.

Finally, the third discipline, scenario ¢, also exhibits the case in which customers have a
restricted sojourn time. In contrast with scenario f, rejected customers are completely
rejected and do not join the queue. This scenario is probably one of the more difficult to
analyze. Results are only known for the M/M/1 and M/D/1 case (see e.g. [10, 18]), and
the Ph/Ph/1 case [25]. Asymptotics for more general models are obtained in [32].

This paper is organized as follows. In Section 2 we introduce the general model. The
relations between two finite-buffer queues are given in Section 3. In Section 4, the finite
dam (scenario f) is studied and the proportionality relation between finite and infinite-
buffer systems is presented. First-exit probabilities and cycle maxima are considered in
Section 5. Section 6 examines scenarios ¢ and ¢, and we conclude with some examples in
Section 7.

2 Model description and preliminaries

In this section, we introduce the general model and obtain some preliminary results. Some
examples of typical finite-buffer models are given at the end of the section.

We first describe the general system. Customers arrive at a queueing system according
to a Poisson process with arrival rate A\(x) when the workload equals x,z > 0; in other
words, the probability of an arrival in some interval (¢,¢t + h) equals A(x)h + o(h) for
h | 0 when the work present at time t equals x. We assume that A(-) is nonnegative,
left-continuous and has a right limit on [0, 00). The service requirement of customer n is
denoted by B,,,n =1,2,..., whereas By, Bo, ... are assumed to be independent, identically
distributed with distribution B(-).

Depending on the service requirement and the amount of work found upon arrival, cus-
tomers may or may not be (fully) accepted. In particular, if the workload just before
arrival equals w, and the service requirement is b, then the amount of work right after the
arrival instant is g(w, b, K). We assume that w < g(w,b, K) < w + b, where K represents
a potential maximum buffer size (see the end of this section for some examples).

We allow the server to operate according to a general service rate (speed) function, a
function of the amount of work present. We denote the service rate function by r :
[0,00) — [0,00), assume that r(0) = 0 and that r(-) is strictly positive, left-continuous,
and has a right limit on (0, 00).

In the general model, we define V9(t) as the workload at time ¢ and let W] be the workload
immediately before the n-th arrival epoch. We denote the steady-state random variables
of VI(t) and Wj] by V9 and W9, and let V9(-) and W9(-) denote their distributions,
and v9(-) and w9(-) their densities. In the sequel, it is assumed that A(-),r(-), B(:) are
chosen such that the steady-state distribution of the infinite-buffer version, that is, for
g(w,b, K) = w+ b, exists (and then for all g(-,-,-)). For details on stability and existence
of steady-state distributions, we refer to [8, 9].

Define

|
Ra;::/ ——dy, 0 <ax < oo,
(@) 0 T(y)y

representing the time required for the system to become empty in the absence of any
arrivals, starting with workload z. Note that R(x) < oo, for all > 0, means that state



zero can be reached in a finite amount of time from any state x > 0. A related quantity is

xT
A(z) = / Mdy, 0<z<oo,

o (¥
which determines whether the workload process of the infinite buffer queue has an atom at
state zero. In case of finite buffers, some modification is required to regulate the workload
behavior for states that can not be attained. Specifically, set r(z) = 1 and A(z) = A
for all > 0 for which P(g(y, B,K) > x) = 0), for all 0 < y < 2. Then the workload
process has indeed an atom at state zero if and only if A(z) < oo for all 0 < x < oo, as in
the infinite-buffer queue. In case A(-) is fixed (A(z) = \), A(z) = AR(z) and we refer to
Asmussen [3, Ch. XIV] and Brockwell et al. [8] for more details.
Furthermore, consider the interarrival time and its corresponding workload decrement, i.e.,
the amount of work finished during the interarrival time. Denote by A, the conditional
workload decrement during the interarrival interval starting with workload y, i.e., the
event {A, > v} means that the workload is smaller than y — v upon the arrival of the next
customer. Note that the time required to move from y down to v in the absence of any
arrivals equals R(y) — R(v). Since r(z) > 0 for all x > 0, it follows that R(-) is strictly
increasing, which implies a one-to-one correspondence between the interarrival time and
its corresponding workload decrement.
The conditional distribution of the workload decrement during an interarrival interval was
already obtained in [4]:

Proposition 2.1. Let the workload just after an arrival be y (g(w,b, K) = y); then, for

y >,
_ Au)
P(A, > v) = e Jumv—u 70y 3. (1)

Turning back to the workload process {V9(t),t > 0}, we may define the process right
before jump epochs recursively, by

Wg+1 = maX(g(W,g’ BTL; K) - An,g(WT‘[{,Bn,Kﬁ 0), (2)

n

where A,, o ) is the interarrival time between the n-th and (n+1)-th customer, depending
on the workload right after the n-th jump epoch. In between jumps, the workload process
is governed by the input rate function, and the process satisfies

dVI(t)
dt

= r(VI(t)).

This concludes the description of the dynamics of the system. We refer to Harrison and
Resnick [19] for a further discussion.

Special cases

As mentioned in Section 1, four important special cases of the general setting are queues
with infinite buffers, finite-buffer dams (scenario f), systems with customer impatience
(scenario i), and queues regulated by the complete rejection discipline (scenario c).

The model with infinite buffer size is discussed in [4] and is simply the model where every
customer is completely accepted. The finite-buffer dam - regulated by the partial rejection
discipline - originates from the study of water dams. The content of a dam is finite and
additional water just overflows. In the context of queueing, this implies that the n-th



arriving customer is admitted to the system if and only if W,, + B, < K. However, a
partially rejected (not fully accepted) customer may enter the system, but with restricted
service requirement K — W,.

