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Abstract In this contribution, an efficient technique to design direct low-energy trajectories
in multi-moon systems is presented. The method relies on analytical two-body approxima-
tions of trajectories originating from the stable and unstable invariant manifolds of two cou-
pled circular restricted three-body problems. We provide a means to perform very fast and
accurate computations of the minimum-cost trajectories between two moons. Eventually,
we validate the methodology by comparison with numerical integrations in the three-body
problem. Motivated by the growing interest in the robotic exploration of the Jovian system,
which has given rise to numerous studies and mission proposals, we apply the method to
the design of minimum-cost low-energy direct trajectories between Galilean moons, and
the case study is that of Ganymede and Europa. However, the domain of applicability of
the method is much wider. It can be employed, for instance, in geocentric orbit context,
whenever a rendezvous or an orbit change is sought, in the optimization of high-energy
patched-conics tours of multi-moon systems, and in the design of interplanetary deep space
maneuvers.

1 Introduction

The objective of this paper is to present a method to determine the minimum-cost direct
trajectories between libration points orbits of moons of a planetary system in the framework
of the circular restricted three-body problem (CR3BP). The method is entirely analytical
and offers conspicuous savings in computing time over traditional approaches based on
intersecting invariant manifold trajectories. The motivation of the work is the contempo-
rary interest in the in situ exploration of the planetary systems of the giant planets, and the
consequent need for efficient trajectories enabling the execution of transfers or even tours
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among their several moons. For example, ESA’s JUICE mission (ESA, 2014), due to launch
in 2022, will execute flybys at Callisto and Europa, and eventually shall orbit Ganymede.
Then, NASA’s Europa Mission plan (Lam et al., 2015) calls for a spacecraft to be launched
to Jupiter in the 2020s: the probe would orbit the gas giant planet about every two weeks and
execute close flybys of Europa. Prior to this, the cancelled JIMO project (Sims, 2006) was
characterized by a reference trajectory with orbits around Callisto, Ganymede, and Europa.
The widespread interest in the design of trajectories to explore the Jovian system was em-
phasized in the sixth edition of the Global Trajectory Optimisation Competition (GTOC6,
Petropoulos, 2012), which focused on solving low-thrust multiple gravity-assist trajectories
to map the Galilean moons. Notable contributions were given to the issue, e.g., Colasurdo
et al. (2014); Izzo et al. (2013). These developments are all based on the multi-gravity assist
technique applied to the two-body problem (patched conics) which allows long series of
flybys at very low ∆V expense (on the order of tens of m/s).

By means of dynamical systems methods, it is possible to fly on low-energy trajectories
departing from or leading to the vicinity of the libration points of the three-body problems
composed by Jupiter and each of its moons. The first study of a low-energy tour of a plan-
etary system is the Petit Grand Tour (PGT), applied to the exploration of the icy moons
of Jupiter (Koon et al., 2000, 2002). The PGT exploits modern dynamical systems meth-
ods to compute global families of solutions with an almost arbitrary itinerary to explore
the satellite system of any planet, to capture into orbit (temporary capture), depart, land or
impact the various moons. The left side of Fig. 1 illustrates an example of a transfer from
Ganymede to Europa with orbital capture. The model is the coupled CR3BP, built on the
Jupiter-Ganymede CR3BP and the Jupiter-Europa CR3BP. The trajectories belonging to the
two systems are connected through appropriately chosen Poincaré sections in the intermedi-
ate regions between the orbits of the two moons. The intersections are sought between un-
stable and stable manifolds of libration point orbits (LPOs, Gómez et al., 2003) of collinear
libration points of the two systems. A PGT between Ganymede and Europa takes 25 days
and less than half the amount of propellant employed in a Hohmann maneuver (which is
characterized by a cost of 2.8 km/s). Further advances in low-energy trajectory design have
led to the Multi-Moon Orbiter (MMO) concept (Ross et al., 2003; Koon et al., 2011), in
which the spacecraft shifts from an orbit around one Jovian moon to an orbit around another.
The ∆V requirements for such a mission can be very low (a few tens of m/s), provided the
technique of low-energy inter-moon transfer is enhanced by resonant gravity assists. How-
ever, the time of flight accumulated in the inter-moon transfers is extremely long (several
years). An example of such type of trajectories is shown in the right side of Fig. 1.

