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Introduction

This thesis is devoted to the study of the solutions of the dynamical system associated to the two-
body problem and to the planar N-centre problem. Besides the fundamental role that both these
problems play in the Celestial Mechanics, they are viewed with great interest also in other areas
of classical and quantum mechanics and theoretical physics: for instance the 2-centre problem is
regarded as a model for the motion of a satellite in the neighbourhood of two massive planets, as
like as a model for the interactions in a diatomic molecule. Moreover, provided that different types
of attraction is considered, the bodies can be replaced by other attractive objects: for instance the
interactions between vortices is modelled in the same way of bodies, once the logarithmic potential
in place of the gravitational potential is considered, [13].

From the point of view of classical mechanics, the systems of the N-body problem as well as
the N-centre problem, are hamiltonian systems where the hamiltonian function is the energy.
Unfortunately only two of these systems are completely integrable: the two-body problem and the
two-center problem, [4, 5, 6, 14, 27]. However, also in the integrable cases, the collisions play a
crucial role in the study of the dynamical systems and represent the major technical obstacle in
any work on this type of problem: indeed the collisions are the source of the non completeness of
the flow and they are responsible of the chaotic behaviour that the system may present. Our efforts
are mainly dedicated to overcame this hurdle and different methods, coming from an hamiltonain
point of view, as like as variational approach, are applied.

The work is principally composed by two parts.

In the first part we study the two-body problem when the particles interact with different poten-
tials and we are mostly interested in the case the potential is of logarithmic type. In particular we
investigate the connections between the solutions of the two-body problem with a-homogeneous

potential functions, i.e. V(z) = 1|a, a < 2, a # 0 and the one with the logarithmic potential,

T
that can be considered a limiting ltase for a leading to zero. To this purpose we analize, in chapter
1, the integrability of the system and we derive the equations of motion, while, in chapter 2, start-
ing from a classical theorem of Betrand [3] and by means of a generalization of the Levi-Civita
transformation [17], the orbital structure of the collisionless solutions are described. The obtained
results, mainly the one concerning the behaviour of the near-collision orbits in presence of a loga-
rithmic potential, suggest the idea to regularize the dynamical system. Then we focus our analysis
on solutions leading to collision and, motivated by the discussion in [2], we study the possibility
to extend the flow beyond the singularity due to the presence of the collisions: in chapter 3 we
deal with some of the regularization techniques known in the literature [17, 16, 19, 20, 22] and we
prove that for a large class of central problems the regularitazion of the flow can be attained. In
particular, in section 3.5, we prove that for a class of singular potential satisfying a logarithmic
type property the collision solutions may be extended following the technique of smoothing of
the potential introduced in [2]. Some properties of the extended flow are studied as the degree of
continuity of the Poincaré map with respect initial data and the continuity on the Poincaré section.

In the second part of this thesis we concentrate ourselves on the study of the planar N-centre
problem, restricted to the gravitational case.

In chapter 4 we deal with the planar two-centre problem: we show the classical results on the
integrability of the system and the classification of the bounded orbits [9, 8, 25, 26, 27]. Then, in
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Introduction 4

chapter 5, we join a variational approach and we look for solution of the N-centre problem as critical
points of the associated action functional. Again the collisions correspond to the singularities of
the flow, thus our contribution is devoted to ensure the solutions to avoid the collision. We show,
mainly in section 5.2, how the Levi-Civita transformation and the introduction of suitable sets of
paths with certain topological constraints ensure the existence of minimizers for the action free
of collisions. The first result we obtain concerns a variational characterisation to the 8-shaped
solutions for the two-centre problem, section 5.4.1. Then we extend this result attained for the
two-centre problem to systems with a larger number of centres. The most interesting result we
obtain, discussed in section 5.4.2, concerns the existence of infinitely many periodic and non-
collision solutions with a prescribed topological structure, provided that the centres are placed in
symmetric positions with respect an axis.
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Part 1

On the singularities of the two
body problem






Chapter 1

Introduction

The two-body problem studies the motion of two particles subjected to a force depending only on
their mutual distance. We are interested in the study of the two-body problem when the particles,
with positions q1, g2 interact with a potential V' proportional 1/|¢; — g2|*. The motion is governed

by Newton’s law:
ov

midi = 3 "
where m; indicate the masses of the two bodies.
In studying this problem there is no loss of generality in assuming that the center of mass of the
particles is fixed at the origin: myq; + mage = 0, so the system reduces to that of a single particle
of unit mass moving in a plane under the attraction of a central force field with potential V()
proportional to 1/|x|“.
The potential functions V, (x) we will consider are

1

alz|*

j=1,2

Va(z) = a € {(-00,2)\ 0}

Vo(z) = —loglz] a=0

Since for a # 0 the potential functions V,,(z) satisfy the relation V, (Az) = |A|~*Vy(x), we refer
to a as the Degree of homogeneity of the potential and we use the notation a-homogeneous
potential in order to indicate V, (x) for a # 0 and logarithmic potential to indicate Vj(z). Moreover,
since for non negative values of a the potential is undefined in x = 0, we sometimes call regular
the potential V,,(z) with o < 0 and singular the potential V,(z) with o > 0. We observe that the
class of potential functions we have defined includes the classical Kepler potential, for « = 1, and
the harmonic potential for a = —2.

The two body problem with potential function V, (z) consists in finding a solution u € C?(T,R?)
associated with the initial value problem

u
B |2+

i =VVy(u) =
(1.1)
(u(0),4(0)) = (g0, Po)
where T is the maximal interval of existence of solution.
We remark that for every o > —2 the differential equation of the system (1.1) is singular in the
origin, that is the equation is undefined in |u| = 0 since the right hand side approaches to —co as
|u| — 0. On the other hand if |u| # 0 the force term V'V, (u) is a real analitic vector field then, for

every initial data (go,po) with go # 0, the classical theorem of existence and uniqueness of solution
of ODE, ensures the existence of a unique solution u(t) defined for ¢ € [0,¢"], where 0 < t* < cc.

9
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Definition 1.1. IftT < oo then t1 is said a singularity of the solution u(t)

Then a singularity of a solution of system (1.1) is a time ¢t* beyond which the solution cannot
be extended as a smooth function of ¢.

A collision occurs if the two particles ¢; and go coincides at some moment and this corresponds
to u = 0, then we say that

Definition 1.2. A Collision occurs if u(t) =0 for a certain t > 0.

From this definition follows that, in case o > —2, if a solution u(t) has a collision at time ¢ then ¢
is a singularity of u(t) since the differential equation is undefined for |u| = 0. In general singularities
of solution don’t correspond to singularities of the differential equation, indeed a solution may blow
up in finite time. For the two body problem we are taking into account this is not the case: in [19]
it’s shown that collisions are the only singularities that system (1.1) can develop for a > 0, i.e. if
t* > 0 is a singularity of u(t), then u(t) — 0 as ¢t — t*. With similar calculation it’s easy to prove
that this is true also for « > —2. Thus

Theorem 1. For every a > —2, if u(t) is a solution of (1.1) with a singularity at t, then u(t) — 0
ast —t.

From a point of view of classical mechanics, the system (1.1) is an Hamiltonian system and
admits two integral of motion, i.e. quantities that are constant along solutions of the differential
equation: the Energy integral F and the Angular momentum integral [.

The energy F(u) represents the total energy of the particle whose motion is described by u(t)
and it is given by the sum of the kinetic and potential energy while the angular momentum [(u) is
given by the cross product between the position and the velocity. Due to the rotational symmetry
of the system it is convenient to express the energy and the angular momentum integral in terms
of polar coordinates (r,0) as well as cartesian coordinates.

In the a-homogeneous case the energy is given by

11 11

1,. 1/, :
Ea(u)zi‘UF*EW Ea(u)zi(TZJrTz@z) 757‘7

while in the logarithmic case

Fo(u) = %W Floglul  Bolu) = %(7"2 +r20%) +logr
By definition, at every instant ¢, the angular momentum [(u) of a particle moving on the tra-
jectory u(t) is a vector perpendicular to the plane where u(t) and u(t) live, then in general the
angular momentum changes in norm and direction. On the other hand, since the central force
problem we are studying are necessarily planar, without loss of generality, we denote with [ the
norm of the angular momentum that, for every a € [—1, 2], is given by

l(u) =|u Al I(u) =126

It follows that the energy, at least in non collision instants, can be rewritten in the form

Lo P 11 Ly, 12
Ea(u):g(r +72)_&7a Eo(u)zi( +72)+10g7“ (1.2)
As previously said, the energy and the angular momentum are constant along solutions of equation
of motion (1.1)

d . 1 R U

0 =i+ i = (a4 ) =0
and

d

al(u(t)):u/\u+u/\u:fu/\‘u|7+2:0

10
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thus, since we are dealing with systems with two degrees of freedom and there always exist at least
two integrals of motions, the two body problem are Liouville integrable.

A different approach to the problem is to consider the system (1.1) following its characterization
as a Lagrangian dynamical system. In this formulation the Lagrangian function is the sum of
the kinetic energy and the potential function V', then in cartesian and polar coordinates, the
Lagrangian associated to the two body problem is defined by

1 11 1 . 11
La(u) = =|a? + = —— La(u) = 5 (72 +7%62) + = 0
(u) 12|u +o e (u) 12 4 toa a#
Lo(u) = 5 il* — log |u] Lo(u) = 5(7;2 + r292> —logr  a=0

For the Principle of least action, the solutions of the dynamical system corresponds to stationary
points of the action functional

A(u):/TLa(u)dt

defined on a suitable set of paths.
The equation of motion obtained from the functional equation % = 0 are the Euler-Lagrange
equations
d OL 0L
B
dt 8u1 (173
where u; are the components of the vector u(t). Applying this formula we achieve the equations
of motion of the radial and angular coordinate

. 1
. 2 o
7 —rd +7aa+1_0
d, o
—(r“6) =0
7 (0)

We observe that the second equation proves that the angular momentum is an integral of motion
while we rewrite the first equation in the usual form

12 1

N T
T3+TO‘+1

=0 (1.3)

Although from a mechanic point of view the two-body problem is solved, since it’s completely
integrable, explicit solutions of system (1.1) are known only in the case of Kepler and harmonic
potential. Our aim is to investigate the shape of solutions in relation with the integrals of motion
and with the different degree of the potential. In particular we are mostly interested in understand
the behaviour of a solution as it approaches to a collision in order to extend, if it is possible, a
solution beyond the singularity. Moreover we will emphasise the different behaviour of solutions
in case of regular and singular potential and in which sense the logarithmic potential problem can
be considered the limit case of the a-homogeneous problems.

Before starting with the study of these questions, we show that for the class of potential we are
taking into account, a collision occurs if and only if the angular momentum is zero.

Theorem 2. If o < 2 then the initial condition (qo, po) leads to collision if and only if the angular
momentum | = qo A po = 0.

Proof
Suppose a < 2 and that the solution u(¢) has a collision. From relation (1.2) it follows

r2E, — %li + érz_a > 0 then, since F, and [, are constant of motion, as r approaches to zero
we have [2 < 0. Viceversa, if [ = 0 and the orbit is bounded, the trajectory lies on a line § = const
and has a collision. O

11
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If a > 2 the set of initial conditions leading to collision is rather larger than the zero angular
momentum ones and includes the set for which the total energy E is negative. See [2] for a
description of this kind of solutions.

In order to describe the behaviour of the orbits we give the following definitions.

Definition 1.3. Let u(t) a collisionless, bounded solution of system (1.1). We call R* and RY
respectively the minimal and mazximal value of the radial coordinate of the solution.

Following the terminology adopted in the celestial mechanics to describe the system Sun-Earth
we sometimes used the notation pericentre and apocentre to indicate respectively R® and R{.

From relation (1.2) it follows that, given the constants of motion F and [, an orbit exists only
for that positive values of radial coordinate satisfying the relation

12
2(E+V,) — 22 0

Such values, if exist, belong to an interval whose extremal points are the minimal and maximal
values of the radial coordinate R, RY. It may happens that the interval of solution of the previous
relation is not bounded from above: in this case we say that the orbit is unbounded and we define
R$ = +o00. On the other hand, if a collision occurs, we set R® = 0.

Definition 1.4 (Apsidal angle). Given a solution u(t) of system (1.1), we define the apsidal
angle A,0(u) as the angle between the vectors joining two consecutive apocentre and pericentre of
the orbit u(t).

The apsidal angle corresponds to the increment of the angular coordinate 6(t) of solution u(t)
between a minima and the following maxima of r(¢). The conservation of the angular momentum

and relation (1.2) imply
l
th '[‘2 dt e Ed’f'

/Ram

The apsidal angle is the topic on which, more than all, we will concentrate our study in this
chapter since it gives us a measure of how much the particle winds around the center of attraction
during the motion.

(1.4)

Theorem 3 (Binet). Let o(r) the force at distance r acting on a particle and directed towards the
center of attraction, (r,0) the polar coordinate of the particle and l the angular momentum. Then

it holds
Pz 9(2)
dez 1222

where z = 1, ¢(z) = ¢(r).