Models with customer impatience stem from classical queueing systems, with a server
working at unit speed. In that case, the workload upon arrival identifies a waiting time
and the impatience is represented by the fact that customers are willing to wait a limited
amount of time K. In case of general service speeds, the n-th arriving customer is accepted
if W,, < K and fully rejected otherwise (see [7] for some potential applications). Finally,
the system with complete rejections is probably one of the more difficult to analyze,
although the rejection rule is simple: the n-th customer is admitted if W,, + B,, < K, and
totally rejected otherwise.

Summarizing, these four scenarios may be represented as follows:

w+ b, infinite-buffer queue,
(w0, b, K) = min(w + b, K), scenario f; finite dam,
g\, 2 ) w+bl(w < K), scenario ; customer impatience,

w~+bl(w+ b < K), scenario ¢; complete rejection discipline.

Here I(-) denotes the indicator function. Finally, we indicate the notational conventions
arising from the models. If we consider an arbitrary g(-,-, ), we add an index g. The
infinite-buffer system is denoted by just omitting the g from the definitions of the general
model. The finite-buffer dam may be obtained by substituting K for g. The models with
customer impatience and complete rejections are given by writing K,i and K, ¢ for g,
respectively.

3 Relations between two finite-buffer queues

In this section, we analyze the workload relations between two (general) finite-buffer queues
that have the same ratio between arrival and service rate. It turns out that a similar
relation as for infinite-buffer queues [4, Theorem 3.1] still holds (in fact, the infinite-buffer
queue is just a special case of the general setting studied here: Choose g(w, b, K) = w + b,
for all w,b > 0). In addition, the formal solution of the steady-state workload density
is considered. However, we start with studying the relation between workloads at arrival
instants and arbitrary epochs.

In view of loss probabilities, the relation between the workload at jump epochs and arbi-
trary epochs is an important one. The following theorem extends results for infinite-buffer
queues [4, Theorem 3.2] to our setting.

Theorem 3.1. W9(0) = A(0)V9(0)/N9, with A9 := [X Ma)v9(x)dz + A(0)V9(0), and for
all z > 0,
1
g _ = g
wi(z) = 5\9)\(1‘)0 (x).

Proof. Observe that g(w,b, K) < w + b ensures that the expected cycle length is finite
and the workload process is thus ergodic. By level crossing theory, it then follows that
the workload density is well-defined. Moreover, g(w,b, K) > w rules out scenarios of work
removal. Now, substitute g(W?9, B, K) for every W+ B in [4, Theorem 5.1] and the results
follow easily. O



Note that A(z) = A would yield the PASTA property, which states that the workload at
an arbitrary time and the workload at an arrival epoch have the same distribution. With
respect to workload as the key performance measure, Thereom 3.1 may be viewed as a
generalization of the PASTA result.

In the infinite-buffer system, two models, with identical ratio between arrival and release
rate, can be related (see [4, Theorem 3.1 and 3.3]). This relation between two different
M/G/1 queues can be extended to the general model, as presented in the next theorem.

Theorem 3.2. Consider two queues of the model of Section 2, to be denoted as Models 1
and 2, such that M\ (z)/r1(z) = Xa(x)/r2(z), for all x > 0. Then, W{(0) = W3 (0), and
for all x > 0,

wi(x) = wi(z). (3)
Also,

g

vy (2) r2(z)

=C , 4

W@~ n) W

with C = ;\\ILV@(O) if Ai(x) < oo for all 0 < x < o0, and C =1 if Aj(z) = oo for some
2(0)V3'(0)

0 <z <oo0.

Before we prove the above theorem, we first derive the steady-state workload density.
Besides that the formal solution of this density is a slight extension of infinite-buffer
results, it turns out to be a useful tool to express the workload density in a more elegant
form in some special cases. Moreover, Equation (4) follows then directly by division.
Now, consider either of the two models and assume for the moment that the workload
process has an atom at state zero. We start by considering the level crossing equations
(see [14] for a survey on level crossings),

T

r(z)v?(z) = A0)VI(0)P(g(0, B, K) > x) + /O+ A?(y)P(g(y, B, K) > x)dy.  (5)
This equation reflects the fact that the rate of crossing level z from above should equal,
in steady-state, the rate of crossing level x from below.
Note that in many finite-buffer systems, the workload is bounded by the capacity K,
as in scenarios f and ¢. In that case, P(g(y,B,K) > K) = 0, and we only have to
consider 0 < x < K. In, for example, scenario i, cases with workloads above K may exist.
However, jumps occur only from workloads smaller than K, and the range of integration
can be modified by (0, min(z, K)].
Define z(y) := A(y)v9(y) and multiply both sides of (5) by A(z)/r(x). We then obtain

A(z)
r(z)

We now proceed as in Harrison & Resnick [19]: define the kernel K9(z,y) := K{(z,y) :=
P(g(y, B,K) > z)A(x)/r(z),0 <y < x < 0o, and let its iterates be recursively defined by

z(x) =

NOVIOR((0.B.K) > )+ [ 2P, 8,5 > )y ©)

o+ 7(2)

Kfpo (o) = [ K2, 2)Kfz ) (7)



Note that in, for instance, the infinite-buffer system, P(¢(y, B, K) > z) = 1 — B(x — y).
Moreover, observe that (6) is a Volterra integral equation of the second kind, and rewrite
it as

€T

#(a) = MOV K (@,0) + [ 2(0)K?(@,)dy. (®)

o+
Iterate this relation N — 1 times (see [19]):

N
2(x) = AO)V(0) 3 K (2,0) + / o) K (2, y)dy.
n=1

o+
Finally, define
K9*(z,y) =Y _ Ki(x,y). (9)
n=1

If this sum is well defined, we have z(x) = A0)VI(0)K9*(x,0). However, we may
use the obvious bound K9(z,y) < Ax)/r(z) to show inductively that K,i1(z,y) <
(A(z,y)"A(z)/(r(x)n!). Hence, since K,yi(x,y) — 0, as n — oo and the kernels are
bounded for all 0 < y < z < oo, the infinite sum is indeed well defined. Now, use the
definition of z(-), to obtain

A(0)V9(0)K9* (, 0)
Az) ’

v9(x) = (10)

where V9(0) follows from normalization. The steady-state workload density is presented
in the following lemma.
Lemma 3.1. If A(x) < oo for all 0 < x < 0o, then

grn _ MO)VI(0)K9*(z,0)
(@) = SR,

(11)

* —1
where V9(0) = [1 +A(0) f5° Ko e0) dx] .