The aim of this paper is to illustrate an efficient method that can be applied, for instance,
to design low-energy transfers between moons. The present work is motivated by the PGT
concept, and has roots in a series of papers which laid the foundations of the low-energy
transfers in the Sun-Earth-Moon system. In Koon et al. (2001), the transfer from a Low-
Earth-Orbit to the Moon’s vicinity is obtained by coupling the Sun-Earth and Earth-Moon
CR3BPs and propagating the hyperbolic invariant manifolds of LPOs in the two systems
in search for a low-∆V intersections (see Fig. 2). Amongst others, key contributions in
this line were given by Gómez et al. (2004); Zanzottera et al. (2012); Parker and Anderson
(2014). In this paper, a system composed by a planet and two of its moons is considered
and the coupled CR3BP is employed. Similarly to the PGT approach, we propagate the
invariant manifolds of the planet-moon LPOs in the associated three-body model. However,
far from the moons we approximate the invariant manifolds with Jupiter-centered Keplerian
orbits and, by purely analytical arguments, we determine their intersections and the required
manoeuvres. This approach offers two first advantages: it avoids the propagation of invariant
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Fig. 1 Left: a Petit Grand Tour of the icy moons of Jupiter illustrating a transfer from Ganymede to Europa
(Koon et al., 2002). Right: The Multi-Moon Orbiter concept for the Jovian moons involving resonant gravity
assists with Callisto, Ganymede and Europa (Ross et al., 2003).

Fig. 2 The first low-energy transfer to the Moon obtained by coupling two CR3BPs: from a LEO to the
vicinity of the L2 point of the Sun-Earth CR3BP through the stable manifold of an LPO, then from there to
a Poincaré section on a trajectory of the unstable manifold of the same LPO, and application of an impulsive
maneuver (∆V at patch point) to join a trajectory of the stable manifold of an LPO around the L2 point of
the Earth-Moon CR3BP (Koon et al., 2001).

manifolds in the inter-moon space, and it does not need to employ Poincaré sections to look
for intersections between invariant manifolds.

In the resulting transfers, the inter-moon phase has a duration of a few days at most,
and one large maneuver with magnitude at the level of 1 km/s is required. Therefore the
result does not directly compare with the MMO nor with the more traditional high-energy
trajectories based on multiple, intermediate encounters and small impulsive maneuvers. It
does compare, instead, with the PGT and with the Hohmann maneuver.

The paper is organized in the following way: Section 2 defines the dynamical model,
Section 3 describes the method, while Section 4 presents the application to transfers between
Ganymede and Europa. The discussion and the conclusions follow in Section 5.

2 The model

The study is conceived in the context of the CR3BP (Szebehely, 2012) with the primaries
being the planet (e.g., Jupiter) and one of its moons (e.g., one of the Galilean moons), while
the third, massless body is the spacecraft. Figure 3 defines the synodical barycentric ref-
erence frame adopted in this work: the larger primary occupies the position (µ,0) and the
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Fig. 3 The synodical baricentric reference frame of the CR3BP with the larger primary (the planet) to the
right of the origin. The position of the five libration points is shown. The picture is completed by two Lya-
punov orbits, respectively around L1 and L2, and the forbidden region (in grey) corresponding to their energy
level.

smaller primary lies at (µ − 1, 0), µ being the mass ratio. In the following, the planar ap-
proximation is assumed because it is applicable in many real situations. For example, the
relative inclinations between the orbital planes of the four Galilean moons are much smaller
than one degree, hence their four orbits are approximately contained in one plane.

We aim at constructing trajectories connecting two moons revolving on consecutive or-
bits. Therefore, a connection between two CR3BPs is required. Such link is carried out in
the so-called coupled CR3BP (Koon et al., 2011; Castelli, 2012), according to which the
involved CR3BPs do not affect each other from the dynamical viewpoint, being their rela-
tionship merely a kinematical one. The coupling is constituted by the appropriate transfor-
mation of coordinates between the two synodical barycentric frames. In the quoted papers,
the two restricted models are directly connected, meaning that phase states (position and
velocity vectors) in one synodical frame are transformed into phase states in the other syn-
odical frame when a given section is reached. In the present work, the two CR3BPs are not
directly connected because the planet-spacecraft (restricted) two-body model is used in the
inter-moon space. This choice is justified if the masses of the moons are many orders of
magnitude smaller than that of the planet. For example, the Galilean moons are four to five
orders of magnitude less massive than Jupiter.

The natural coordinate system to adopt when describing the dynamics in a central force
field is the inertial frame. In order to perform the coupling in this frame, we apply a change
of coordinates from each synodical frame to the planet-centered inertial frame. The trans-
formation implies a change of origin from the center of mass of the planet-moon CR3BP
to the center of the planet, together with a rotation around the z-axis by the angle between
the x-axis of the synodical frame and the X-axis of the inertial frame, and a change of scale
from normalized to physical units. We remark that the overall coupling depends on two an-
gles, namely the angles swept by the x-axes of the synodical frames relative to theX-axis of
the inertial frame. Due to rotation invariance, the two angles are redundant. Indeed, we can
choose to orient the inertial reference frame so that the X-axis coincides with the x-axis of
one of the synodical frames at time t = 0. This allows to eliminate the dependence on one
of the two angles. As a whole, the transformation has one degree of freedom, represented by
the relative phase of the two moons. However, since the angular velocities of the two moons
are constant and known, the relative angular position of the two moons at any fixed time
can be equivalently adopted as a parameter. The angle α0 between the x-axes of the two
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Fig. 4 The coupled CR3BP in a planetary system composed by planet P and two moons on consecutive
orbits, M1 the outer and M2 the inner. The plot outlines the kinematical coupling at t = 0, which depends on
the angle α0 between the x-axes of the two synodical frames, as seen from an inertial observer. The x1-axis
is aligned with the X-axis of the inertial frame, as described in the text. For the sake of illustration, each
synodical frame shows the forbidden region corresponding to the Jacobi constant value of the Lyapunov orbit
around either L1 or L2.