Proof
Derive % with respect to 6:

E A
iT 1 e



1.1. Shape of the orbits 13

From equation (1.3), generalized to every radial forces ¢(r), we have

12
3
then

decr —  r cp?"l2

1.1 Shape of the orbits

We give now a brief and qualitative description of the shape of the orbits solutions of the two
body problem as the degree a € [-2, 1] and the constant F,[ change. We first rewrite the energy
formula (1.2)
Ba(u) = 5 + V3,

where V%, = %f«—i — V4. The energy integral is the sum of a positive part, concerning the radial
velocity, plus a term depending only on the radial coordinate and on constant of motion. It turns
out that, given the constants of motion F and [, an orbit could exists only for that positive values of
radial coordinates satisfying the relation £ > Vi Such values, if exist, belong to an interval whose
extremal points, by definition, are the minimal and maximal values of the radial coordinate R%,
RY. If 0 < R* < RY < oo the orbit is bounded and the radial coordinate r(t) oscillates between
the minimal and the maximal values. In the meantime the angular coordinate 6(t) increase its
value following the relation 6 = T% . Since, for convenience, the angular momentum is positive
defined, the anticlockwise motion is chosen and this direction can not be reversed during the
motion. By definition of the apsidal angle, it follows that the quantity A;:e represent the fraction
of one revolution that one goes through between successive meeting of the orbit with the apocentre
or pericentre. In particular if such fraction is rational then a periodic solution exists, otherwise
quasiperiodic.

e Keplerian case a = 1.
In the figure above the function Velf 7l drawn for a fixed value of angular momentum [ and
three different levels of energy are chosen.
The minimal of V', ; is achieved for 7 = I* and its
value is —ﬁ then there exists orbits only for en-

V(ett)

e ergy £ > — In particular if £ = —ﬁ the orbit

202"
is circular, r(t) = 7, if —5; < E < 0 the orbit is
bounded and, as it’s well known, the particle de-
— 2 scribes an ellipse where the center of attraction is

w \/’ one of its foci. Then A0 = 7 and the values R
and Ri are the length of the periapsis and apoapsis
of the ellipse. Otherwise £ > 0 corresponds to un-
bounded orbits, parabolic for £ = 0 and hyperbolic
for £ > 0.

e a-homogeneous case 0 < o < 1
2 — (0% a
This case is similar to the previous one: a solution exists for F > —Tl_ia and the
«
orbits are bounded if £ < 0 and unbounded if £ > 0. For bounded orbits, the values of

12 11
R2, R are the positive solutions of equation 572 + —W + E = 0. The difference with
r alr

13



1.2. A generalization of the Levi-Civita transformation 14

respect to the Keplerian case is that the shape of the orbits is no longer an ellipse, but, as
we will show in the following sections, it changes with o and with E and [.

e Logarithmic-potential case a =0

o In this case the function Ve(} F= %% + log r attains
its minimal value % + log ! for 7 = [ and, for every
18 [ > 0, lim,_,g Ve(}f = lim,_, Ve(')ff = +o00. From
this considerations it descends that there exist or-
bits for energy value E > £ + log(l) and that all
0] ) l/ the orbits are bounded. The maximal and mini-

mal \2/alues of the radial coordinate are solution of

1

i [gal e e dme) 16 11
‘ e ‘ ; ———= -1 E=0.
0.5 \ - 2 7‘2 Og(r) +
¢ Regular-potential -2 < a <0
4 Since o < 0, the potential function V, is nega-

tive, thus the energy F of a solution has to be
positive. More precisely, once the value of angu-

J lar momentum has been chosen, the energy has
] 2a

] to satisfy E > —22’—“"1_2—&. All the orbits are
g bounded and R%, RY are solutions of equation
] 12 11

g +——+E=0.

272 alre

L e
1 2 3 4 5 6
r

e Harmonic potential ¢ = —2

As in the previous case, solutions exist provide the constants of motion satisfy £ > [. All the
solutions of the Harmonic, also called elastic, problem are explicitly known and are given as
a combination of trigonometric functions. All the orbits lie on ellipses centered in the origin
whose semiaxis have length equal to R®, R} . Clearly, for every solution u(t), A_»0(u) = 7.

We have said something about A,0 only in the case @ = 1, &« = —2 because, as we will see later,
the Keplerian and harmonic are the only attractive law that impose the orbits to be closed and
for which the apsidal angle does not depend on the value of energy and angular momentum.

1.2 A generalization of the Levi-Civita transformation

A solution of the two body problem, at least for & > —2, ends to exists when a collision occurs
since the Newton’s equation that describes the motion is singular in the origin. A regularization
theory is a method to transform singular differential equations into regular ones, providing a
mathematical tool to analyse motion leading to collisions. In this framework the classical Levi-
Civita transformation, first introduced in [17], is a useful method to regularise the planar Kepler
problem: by a suitable time-space variable changing the singularity of the Newton’s equation is
removed and the Kepler problem is equivalent to the harmonic equation. Essentially the Levi-
Civita regularization is based on three steps: a change of coordinate v = w? in the complexified
space, the introduction of a frictitious time in order to overcome the fact that the velocity become
infinity at the singularity and, finally, the use of the conservation of energy.

A generalization of the Levi-Civita transformation in the three dimensional space is known as
Kustaanheimo-Stiefel transformation [16, 20].

14



1.2. A generalization of the Levi-Civita transformation 15

Roughly speaking the Levi-Civita transformation works well since the singular Kepler problem
is trasformed into the regular Harmonic problem, that is the a-homogeneous two body problem
with a = 1 is linked to the problem with = —2. We show that this procedure can be generalized
to problems with degree of homogeneity « € (0,2] ; the two body problem with singular potential
Va, a € (0,2] are, in same sense, equivalent to the ones with a regular potential V_g , 5 € [0, c0).
See also [19, 12]

Theorem 4 (Levi-Civita). Let o € (0,2] and 3 = 2. The systems

. u
1. U= e
w
"_
2. w' = K|w|2*5

are equivalent in the sense that if u(t) is a solution of equation 1 with apsidal angle A,0, then
there exists a solution w(s) of system 2 with apsidal angle

2—«

A_ge(w) = 9

An0(u) (1.5)

The constant K depends on the energy E of u(t) and on c.

Proof
Let o € (0,2] and x(t) be a solution of system I with energy E.

We define the following change of coordinate as a generalization of the Levi-Civita transformation:
consider z(t) in complex form, z(t) = |z|exp(ip), and define w = |w|exp(i}) such that x = w".
This means |z| = |w|?, ¢ = vd. It follows

j&* = 72w 20D

In the new coordinate w the Lagrangian and the energy integral E (1.2) have the form

1 1 1
L W) — A2 2(y—=1)1,:,12 -
(w,0) = 2 POl + L
1 1 1
E == 2 2(v=1) 1,512 _ —
57 vl || o Two

From the Lagrangian we derive the Euler-Lagrange equations for the coordinate w(t)

d . o w
2 (P [wPO7Dw) =2 (y = w0 2)w|w|2+7W =0

We observe that the velocity |w| is still infinite at collision, indeed

A E k
(bl = “Twp0-D + w[e+2(=D)

then, in order to control the increase of speed at the singularity, we introduce the frictitious time

s by the time rescale
d 1 d

dt ~ w61 ds
Denoting by w' = 4% it follows

d 1 1 d 2 /) _ '72 i

d
9 oy—1).y_ L a9 o .y 1 ad o
dt (7] w) = |w|2(—1) ds (Fy [l w) — |w20=D ds (y'w) = |w|2(v—1)

15



1.2. A generalization of the Levi-Civita transformation 16

and s
|w‘ (= )w| /|2_ w | /|2

2(y=2)pplapy|2 = 12 7
[l wl]” = lw[4(=D) T w|?y

Substituting these relations in the above Euler-Lagrange equation, it descends that w(s) solves

2
Y " 2 w /(2 yw _
|w|2(7_1)w -7 (77 1)‘w|2’7|w | + |w‘a'y+2 =0 (16)

In the new space-time variable (w, s) the energy integral is written as

wpP 11
w0 & Jule

lw'|> 2 1 1
= _ 2 (py+r=-——
w2\ e

2(y - 1)
"no__
w _Eif}ﬂ

1 -
B = 57?0

therefore

After replacing in (1.6) we obtain

w|w‘2fy—4 + (2 — O‘)fY — 2w|w|2(7—1)—2—a'y

Choose

so that
. (2-a)a w w

2 W= P

O

The same result, obtained with a different approach, is described in [12].

We remark that in the case of Kepler potential, @« = 1 the transformation u = w” is the same
adopted by the classical Levi Civita regularization for the Kepler problem, u = w?. In this sense
the transformation u = w” |, v = ﬁ can be considered as a generalization of the Levi Civita
one. On the other hand it would be improper to define this theory an extension of the Levi-Civita
regularization, since for « € (0, 1) the corresponding 3 belongs to (0, 2) and the system 2 is singular
anyway. The theorem is useful because a relation between the apsidal angle of solutions of different
a-homogeneous problem is given. More precisely, the a-homogeneous problem with « € (0, 1) are
associated to the ones with o € (—2,0) and the problems with degree o € [1,2) are linked to the

ones with a € (—o0, —2]:

singular potential regular potential
0,1) «——————— — (=2,0)
1 «— — Levi Ciwvita— — =2
(17 2) -0 - (—OO, _2)

Following this scheme and relation (1.5), informations obtained about the apsidal angle of a
solution of the a-homogeneous problem for certain values of « can be easily extended to a bigger
set of degree of homogeneity. The behalf of this approach is that sometimes could be easier to
infer results for regular potential, instead of singular potential.

16



Chapter 2

The behaviour of the apsidal angle

In this chapter we study the apsidal angle A,6(u) for solutions of system (1.1) with a € (—o0, 2].
Looking at the definition (1.4), one can realize that in general the apsidal angle of a solution of
the a-homogeneous problem depends on the constants of motion F and [ of the solution itself and
that the difficulties arise from the fact that integrand in formula (1.4) is singular at the endpoints
and the endpoints themselves are implicitly defined. We have mentioned in §1.1 that the value of
the apsidal angle is well known in the case o = 1, —2 and it is constant with respect to the energy
and angular momentum of the orbits, but this semplification holds only in these classical cases.
Otherwise, for different value of degree «, the apsidal angle of a solution strictly depends on the
constants of motion: we would like to study this dependence and to this aim, far from obtain a
complete description of such phenomena, we will prove an over and upper bound for the apsidal
angle and its asymptotical limit for near-circular and near-radial orbits. The theorem 4 and the
accomplished remarks, suggest to split the discussion in two section: we first study the apsidal
angle in the case of a-homogeneous potential, §2.1, then in case of logarithmic potential §2.2. Some
of these results, obtained from different approach, could be found in the paper of Touma, Tremaine
[24] where the case « € [—2,1] is considered.

2.1 The apsidal angle for a-homogeneous potential problem

In the following we suppose « € (—00,2], a # 0. The apsidal angle of a solution u(¢) is a function
of both the constants of motion E and [, but, as we will show in the following theorem, the
homogeneity of the potential implies that the apsidal angle is energy-scale free. This means that
we can choose a value of energy and study the apsidal angle as function of angular momentum .

Theorem 5 (Scaling invariance). For fized o € (—00,2), a # 0, let u(t) be a solution of the a-
homogeneous 2-body problem (1.1) whose energy, angular momentum and apsidal angle are denoted
by E, 1, Ay (u) respectively.

Then, for every A > 0, the rescaled path

+2

(t) = Mu (A—“Tt) (2.1)

s again a solution of the a-homogeneous problem and the corresponding energy E,, angular mo-
mentum l,, apsidal angle A, (v) are mapped under the scaling (2.1) by

E,=\"%E [, = A3 (2.2)
An(v) = Ay (u)

Proof

17



2.1. The apsidal angle for a-homogeneous potential problem 18

Denoting with ¢ = )\_aTﬁt, from straightforward calculations, we glean

AT (1) v(t)
. (a+1) - -
b(t) = A" i(t) = PR EIGIERS e Pre

thus v(t) is solution of system (1.1).
The following relation between the velocities of u and v

o(t) = A E a(l) = A 2a(D)

implies
1 1 1 1 1 1
Ey==o(t))* — = ——— = A 0@ — A " —— = A"°F
2\1}( )| 2o~ 2 [a(t)] o lu(®)[e
and
Ly = v(t) Ao(t) = Mu(®) AN 24 LT)—)\ “1

then (2.2) are shown.
In order to prove that the apsidal angle does not change under the scaling (2.1) we first have to
calculate the values of the pericentre 7_ and apocentre 7y of the orbit v (¢ )

By definition 7_ and 7, are the positive solutlons of equation 2B, + 2L — 2 = 0. For the

o r“
relations (2.2) 7+ are solutions of A= (2E + 222 AT o 12) = 0, but for definition of R* and RS we
infer that

T+ = ARY
where RS indicate the minimal and maximal values of radial coordinate of solution w(t).
Thus
+ L, ™+ 2]
Ay (v) :/ —ds :/ ds
s 2Ev+gs%—i—z SIRULLEE TR
/ dr = Ay (u)

- 2E + i 7‘1‘1 7l‘2

where again the relations (2.2) are used and the variable changing s = Ar is performed. O

As a consequence of the scaling symmetries it follows that for every point Py in the energy-
angular momentum plane there exists a line passing through Py where the apsidal angle A,0(F,1)
is constant. More precisely the level set passing through Py = (FEy, lg) is given by

E = Kl*s
2a

where K = Eyl, >~

Remark 2.1. Though the apsidal angle is well defined also for unbounded solutions, we are mostly
interested on its behaviour in case of bounded orbits. To this purpose we assume that if u(t) is a
solution of the a-homogeneous problem with o € (0,2) then the energy of u is negative.