In Sections 4 and 6 it is indicated how this general approach may be applied to some
(in)finite-buffer queues. Next, in Section 7, the infinite sum of Volterra kernels is explicitly
calculated for some special cases. But, we first use this Lemma to derive Equation (4).

Proof of Theorem 3.2. Observe that, by (1) and (2), the dynamics of both systems are
A(z) _ Xe(z)
ri(x) = ra(z)

of the Theorem, that is (3), follows easily.

We now turn to (4). Note that Aj(x) = Aa(z) implying that either the workload processes
in both systems have an atom at state zero, or not. If A;(z) = oo (i = 1,2) for some
z > 0, then V(0) = 0 and (4) follows directly from (6) and the definition of z(-). So,
assume that V;7(0) > 0. We use the derivation of the steady-state workload density as
described above. First, observe that the kernels K9(z,y) = P(g(y, B, K) > z)\(z)/r(x)
are the same in both models, and hence, the iterated kernels and their infinite sums are
equal. Now, use (11) and divide v{(z) by v§(z) to obtain

w(2) _ M(0)V(0) hela)
o(2) ~ MOV (0) M ()

Substituting Aa(z)/A1(z) = r2(z)/r1(x) completes the proof. O

equivalent when . Hence, using a stochastic coupling argument, the first part

x> 0.




Remark 3.1. There are alternative ways to solve (5). We may also divide by r(x) on
both sides of Equation (5), or define z(x) := r(z)v?(x). The technique to solve the integral
equation remains the same, however, with slightly different kernels.

4 Finite-buffer dam

In this section, we study the steady-state workload distribution in the finite-buffer M/G/1
dam with general arrival rate and service speed (scenario f). The dynamics of this model
are as in Section 2, where g(w,b, K) = min(w + b, K). As indicated, the steady-state
workload random variables, distributions, and densities are denoted by substituting K for
g in Section 2, i.e., VE VE(.), 05 (.) at arbitrary times and WX, W (.), w® (-) just before
arrival epochs. The model with infinite buffer is denoted by just omitting the g from the
notation. For convenience, we refer to scenario f as the finite-buffer queue or dam in this
section.

First, we show that the steady-state workload distributions in the finite and infinite-buffer
dam are proportional. For instance, Hooghiemstra [20] based his proof for the classical
M/G/1 queue on the idea that the finite and infinite-buffer queue behave according to
similar sample paths below workload level K. He argued that at a downcrossing of level
K in the infinite-buffer queue, the time until the next arrival epoch is independent of
the previous arrival, and hence, the residual interarrival time behaves like an ordinary
one. As required in the sample path comparison, we show that this lack of memory
also holds for general M/G/1-type queues with state-dependent arrival and service rates.
After making some comments about regenerative properties, the result of Hooghiemstra is
extended to our system, following similar arguments. Moreover, the steady-state workload
distribution at arrival epochs is considered. This is no longer necessarily equal to the
workload distribution at arbitrary epochs, since the classical PASTA property no longer
holds.

Second, as an example of the general case and as a prelude to Section 5, we derive the
steady-state workload density for the finite dam, using level crossing arguments and the
Volterra successive substitution method. And third, we consider the long-run fraction of
not fully accepted customers, denoting this performance measure by Pg.

The next preparatory lemma presents the lack-of-memory property of the workload decre-
ment during an interarrival interval.

Lemma 4.1. (Memoryless property). The residual workload decrement at a down-
crossing of level x in an M/G/1 queue with arrival rate A\(-) and service rate r(-) is
independent of the finished amount of work during the elapsed interarrival time, i.e.,

P(Apty >y +v|Asyy > y) = P(4Ay > v), z,y,v>0, z>v

Proof. Using a simple conditioning argument and Proposition 2.1, it follows that

_ ety Aw) Tty A(u)
P(Apiy > Y+ 0l Asry >y) = ¢ Jov o dels ™ ot
[z A(uw)
= e fz—'u r(u) du
= P(A4; >v).

Notice that P(Ay1y > y+v|Azyy > v) is independent of y, representing the lack-of-memory
property. ]



Next, we state our main proportionality result.

Theorem 4.1. For 0 <z < K,

P(V <)
K
< = —
P(VE < 2) PV <K) (12)
while at arrival epochs,
P(W < z)
PWE < = ——_
W5 <2) = s < ry

Before we prove the theorem, we first make some general remarks about regenerative
processes. Instead of applying level crossing arguments and using Lemma 3.1, it is also
possible to make a direct comparison between the finite and infinite-buffer queue. We
apply the latter approach. Following Asmussen [3], we exploit the regenerative character
of the workload process and let the points with workload level K be its regeneration points.
Note that this is possible due to the memoryless property (Lemma 4.1). Furthermore, this
choice allows queueing systems where empty queues cannot occur. Denote the length of a
regeneration cycle in the finite and infinite-buffer queue and the number of arrivals during
this cycle, by 7%, 7, N¥ and N, respectively. Then, the distributions of V and V¥ are
given by, cf. [11],

PV <) = E%E [/OTI(V(t) < x)dt} , (13)
P(VE <z) = ELKE /TK I(VE(@) < x)dt] . (14)
T 0

The distributions of W and W can be obtained in a similar fashion, cf. [11],

N
P(W<z) = ﬁﬂf > 1w Sﬂf)] ;
=1
1|
PWE <2) = ENEE > I(Wi < x)
=1

We are now ready to prove our main theorem.