synodical frames at time t = 0 is here employed to parameterise the coupled model. Fig-
ure 4 provides a schematic view of the relationship between the synodical frames at t = 0.
The angle α0 has a key role in the discussion that follows. Being a free parameter, upon
discretisation it can be used to map the possible relative orientations between the two syn-
odical frames in search for the optimal trajectory. Rather than systematically scanning and
computing its values, we take advantage from the full integrability of the two-body problem
and we analytically solve for the best α0. Thus, only the optimal relative orientation will be
considered for any choice of departure and arrival states.

We take the opportunity to observe that there exists a substantial difference between
the coupled CR3BP of a planetary system, in which the linked problems both contain the
dominant body, i.e., the planet, and the case of the Sun-Earth-Moon system in which the
Earth-Moon CR3BP excludes the Sun and, therefore, the resulting coupled model does not
always provide realistic solutions in the full four-body model (Fantino et al., 2010). Hence,
the adoption of the coupled model within a planetary system not only is encouraged by the
inherent simplicity, but also leads to results that can be easily refined to a high-fidelity model
accounting for all the bodies involved.

3 The method

Given two moons on consecutive orbits, the transfer from the inner to the outer moon is
intended as a trajectory leaving a planar Lyapunov orbit (PLO) around L2 of the inner moon
and ending at a PLO around L1 of the outer moon. Viceversa, the transfer from the outer
to the inner moon starts on a PLO around L1 of the outer moon and ends at a PLO around
L2 of the inner moon. A PLO is escaped on a trajectory belonging to its unstable invariant
manifold, whereas a PLO is approached via its stable invariant manifold. The PLOs are
varied according to a certain energy discretization, leading to a database of orbits to be used
in the trajectory design.

In the proposed method, the CR3BP is considered in the vicinity of the moon only, i.e.,
when the spacecraft-to-moon distance is small. For this purpose, we define a gravitational
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Fig. 5 Left: propagation of the unstable manifold of a PLO around the L2 point of a moon-planet CR3BP till
intersection with the circle of influence. Right: the same, but with a stable manifold of an LPO around the L1

point. A portion of the border of the forbidden region associated to each PLO has also been drawn.

domain, limited by a so-called circle of influence (CI) centered at the moon and having a
radius rCI equal to the radius of the Laplace sphere (Roy, 1988) multiplied by a convenient
factor k:

rCI = k × ro
(
m

M

)2/5
. (1)

Here, ro is the orbital radius of the given moon,m its mass andM the mass of the planet. The
factor k is selected in such a way that the CI encircles, with due margin, all the Lyapunov
orbits of the database. The CI is used, like a Poincaré section, to cut the flow of the stable or
unstable manifolds associated to the selected PLOs (see Fig. 5).

The two-body approximation in a planet-centered inertial frame substitutes the CR3BP
when dealing with the spacecraft’s dynamics beyond the CI. Accordingly, the phase states
collected on the CIs are transformed to the planet-centered inertial reference frame, and con-
sidered as initial conditions for backward/forward Keplerian orbit propagation. No matter
the time direction, these Keplerian orbits are ellipses with a focus at the planet’s center. Any
Keplerian orbit is uniquely determined by the five classical orbital elements, i.e., semimajor
axis a, eccentricity e, inclination i, right ascension of the ascending node Ω, and argument
of pericenter ω, supplemented by the true anomaly θ that parameterises the motion along
the ellipse. In planar approximation, the inclination and the right ascension of the ascending
node are irrelevant, hence ω is measured from the X axis to the pericenter of the ellipse, and
the so-called Keplerian elements set just consists of a, e, ω, and θ (Fig. 6).

Remark 1 We observe that the semimajor axis and the eccentricity provide the shape of the
ellipse, and as such are fixed for a given state on the CI. On the contrary, the argument of
pericenter depends on the orientation of the synodical frame of the given CR3BP in the
XY -plane at the given time. More precisely, a change ∆α in the orientation of the synodical
frame produces an equivalent change ∆ω of the argument of pericenter of the resulting
ellipse. For the proof, the reader is referred to Appendix A.

Given two moons, the procedure for detecting possible connections is now sketched.
For a choice of two LPOs, one on each CRTBP, upon discretization, some trajectories on the
unstable and stable manifolds are integrated until the corresponding CI. Then, for a choice
of α0, the phase states collected on the two CIs are transformed into the corresponding
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Fig. 6 An elliptical orbit with focus at the center of the planet (P). Its orientation in the orbital plane is defined
by the argument of the pericenter ω, i.e., the angle between theX-axis of a planet-centered inertial frame and
the pericenter of the ellipse. The position r and velocity v of a point of true anomaly θ are also shown.