In case a € (—00,0) no assumption on the value of the energy is required, since a solution exists
only if the energy is positive and all the solutions are bounded.
Moreover for every a € (—00,2), o # 0, given a value of energy E, we denote with I, the

quantity
2—«a
2a s
lma:v = <_2 — OéE)

Clearly [,,q4, is the maximal value of the angular momentum that a bounded solution of the a-
homogeneous problem with energy E can support and the solution with energy E and angular

18



2.1. The apsidal angle for a-homogeneous potential problem 19

momentum l,,,,, corresponds to the circular orbit. Therefore, once one fixes the value of energy
according to remark 2.1, a solution of system (1.1) exists for every value of angular momentum in
the range [0, lq.] and we denote near-radial the orbits with angular momentum approaching to
zero and near-circular if the angular momentum is close to l,,qz.

We start the study of the apsidal angle recalling the classical Bertrand Theorem [3].

Theorem 6 (Bertrand’s Theorem). The only two central force laws that give rise to closed orbits
independent by of the choice of initial conditions are linear and inverse square.

The Bertrand’s theorem states that the apsidal angle of a solution of the elastic and Kepler
problem is rationally proportional to 7 and it does not depend on the values of energy and angular
momentum. Furthermore it states that all the other laws of attraction allow the orbits to be closed,
but only the Kepler and elastic one impose it.

We don’t prove the Bertrand’s theorem, see [3], but we follow the Bertrand argument in the
proof of the next theorem. Some of the following results are contained also in [2, 24].

Theorem 7. For every a € (—00,2),a # 0, a value of energy E is chosen according to remark
2.1. For every l € (0,lmae) let wi(t) be a solutions of system (1.1) with energy E and angular
momentum equal to | and denote with Al 0(u) the apsidal angle of solution uy(t).

Then V1 € (0, lnaz) it holds

< AL < €(1,2
= 22—« a€(L2)
T < Ag< 7 a e (0,1)
2—a ’
5 (2.3)
m ™
= < Alp< -2
5 S A< o/  ae(-20)
2T < Alg< T e ( 2)
Z o€ (—oo. —
2—a — T 7 2 ’
Moreover for every a € (—00,2), a # 0
lim ALg= =
l=lmax 2 —
and
lim ALG = -~
lim o0 7 g for a€(0,2)
imAlg==Z -
IIE»I(IJAQH_Q for a € (—o0,0)
Proof
Let (r) = —=7 the force at distance r acting on the particle and directed to the center of

attraction,  and 6 the polar coordinate of the moving point. Set z = 1 and ¥(z) = r%¢(r). For
theorem (3) the function z(#) satisfies the equation

d?z 1

Multiply the last equation by 2dz, then, by integration we obtain

d*z 5 1
/2Wdz + 27— l—zw(z) =0 (2.4)

19



2.1. The apsidal angle for a-homogeneous potential problem 20

Figure 2.1: Iﬁ ur (a) the apsidal angle is plottdd for value of a € (05,095) and energy E = —1.
In figure (b) e yaries in (1,1.6) and, E. = —1, in figure (c) and (d) the ¢energy is E = 2 and
a € (—1.95,-0.3) and o € (—10,—2) Pomonmomomos w8

where the function w(z) is given by

w(z) = 2/w(z)dz

dp? 6> do do
from (2.4) is follows

. d?z d?z dz dz\? . . . .
Since [ 2—-dz= [ 2 dg = — h, where h is an arbitrary constant of integration,

(Z;)z +2° - l%w(z) ~h=0 (2:5)

We infer

46 = + dz

h+ Fw(z) — 22

thus the apsidal angle of a solution u(t) describing the motion of a particle subjected to a central
force ¢(r) is expressed by
b dz
Al O(u) = / (2.6)
@ Jh+ pw(z) — 22
1

where a = = and b = R% denote the inverse of the pericentre and apocentre distance.
z >

We remind that the time derivative of the radial coordinate is zero in R$ and this implies % =0
for z = a,b. This consideration and formula (2.5) allow us to express the constants h and [? in
terms of a,b. Indeed

1
h+l—2w(a)—a2:0

1
h+ w(b) =8> =0

20



2.1. The apsidal angle for a-homogeneous potential problem 21

then, as function of ¢ and b, the constant h and {? have the form

w(b) — w(a)
b2 _ a2
a?w(b) — b*w(a)
w(b) —w(a)

?o=

It can be shown that the constant h is connected to the energy E by the relation h = QI—?

Substituting the previous relations in (2.6) we obtain

ALg(u) = /b : : w/wQ(b) *2w(a) : dz
a Va2w(b) —b2w(a) + (2 — a?)w(z) — 22(w(b) — w(a))

that is equivalent to
dz

b
Al O(u) :/ —— (2.7)
a \/a2—z2+(b2—a2)m

The last formula is true for every kind of central problem in which the attracting force depends
only on the distance of the particle from the centre of attraction.

We are interested on the study of the apsidal angle in case of a-homogeneous potential problem:
the attracting force is ¢(r) = —L therefore ¢(2) = 27! and w(z) = 22, Using formula (2.7)
we can easily obtain the classical and well know result concerning the apsidal angle for a solution
of Kepler and elastic problem; in the first case o = 1, w(z) = 2z and

b—a

b
Alle(u) :/ 2 2 dZQ 2\z—a
¢l¢a—;+{b—a)
_/a VE-ab-2)

for any choice of a < b.

In the same way, for the harmonic potential one has o = —2, w(z) = —272, then
b
d
AQQQ(U) = / - (22—a2)b?

a \/a2 — 22 + (b2 — a2)4(b2—a2)z2

b z

_ / ds (2.8)
N G
2

1 dt m

2)e JE-a®)®—-1) 2

again for every choice of a < b.

The previous calculation showed that the apsidal angle of a solution of the Kepler and harmonic
problem is independent on the value of the endpoints a and b, i.e. it’s independent on the values of
energy and angular momentum of the solution. Bertrand showed that, among all the homogeneous
potentials, only these two potentials admits this property.

In order to study the apsidal angle of a solution of a generic a-homogeneous problem, we set
wo(2) = 22* and
Wwa (2) — wala)

Fo = (b)) — wala)

21



2.1. The apsidal angle for a-homogeneous potential problem 22

The relation (2.3) are equivalent to the following

™ ™

Al > for € (0,1) Al < for € (1,2)
(i 7o (29)
Al > 5 forae(=2,0) Alg< ) for a € (—o0,—2)
and
Ao < forac(0,1) Alf>x for ae(1,2)
Alg < 2n forae(=2,0) AlLo> 2 for a € (—o0,—2) (2.10)
2—« 22—«

Suppose for a moment o € (—00,0): since the functions ws(z) = 22* are negative and mono-

tonically increasing, the functions F,(z) are positive for every choice of 0 < a < b and for every
a < z <b. In order to prove relations (2.9) we compare the functions F,(z) and F_3(z).
We define

._ & 2) = w_o(b) —w_s(a) wa(z) —wa(a)
Ha(2'> = F72( ) wa(b) — U)a((l> w,g(z) — w,g(a)

The aim is to prove that, for every z € [a,b], the quotient H,(z) < 1 for certain values of
a € (—00,0) and H,(z) > 1 otherwise.
It holds H(z) > 0, H(b) = 1, then it enough to study the sign of

w-a(b) — w—2(a)> we (2) (w—2(2) — w—z(a)) — w’ () (wa(2) — wala))

Wa(b) — wa(a) (w_2(z) — w_s(a))

) = (

With easy calculations we obtain

20> 1, o N
H (2) = Cma(az (24 a)a®2 T +2a7T2)
o 20 (e - (24 a)e +2a%H0a)
(22— a2)? a
2a?
_ a+1
= 0(22—a2)2z N(z), C>0

where N(a) =0 and
2+«
N'(z) =2z — 2a*T*2 717 = 22 (1 - (E) )

The sign of the last derivative depends on the value of « + 2: if a € (—2,0) we have N'(z) > 0,
then H,(z) is increasing for z € [a,b]. Otherwise if & € (—o0, —2) the function H,/(z) is decreasing.
Thus we conclude that in case o € (—=2,0), 0 < H,(z) <1 and

0 < Fa(z) < Foa(2) (2.11)
On the other hand, if o € (—oc0, —2), H(z) > 1 and
0 < F_5(2) < Ful(2) (2.12)

Since formula (2.7) can be rewritten in the form

b dz
Al 9(u) =
a0(u) / N sy e

22



2.1. The apsidal angle for a-homogeneous potential problem 23

(2.11) and (2.12) yield
ALO(u) > A ,0(u) == forae(-2,0)

ALO(u) < A ,0(u) == for a € (—o0,—2)

NN G

The remaining relations in (2.9) concerning « € (0,2) comes from the case o € (—00,0) ap-
plying theorem (4). Indeed to every solution u(t) of the a-homogeneous problem with « € (1,2)
it corresponds a solution w(t) for the a-homogeneous problem with @ € (—oo0,—2) such that
Aab(u) = 72 As(w); then Ayf(u) < 722 = =, In the same way the result concerning
a € (0,1) is obtained considering the duality with the set @ € (—2,0).

In the sequel, keeping in mind that the functions w,(z) depend on «, we will omit to label w(z)
any time we write it.

In order to prove relation (2.10) we rewrite AL f(u) as follow:

AL g(u) = / ’ \/

dz

(2 —a) <(b+ a) {W} (= a)>
b dz
B / (b—a) (w(z)—w(a))

(z — a)\/(b +a) {(w(b)w(a))(za) - 1] +(b—2)

b 1 1
_/a \/z—a\/b—z\/lJrs(z)dZ (2.13)

where () wla)
Cbta |
e(z) = T w(bl))_w(a) - 1] (2.14)
For every a € (0,1), since w(z) is a concave and increasing function
w(z)—w(a)
m >1 Va S z S b
b—a
and
e(z)>0 Vzela,b. (2.15)
Otherwise if a € (1,2), w(z) is a convex and increasing function then
w(z)—w(a)
m <1 Va S z S b
b—a
and
g(z) <0 Vzela,b. (2.16)
Moreover, in the last case « € (1,2), we show that
g(z) > -1 (2.17)
for every z € [a,b]. Indeed we define E(z) = e(z) + 1 thus, using w(z) = 222,
b+a | 5= b+a (2% —a® b—a z+a
BE()= -9 2ze q| 1= -
() b—z | =22 * b—z(z—a)(ba—aa> b—=z

23
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(=)

Collecting the positive term (z + a) b7a7 the sign of F(z) is the same of the following function
o aOt

By = |2z o) 690 g

b—z | 22 —a? b2 — a? b—z

where £ € [z,b] and the last equality comes from the Lagrange’s theorem is applied to the function

a _ z o _
g(z) = z a2 = aaQE‘I;Q. Since for « € (0, 2) the function g(t) = % is strictly decreasing
22 —a z)% _q
a

for t > 0, it descends that E(z) > 0 and (2) strictly bigger than —1.
From the estimates (2.15),(2.16) it follows that for every solution u(t) of the a-homogeneous
problem

b
1 1
Al f(u) < / _—
(u) By
b
1 1
Al o(u) > / —_—
a0v) o VZ—a+\b—z
and applying again the duality between positive and negative value of a we obtain the result (2.10)
also for a € (—00,0). More precisely the set a € (—2,0) is linked to the set & € (0,1) by duality
pleY

a=—3" and
—

= ae(0,1)

= a€(1,2)

2

ALO(u) =

™

5 ALO(w) = o O[Aofﬂ(u)) < 5

Similarly the set @ € (—o0, —2) is linked to the set & € (1,2) and relation (1.5) yields

2 - oz7r

To conclude the proof of the theorem it remains to calculate the limit of the apsidal angle when
the angular momentum tends to zero and to l,,q44-

We suppose a € (0,2) and we change the variable in integral (2.13) in order to obtain a fixed

zZ—a

end-points integral. Let s = == and L =0 —a,

! _ [ ! :
A 0(u) = /0 Vs(U—s) /1+e(Ls + a)

ds (2.18)

(L + 2a)

e(Ls+a) = L —»)

s(w(L + a) — w(a)

w(Ls+a) —w(a) 1]
)

In this setting the parameter L brings in itself the dependence on the angular momentum I;

indeed L is decreasing with respect to [, since, by definition, L = b — a = R% - R% and R%,
- +

R are respectively increasing and decreasing with respect to [. Moreover lim;_o L = oo and

hml—>lmam L=0.