Proof of Theorem /4.1. Consider the stochastic process {V(t),t > 0}. We construct a
stochastic process VX (t) directly from V(t) and show that V¥ (¢) and VX(t) are driven
by the same dynamics. First, take an arbitrary sample path of V(t). We leave the parts
below level K unchanged and cut out the parts of the sample path between each upcrossing
and a consecutive downcrossing of level K. Connecting the remaining parts, we obtain
the process VE (t). By the memoryless property, the workload decrement of VK (t) after
hitting K behaves like an ordinary workload decrement. Thus VX (¢) and VX(t) are
driven by the same dynamics and we may simplify notation by identifying the process
{VE(@#),t >0} with VE(t) := VE(t), t > 0.

Clearly, E [ [y I(V () < z)dt] and E [fOTK I(VE(@) < x)dt} are equal. Observe that EET;{
represents the long-run fraction of time that the workload process of the infinite-buffer




queue is below level K and, by (13) and (14), we have shown the first part of the theo-
rem. The second part follows directly from the same sample path construction and the
observation that % equals the long-run fraction of arrivals finding the workload below
level K. This concludes our proof. ]

Remark 4.1. Theorem 4.1 remains valid for any other model where the virtual waiting
time process remains unchanged below level K (Hooghiemstra [20] noted this already for
the classical M/G/1 queue). Specifically, the theorem applies for any function g(w,b, K),
if for all w,b, K > 0 the function satisfies

gw,b,K)=w+b, ifw+b<K,

g(w,b,K) > K, ifw+b>K. (15)

We give another example of such a system in Section 6.

In the remainder of the paper, we assume that the workload process has an atom at state
zero, i.e., A(x) < oo, for all 0 < z < oco.

Both as an example and as a prelude to Section 5, we now further examine the steady-
state workload density v (-). This density is well-known in case of general service rate
functions and a constant arrival rate, see e.g. [19]. A similar technique - also used in
Section 3 - may be used in case of a general arrival rate (see also [4]). We briefly indicate
how Lemma 3.1 may be used in scenario f.

We start by considering the level crossing equations,

T

r(z)of (z) = /\(O)VK(O)(l—B(OC))Jr/+ Aot (y)(1-B(z—y))dy,  0<z < K. (16)
0

This equation is well-known and follows directly from an up- and downcrossing argument.
Also, (16) may be straightforwardly obtained from the general case (16) by observing that
P(g(y,B,K) >z) =1—B(x —y) for 0 <y < z < K and 0 otherwise. Now, it is evident
that we may define the kernel (as in [19]) by K(z,y) := (1 — B(z —y))A(z)/r(x),0 <y <
z < K. In the remainder, we refer to this kernel as the basic kernel as it appears in many
queueing systems. The iterates of K (x,y) and the infinite sum are defined as in Section 3,
i.e., (7) and (9) respectively.

Now, applying Lemma 3.1 yields the well-known representation of the workload density
for scenario f:

AMO)VE(0)K*(x,0)

v Az) ’

K(g) = 0<z<K, (17)
where V(0) follows from normalization. Note that (12) can thus also be derived from the
formal solution of the density. However, we believe that the derivation of Theorem 4.1 is
especially insightful as it brings out the typical sample-path relation between the infinite
buffer queue and the finite dam (scenario f).

We conclude this section by analyzing the probability that a customer cannot be com-
pletely accepted, also referred to as loss probability. It follows directly from a regenerative
argument, see also [31], that

Px =P(WX + B > K).

Condition on WX and apply Theorem 3.1 to obtain the following corollary:

10



Corollary 4.1. For the loss probability in scenario f, we have

K
= %K A0)VE(0)(1 ~ B(K)) +/ Ao () (1= BK —y))dy|,  (18)

o+

P

with v () given in (17) and VE(0) equal to 1 — fOK v (x)dx.

Note that other performance measures may also be directly obtained from the workload
density and Theorem 3.1.

5 First exit probabilities and cycle maxima

In this section, we focus on queues with infinite buffer capacity and determine first exit
probabilities and the distribution of the cycle maximum. To do so, we use the finite-
buffer dam, analyzed in Section 4, to a large extent. Moreover, we show that first-exit
probabilities are related to the dual of a finite dam. Also observe that, for well-chosen K,
first-exit probabilities are the same for a range of finite-buffer models, such as the scenario
f (use Remark 4.1).

Consider the model with arrival rate 1, and release rate 7(x) := f\((z)) when the workload
equals . Theorem 3.1 shows that both models have the same workload density at arrival
epochs, w(-). As a consequence, the amounts of work just after an arrival instant follow the
same distribution as well. Also, observe that the workload process {V(t),t > 0} attains
local minima just before a jump and local maxima right after a jump. Considering first-
exit probabilities, it then easily follows that we may consider (without loss of generality)
a model with arrival rate 1, and release rate 7(z). In fact, the same argument holds for
cycle maxima, as it may be considered to be a special case of a first-exit probability. So,
in this section we often assume, without loss of generality, that the arrival rate equals 1.
Starting with first-exit probabilities, we assume that 0 < a < b < oo, and let 7(a) =
inf{t > 0|V (t) < a} and 7(b) := inf{t > 0|V (t) > b} correspond to the first-exit times!.
Starting from x, we denote the probability that the workload process hits state b before
state a by U(z), i.e., U(x) := Py(7(b) < 7(a)). Now, the first-exit probabilities can
be obtained from those in models with constant arrival rate (in particular [19]) and the
observation above. Define

r b Az
ala,b) == [1 + )\((Z;/a iéx)) K*(b,x)dz| . (19)

We obtain the following lemma:

Lemma 5.1. We have,

0, if 0 <z <a,
Ux) =1 [Tuly)dy, ifa<z<b,
1, ift > b,

where u(z) = ala,b)r(b)\(x)K*(b,xz)/(A(b)r(z)) for x € (a,b).