Fig. 7 Possible intersections between two ellipses with common focus (P): none, two identical (tangent
ellipses A ≡ B) and two distinct (A 6= B), respectively on the left, center and right. ω1 and ω2 are the
arguments of pericenter of the two ellipses and are measured from the X-axis of the inertial frame with
origin at P.

Keplerian elements sets. Each set refers to an elliptical orbit travelled by the spacecraft
under the gravitational influence of the planet. Connections between the two moons are then
sought by looking at geometrical intersections between all possible combinations of ellipses
emanating from the two CIs. In general, two ellipses possess at most four intersections.
In our case, since the two ellipses have one common focus, i.e., the center of the planet,
the number of intersections range from zero (i.e., no intersection) to two (i.e., two distinct
points), with the case of one intersection corresponding to tangent ellipses (Fig. 7).

If an intersection between two ellipses exists, the magnitude ∆V of the difference in
velocity at the intersection is the magnitude of the impulse to be applied by the propulsion
system of the spacecraft to move from one orbit to the other, and eventually accomplish the
transfer from a PLO of one planet-moon CR3BP to a PLO of the other planet-moon CR3BP.
In the case of two distinct intersections, ∆V is not the same at the two points, although the
difference is rather small. Figure 8 shows the two ways one can reach the CI of moon 2 (M2)
from the CI of moon 1 (M1), i.e., through either A or B. The times of flight are, of course,
very different.

The outlined procedure must be repeated for all the Lyapunov orbits of the database
in each CR3BP and requires varying α0 from 0 to 2π according to some discretization.
Eventually, a large number of Keplerian elements sets is obtained.

The comparison of the costs of all the combinations of ellipses allows to identify the
cheapest trajectory, i.e., the minimum-cost direct transfer between the sets of Lyapunov or-
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Fig. 8 The spacecraft leaves the CI of moonM1 on an arc of ellipse that holds two distinct intersections with
an arc of ellipse leading to the CI of moonM2. The maneuver can be carried out at either A or B, which takes
to two different paths, as indicated by the dashed and the dotted lines, respectively.

bits of the two given planet-moon systems. Performing the comparison requires computing
the∆V ’s of the several orbit pairs. This may become a time-consuming task if the resolution
taken to discretize the angle α0, the individual Lyapunov orbits and the Jacobi constant is
narrow: at every new value of α0, the intersections of the resulting Keplerian orbits must
be determined and quantified. However, a closer look allows to simplify the problem and
reduce the amount of computations. In the first place, the determination of ∆V is straight-
forward if the ellipses are described in polar coordinates in the respective planet-centered
perifocal reference frames. The starting point is the polar equation of the ellipse, providing
the distance r to the focus as a function of the true anomaly θ:

r =
a(1− e2)
1 + e cos θ

. (2)

The intersections between two ellipses represented by the Keplerian elements sets (a1, e1,
ω1) and (a2, e2, ω2), respectively, are obtained by solving

a1(1− e21)
1 + e1 cos θ1

=
a2(1− e22)
1 + e2 cos θ2

(3)

in which θ1 and θ2 are the true anomalies of the intersection points on the two curves. As
shown in Fig. 9, θ1 and θ2 are related by

θ2 = θ1 − (ω2 − ω1) = θ1 −∆ω. (4)

∆ω thus represents the relative orientation between the two ellipses, i.e., the angle between
the respective pericenters. System (3)-(4) admits solutions if and only if the discriminant of
the associated second-degree algebraic equation (in cos θ1, for example) is positive (see Ap-
pendix B for the full derivation). Once the true anomalies θ1 and θ2 of a point of intersection
on the two ellipses have been found, the corresponding ∆V is determined as

∆V =

√
(ṙ1 − ṙ2)2 + (rθ̇1 − rθ̇2)2, (5)

where r is the radial distance to the point of intersection, ṙi (i = 1,2) are the radial velocities,

ṙi =
ai(1− e2i )ei sin θiθ̇i

(1 + ei cos θi)2
=
r2ei sin θiθ̇i
ai(1− e2i )

, (6)
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Fig. 9 The relationship between the difference in true anomaly of the same point belonging to two intersect-
ing ellipses and the difference between the arguments of pericenter of the two curves.

Fig. 10 The two orientations at which two ellipses are mutually tangent.

and θ̇i (i = 1,2) the angular velocities,

θ̇i =
hi
r2
. (7)

hi =
√
GMai(1− e2i ) (i = 1,2) are the magnitudes of the specific orbital angular momenta

and GM is the gravitational parameter of the planet.
Regarding the existence of the intersections, the requirement that the discriminant of the

above mentioned second-degree equation is positive translates into an inequality to be sat-
isfied by ∆ω, i.e., the two ellipses intersect only at certain relative orientations, represented
by an interval of values for ∆ω:

τ ≤ ∆ω ≤ 2π − τ, (8)

with τ ∈ [0, 2π[. The value of τ depends only on the shape of the two ellipses and can be
explicitly calculated in terms of ai and ei (i = 1,2). If τ > 0, the domain of intersection is
limited by the two orientations at which the ellipses are mutually tangent (Fig. 10). Such
orientations are given by ∆ω = τ and ∆ω = 2π − τ . On the other hand, if τ is zero, the
two ellipses have two intersections regardless their relative orientation, and they can never
be mutually tangent.