In the a-homogeneous potential case we have w(z) = 2z thus

L+ 2a

e(Ls+a)= T =)

(Ls+a)* —a* 11
s((L+ a)™ — a®)

1
Since for every a € (0,2) the measure of the interval [0, 1] given by / is finite and,
0

ds
Vs(l—s)
1
for (2.15)(2.17), the term ———————is uniformly bounded for s € (0,1) and L € (0, +00), it
1+e(Ls+a)

24



2.1. The apsidal angle for a-homogeneous potential problem 25

follows that we can pass to the limit for L — 0 and L — oo under the integral sign in (2.18). Since
lime(Ls+a)=1-«
L—0

s — s
2 _

lim e(Ls+a)=
L—oo S S
we conclude

1

! 1 ™
Alrasg = ds =
0 vs(1—s5)VvV2—« V2—a

Aoe—/l ! L gs= "
“ 0 \/s(l—s)\/1+ﬂ 2 -«

s2—s

The result for a € (—o0,0) follows from the duality stated in theorem 4. O

Lemma 2.1. Let RS and R® be fized. Then the quantity Al 0(u) is increasing with respect to o
for a € (—00,2), a #0.
Proof
Write Al 8(u) as in (2.7)
dz

b
Aﬁxﬁ(u) - / 2 2 2 2\ w(z)—w(a)
o \/a — 22+ (b2 — a2) el

We want to show that for every choice of b > a > 0 and for every fixed z € [a, b]
d w(z) —w(a)
— = —00,2
daw(b)—w(a)<0 Va € (—00,2),a #0
Since w(z) = =z,
w(z) —w(a) 2% —a® (
w(b) —w(a) b —a* (

then it’s enough to prove that for every 1 <t < s

d [t -1
— 0 2.19
do (sa—1> < ( )

Derivating it follows that the previous relation holds if and only if
(t*log(t))(s™ — 1) — (t* —1)(s" log(s)) <0
that, for a # 0, is equivalent to
t* log(t) - s log(s)
te —1 s —1

ISEISHISHEN
S—
Q
\
—_

Vi<t<s

or — > 0 for every z > 1.
dx z® —1 Y

Since z® > 1 + alog(z) for every positive x and real « # 0,
d (x%log(z)) x*—1—alogs >0
de \ zo—1 ) (22 —1)2

¢ (2t

O
Conjecture For every value of « the apsidal angle is a monotone with respect to l. In particular
An0(u) is increasing for —2 < a < 1 and decreasing otherwise.
It’s numerical evident that the conjecture is true, but, to the best of my knowledge, that statement
is not even proved. We remark that the conjecture implies that the upperbound for A,6(u),
€ (—=2,1) and the lowerbound for A,0(u), o € (—o0,—2) and « € (1,2) proved in theorem 7 are
not optimal.
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2.2. The apsidal angle for logarithmic potential 26

2.2 The apsidal angle for logarithmic potential

In this section we deal about the logarithmic potential problem, in particular we will give some
consideration about the apsidal angle of a solution of system (1.1) in case o = 0.

Let R_, R, the minimal and maximal values of the radial coordinate and Alf(u) the apsidal
angle of the solution w(t). We recall that R_, Ry are solutions of the equation

112
E—iﬁ—logr:O (2.20)
and
Alg :/ dr (2.21)
R 7\/2r2E —2r2logr — [2

We also remind that, once one fixes the value of the angular momentum [, a solution exists
provide the energy E satisfies £ > % + log(l) and all the orbits are bounded. Conversely, if the
value of energy FE is fixed, there exist solution only for values of angular momentum in the set
l e [O,eE*%]. For theorem 1 the zero angular momentum solution corresponds to the collision
orbit, while the solution that admits the maximal value of angular momentum, l,,,,, = eE’%,
corresponds to the circular orbit.

In the next theorem we prove the limit behaviour of the apsidal angle as [ — 0 and | — 44,

together with a lowerbound for every values of angular momentum.

Theorem 8. Let u;(t) a solution of system (1.1) with a« =0, 1 € (0,lpmaz). Then, denoting with
A'O(u) the apsidal angle of solution w(t), for every | € (0, lnaz)

g < AO(u) <7 (2.22)
Moreover
a0 =
77
Jm A0 =75
Proof

We follow the same argumentation as in the proof of theorem (7).

In the case of logarithmic potential the force acting on the particle at distance r from the center
of attraction is ¢(r) = 1, thus the function wy(z), in the following denoted by w(z), is given by
w(z) = 2log(z). From formula (2.13) and (2.14), it follows that the apsidal angle of the solution
u(t) is

1 1
a VZ—avb—z\/1+¢(z)

where

- (O [l 00 ]
(b—2) (z —a) log(b) — log(a)
and, as in the a-homogeneous case, a and b are the square of the inverse of the pericentre and
apocentre of the solution u(t).
Since f(z) = log(x) is a concave function it turns out that the quantity (z) is positive for every
z € [a, b], thus

Alf(u ! B
\/Z*a\/b—z\/l—&—s \/Z*a\/b—z T
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2.2. The apsidal angle for logarithmic potential 27

In order to prove the lower bound we rewrite the integral in the form (2.7)

b
ALO(u) = / dz
a \/a2_z2+(b2_a2)w

log(b) —Tog(a)

2

and show that Fy(z) := 818 i jesq than F,(z) = =00 8 b). Indeed, if
0(2) = Tog(3)Tog(ay 15 less than _o(2) (77—a7) o= for every z € (a,b). Indeed, i

it holds, the thesis follows from (2.8).
Define the function

zZ—aQa

then f(z) > 0 for every z € [a,b], f(b) = b% and

F(2) = (z—a) - ?,z(ligéjg — log(a))

:(,zjla)2 (2—1—log(§))>0

since log(z) < & — 1 for every « > 1. Thus f(z) < f(b) and using (z + a)b > (b + a)z we obtain

G-a)b (-
= (b—a)z < (0?2 — a?) 22

log(z) — log(a)
log(b) — log(a)

that is the required inequality Fy(z) < F_2(2).

We now analize the asymptotic behaviour of the apsidal angle as the angular momentum tends
to zero and ly,4,. To this aim we apply a variable changing in order to obtain a fixed end-points
integral

ds

Alg — ! 1 1
/0 V(1 —35) /1 +e(Ls+a) 2.33)

e(Ls+a) =

(L + 2a) [ log(Ls + a) — log(a)
L(1—3s) |s(log(L + a) —log(a))

We recall that L depends monotonically on [ and, in particular, lim;_.g L = 400 and lim;_;,,, L =
0. Moreover the parameter a, also depending on [, varies monotonically with respect to [ and
remains positive and bounded for all I. Therefore it’s enough to perform the limit of e(Ls + a) for
L —0and L — oo.

Since

log(Ls + a) — log(a) _ log(1 + £2)
s(log(L + a) — log(a)) slog(1+ %)

for every s € (0,1), we obtain
lime(Ls+a)=1.
L—0

On the other side

1
lim e(Ls+a)=—.
L—+oo S

We have already shown that the function e(Ls + a) > 0 for every fixed s € (0,1) and L € (0, c0),
thus for the Lebesgue’s dominated convergence theorem, passing the limit under the integral sign,
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we obtain

24

23F

01 02 03 04 05 06 07
Figure 2.2: Al for logarithmic potential

Remark 2.2. We note that the potential is not an homogeneous function but it is the differential
equation: if u(t) is a solution of system (1.1) then v(t) = u(\t) is a solution too. Moreover if
E, is the value of the energy of the solution u(t), then E, = E, —logA. Thus without loss of
generality we can take into account solutions of every energy value E.

In the next theorem let u(t) be a solution of the logarithmic potential problem with energy £ = 0
and angular momentum [. We already know that if log{ + % = 0 then u(t) is the circular solution,
while if log{ + % < 0 then u(t) is a bounded solution.

Theorem 9. The apsidal angle of a solution u(t) for the logarithmic potential problem of energy
E =0 can be written in the form

ds (2.24)

z
B /0 \/627;(5—1)5 + e?zs(l _ 5) -1
where z € (0,400) is a decreasing function with respect to .

Proof
Let R_ and R, be the minimal and maximal values of the radial coordinate of the solution w(t)
and denote with A = —log R_ and B = —log R.

Performing the variable changing ¢ = —logr in the integral (2.21) we obtain

Alf(u) = /B I (2.25)

A 2e—2tt — [2
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We remind that R4 are solutions of equation (2.20) with E = 0 therefore A and B are such that
?=2e244 ?=2:75B

and A

-2(B-4) _ 2

N B
In order to achieve an integral with fixed end-points, we define a new variable of integration
s = % and apply the variable change in (2.25). Using the last relations

_ / I(A— B) .
\/2e=2B=A)s=2A((B — A)s + A) — I2

/ I(A-B) ds
V2@ B - s (f) -
(A-B)

/M ) e ()5 (
(A—B) )
/Vé @ -1

]S
SN—
w
|
—

Setting z = 1log4 we have the formula (2.24). We note that the choice of E = 0 implies
that, for every admissible values of angular momentum, 0 < R_ < Ry < 1. Furthermore when
l = lnae = e~2 the orbit is circular, R_ = R, = e*i while as [ decreases, the values of R_ and
R, moves monotonically to 0 and 1 respectively. It follows that A increases and B decreases then
z= %log % = A — B increases. We conclude that z is a decreasing function with respect to [ and
lim;_,¢ 2 = 400, lim;_;,,,. 2 = 0. [

From numerical experiments, as like as in the case of a-homogeneous potential, the apsidal angle
for the logarithmic potential problem seems to be monotonically increasing with respect to the
angular momentum. It follows that the upperbound in (2.22) is not optimal.

2.3 The non-differentiability of the apsidal angle

We have shown that the apsidal angle is a continuous function with respect to the angular mo-
mentum [ and we have found the limits when [ goes to zero and l,;,4,- In this section we show, in
the logarithmic potential case, that the apsidal angle is not differentiable as function of angular
momentum in a neighbourhood of zero.

Theorem 10. Let Alf(u) the apsidal angle of solution u(t) with angular momentum | of system
(1.1) in case o = 0. Then A'6(u) has a vertical tangent at | = 0.

Proof
Consider formula (2.23) and, without loss of generality, fix a = 1.

ds

! 1 1
:/0 Vs(1—s)\/1+e(Ls+1)

e(Ls+1) =

(L+2) [ log(Ls +1)
L(1—s) [s(log(L +1))
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Recall that the angular momentum [ and the parameter L = b — a are linked by formula

Z2_210gb—2loga 2log(L +1)

b2 — a2 - (L+2)L

then L — +o00 as | — 0 and for small [ it holds

v2log L

I~ 2.2
= (2:26)
Since for theorem 8
lim A'0(u) / 1 ! L4
im u) = S
1—0 0 1/8(1—8) /1+l
the derivative of the apsidal angle with respect to l in [ =0 is
1 1 1
. 1 \/5(175) \/1+5(Ls+1) 1+1
lim ds
1—0 Jo l
Using (2.26), we rewrite the previous limit as a limit in L
1 _ 1
i /1 1 Vite(Lst1l) /1412 p
im S
L—+oo Jo /s(1— ) (\/logL/L)
o . 1 1 )
In order to simplify the notation, set p = — and define f(p) = ———————=" In the new variable
L 1+e(2+1)

p the derivative of the apsidal angle is written as

1
1 — f(0
iy | (Lo=10),,
r=0Jo /s(1—3s) \ pv/—logp
Our aim is to estimate the last limit and we will show that as p tends to zero the limit blows up

to infinity.
The plan of the proof is the following: we first write

flp) = f0)=f"(&)p  £€(0,p)

and we show that f/(-) is a positive and decreasing function in a neighbourhood of the origin in
order to obtain f(p) — f(0) < f'(p)p and finally we pass to the limit.

The main part of the proof is dedicated to prove that f’ is positive and decreasing at least in a
right neighbourhood of zero.

In the following we use £(p) in place of (2 + 1) to indicate the dependence of € as a function of
p. The derivative of f is given by
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it follows

o [108(2+1)
l—s slog(l—l—l)

(1+20) |~ pro 108G + 1) + iy loa(3 +1)

-1

e'(p) =

(1-5s) 52 logz(; +1)
2 (1+2p) 1 log(2 +1)
14+ 2p€(p) - (1—5) | p(s+p) log( +1) * ps(1+ p)log® (5 +1) (2:27)

Since e(p) — + as p — 0, the first term of the derivative tends to %, while the second term is equal
to

(1+2p)
(1-s)

(1 + p)(log(p) —log(1 +p)) + (p + s)(log(s + p) — log(P))]
ps(p+s)(1+p)log*(L +1)

that, as p tend to zero, is asymptotic to

1 log s log(s) 1
s(1—5) plog?(£) (1 —s) plog*(p)

Thus

/ 2 log(s) 1
g'(p) ~ S + s(1—s) plog®(p)
log(s) 1

s(1—s) plogQ(P)

and substituting in the derivative of f, recalling that s € (0,1), we obtain

1 log(s) 1

/ 1
Fo~=503 1)3 s(1—s) plog®(p)

— 400 (2.28)

Relation (2.28), besides showing that f/(p) is positive in a neighbourhood of the origin, presents
the asymptotic behaviour of f/(p) as function of p and this estimate will be used later at the end of
the proof. In order to show that f’(p) is decreasing, let’s now calculate the asymptotic behaviour
of the second derivative of f(p).