'Note that we use b here in a different fashion as in Sections 2-4. An alternative notation for b could
be K, but we decided to follow the literature on first-exit probabilities and use b in the context of hitting
times.
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Proof. Apply [19, Theorem 3] to the dam with release rate 7(-). O

Remark 5.1. In fact, first-exit probabilities with a > 0 may be reduced to a similar first
exit probability with a = 0. Modify the system to a finite-buffer dam of capacity b — a and
with release rate 7(x) := r(z + a) when the workload equals x. Denote the modified first
hitting times by 7(0) and #(b—a), and let, for z € (0,b— a], U(z) := P(#(b—a) < 7(0))
be the probability that the modified system hits state b — a before state 0, starting from x.
Then, apply Lemma 5.1 to the modified system (thus with release rate 7(-)). Note that
K(z,y) = (1-B(z—y))/#(z) = K(z+a,y+a), and it can be easily shown (by induction)
that Ky (z,y) = Kn(x + a,y + a). Now, it is just straightforward calculation to show that
Uz —a) = Ul(x).

Concerning cycle maxima, we assume that at time 0 a customer enters an empty system
and define Cyax := sup{0 < t < 7(0) : V(¢)}. Denote 7(z) := #(b — x) = r(b — z) and
let P, ) be the loss probability in a finite dam (scenario f) with release rate 7(-). The
following relation between cycle maxima and loss probabilities has been obtained in [5]:

Lemma 5.2. We have, i
P(Cinax > b) = P .

Motivated by this relation, we first analyze scenario f with arrival rate 1 and release rate
7(+) in more detail. This turns out to be a useful tool to determine the distribution of the
cycle maximum in general terms.

Let ©(-) denote the steady-state workload density of the model with arrival rate 1 and
release rate 7(-). Using level crossing arguments, we have, for 0 < z < b,

T

7(2)i(z) = V(0)(1 — B(x)) + / 0(y)(1 = Bz —y))dy.

o+
Define z(z) := 7#(z)v(x), and Volterra kernel K(z,y):=(1— Bz —1v))/f(y ), for 0 <y <
z < b, and K(x,0):=1— B(zx) for 0 < z < b. Observe that we can relate K (z,%) to the
basic kernel in Section 4. Specifically, for 0 < y < x < b,
K(z,y)=(1=Bb-y—(b-2)/rlb—y) = Kb —y.b—x),
and for 0 < z < b,
K(z,0)=1—B(b—(b—21)) = K(b,b—z)r(b).

Now, using the successive substitution method for Volterra kernels as in Section 3, yields
(for 0 <z < b),

dx) = V(O)E(x0)+ / <>f<< )y

= V(0)K(b,b—z)r( Kb —y,b—2)dy

H+

— V(0K (b,b— a)r( / (b,b— y)K(b— y,b— 2)r(b)7(0)

/ K(b—u,b—y)K(b—y,b - z)2(u)duldy

= Ki(b,b—2)r(b)V(0) + Ka(b,b — z)r(b)V(0) + /Ox 2(u)Ka(b — u, b — x)du,

12



where the last equality follows from Fubini’s theorem and
x b—u
/ Kb—u,b—2)K,(b—z,b—x)dz = Kb —u,2)K,(z,b—x)dz
U b—z

= Kppi1(b—u,b—x).
Iterating this argument gives
z(z) = r(b)V(0)K*(b,b — ).

Finally, use the definition of z(:) to express the steady-state density of the model with
release rate 7(-) into the original model (with release rate r(-)):

b(2) = V(0)r(b)K*(b,b— )
N r(b—x) ’

where V(0) follows from normalization.
Returning to the cycle maximum of our original model, we have, by Lemma 5.2:

(20)

Theorem 5.1. For the cycle mazimum in an M/G/1-type dam, with arrival rate A(-) and
release rate r(-), we have

~ b
P(Crmax > b) = V(0)(1 — B(b)) +/0 5(z)(1 — B(b — z))dz, (21)
where
. V(O)r(b)K*(b,b— 2)A(b — )
R T 2
andV +f0 bYK*(b,b— z)A(b — 2)(A(b)r(b — z))~tda] !

We give two different proofs of the above theorem; the first one uses the equivalence
between cycle maxima and loss probabilities, and the second exploits knowledge of first-
exit probabilities.

Proof I (via PZ ¢ ). To prove Theorem 5.1, we use the relation between loss probabilities

and cycle maxima, Lemma 5.2. We already analyzed Pbr O in Section 4 (Corollary 4.1).
Use the fact that the cycle maximum only depends on A(+) and 7(-) via their ratio and note

that the steady-state density for the model with release rate 7(x) = ;\Ei:g are then given

by (20). Applying (18) to the model with A = 1 and release rate 7(-) gives the result. [

Proof II (via U(z)). First note that «(0,b) = V(0), by substituting u = b — z in (19).
Then, given the service requirement of a customer entering an empty system, the cycle
maximum may be rewritten as a first exit probability. Specifically, condition on the service
requirement of the “first customer”, and use Lemma 5.1 in the third equality:

P(Conase > b) = /OO U(x)dB()

- /:0/0 y)dydB(z) + (1 — B(b))

>/b dB(z)dy + (1 — B(b))

<
=
*
S

<

(1= B(y))dy + a(0,0)(1 - B(b)),



where the final step follows from (cf. (19))

b r *
1:a(0,b)+/0 a(0,b) (b)igz;ibgb’y)

The theorem now follows by straightforward substitution. O

dy.