Our intuition suggests that for a choice of the shape of two ellipses, the cheapest connec-
tion is achieved when the ellipses are tangent. In order to prove it, we performed a parametric
study of the behavior of ∆V as a function of ∆ω for a large number of pairs of ellipses, with



10

Fig. 11 ∆V at the intersections between two ellipses versus their relative orientation, represented by the
angle ∆ω. The two curves (continuous and dashed, respectively) represent the ∆V at the two distinct inter-
section points and as such are limited by the two values of ∆ω for which the ellipses are mutually tangent,
respectively τ and 2π − τ . In these points the cost is the same at the two intersections since they coincide.

varying semimajor axis and eccentricity. For each pair, we determined τ , we made ∆ω vary
between τ and 2π − τ and we computed ∆V at every intersection. The results show that if
τ > 0, ∆V has two equal minima when ∆ω lies at either limit of the domain, i.e. when the
two ellipses are mutually tangent. For all other values of∆ω, the cost is higher. In particular,
∆V is maximum when the two apse lines are opposite (∆ω = π), see Fig. 11. This behavior
occurs at least when the orbital eccentricities are smaller than 0.2. Now, since the ellipses
under study are an extension of the motion originating in the vicinity of the libration points,
their path in inertial space must be geometrically quite similar to that of the associated equi-
libria (which move in circles). Hence, these orbits are expected to have low eccentricities,
which guarantees the applicability of the intersection pattern of Fig. 11. Also note that a
simple geometrical consideration allows to a priori discard the pairs of ellipses in which
the pericenter distance of the outer ellipse is larger than the apocenter distance of the inner
ellipse.

In conclusion, when looking for optimal low-cost transfers, only the orientation∆ω = τ

and ∆ω = 2π − τ at which the ellipses of a pair are mutually tangent must to be retained
and evaluated because any other orientation corresponds to higher values of ∆V . From the
relative orientation of the two ellipses, their Keplerian elements and the integration time of
the selected trajectories on the stable and unstable manifolds, one a posteriori determines
the initial relative phase α0 of the two moons at time t = 0. This technique brings important
savings in computing time above a brute force approach in which all the orientations are
tried. Furthermore, the determination of τ is completely analytical.
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Fig. 12 The orbits of the four Galilean moons.

Table 1 The second and third column provide the orbital radii (in km) and the orbital periods (in days) of the
four Galilean moons (first column). The fourth column lists the mass ratios mi/(mi +mJ ), with mi the
mass of the moon and mJ = 0.189813 · 1028 kg the mass of Jupiter.

Moon Orbital radius Orbital period Mass ratio
(105 km) (days) (10−4)

Io 4.2180 1.8 0.470542991630
Europa 6.7110 3.6 0.252865845179

Ganymede 10.7040 7.2 0.780632933465
Callisto 18.8270 16.7 0.566808592975

Fig. 13 The database of PLOs around L2 in the Jupiter-Europa CR3BP (left) and around L1 in the Jupiter-
Ganymede CR3BP (right). The orbits are shown in the respective synodical barycentric reference frame. The
value J of the Jacobi constant and the y-amplitude of the largest orbit in each set are reported.

4 Application: from Europa to Ganymede and viceversa

We present an application to the case of transfers between two Galilean moons, Europa and
Ganymede. The orbits of the four main satellites of Jupiter are drawn to scale in Fig. 12 and
their relevant orbital parameters are reported in Table 1.

The transfers connect two PLOs, one around the L1 point of Jupiter-Ganymede and one
around the L2 point of Jupiter-Europa. Then, when designing a connection from Europa to
Ganymede, the unstable invariant manifold of the Jupiter-Europa PLO is propagated to the
CI around Europa, and the stable invariant manifold of the Jupiter-Ganymede PLO is propa-
gated to the CI around Ganymede. The stability is reversed when dealing with transfers from
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Fig. 14 Eccentricites (top), semimajor axes (middle) and apojove/perijove distances (bottom) of the ellipses
with focus at Jupiter leaving the CIs of Europa (left) and Ganymede (right) and coming from PLOs around L2

or leading to PLOs around L1, respectively. The several curves in each subplot give the values of the specified
parameter on the different LPOs of the database as functions of the discretization index on each LPO.