7 71 1 3 (8/)2 "
/ (p)’§(1+5)% (2(1+5) 5)
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It holds
4 2

A+202° 112

i < 1 . log(2 +1) )
1—s (s+p)log( +1)  ps(1+p)log® (;—l—l)
142p ((s+2p)log(5 +1) — 112

1—s ( p2(s + p)?log® (% + 1) >
1+2p S+p(1+p)log( +1)

S 1-s (p 252(1+ p)? log” (,ﬁ+1)>

e"(p) = -

142 (les(G+D) [3(1 +2p)log?(2 +1) — 2slog(% +1)]
Los p2s2(1+ p)?log" (5 +1)

For relation (2.27) the second line of the previous formula is equal to

2 1

!
2(5 B 1—|—2pE)1+2p

then the contribution of the first and second lines is

4 1 N log(2 +1)
L—s | p(s+p)log(;+1)  ps(l+p)log(L+1)

With straightforward calculations we obtain
s —2ps+2p
(1= 5)p(s + p)* log X + 1)
25(1+2p)(1+ p) — (s + p)log(5 + 1)
(1= s)sp?(s + p) log?(+ + 1)
2(1+2p)log(5 +1)
+
(1= 8)sp2(1+ p)2log’ (4 + 1)

e"(p) =

and passing to the limit as p — 0

& (p) ~ — 1 ~ 2+log(s) —log(p)  2(log(s) —log(p))
(1—s)sp*log(p) (1 —s)sp2log®(p) (1~ s)sp?log’(p)
_ log(s)(2 + log(p))

s(1 - s)p?log*(p)

Thank to the asymptotic estimates of ¢’(p) and €”(p) we manage to achieve that f”(p) < 0. Indeed
as p approaches zero

, " log®(s) log(s)(2 + log(p))
3(e )2 —2(14¢€)E" ~3 21 5% 2log4(p) + 2 <1 + > (1= )2 log ")
log(s)(1 + s)
)P

s2(1 — s)p?log*(p)

and, replacing it in the formula of f”(p), we gain f"”(p) — —oc0 as p — 0.
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This ensures that f’(p) is decreasing in a neighbourhood of zero thus

and again for (2.28),

1 1 . 1
/1 Vs(1—s) <\/1+E(Ls+l) \/@)d
0

jm I s
1 /
> lim/ ! 1'(p) ds
o0 Jo V(1= 5) /—210g(p)

1 1 log(s)

! 1
N/o NE <2<1+§>%’s<1—s>plog2<p) —21og(p)

then we can conclude that the derivative of the apsidal angle with respect to [ blows up as [ goes
to zero

>ds%+oo

O
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Chapter 3

On the regularization of the
collision solutions

In the first chapter we recognized that if & > —2 the differential equation (1.1) is singular in the
origin then a solution of the a-homogeneous problem present a singularity at the collision instant.
Moreover we have pointed out that the collisions are the only singularities that a solution of the
central problem can present; this means that all the non collision solutions are globally defined
and only the collision solutions exist for a bounded interval of time. A classical problem is to try
to extend a solution of a differential equation beyond the singularities that, in the contest of the
central force problem, consists in finding a method to define the trajectory beyond the collision.
Usually one refers to these methods as a Regularization theory: many regularization theories could
be defined in order to solve a problem and a theory may differs from another one on the different
technique developed to define the extension, for instance analytical, topological or geometrical.
Moreover two regularization theories may differ also for the different definition of regularization
and for the different property that the extended solution has to preserve passing through the
singularity.

For what the regularization of collision solutions of the a-homogeneous problem is concerned,
many regularization theories have been presented. In 1907 Sundman, studying the Newtonian
three body problem, attained an extension of the double collision solution using analytic continua-
tion methods: introducing a new variable he succeeded to write the solution as a convergent power
series in the new variable up to the collision instant. A detailed description of the Sundman’s
regularization can be found in the textbook of Siegel and Moser [22] and it is called Branch Regu-
larization. Following the Sundman’s technique the extended flow satisfies a property of smoothness
with respect to time but, on the other hand, continuity with respect to the initial data in the phase
space is not considered.

A different still related approach in order to define a regularization is the one followed by Levi-
Civita [17]: he focused his attention on the singularities of the differential equation rather than on
the singularities of the solution. As shown in the first chapter, by means of suitable transformations
of space and time, the singular equation is turned into an equation without singularities and the
extension is a smooth function of initial data. An extension of the Levi-Civita transformation to
higher dimension is proposed in the works of Moser [20] and Kustaanheimo and Stiefel [16].

It holds that extended orbits obtained follow the Sundman’s regularization and the Levi-Civita’s
regularization coincide. In [19] it is shown that this coincidence is a peculiar property of the
gravitational interaction; indeed McGehee performed a generalization of the Sundman’s and Levi-
Civita’s regularization to systems with degree of homogeneity a > 0 and showed that if a belongs
to a certain dense subset of rationals the collision solution can be extended by Sundman’s technique
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3.1. The regularization via smoothing of the potential 36

but only for a few of these values of «, precisely
1
a—2<1—) neNn>1 (3.1)
n

the Levi-Civita regularization is applicable. This means that if one imposes the extension has to
satisfy a better property of smoothness, for instance a continuity with respect initial data, one
expects that the problem is solvable for a less number of cases.

In this chapter we take into account a different concept of regularization described in [2] due to
Bellettini, Fusco and Gronchi and denoted with regularization via smoothing the potential. This
method consists in perturbing the differential equation by a small parameter in order to remove
the singularity in the dynamical system then in discussing how the smoothing of potential coupled
with the perturbation of initial conditions lead to define a global solution of the a-homogeneous
problem. In [2] the authors considered problem with degree of homogeneity a > 0 and they found
that, if the continuity with respect the initial data is ignored, the problem is regularizable via
smoothing the potential for every a > 0, o # 2. On the other hand, if one forces the extension to
be continuous with respect initial data, the set of values of degree o for whose the methods works
is a in the form (3.1) and o > 2.

Our idea is to use the smoothing of potential technique in order to study the regularization of the
collision solutions for logarithmic potentials. Furthermore we investigate the existence of global
solutions of system (1.1) for a large class of potential function V' (z) and we discuss whether it is
possible to extend those solutions that are not global defined.

3.1 The regularization via smoothing of the potential

In this section we briefly describe the regularization method via smoothing the potential introduced
in [2]. The two-body problem we are taking into account consists in finding a solution u €
C?%(]0,T);R?) to the system

it = VV(Ju])
(3.2)
(u(0),4(0)) = (q0,p0) € (B?\ {0}) x R?

where the potential function V' (z) is singular in the origin.

Agreement with definition (1.1) and (1.2) we say that a solution u(t) has a collision at time ¢ if
u(t) = 0 and we define a singularity of the solution u(¢) a time t* > 0 beyond which the solution
can not be extended.

In the case that V(z) is a potential a-homogeneous, the collisions are the only singularities that
the system can develop, thus all the non collision solutions are globally defined.

We are interested on discussing whether a collision solution could be extended beyond the sin-
gularity: more precisely we analyze in which case and in which sense the method of regularization
via smoothing potential allows to define a global solution of system (3.2) for initial data leading
to collision.

For every singular potential V(z) we define the associated smoothed potential

Vi@)=V(z+e) >0
and the regularized problem obtained from (3.2) replacing the potential V (x) with V. (z)
it = VV(lul)
(3.3)
(u(0),@(0)) = (q0,p0) € R* x R?
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3.2. The potential functions sets V and V* 37

Since the differential equation is no more singular in the origin, unlike (3.2), the last system admits
a global solution in C>((—o0, +00); R?) for every choice of the initial data (go, po)-

Let S(V') be the set of initial conditions (ug, po) leading to collision for the unperturbed system,
that is S(V) is the set of initial data of those solutions that are not global defined and for which
we want to define an extension. Given 7 € S(V'), the regularization technique via smoothing the
potential consists in the analysis of the solutions of the regularized system for small ¢ and for
initial data v nearby 7. More precisely, one investigates the existence of the asymptotic limit as
(e,v) — (0,7) of solution of (3.3) with initial data v, the continuity of the limit trajectory with
respect to initial data and its relationship with the original solution of the singular system with
initial data #. Denoting with u(v) and u(e, ) the solution with initial data v of system (3.2) and
(3.3) respectively, the definition of regularization considered in [2] is the following.

Definition 3.1. Let V() be a singular potential and v € S(V'). We say that the problem (3.2) is
weakly regularizable via smoothing of the potential if there exist two sequences (ex)k, (Vi)r tending
to 0 and U respectively, such that the flow

i) = { u(v) v & S(V)

limg_ 00 u(sk, I/k) IS S(V)
18 continuous with respect to v.
In addition we say that

Definition 3.2. The problem (3.2) is strongly regularizable via smoothing of the potential if there
extsts
lim  u(e,v) =wup
(e,v)—(0,0)
and the flow
oy ] uw) vegS(V)
a(v) = { w  veSyV)

18 continuous with respect to v.

1

x|e?

0 < a < 2, the two body problem is weakly regularizable via smoothing of the potential if |a‘nd
only if « is in the form (3.1). On the other hand they showed that the problem is never strongly
regularizable via smoothing of the potential. We will apply this technique in the study of the
collision solutions for the two body problem with a logarithmic potential and we will show that, not
only for the logarithmic potential, but for a large class V* of potential, the problem is regularizable
according to definition 3.2.

In [2] the authors show that in the case of homogeneous potential of degree a, V(z) =

3.2 The potential functions sets V and V*

Definition 3.3 (The function set V ). We define V the set of functions V(z) € C*(R*,R) with
the properties:

i. lim V(z) = +o0

z—0t

there exists S > 0 such that for every x € (0,.5)
. V'(z) <0, V'(x)>0

V'(x)

V”(x)

1i. the function is decreasing with respect to x
and
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d V'(z) 1
= 0) < -2
Wz V”(x)( ) 3
The property iii is equivalent to
V" <0 and (V")2—-V'V” <0 in(0,9)
while the properties iii,iv assure that there exist a T' > 0 and 1 > 0 such that
V'(x) x
< - i 0,T 3.4
P S gy w00 (3.9
Let -
R := min{T, S}. (3.5)

In order to better understand the meaning of the previous definition, let’s now discuss some

examples.

e Logarithmic potential: V(z) = —log(z).

In this case V/(z) = =1, V(z) = % thus “///,/(&)) = —z and condition iv. is satisfied since
the derivative is equal to —1. It follows that the logarithmic potential belongs to V and
R = +00. The same results holds for every potential on the form V(z) = —log(z”) with
v > 0.

e a-homogeneous potential: V(z) =2~% a >0

Condition i-iii. are clearly satisfied for every values of a > 0. Moreover since V'(z) = — -,
V' (z) = “fcijﬂ) one has “,/,/,7((9;)) = — 17~ Thus the class V includes the a-homogeneous

potential with 0 < a < 2. As well as the previous case, R = oo.

e Weaker singular potential: V(z) ~ log(—log(z)) as © — 0.

For instance we can consider the function V(z) = log(—log(x) + x). The limit in condition

i. is satisfied and one can easily check that ii. holds for every x € (0,1).

X

1 Moreover

, 4 , )
G1AAAAAAAAAAAAAAAAAAAAAAAAJ
V'(z) (I1-2z)z(—In(z)+x)

V”(z)  In(z) -3z +1+a2

is decreasing in a right neighbourhood of the ori
d (V'
-0, and the limit of e (V”((i’cc))) for z leading to z

gin

€ero

is equal to —1. Furthermore for any choice of n < 2
-0, it happens that there exists T' < 1, depending on 7

'(x)

such that the function % is below the line —5*—
n

-0, for z € (0,T), as shown in the figure to the side.
this case the value of R is finite and less that 1.

Lemma 3.1. Let V(z) € V. Then

lirr%) V' = —o0, lin%) V" =400
and -
i{r%)wzo, ilg%)ﬁ_o
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Proof
Since lim,_,o+ V(z) = 400, it follows that lim inf, o+ V'(x) = —o0o but, since the second derivative
V' (z) is positive definite in a neighbourhood of the origin, the function V’(x) is increasing nearby
2 = 0; this implies lim,_,o V' = —oo. Similarly, repeating the same argument for V" (x) in place
of V'(z), the sign of V"/(x) implies that lim,_.o V" = +o0.