Alternatively, the first-exit probabilities, given by Harrison and Resnick [19], may also be
related to a finite dam with release rate 7(x) = 7#(b — ) when the workload equals x. For
a=0and 0 <z < b, we use the steady-state workload density (22) directly:

1=V = [ iy
Y

b *
r(D)K*(b,b— y)A(b — y)
a(0,b) dy
/y:ac A)r(b—y)
b—x *
7 (D) K (b, u)A(u)
— aO,b dU:Ub—JJ, 23
| aton R O (23)
where V(0) = «(0,b) follows from Lemma 5.1 and Theorem 5.1. Using Remark 5.1, we
may generalize this equivalence relation to cases with a > 0.

Lemma 5.3. Let V() be the workload distribution of the finite-buffer system (scenario f)
of capacity b — a and release rate 7(-). Then, for x € [0,b — al,

1-V(z)=Ub-z).
Proof. Consider the system with finite buffer b—a and release rate 7(z) = r(b—=z) when the
workload equals z. Note that a modification of 7(-) to the case a = 0 (as in Remark 5.1)
is not required, since 7(z) = 7#((b —a — x) + a).
Although the workload is upperbounded by b — a, we can use exactly the same analysis
as if it was bounded by b, and express the steady-state workload density as follows:

V(0)#(b)K*(b,b — )
P(b—x) ’

o= [ ]

follows from normalization. Substitute y = b — z and 7(x) = r(zg in (24), to see that

o(x) =

where

o,

(24)

Az
b * -1
- r(b)K* (b, y)A(y) ]
V()= |1 +/ dy = afa,b).
o= [+ | s @)
Now, using the same argument as in (23), with substitution 7(y) = r(y)/A(y) and u = b—y,
completes the proof. ]

Remark 5.2. We conjecture that (a modified) Lemma 5.3 also holds in case of general
i.i.d. interarrival times and a general service rate r(-) if we start with a reqular interarrival
interval. Denote by W() the workload distribution right before an arrival instant in the
finite-buffer system of capacity b — a and service rate 7(-). Then, using the machinery of
monotone stochastic recursions [1] and a similar construction as in [5], we may show that

1-W(z)=U((b-x).
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6 Other finite-buffer systems

There are many finite-buffer systems, which may be distinguished by the rejection dis-
cipline of arriving customers. Among the most important ones is the finite-buffer dam
regulated by the partial rejection discipline (scenario f), see Section 4. T'wo other finite-
buffer systems of importance are models with customer impatience (scenario i) and queues
governed by the complete rejection discipline (scenario ¢). These models are investigated
in this section.

We begin this section by examining scenario ¢ and observing that for workloads less than
K the proportionality result (Theorem 4.1) holds. To determine the density of workloads
larger than K, in addition to the normalizing constant, we apply level crossings and the
successive substitution method for Volterra integral equations. We conclude the study of
scenario % by considering the loss probability. Turning to the second model, scenario ¢, we
derive a formal solution for the steady-state workload density using similar techniques as
for scenario i. Finally the loss probability in scenario ¢ is considered.

We start with scenario i, or equivalently, let g(w,b, K) = w + bl (w < K) in the general
set-up. Note that there exist w, b, K > 0 such that g(w, b, K) > K, implying that workload
levels above K may occur. In particular, only customers arriving at the system while the
workload just before arrival is larger than K are rejected. This resembles the impatience
of arriving customers: they are only willing to wait a maximum (stochastic) amount of
time. Moreover, as noted in [7, 20], the virtual waiting time process below level K remains
unchanged for this model. This intuitive statement can be made rigorous by observing
that for all 0 < w < K, g(w,b, K) = w + b and thus (15) is satisfied. We consequently
have the following (see also Remark 4.1):

Corollary 6.1. For 0 < x < K, we have,

P(VEL < g) = PV < ), (25)

with ¢ some normalizing constant, P(V < K) < () =1 <1, while at arrival epochs of

accepted customers (thus given WK < K),

P(W < x)

P(WE < Kicgy=_*Y"_ ="
(WHE < 2™ < K) P(W < K)

Remark 6.1. By a simple division and using (25) and (12) twice, we may alternatively
write, for 0 < x,y < K,
P(V<z) PVE<z) PVE<)

B(V<y) PVKi<y) PVE<y) (26)

In fact, by (25), the workload distribution in the infinite-buffer case does not completely
determine the workload distribution in scenario ¢. The normalizing constant can only be
determined by knowledge of the workload behavior on all possible levels of the workload
process. For x > K, however, there seems to be no direct link to the infinite-buffer queue.
Level crossing arguments, i.e., equivalence between up- and downcrossings of a fixed level
x > 0, provide a tool to resolve this issue.

Next, we derive the steady-state workload distribution for all > 0 in scenario i, using
the general approach described in Section 3. If the workload upon arrival is below level
K, thus 0 < w < K, then we just have P(g(w,B,K) > x) = 1 — B(x — w), while
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P(g(w,B,K) > w) = 0 otherwise. The general level crossing equations can now be
rewritten into a more appealing expression: For 0 < x < K, we have

T

r(z)o™(x) = AO)VF(0)(1 ~ B(x)) +/0 Ay)o"™ (y)(1 = B(x — y))dy,

+

and for x > K,

K

r(z)o™ (z) = MO)V(0)(1 — B()) + /0+ Ay)o™ i (y)(1 = Bz —y))dy.  (27)
The level crossing equations can be solved using Lemma 3.1, by defining the kernel
Ki(z,y) =1y < K)(1 - B(z —y))\(z)/r(z), for 0 <y <z <oo. Incase 0 <y < K, we
just obtain our basic kernel K (x,y) of Section 4. By Lemma 3.1, it is thus evident that,
for0<z< K,

(@) = MOV (0) K (2, 0), (28)
where z%(z) := A(z)vS¥(z). The same result can be deduced from Theorem 4.1 and
(17).