Ganymede to Europa. The CIs around Europa and Ganymede have radii of 38905 km and
97409 km, respectively, both corresponding to k = 4. The PLOs are taken from a database
of 70 orbits in each system (see Fig. 13). For the sake of illustration, a discretization of the
PLOs with 100 points is adopted. Already at this moderate resolution, 100 points per orbit
mean 7000 manifold trajectories in each CR3BP, since all the PLOs of the database must be
tried. The intersections of each trajectory with the corresponding CI provides a set of Keple-
rian elements in the Jupiter-centered inertial frame. In principle, from the resulting ellipses,
49 million possible pairs are formed. However, only the pairs in which the perijove distance
of the outer ellipse is smaller than the apojove distance of the inner ellipse must be retained.
The others have zero intersections. For both Europa-to-Ganymede and Ganymede-to-Europa
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Fig. 15 Eccentricites (top), semimajor axes (middle) and apojove/perijove distances (bottom) of the ellipses
with focus at Jupiter leaving the CIs of Ganymede (left) and Europa (right) and coming from PLOs around L1

or leading to PLOs around L2, respectively. The several curves in each subplot give the values of the specified
parameter on the different LPOs of the database as functions of the discretization index on each LPO.

connections, the number of pairs to be analysed is of approximately 3.8 million, correspond-
ing to 8% of the initial amount. Figure 14 maps the eccentricites, the semimajor axes and
the apojove and perijove distances of the ellipses originating, respectively, from the unstable
manifolds of the Jupiter-Europa PLOs and the stable manifolds of the Jupiter-Ganymede
PLOs. Similarly, Fig. 15 shows the eccentricites, the semimajor axes and the apojove and
perijove distances of the ellipses originating, respectively, from the stable manifolds of the
Jupiter-Europa PLOs and the unstable manifolds of the Jupiter-Ganymede PLOs. The orbital
eccentricities are always smaller than 0.14, thus enabling the application of the algorithm
described in Sect. 3. Besides, all the pairs of ellipses have a strictly positive value of τ ,
meaning that the orientation for which the ellipses of a pair are mutually tangent always



14

Fig. 16 The cost of the cheapest LET transfers from Europa to Ganymede (left) and from Ganymede to
Europa (right) as functions of the combination index (running from 1 to 3.8 million). The absolute minima
have been marked with a red circle (bottom right).

exists, and constitutes the minimum-cost orientation for each pair. ∆V ranges from 0.960
km/s to 1.257 km/s for both transfers (Fig. 16), i.e. from Europa to Ganymede and from
Ganymede to Europa. In particular, 0.960 km/s is the absolute minimum in both directions.
The Europa-to-Ganymede and Ganymede-to-Europa minimum-cost trajectories are shown
in Fig. 17. The spacecraft is at the numbered positions of the Europa-to-Ganymede transfer
(left subplot) at times t0 = 0, t1 = 3.33 days, t2 = 5.84 days, t3 = 8.27 days, t4 = 14.48 days,
respectively. As for the Ganymede-to-Europa transfer (right subplot), the spacecraft is at the
numbered positions at times t0 = 0, t1 = 6.21 days, t2 = 8.64 days, t3 = 11.15 days, t4 =
14.48 days, respectively. Thus, the two transfers are characterized by the same time of flight.

With the adopted discretization, there is no cheaper direct transfer connecting PLOs
in the two systems. The Lyapunov orbits involved in these two minimum-cost trajectories
are the largest in either database, i.e., they are the PLOs with the lowest Jacobi constant in
the set (3.0061 and 3.0024, respectively for Ganymede and Europa). The fact that the two
optimal transfers require the same ∆V and employ the same time of flight is not accidental,
and can be explained by combining geometrical arguments for the Keplerian ellipses and
the time-space symmetry of the CR3BP.

For the sake of completeness, in Fig. 18 we show the minimum-cost trajectories obtained
by applying the method to the low-energy transfers (LETs) between Io and Europa (∆V =
1.294 km/s, time of flight = 7.52 days) and between Ganymede and Callisto (∆V = 1.003
km/s, time of flight = 31.88 days), both outwards and inwards. The meaning of line styles,
symbols and labels is the same as in Fig. 17.

5 Discussion and conclusions

We have verified the physical validity of the solutions by propagating the initial state on
the PLO around L2 of Europa forward in time to the maneuver point in the Jupiter-Europa
CR3BP, and the final state on the PLO around L1 of Ganymede backwards in time to the
maneuver point in the Jupiter-Ganymede CR3BP. The propagation time is of 5.84 days over
the former segment and 8.64 days over the latter. The distance between the endpoints of the
two segments is of 7000 km, which is equivalent to the accumulation of a speed error of 6
m/s over the whole transfer (7000 km / 14.48 days). This error, due to the Keplerian approx-
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Fig. 17 Illustration of the Europa-to-Ganymede (left) and Ganymede-to-Europa (right) transfers with the
lowest cost, i.e. 0.960 km/s. The trajectories are drawn in Jupiter-centered inertial coordinates. The thin black
lines are the orbits of the two moons, the thick coloured lines are the several arcs followed by the spacecraft:
in red the trajectory belonging to the unstable invariant manifold, in magenta and blue the portions of the
two Keplerian ellipses, in cyan the trajectory belonging to the stable invariant manifold. Labels indicate the
positions of the spacecraft (filled circles) at the beginning of each arc. The positions of the two moons (filled
squares) at the same moments are also labelled. The filled circle denoted by number 2 is the maneuver point.

imation of the CR3BP model, is negligible when compared with the size of the computed
maneuver (0.96 km/s).