In order to prove the remaining statement of the theorem, we note that the fraction v“(( )) is a

negative and continuous function in (0, S). Moreover, for condition iii. we infer that V,,(( )) admits

a finite limit [ as 2 — 0%. Suppose by contradiction that [ # 0 and set L = 7. Then

V() d
L= wllglJr V’(Z‘) mli{g+ % log(v ( )) s=x

and for small z and y, « < y, from the Lagrange formula, one has
log(V'(y)) —log(V'(x)) = L(y — =) + o(y — x)

log (“;lgy;) Lly—z)+o(y — x)

Fixing y and taking the limit for £ — 0 we obtain that the member on the left side goes to infinity
while the right one is bounded. This is a contradiction then ! = 0. The limit of % comes from the
previous one applying the formula of De L’Hopital . O

Definition 3.4. Denote with V* the set of functions V(x) € V with the further property

. V()
v i T

=1 for every x > 1 uniformly in every compact K = [1, M].

Since the condition v. will be crucial for the regularization to succeed we want to discuss a little
its meaning. First we observe that the function V(z) = —log(x) satisfies the above condition,

indeed log(\z) log ()
og(Ax . og(x
A20 Tog(N) A%( + log()\))

uniformly in « on every compact K. The same result is obtained if we consider potential functions
that are asymptotic to some power of the logarithmic or to log(—log(z)). On the other hand the
a-homogeneous potentials don’t satisfy the condition since

—Q

. ()@
e

From these examples one can be lead to define the condition v. as a logarithmic-type condition,
that is it is satisfied only by those function whose singularity is very weak, weaker than the
homogeneous one.

An other theorem we will need is the following

Proposition 3.1. Let V(x) € V*, then for every p > 1

\%4
A Gl k) R
6.5)—(0,0) V(6 +¢)
Proof
We rewrite the above limit in the form
v((6+e)85)

li —_— 7
(é,a)gr(lo,o) V(6 +e)
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3.3. A theorem of boundness 40

Since p > 1, for every choice of positive values of € and ¢, it holds

<p5+5<

1
=5te =7

then, from definition (3.4) of V*, replacing A and M with § + ¢ and p respectively, we infer the
statement of the theorem. O

3.3 A theorem of boundness

Theorem 11. Let V(z) €V and R as in (3.5). Then for every ¥ < R there exists an & such that
Ve < € and for every 0 < y < 7 it holds

(F + ) <x>2 <V(m+2—V(F+5)> G 11 .

(-1

for everyy < x <7 and K > 0.

F(y,f)(s,:c) = y

The proof of theorem 11 is split in two parts: we first show that there exists & > 0 such that for
every € < £ the function F, 7 (¢, 2) > F(y,7(0,7) for every 0 <y <z <7 < S, then we show that
Fiy»(0,2) > K7 forevery 0 <y <oz <7 <R

Lemma 3.2. Let V(x) be a function satisfating the properties i.-iti.. Then for every choice of
0< y< 7< S there exists € > 0 such that Ve < & and Vx € (y,7) it holds

V(@ +e)-V(r+e) _ V(z)—V(r)
Qu.r (e z) = Viy+e) —V{ite) > Vi) — V() (3.6)
Proof
Passing to the inverses, the relation (3.6) is equivalent to
Viy+e)—V(F+e) < V(y) = V()
Vie+e)-V(i+e) = Viz)—V(F)
and to

Viy+e)—Vix+e) < Viy) —V(x)
Vie+e)=V(iF+e) — V(x)—V(F)
For every fixed y, 7, with y < 7 < S, and z € [y, 7], we define

Viy+e)—V(z+e)
Vie+e)—V(i+e)

g(g) ==

Since ¢(0) = %, the thesis follows if we prove that there exists £ > 0 such that for every

€ < &, the inequality g(¢) < ¢g(0) holds. To this purpose it’s enough to show that
dg _
d—5(0)<0 Vi<y<az<rT<S. (3.7)
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The function G, 7 (x) is exactly the opposite of the numerator of the previous fraction, then
relation (3.7) is equivalent to G, = (x) >0 forall 0 <y <z <7 <S.
We observe that

Gy,m(Yy) = Gym () =0
and
dG(yf) / / 7 — 11 1N\ 7!
—gp @ =V (V' (2) = VI (@)V () + VI (2)V(y) + V(1) V(2)
= V(@) (V') = V') + V(@) (V) - V(7))

We want to study the sign of this derivative. For Rolle’s theorem there exists at least one point
Z € (y, ) such that %(i) = 0 and, since V'(7) = V'(y) > 0 because V() > 0 for every z < S,
the previous relation implies

V(@) | V() - V()
Vi@ ViD= V')

We note that the sign the derivative of G, 7) is the same of the relation

=0 (3.8)

_ V@), Ve -V

PO = v v v

that depends on x only in the first fraction. For condition iii. in definition (3.3) the function P(z)
is decreasing then, from (3.8), we infer

dG, -
%(I)>O for z€ (y,7)
dG, 7
#(:ﬂ)«) for z € (z,7)

Thus we conclude that for every fixed 0 < y < 7 < S and for every z € (y,7) it holds G, 7 (z) > 0
that implies relation (3.7).
O
Proof of theorem 11.
We fix 0 < y < ¥ < R. For lemma 3.2 there exists £ > 0 such that for every 0 < ¢ < £ and for
every x € (y,7) we have Fiz (e, 2) > F(74)(0,2), then it’s enough to show that there exists a
(F+x)

constant K such that
2 _V(# =2 .2
r <x> <V(x) V(T)) Gl B S
-1 |\y) Vo —ve)) @=)
Suppose for a moment that exists 8 > 0 such that

V(z) = V(7) 720 g2-BN 428
VoV 2 (s 3.9

For every fixed 0 < y < < 7 the function

o= (=) L B

Y —yY ) x (7>771
y

is decreasing in ~, for every real v # 0 (see formula (2.19) and the further calculation), then

F(f7y) (1‘) =

fe-p8)>f2+C C=Cy,x,7 () >0.
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It follows Vi) - V() y F2-8 _ p2-8 y2—ﬁ (7.2 _ x2> y? c
Viy) - V() = (TH —yH) R T P
thus
Fip 2\ 2 /(72 — 22) 42 72 g2
F(r,y)(x) > ((Z»t )) <y) (EQ _ yzi % + C) Ez _ z% 1‘|
(F+z) [22 (7% —y?)
=0

for a suitable choice of K > 0.
Therefore, in order to obtain the proof, it’s enough to show that there exists a positive 8 such
that relation (3.9) holds for every = € (y,7). This is equivalent to

(V(2) - V(f)) (V(y) = V(7))

(7B — a2 0)" (7 —y25)Y

Since for z = y the previous relation is true, if we calculate the derivative on the left side member
with respect the variable x and we show that such derivative is positive, the relation (3.10) holds
for every x € (y,7). Upon derivating, we obtain

2 (Lot -
p)r
B

B> 226 v e (y,7) (3.10)

20—V @) + (2= B (V@) ~ V()
(F2=F — z2-5)2

Let 2! AN (x) be the numerator in (3.11); one has N(7) = 0 and

(3.11)

dN

T@ = (PP 2B =0V @)+ 2P WV )

= (=2 ) (B - V(@) + 2V ()

For (3.4), for every choice of 0 < 3 < n it follows ¥ (z) < 0. Then the derivative in (3.11) is

positive and relation (3.10) is true for every = € (y, 7). O
Corollary 3.1. Let V(z) € V with the stronger assumption

V'(z)
V// (x)

<- €(0,7) (3.12)

|8

Then theorem (11) holds for K = 1.

Proof

d Vv’
The assumption (3.12) is equivalent to 1mpObe T /((a:))
x

1
(0) < —3 and with the same calculation

done in the proof of the last theorem it holds
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Thus

\%
<

v
=

3.4 Setting of the problem

We first analyse the dynamical system (3.2) in the setting of the theory of Hamiltonian systems.
For any potential functions V' (z) we recall the definition of energy E and angular momentum [ of
solutions of the system (3.2)

1.
B = S|if* - V(ju])
l=uANt

Since in the equation of motion the forcing term VV (|ul) is radially symmetric, it turns out that
both E and [ are preserved along the solutions of the system. Moreover, since the motion is
planar, as well as we done in the first chapter, in the following [ is used to denote the modulus of
the angular momentum. We also recall that, passing to polar coordinates (r, ), the quantities E
and [ are expressed in the form

1, 1 12
[ =120
We define
f(r):= 2r2(E + V(r)) (3.14)

then the relation (3.13) is equivalent to
2= f(r) — (ri)* .

The last formula shows that a solution of system (3.2) of energy F and angular momentum [ exists
only for that values of the radial coordinate r > 0 such that f(r) > [?. We extend the definition
of minimal and maximal values of the radial coordinate given in definition 1.3 to system with a
general potential. For any choice of V(x), at least of class C*(R4,R), and for fixed values of E
and [, we denote with R, if it exists, the minimum positive value of  such that f(r) = [? and
f'(r) <0, and with R_, if it exists, the minimum positive value of » < R, such that f(r) =% and
f'(r) > 0. Otherwise we set Ry = 400 and R_ = 0 if they are not defined by the above definition.
The values of R_ and R depend strictly on the potential V' (z) and on the values of | and E. We
illustrate in figure 3.1 the different behaviour of the function f(r) corresponding to the choice of
different potentials.

In the first case the potential is V(z) = ?13 and a negative value of F is chosen. We note that
f(r) tends to +o0o as r tend to zero thus, for any choice of I, the minimal value of radial coordinate
is zero. This means that all the trajectories with negative energy lead to collision.

In the other case we drawn the function f(r) in case of Kepler and logarithmic potential. The
considerations about the values of R, and R_ are the same done in section §1.1 then we don’t
discuss anymore. We only point out that, unlike the first case, f(r) tends to zero as r goes to zero,
therefore the collision solution occurs only in case of zero angular momentum. In order to remark
this difference, we give the following definition.
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8 0.6

67 0.4

0,5 1

Figure 3.1:

Definition 3.5. We say that a potential function V (z), singular in the origin, is of weak type if

lim 2V (z) =0

z—0t
Otherwise we say that V(z) is a strong type potential.

It comes out that the potential V(x) = 272 is of strong type, while the Kepler and logarithmic
potentials are of weak type. The definition 3.5 is motivated by the fact that if V(x) is of strong
type the condition to have the angular momentum equal zero is not necessary for a solution u(t)
of system (3.2) to end into collision. Otherwise, as it will be shown in the following theorem, if
the potential is of weak type, a collision solution occurs if and only if the value of the angular
momentum is zero.

Theorem 12. If V(x) is a potential of weak type, a solution u(t) of the dynamical system
i = VV(|lu|) ends into a collision if and only if the angular momentum is zero.

Proof
Denote with F and [ the energy and the angular momentum of the solution w(¢) and let f(r) be
the function defined in (3.14), then a solution exists only for the values of radial coordinate r that
satisfy

? < f(r)

Suppose [ = 0: since V' (z) tends to infinity as = goes to zero, for every value of E there exists a
neighbourhood of the origin where F + V(r) > 0 then the solution presents a collision.

Conversely, since V(z) is a weak type potential, it follows that f(r) — 0 as 2 — 0% thus for
every value of [ # 0 there exist a neighbourhood of the origin where I2 > f(r). This means that
the collision can not be attained on u(t). O

A similar classification of the set of singular potentials can be found in [11] in which a potential
V(z) is said to satisfy a strong force condition at a point zg if V tends to infinity as = tends to zg
and also there exists a function U with infinitely deep wells at xg, such that

V(z) > |VU(2)]

in a neighbourhood of zy. This classification arises from the study of the dynamical system
i = VV(u) by a variational approach and it is shown that the action integral satisfies the Palais
and Smale condition provided V satisfies the strong force condition. Without going deeper into
details, we want only to notice that, among the homogeneous potentials, the set of potentials with
the property to be of strong type and the set of potentials satisfying the strong force condition
coincide.

Theorem 13. Every V(z) € V is a weak type potential.
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Proof
For relation (3.4) there exists n > 0 such that
1"
v < 3—n
V'

for every x in a neighbourhood of the origin.
The last relation is equivalent to —% log(=V’) < 3_7", then, by integration it follows an asymp-
totic estimate for the derivative of V(x)

1 1
d 3—n
— —1 _YV/ < IR
/m dt o8 V)dt_/z 3 at

Again by integration we have

V(z) < +Cy (3.15)

z2=n
and we conclude
lim 2%V (z) =0 .
z—0
O

Our intent is to discuss for which potentials V(z) in the class V and in which sense the singular
solution could be extended beyond the singularity following the technique of the smoothing of the
potential.

The last two theorems show that if the potential function V(z) € V, a solution of the system
(3.2) has a collision and, as a consequence, it is not globally defined if and only if the angular
momentum is zero. Therefore the set S(V) of initial conditions 7 = (o, Po) that make the solutions
to be singular consists in those (o, po) satisfying I = |go A po| = 0.