The case x > K may be derived in a slightly more elegant fashion; rewrite (27) into
K Ki e
) = XOVIOK(@.0)+ [ ) K )iy (29)

Using the result of z/(y) for y < K and substituting this in (29), we have
A0 = XOVEO) [ K@,0)+ [ Kl K (.00
0

after which v%(z) = 2% (x)/A\(z) and V5¥(0) can be determined by normalization.

For completeness, we give the resulting normalizing constant in general terms (take y =0
in (26)):

1+ [;° %K*(w, 0)dz

Ki _ _
L [ A K (2, 0)dz + [725 [29 (1= B@) + [;5 281 - Bz — y)K*(y, 0)dy| da

C

Remark 6.2. The cases 0 < z < K and x > K may be combined by writing

AO)VE(0)

T

zAK
K0+ [ KR 0] (30
0
Equation (28) can then be recovered by using K*(y,0) = > 2 | K,(y,0) and interchanging
integral and sum.

Finally, it is an easy exercise to determine the long-run fraction of rejected customers P]i<.
After all, the customers that are rejected are just those that arrive while the workload is
above level K, or more formally P = IP’(WK’Z > K). Apply Theorem 3.1 to see that

Pl = /KOOwK’i(a:)da: (31)

1 /OO i
= = AMx)v™ (x)dz.
AK’Z K () ()
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We now turn to scenario c¢. This system is also a special case of the general set-up and can
be obtained by taking g(w, b, K) = w+bl(w+b < K). Note that there is no w € [0, K] and
b, K > 0 such that g(w,b, K) > K. This implies that, starting from initial workload below
K, the workload process is bounded by its buffer content and we only have to analyze
workloads below K.

The proportionality result, as presented in Theorem 4.1, does not hold for this scenario.
Combined with Remark 4.1, this is obvious from the fact that g(w,b, K) = w < K for
w € [0,K) with w+ b > K. Intuitively, the workload process below level K is indeed
affected if a customer arrives that would cause a workload above the buffer content (in
which case that customer is completely rejected). However, we can still solve the level
crossing equations to determine the steady-state workload density.

Denote the steady-state workload density by v®¢(-). Observe that an upcrossing of level =
occurs, if at levels y < x a customer arrives that has a service requirement larger than x—y,
but smaller than K —y. Specifically, P(¢(y, B,K) > z) =1-B(zx—y)—(1-B(K —vy)) =
B(K — y) — B(xz — y). The level crossing equation may then be rewritten as follows. For
0<z <K,

T

r(z)v™(z) = A(O)VK’C(O)(B(K)—B(@H/ Ay)o"™“(y) (B(K —y) — Bz —y))dy. (32)

o+
In view of (8), we define the Volterra kernel as K¢(z,y) := (B(K —y) — B(z — y));\((g,
0 <y <z < K. Using Lemma 3.1 (with respective iterates and infinite sum), we can
directly write

M0)VE<C(0)Ke*(x,0)
A(z)

vl (z) = , 0<z< K.

Determining V%¢(0) by normalization concludes the derivation of the steady-state work-
load distribution.

Finally, we focus on the long-run fraction of rejected customers, Py. By definition, a
customer is rejected if, upon arrival, the workload present in addition to the service re-
quirement exceeds the buffer capacity K. Then, conditioning on the workload just before
a customer arrival and using Theorem 3.1 in the second equation, we have

K
Pe = WEC0)(1 - B(K)) + /0+ wi(z)(1 — B(K — z))dz (33)
K
= 5\11(76 [)\(O)VK’C(O)(l — B(K)) + . AMx)v™¢(z)(1 — B(K — z))dz| .

Remark 6.3. Note that the loss probabilities PIQ and Py only depend on the ratio between
A(+) and r(-). This is a direct consequence of Equations (31) and (33) in addition to
Theorem 3.2. At the intuitive level, this is evident from the fact that changing between
Models 1 and 2 (in which M\ (z)/r1(x) = Xa(x)/r2(z), for all x > 0) is just a rescaling of
time. This property was obtained in [4, 28] and applied in Section 5. So, to avoid explicit
calculations of, for instance, N' and NS¢, we may assume (without loss of generality)
that the arrival rate is fized.

17



7 Some examples

In Sections 2-6 we expressed the steady-state workload densities, first-exit probabilities,
and cycle maxima in terms of an infinite sum of Volterra kernels. Numerical methods
to compute these sums are widely available, see for example [21, 24]. Since we obtained
closed-form expressions for the performance measures of interest, we are done from a
practical point of view. However, for some special cases, the Volterra integral equations
reduce to an analytically tractable expression.

In this section, we discuss some special cases and show that several known results can be
recovered from the Volterra kernels. In addition, we derive some results that appear to be
new. We first discuss the case of constant arrival and service rate and then continue with
the case of exponential service requirements. We conclude with a remark on the extension
to rejection rules based on a stochastic barricade.

7.1 Constant arrival and service rate

Suppose that 7(z) = r > 0 and A(z) = A\r > 0. Observe that, using Theorems 3.1 and 3.2,
we may assume that r(x) = 1 and the model thus reduces to an ordinary M/G/1 queue.
Denote the arrival rate by A, the mean service requirement by 3, and let p := A@ be the
load of the system. Also, let

H(x) = 5! /0 “(1- By)dy,

denote the stationary residual service requirement distribution with density h(-).
In the M/G/1 case, the basic kernel K (x,y) reduces to A(1—B(z—y)) and it is well-known,
see for instance [19], that,

K*(z,y) =Y p"ha(x —y). (34)
n=1

Here, hy(-) is the density of the n-fold convolution H,(-). Now, combine Lemma 3.1 with
(34) and take Laplace Transforms to obtain the famous Pollaczek-Khinchine formula. The
finite-dam is just the truncated version (use Theorem 4.1).
Turning to the model with customer impatience (scenario i), the normalizing constant in
Corollary 6.1 may be determined by (26) and an application of Little’s law. First apply
(26) with y = 0:
VK ’i(O)

V(0)
Then, use Little in the first and (31) and PASTA in the second equation (see also [23]),
to obtain,

PVE <z)=P(V <

z)

VEH0) =1 - p(1 - Pi) =1 - pV(K).