The numerical code has been written in Fortran language and compiled with Intel Vi-
sual Fortran Composer XE 2013 SP1 under Microsoft Visual Studio Professional 2013. All
computations have been performed on a Lenovo laptop computer with Intel Core i5-3230M
processor with 2.6 GHz CPU and Windows 8.1 Enterprise operating system. Computations
are performed in two phases. In the pre-processing phase, the PLOs are propagated and dis-
cretized, the stable and unstable invariant manifolds are propagated till intersection with the
CIs, the end states are transformed into Keplerian elements sets which are then stored. This
phase takes on the order of ten seconds, but is executed only once. In the second phase,
the minimum-cost intersections of the 49 million pairs of ellipses of a transfer, e.g., from
Europa to Ganymede, are determined and sorted with respect to cost, the cheapest trajectory
is identified and traced. The time required for the second phase is lower than one second,
most of which is spent in reading and writing data. It should be noted that the majority of
the pairs are rejected on the basis of the perijove-apojove criterion and are not evaluated.
This is a merit of the method, and an advantage made possible by the Keplerian approxi-
mation. Another important geometrical feature of the Keplerian approach is the fact that the
configuration in which two ellipses are mutually tangent exists for all the pairs. This enables
the application of the method to all the cases. Besides, the computations are entirely ana-
lytical and explicit, no numerical approximation is made (except for the invariant manifolds
propagation executed in the pre-processing phase) and no intrinsic procedures are called.

The minimum-cost solutions, like those illustrated in Figs. 17 and 18, require the occur-
rence of specific values of α0, i.e., specific relative orbital geometries between the moons
at the time of departure. Such geometries, and consequently the departure opportunities,
repeat after intervals equal to the synodical period of the two moons. In the case of trans-
fers between Europa and Ganymede, the synodical period is of 7.2 days. Solutions with cost
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Fig. 18 Illustration of the minimum-cost transfer from Io to Europa (top left), from Europa to Io (top right),
from Ganymede to Callisto (bottom left) and from Callisto to Ganymede (bottom right). The trajectories are
drawn in Jupiter-centered inertial coordinates. The thin black lines are the orbits of the two moons, the thick
coloured lines are the several arcs followed by the spacecraft: in red the trajectory belonging to the unstable
invariant manifold, in magenta and blue the portions of the two Keplerian ellipses, in cyan the trajectory
belonging to the stable invariant manifold. Labels indicate the positions of the spacecraft (filled circles) at the
beginning of each arc. The positions of the two moons (filled squares) at the same moments are also labelled.
The filled circles denoted by number 2 are the maneuver points. The cost is reported in the bottom left corner
of each panel.

above the absolute minimum may be chosen if they correspond to more convenient values of
α0 relative to the mission requirements. So, in general the method lends itself to trade-offs
between cost and other parameters (including the time of flight).

The costs found in the analysis of the solutions are at the level of 1 km/ and are large
in comparison with those of the high-energy patched conics trajectories published in the
literature. However, it should be noted that the proposed approach has been developed in a
different dynamical model, i.e., that of low-energy transfers, and the resulting trajectories
between moons are direct (hence fast). In this context, not only the method yields results in
agreement with previous studies (Gomez et al., 2001), but it also identifies the minimum-cost
solutions of this category. Besides, our large manouvers are perfectly attainable by means
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of electrical thrusters, which nowadays constitute a mature and widely used spacecraft tech-
nology.

The intense particle radiation environment that characterizes the Jovian magnetosphere,
with dangerous fluxes reaching out almost to the orbit of Ganymede, may represent an ob-
stacle to the practical implementation of trajectories that spend days in the inter-moon space.
This same argument, unfortunately, applies even more to more traditional strategies. There-
fore, we can conclude that Jupiter’s radiation environment puts serious limitations to the
feasibility of spacecraft tours of the Galilean moons. However, on the one hand, technol-
ogy is developing fast and hardware hardening as well, which makes us confident that these
trajectories will become viable in a few years from now. On the other hand, noticeable time-
of-flight reductions can be obtained if transit orbits (which pass straight through the PLOs)
are used instead of invariant manifold trajectories (which are known to spend a lot of time
in the asymptotic motion to or from the PLOs). This modification to the method is currently
under development and will be the subject of a future publication.

In conclusion, we have presented a method to determine the minimum-cost direct low-
energy trajectories between libration point orbits of a multi-moon system. The method is
entirely analytical and offers conspicuous savings in computing time over traditional ap-
proaches based on intersecting invariant manifold trajectories. We have illustrated the ap-
plication of the method to the design of transfers between Galilean moons, with particular
attention to the case of Europa and Ganymede. A final remark on the domain of applicability
of the method here presented is due. The Keplerian approximation has been illustrated here
in the context of the LETs between Jovian moons, but its capability is much wider: it can
be employed in any context in which a dominant center of attraction is present: for instance,
in the realm geocentric orbits, whenever a rendezvous or an orbit change is sought, in the
optimization of high-energy patched-conics tours of multi-moon systems, and in the design
of interplanetary deep space maneuvers.