The regularized system we are taking into account is the same as (3.3)

i = VVe(lul)

(u(0),%(0)) = (g0,p0) € R* x R?

where the initial data v = (qo, po) depends on the potential V' (z) and on the value of energy E of
the collision solution as follows.

Let V(x) € V and FE fixed. Define P > 0 the first positive solution of equation f(r) = 0,
P := +o0 if such value does not exists, and denote with

R :=min(R, P) . (3.16)

where R is defined in (3.5).
Case 1 R=P.

¥ In this case the solutions of the unperturbed system are

bounded in a ball centered in the origin of radius P < R

and P represents the maximal value of the radial coor-

12 dinate of the collision solution. Thus, without loss of
P generality, we can set the initial condition 7 leading to

r ' collision as

3 v = ((7070)a |QO| =P (317)

fir)

%

45



3.4. Setting of the problem 46

Therefore, for small enough value of [ we define the initial condition v = (g, po) of the regularized
system as
q | G0 o] =T
(3.18)
2
Po-qo =0 ol = &
where 7 depends on ¢ and on [ and it’s defined as the largest solution of the energy equation
E = 3p} — V.(r). From this definition it follows that the solution of system (3.3) with initial
condition v admits angular momentum equal to [, energy E and the values of R_ and R, are
respectively a and 7, where « is the solution different of 7 of the equation
112 112
9.2 Ve(r) = 972 Ve(r)

Case2 Otherwise, if R = R we chose as initial condition leading to collision the couple
7= (qo:po), ldol=R,  |po|*=2E+V(R) (319

where the initial velocity pg is directed toward the center of attrac-
tion.

fn) For small enough [ let the initial condition v = (go, po) be defined
] T as
f - q0 = qo, po = (v1,v2)
Vo R P (3.20)
2_9p - L 192V.(R 2= L
U1 R2 + E( ) b R2
where v1, vy are the radial and the orthogonal part of the velocity. The choice of initial condition
is done in such a way that the corresponding solution has energy F, angular momentum ! and the

value a of the minimal radial coordinate is the solution, less then R, of equation

112
5,2 Ve(r)=E
Moreover R, > R or infinity and R_ — 0 as [ — 0.

In any case, for every potential function V' (z) € V, given a collision solution @(t) of system (3.2)
starting from 7 = (qo, Po) in the form (3.17) or (3.19), the initial conditions v = (go,po) defined
in (3.18) and (3.20) depend only on the choice of the smoothing parameter e and on the value of
the angular momentum [ we impose to the solution of the regularized system, indeed the value of
the energy F is fixed and it is equal to the energy of the collision solution we are going to extend.
From the definition it follows

lim v=v (3.21)
(e,1)—(0,0)
Denoting with w. ,, (t) the solution of the regularized system (3.3) leading from the initial data v,
we investigate the existence of the limit of u. ,(t) as (¢,v) — (0,7) and its relation with a(¢). In
other words, since (3.21) holds, we study the convergence of the solutions of the regularized system
as the angular momentum [ tends to zero together with the vanishing of the perturbation €. Thus
it could be convenient use the notation (e,1) — (0,0) in place of (g,v) — (0, 7).

Given a potential function V(x) € V and a collision solution @(t) of system (3.2) with energy E

and initial condition 7, denote with (7,77 ) the maximal interval of existence of the solution.

Definition 3.6. Let V(x) € V. We say that the two-body problem with potential V(x) is regula-
rizable if for every collision solution @ there exists

I t) = uo(t >0
i gy tet(t) = wo®) e

and
up(t) =u(t)  te(T-,Ty)
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The theorem we will prove is the following:

Theorem 14 (Main Theorem). For every V(xz) € V* the two-body problem with potential V(x) is
reqularizable according to definition 3.6.

Before starting the proof of the theorem we recall the definition of the apsidal angle of a solution
ue,1(t) of system (3.3) with angular momentum [. As usual, denoting with R_ and R the values
of pericentre and apocentre of the orbit u. ;(¢), the apsidal angle is given by

Ry
O (u) = / L,dr (3.22)

It’s convenient to rewrite the formula of the apsidal angle for the solution u. ;(t) according to the
value of R in (3.16):

if R =P, case 1, all the regular orbits u. ; are bounded in the ball of radius R and, reminding
the definitions of 7 and «, the value of apsidal angle is

i/
egvl(u) :/ @dr

otherwise, in case 2, for [ and € small enough the orbit u.; is not bounded in a ball of radius R
and it could be also unbounded. Thus the apocentre R, possibly infinity, is larger that R and we
write the apsidal angle of the solution w. ;(¢) as

R I Rt l
[CH = —d —d
4(u) /a 27 T+/R r2y "

where « is the pericentre.

3.5 Proof of Main Theorem and property of the extended
flow

This section is devoted to the proof of the main theorem and to the study of the regularity of the
extended flow with respect initial data.

The plan of the proof of theorem 14 is the following. In theorem 15 we gain the existence of
the limit of the apsidal angle O, ;(u) as (g,I) — (0,0): to this aim we first prove in lemma 3.3
the L' boundness of the integrand in (3.22) then we apply the dominated convergence theorem
and pass to the limit under the integral sign. The result we obtain suggest to define the extension
uo(t) of the collision solution %(t) beyond the singularity as a transmission solution. We show,
in theorem 16, that this definition of extension is optimal in the sense that the sequence of paths
ue,1(t), solutions of the regularized problem, converges for (g,1) — (0,0) to ug(t) for every t.

Moreover, we analize the properties of the Poincaré section of the extended flow in the phase
space: in theorems 17 we state the continuity of the Poincaré section whit respect the initial data
while in theorem 18 we prove that the Poincaré section is not differentiable with respect initial
data in the neighbourhood of initial data leading to collision.

Theorem 15. Let V(z) € V* and u(t) any collision solution of the two body-problem with initial
condition v = (4o, po). Then there exists

O, (u)

lim
(e,1)—(0,0)

and such limit is 3.
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Proof

Let V(z) € V and denote with E the energy of the collision solution #@(t). According with the
previous setting, for every sufficiently small € > 0 and [, let u. ;(¢) be the solution of the regularized
system (3.3) with initial data v and O, ;(u) the corresponding apsidal angle. Reminding the
definition of R and R, we define

B =min{R, R}
and
B
Agyl(u):/ —~dr
R_ T T

It follows that if the orbit u.(t) is bounded in a ball of radius R, case 1, then O, ;(u) = A ;(u),

+
otherwise O, ;(u) = As,l(u)—i—f;; —Ldr. The introduction of 3 and A, ;(u) is motivated by the fact
that the main contribution to the value of the apsidal angle is given by those values of the radial

coordinate near the pericentre. More precisely we will prove that the remaining term | 5 ' #dr
tends to zero uniformly as (¢,1) — (0,0), thus in both the cases, the convergence of A, ;(u) implies
the convergence of O, ;(u).

In order to deal with the convergence of A, ;(u) we first rewrite the integrand in a different way.

From the conservation of energy
2

7 =2(E+V.(r)) — 3
thus, replacing the radial velocity and extracting the roots R_ and [ from the denominator, we
infer

dr

B 1
Acy(u) =
aw) /R_ m _
T/ T (E+V.(r) -1

/R ﬁ\/ (E + Vi( _)r)

In case 1, the parameter B is equal to Ry, the maximal value of radial coordinate of u. ;, thus

replacing E = V(R4 ) and performing the variable changing p = 7~ we obtain

2R2 -

Asl(u)_/l?ir . (R+_,0R,)(p—]_)
’ v V(R =R = DN (55 = 1) + 252 (Ve(pR) - Va(Ry))

+

dp

Ry

_ / = ! VErdp (3.23)

pV/(Ry —pR-)(p—1)

In case 2, 3 is equal to R but, since R is not an apsid of the orbit u. ;(t), the best we can do is

to express E = 1|7]2 — V.(R), where the vector ¥ is the initial velocity (3.20). Anyway, replacing
the formula of the energy and performing the same change of variables as before, we can write

3 1 (R—pR_)(p—1)
A i(u) = = 2 p2 .
() /1 pV(R—pR-)(p—1)\| 2222 (1152 — Vi(R) + Va(pR_)) —

dp

R

e 1
= _ VEzd 3.24
/1 pv/(R—pR_)(p—1) g (324

We proceed with the proof of the theorem as follows: first we exhibit, for every V(z) € V, an
uniform bound for the functions K; and K», provided € small enough is taken, then we apply the
Lebesgue’s theorem in order to get the limit of A, ;(u) as (g,1) — (0,0) and we’ll prove that such
limit exists if V(z) € V*.
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Lemma 3.3. Let V(x) € V, then for € small enough the functions Ky and Ky are bounded by a
constant in their domain.

Proof
We start with the analysis of the function Kj: since the quantities R_ and R, are extremal
points for the radial component of the motion r(t), they are solutions of the energy equation
E=18

3L — V(r). Subtracting the one from the other, we obtain the relation

2R% 1 R?2 — R?

2T V(R -Vi(Ry) RE

2
After replacing in the formula of K the term 2?; with the previous one, it holds

K= (Ry —pR_)(p—1)
(@ B 1) o (Ve(pRO)-V(Ry)) (B2 -R2)
R (Ve(ro)-Ve(ry)) 1
(p—1)(Ry — pR-)

(Ri—RapZ) o (VelpR)-Ve(Ry) (m2-R2)
Ry (Ve(Ro)—Ve(ry)) (BE-RZp%)

R

(R++p3,) o (VeloR)—ve(ry)) (r3-R2)
p—1 (VE(Ri),VE(RJr)) (R:—R? p?)

12
On the other hand, for what that concerns Kj, from definition (3.20), one has |7]? = V2 + 02,

therefore

Ky (R—pR-)(p—1)
- 2R2 p2 —
7 (S + Jot + Ve(pR) — Va(R)) -1

) (R=pR)(p—1)
T+ (S 1) + 2 (v - )

Subtracting the energy formula £ = §|u5,l|2 — Vi(ue,) evaluated in R_ from the same evaluated
in R we infer

172 102 1, _
2R’ Ve(R-) = 2Rr2 + 5”1 - Vo(R)
It descends the relation
2R? 1 R? — R?

2 (Ve(Ro) = Ve(R) + 508) R

that, replaced into Ks, implies

Ky — (R—pR-)(p—1)

R2—R? 102 R? p? Ve (pR-)—V.(R) R2-R?
p° ( RZ ) VE(R,)fV:(R)%vf + ( Rz 1) +p? (VE(R,)fvg(R)Jr%vf) R2

(R—pR_)(p—1)

R? p? ) V.(pR_)—V.(R)+ R2—R2
= 1)+ 2 ( > _
( ne P\ vmed )

v

=t

%
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In order to get rid of the dependence on vy, we note that for every 0 < a < b, the function
f(z) = ‘Zij is increasing for positive z. The condition ii. in definition (3.3) implies that, for every

small enough ¢, the function V,(z) is decreasing with respect to x for every x < R. This yields the

relations V.(R) < V.(pR_) < V-(R_), thus replacing a = V.(pR_) — V.(R), b = V.(R_) — V.(R)
and z = - it follows
Vi(pR) = Va(R)+ % Va(pR_) — Va(R) R\ .
= > = Vpell,— |,V
cu T vewy-vew T UR)T

2

Ve(R-) = Va(R)

In this way we obtain a bound for Ky

(R—pR-)(p—1)

RZPQ VE(PRf)fvs(R) RQ_R%
( Rz~ 1) +p? ( Vo(R_)—V.(R) ) iZ

R2

T (R+pRo) o Ve(pR_)-Ve(R)\ R?>-RZ 1
-1 \P\VeEBDH-V(R) ) FP—RZp?

K> <

Recalling the definition V;(-) = V(- + €) and by means of the substitutions © = pR_, y = R_ we
have

R2
Kl— 2 + LS (y7R+)
(Rita) (g) (V<a:+s>fV<R++s>) Ri-y?
(£-1) y V(y+e)—V(Ri+e) Rifz2
and s
R _
K> < MRS (y7R)

(R+x) z 2 V(zte)—V(Rte) | R2—y2 1
vl Y V(y+e)—V (R+e) ) R2Z—a?
Finally, applying theorem (11), we prove an uniform bound for K1 and Ks provided ¢ is small
enough

K| <CR, We(l,?), Ky <CR VpG(l,}f)

O
Reminding the definition of 8 = min{R, Ry} and denoting with K either K; or K, without
longer distinguish case 1,2. we can write

62
K < .
(B+2) <(£) (V<m+e>—vw+a>)52—y2
=1 \\y) \Voragviere ) e

Y

_1> z € (y,0)

thus

K(p)<CpB Vpe <1, Rﬁ)

Continue the proof of theorem 15.

The boundness of function K;, K5 is the first step in order to apply the dominated converge
theorem and to obtain the limit of the integral A, ;(u). We now exhibit an L! uniform bound for
the integrand function, then we show in which cases the limit for (¢,1) — (0,0) exists. First we
recall the values of the integrals

¢ 1
/1 z,/(x—1)(1— g)d

50
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and
5

(3.26)

6 J—
/ ! dr = 2 arctan r-1
v xy/(x —1)(1 — sz) 1—sx

foreverylg'ygégooands<%.