Apply (26) again to VE4(K) (and use V(0) = 1 — p), then, after some rewriting, we may
express the steady-state workload density of scenario ¢ in terms of the classical M/G/1
queue (see also [7, 23]):

: V(z)

VEi(g) = .

=1 pV(K)
Finally, the first-exit probabilities follow from a direct computation, see [19]. Also, Takacs’
formula for cycle maxima [30] may be easily recovered from Theorem 5.1 and the truncation
property for finite dams (Theorem 4.1).
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7.2 Exponential service requirements

Suppose that 1 — B(x) = e #* meaning that the service requirements are exponen-
tially distributed with mean 1/u. For the basic kernel, we then may write K(z,y) =
e M@=Y\(x)/r(z), and we can explicitly compute (similar to [19])

K%ayw=jg}mm—u@—y»+A@»—A@». (35)

Using Lemma 3.1, the familiar steady-state workload density in the infinite-buffer queue

directly appears (see e.g. [4, 8, 19], or [3], p. 388):

0

exp{—pz + A(2)}. (36)
The explicit form in (35) also allows us to evaluate (30). After lengthy calculations, we
deduce the following:

Corollary 7.1. For the M/M/1 queue with customer impatience (scenario i), arrival rate
A(+), and service rate r(-), we have

A(O)VH4(0)
r(x)

where V(0 follows by normalization.

vK’i(x) _ exp{—px + A(z AN K)},

Turning to scenario ¢ (complete rejections), we obtain the following corollary:

Corollary 7.2. For the M/M/1 queue with complete rejections (scenario c), arrival rate
A(+), and service rate r(-), we have

K,c — e (K—x)
v (z) = Y (O)A(Ol((lx) " ) exp{—px + A°(z)},

where A°(z) = [; Wl_&—;;mw))dy and V¢(0) follows by normalization.

Proof. Note that, by conditioning on B > = — y, P(g(y, B, K) > z) may be rewritten as
e~ #==Y) (1 — ¢=#E=2)) Thus, by substitution in (5), (or (32)), we have

x
r()v(z) = A(0)V9(0)e (1 — e K2 +/ A)v? (y)e M9 (1 — e H K= dy,
o+
Multiply both sides by (1 — e #(K=2))=1 Then, comparing with (16), it follows that sce-
nario ¢ is equivalent to scenario f, but with r(z) replaced by 7¢(x) := r(z)(1—e #E-2))=1,
Appropriately adjusting A(-), resulting in A°(+), and applying (36) gives the result. O

The result for the classical M/M/1-queue with complete rejections [18] can now easily be
recovered from our corollary.

The first-exit probabilities may be deduced from Lemma 5.1. Alternatively, the first-exit
probabilities may also be obtained from the steady-state workload density in the finite
dam with arrival and release rate A(b — z) and (b — x) when the workload equals . The
cycle maximum can be derived in the same way.
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Corollary 7.3. For the cycle mazimum in an M/M/1 queue, with arrival rate A(-) and
service rate r(-), we have

P(Crmax > ) = V(0) exp{A(z) — pa},

b )\(3: -1

where V(0) = [1 + [y 2 —u(b—x) + A(b) — (a:)}dx}

Proof. Combining (22) with (35) and some rewriting yields

7):83)) exp{—px + A(b) — A(b—x)}.

V(0) now follows directly by normalization. Moreover, use (21),

o(x) = V(0)

g
= V(e {1+ /Obj;”)) e M@ dg ]

P(Crmax > b) = )e M+ / V(0 bx))e/\(b)/\(bx)d:z

completing the proof. O

7.3 Stochastic barricade

In this paper we considered an M/G/1-type model with restricted accessibility, in which
the rejection rule is based on a deterministic barricade. This may be extended by replacing
K by a stochastic variable, see for instance [13, 28]. This extension can easily be included
into our framework. Replace at the n-th arrival epoch K by the random variable U,,, with
distribution Fy;(-) (independent of the service and arrival processes). The acceptance of
the n-th customer in the scenarios of Section 2 is now determined as follows, see also [28]:

W, + min(W,, + By, (U, — W,)1), scenario f,
gWhp, Bn,Uy) = ¢ Wy + B I(W, < U,), scenario 1,
Wy, + Bpl(Wy, + B, < Uy), scenario c.

Note that in case A(-) and r(-) are fixed, U,, represents the maximal waiting time (scenario
i), or sojourn time (scenarios f and ¢). This model with stochastic impatience is well-
known and studied in, e.g., [13, 28].

Also in case of a random barricade, we again obtain a Volterra integral equation of the
second kind. For the given examples, we have the following Volterra kernels, where 0 <
y <z < oo (see [28]),

,  scenario f,

(z)/r(x)
(x)/r(z), SCGH&I‘%O i,

Even though these kernels might be difficult to determine in general, we may express the
steady-state workload density in terms of these kernels, see Lemma 3.1. Some examples
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can be found in [28] in case of exponential service requirements and either exponential or
deterministic barricades.

Finally, consider two (general) finite-buffer queues governed by the same distributions
B(-) and Fy(-), but with arrival and service rates A;(-) and 7;(-), ¢ = 1,2, such that
1):11((;)) = i‘j((j)) , for all z > 0. The queues are then related in the same way as the queues in
Section 3. From the discussion of Volterra kernels above, it is evident that (4) still holds
in this broader context. Note that the dynamics in both systems are still equal, resulting
in the generalization of (3). More general, we state that Theorems 3.1 and 3.2 also hold
in this framework.
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