Appendix A

In the following, we derive the relationship between two planet-centered ellipses generated
by one and the same state vector on the CI at two different orbital phases of the moon.
Let s = (x, y, ẋ, ẏ)T be a state vector on the CI in synodical coordinates. Denote by S1 =

(X1, Y1, Ẋ1, Ẏ1)
T and S2 = (X2, Y2, Ẋ2, Ẏ2)

T two state vectors in the planet-centered
inertial frame obtained by s when the orbital phases of the moon (i.e., the planet-centered
angles from the X-axis to the location of the moon) are α1 and α2, respectively. Also, let
Σ1 and Σ2 be the two elliptical orbits, with focus at the planet, passing through S1 and
S2, respectively. In remark 1 it has been stated that Σ1 and Σ2 have the same shape (i.e.,
they have the same semimajor axis and eccentricity) and are related by a rotation of angle
∆α = α2 − α1, i.e., ω2 = ω1 + ∆α. We now provide a proof of the claim. Denoting

R(α) =

[
cosα − sinα

sinα cosα

]
the rotation matrix of angle α, we show that

i) (X2, Y2)
T = R(∆α)(X1, Y1)

T

ii) (Ẋ2, Ẏ2)
T = R(∆α)(Ẋ1, Ẏ1)

T .

i) Let us consider the trajectory passing through s at time t = T in the rotating frame. In the
same time units in the planet-centered inertial frame, the trajectory is given by[

X

Y

]
(t) = κR(β(t))

[
x

y

]
(t), (9)
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where the constant κ is the scaling factor from normalized to physical units and β(t) = β+t,
being β the relative phase of the rotating frame with respect to the inertial frame at time
t = 0. If at time t = T the orbital phase of the moon is αi (i = 1,2), then the phase at
time t = 0 is βi = αi − T . Hence, in the planet-centered inertial frame we consider two
trajectories [

X1

Y1

]
(t) = κR(β1 + t)

[
x

y

]
(t), (10)

and [
X2

Y2

]
(t) = κR(β2 + t)

[
x

y

]
(t). (11)

Since the rotations form a group, R(β2 + t) = R(β1 + t+∆α) = R(∆α)R(β1 + t). Thus,[
X2

Y2

]
(t) = R(∆α)

[
X1

Y1

]
(t). (12)

The last expression, evaluated at t = T , gives i). Differentiation and time units rescaling
yield ii). This proof neglects the distance between the center of mass of the planet-moon
system and the center of the planet. In the cases under study this distance does not exceed a
few tens of km.

Appendix B

This appendix contains the algebraic computation of the intersection between two ellipses
with one common focus. This represents the general, non-degenerate situation of the prob-
lem dealt with in this paper. Let us assume that the two Keplerian orbits are non-identical
ellipses with e1, e2 6= 01. The point(s) of intersection between the two curves are obtained
by developing the condition expressed in Eq. 3 with Eq. 4:

p1 + p1e2 cos(θ1 −∆ω) = p2 + p2e1 cos θ1. (13)

Here pi = ai(1 − e2i ) (i = 1, 2) is the semilatus rectum of the ellipse. Substitution of
cos(θ1 −∆ω) with cos θ1 cos∆ω + sin θ1 sin∆ω provides

a+ b cos θ1 = c sin θ1, (14)

where a = p1 − p2, b = p1e2 cos∆ω − p2e1 and c = −p1e2 sin∆ω. Taking the square of
Eq. 14 yields

(b2 + c2) cos2 θ1 + 2ab cos θ1 + a2 − c2 = 0, (15)

or

k1 cos
2 θ1 + 2k2 cos θ1 + k3 = 0, (16)

with k1 = b2 + c2, k2 = ab, k3 = a2 − c2. Eq. 16 is a second-degree algebraic equation in
cos θ1. It has solutions if and only if the radicand w = k22 − k1k3 is positive or null. In this

1 The case in which one or both ellipses are circles is trivial.



19

case, the true anomalies θ1A and θ1B of the two points A and B in the perifocal reference
frame of ellipse 1 (see Fig. 7) are given by

cos θ1A =
−k2 +

√
w

k1
, (17)

sin θ1A =
a+ b cos θ1A

c
, (18)

cos θ1B =
−k2 −

√
w

k1
, (19)

sin θ1B =
a+ b cos θ1B

c
. (20)

Eqs. 18 and 20 become indefinite if c = 0 (the two apse lines either coincide, ∆ω = 0, or
are oppositely oriented, ∆ω = 180◦). In this case, Eq. 14 becomes

a+ b cos θ1 = 0, (21)

which provides cos θ1A = cos θ1B = −a/b with sin θ1A =
√

1− cos2 θ1A and sin θ1B =

− sin θ1A.
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Gómez, G., Masdemont, J. J. and Mondelo, J. (2003). Libration point orbits: a survey from
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