We note that the first integral implies that all the integrals (3.23) and (3.24) are bounded. On
the other hand in order to apply the Lebesgue dominated convergence theorem we need an uniform
bound of all the integrands, independently on the values of ¢,] and R4. To this aim, we write the
integral A. ;(u) as follow

~

s
1

"o
Beaw) = [ VEdp
1 p/(B=pR)(p—1)
g s
o 1 R 1
= \/?dp—l—/ VEKdp
/1 py/(B—pR-)(p—1) Z »V/(B—pR)(p-1)
=L +1
therefore
lim A (uw)= lim L+ lim I
(e,1)—(0,0) (e,1)—(0,0) (e,1)—(0,0)

The motivation of this further partition of the integral will be clear later. For the moment we check
that the integral I5 is infinitesimal as (g,{) — (0, 0), that is equivalent to say that the apsidal angle
has no significant contribution far from the pericentre.

For the boundness of K, K < Cg,

1
VKdp < C

1 [ !
ﬁ/ﬁW(l—p%)(p—w Vi o= )= 1)

and for (3.25), (3.26) it follows
p—1

= 1
— dp = m — 2arctan TR
1 p\/(l—pf)(p—l) 1=

2<7Tarctan ﬁ)
2 \/\/R_
— arcam/i\/R—N 4/&
= 2arct \/BNQ 3

where, in the last passage, the relation arctan(z) + arctan(L) = % is used. Then, passing to the
limit, we remind that R_ — 0 as (g,1) — (0,0) and we infer

12 dp

I<]
R_
€]

L <m—

lim I,=0
(e,1)—(0,0)

It remains to prove the existence of the limit for I;.
For every € > 0 and [ let F(.;)(p) : RT — R™ be the function

1
e,l) ‘= B
R ey ey AR (VE

o1
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thus the limit of I; is equivalent to

oo
li F.pd
(e,l)gr(lo,m/l (e

We note that every function F;; are unbounded only for p approaching p = 1, since the partition
we done in the integral A, ;(u) and the corresponding multiplication for the characteristic function

X[1 ——1 makes the function F;; to be regular in p = RL. Moreover, for the boundness of K
5 R_ -
C
Fenlp) < X[, [
NrETE SRR
< ¢ X
B
R_ [1’ ﬁ]
P\/(P— 1)(1 - 7)
C/
< —— for R_ small enough
PV —

then all the functions F{. ;) are dominated by a function F e L([1,0]). We apply the Lebesgue
theorem computing the pointwise limit of Fi. ;) as (e,1) — (0,0).
Recalling the definition of K7, in case 1 we obtain

L \/EX[I, B } =

lim
(1:6)=0.0) py/(p = 1)(8 — pR-)

R_

: p?
lim X
(1,e)=(0,0) py/(p + 1)(p -1) (B2 — R% p?) ( 2((‘(/((/)1% )) V((B)))) (égz RZ 2) 1) [1, ‘RJ

For every V(x) € V*, since R_ goes to zero as [ goes to zero, from theorem (3.1) we obtain

1
pyVp? —1

uniformly in € and [. Thus for the Lebesgue theorem

° T
li Fi.pdp = ~.
(l,s)g?o.,O)/l (D=3

With same calculations we get the proof also in case 2, since as | goes to zero, v? disappears.

li F =
(1,5)51(10,0) &b

O
The value of the apsidal angle O, ; is sufficient to determine the behaviour of the solution u. ;(¢):
in fact, expressing the motion wue(t) = (r,;(t),0:(t)) in polar coordinates, we have that the

function r. ;(t) oscillates periodically between the maximal and the minimal value, while the cor-
responding increment of the angle 6. ;(t) between two consecutive maxima of r.;(t) is given by
20,,.

Since for (g,1) — (0,0) the apsidal angle ©.; tends to 7, the pointwise limit of the sequence of
trajectories u. ; is a straight line trajectory that crosses the origin.

This suggest to extend a collision solution @(t) beyond the singularity replacing symmetrically

the solution itself forward the collision point in the same direction.

Definition 3.7. Let u(t), t € [0,1p), be a collision path, Ty the collision instant. Define the
transmission solution uy(t), t € [0,275] as

{ uo(t) = u(t) t € [0, To)
Uo(T0+T)=—UQ(T0—T) T E [O,Tg]
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For the moment the path wug(t) is just a definition of an extension of the collision solution u(t)
beyond the singular time Ty. In order to complete the proof of theorem 14 we have to show that,
for every t € [0, 2Tp], the sequence {u. ;(t)} converges to ug(t) as (e,1) — (0,0).

To this aim we define F = {y = (z,4) € R? x R?} as the phase space of planar motion and we
consider the initial value problems defined on F equivalent to systems (3.2) and (3.3)

y' =f(y) y' = fe(y)
P(0) = z(0) = xp € (R®\0) x R? | P(e) = z(0) = 29 € (R?) x R?
#(0) = @ € R? #(0) = @ € R?

where f(z,2) = (2, VV(|z])) and fe(x,2) = (&, VV:(|z])).

Obviously, the flow generated by the solutions of system P(0) is not complete since a solution
y(t) = (x(t),&(t)) has a singularity in Ty whenever |z(Tp)| = 0. We extend the singular path y(t)
beyond the singular time Ty according with the above definition of transmission solution defining
y(t) = (z(t),z(¢)) for t > T as

x(To+71)=—2(To—71)
z(To+71)=2(To — 1)

In this way we can define the flow ®(yg,t) : F x RT — F as the solution of the system P(0) at
time t with initial data gy also for those initial data g leading to collision except at the collision
time Ty, where the velocity component &(7}) is undefined.

Moreover we denote with ®.(yo,t) : F x RT — F the flow associated to the perturbed system
P(g). We will study the convergence property of the flow ®.(yo,t) as ¢ — 0 and yo approaches a
collision initial data . Unlike what we showed for the solutions u.; of the system (3.3), now we
can not expect that the regular flow ®. converges to a limit flow as ¢ — 0 for every initial data
yo € F and for every t, because the flow ®. is defined on the phase space and, even if the sequence
of the configurations x.(t) would converge for every ¢t and for every initial data, the limit can not
be achieved by the sequence & (Tp), if a colliding initial data is considered.

Therefore, for fixed T, we define the Poincaré map ®.(yo,T") as the solution at time 7' of the
system P(e) with initial value yg. Suppose § be a initial data leading to collision for the problem
P(0) and Ty be the collision instant, the purpose of the next section is to show that, for every
T # Tp, the map ®.(yo,T) converges to ®(y,T) as (g,y0) — (0,7). We note that the continuity of
the Poincaré map implies the proof of theorem 14.

3.5.1 The continuity of the Poincaré map

In order to underline the dependence with respect to initial data yo and the parameter € rather
than the time 7', we denote the Poincaré map with ®1(yo,e) in place of ®.(yo,T"). We want to
study the continuity of the map ®r(yo,e) to ®r(y) when e goes to zero and § is a initial data
leading to collision. Our aim is to prove that

limf (I)T(yo,f;") = @T(:lj)
Yo—7
e—0

for every positive T' # Tj.

If T < Tj no problem arises since we are considering the flow ®(g,t) before the singular time,
thus the above limit comes from the classical theorem of continuity with respect initial data of
ordinary differential equations.

On the other hand, for T > T the continuity of the Poincaré map is stated in the following
theorem.
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Theorem 16. Let V(z) € V* and suppose § = (z,z) be an initial condition leading to collision
for the system P(0) at time Ty. Then

lim_ ®r(yo,e) = Pr(7)
oy

for every T > Ty such that ©(T) #0 .
In the proof of the theorem we will need the following classical lemma

Lemma 3.4. Let H(r,p) and Hy(p) be real continuous functions with respect to a set of parameters
p, and suppose H be strictly increasing as function of r. Then for every T the function r = r(T,p),
implicit solution of equation

T = Ho(p) + H(?‘(T,p),p)
s continuous as function of p.

Proof of theorem (16)
As usual we set (r,8) the polar coordinates of the plane then a point y = (x, ) in the phase space
is replaced by
x = (rcosf,rsinb)

i = (7 cos — rfsin 0, 7 sin O + 76 cos 0)

From the definition of ®7(yo) and ®r(yo,e) remain well defined the functions r7(yo), 07 (yo),
77(y0), 07 (yo) and rr(yo,€), 01 (Yo, €), 1(yo,€), 01 (yo,€) denoting, respectively, the values of the
radial and angular coordinate and their velocity at time T" # Tj of a solution of system P(0) and
P(e) with initial data yo. The continuity of ®r(yo, ) is equivalent to the continuity of each of the
previous functions.

Recall the definition of the energy and angular momentum integral

1., 12
1?2 =%

Let § = (7,0,7, 9_) be an initial data in the phase space leading to collision with nonzero initial
velocity, ¥ < 0, and denote with E = %% — V(7) the energy of the collision solution.

A point y € F, y = (r, 9,r',9.)7 tends to 7 if it holds

|r—7 —0, |0 —0] — 0 mod 27
(E,) = (E,0)

We start showing the continuity of the function r(yo, ) as yo — 3 and € — 0. To this aim we

12

note that the value of rr(yo, ) is governed by the differential equation 7 = \/Z(E +Vo(r)) — =,
thus r7(yo, ) is a function of the initial position rg, the couple E, [ and the parameter €. Define
To(E, 1, ro, ) as the time necessary to the solution r(yg, t) to reach the minimal value r_ = r_(E, ),
then

) 1 r1(Yo0,€) 1
T :/ = dp+/ =
AV -5 S B V) -

= %(Ea l,?"(),:f) + T(TT(yOa‘S)aEv l)

dp

Claim The function 7y and T are continuous respect to ro, E, 1, ¢.
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Suppose for the moment that the claim is true, since the function 7 is strictly increasing with
respect to 77 (yo, €), for lemma (3.4), the function r(yo, ) is continuous with respect to the set of
parameter E, [, rg,e. Therefore

lim_77(yo,e) = r7(7)

Yo—7

e—0
The continuity of 87 (yo, ) is equivalent to the continuity of Abr(yo,e) := Or(yo,e) — 6. For the
definition of transmission solution Afr(g) = w, while, in theorem (15), we showed that the apsidal
angle associated to a solution of the perturbed system tends to § whenever the initial data tends
to a colliding one and the parameter ¢ tends to zero. Thus we gain

lim_07(yo,€) = 07(y)

Yo—7

e—0

The continuity of 77 (o, ) and 07 (yo, ) follows immediately by the continuity of 77 (yo, ) from

the relations

. 1 2
(Yo, €) = 2\/E + Ve(rr(yo, €)) — 210,22

. l
Or(yo,€) = m

Proof of the claim
Denoting with p and p the sets of parameter p = (E,1,79,¢) and p = (E,0,7,0), we want to show
that
lim 7o(p) = 7o(p)
p—p

We want to apply the dominated convergence theorem and pass the limit under the integral sign
in

T0 1
lim / =
per e JUAB V() - 5
To this aim we have to exhibit an L' bound for the integrand function. We observe that the
integrand become unbounded only for p approaching to r_ since we have chosen the initial value

7 < 0 and, as a consequence, we can suppose 19 < 0.
Let 8 € (r_,rp) and write

dp

ro 1 B B 1 7 1
/“ \/Q(E“’E(P))?dp_/r \/2(E+V5(p))ff;dp+/ﬁ \/2(E+vg(p))ffzdp

=1+1I
Since for every p € [3,7¢] the integrand is bounded, it follows
II < Cy(ro — B)

In order to show the ! boundness of the first integrand, using the definition of the energy integral,
we rewrite I in the form

P 1
I= D) 2 2 dp =
= \JT5 = 2Ve(ro) +2Ve(p) —
1

B
B /r_ \/r% L (Tj;r%g) +2(V(p) — V=(ro))

dp
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Again from the definition of energy, evaluated in rg and in the pericentre r_,

1, 112 1172
E= 57"8 tga~ Ve(ro) = 572 " Ve(r-)
0 —

it follows

7a2 —»T2
2= ( —— 0) 2(V(ro) = V(r_)) —73)

rorZ

and, replacing the last relation in the integrand, we obtain
1

|+ 2 B8 (Ve o) — Valro) +2(Ve(p) — Valro)

dp

/ \/ _r <ro p?)

(r2—r2)

S/ ! dp
r \/Q(VE(p)—VE (r0)) \/1r2<r0 p2) Ve(r_)—Ve(ro)

p? (rg—r2) Ve(p)=Ve(ro)
For theorem 11 there exists positive constant K such that, for every ¢ small enough,

LT (= p?) Velro) = Ve(ro) Kro(p—r_)
p? (12 —12) Vi(p) = Ve(ro) ~ r—(ro+p) + Kro(p —7—)

thus

———dp <

L 1
I<C/r\/p—7“\/2(v(ﬂ)_ <Cl/ \/7

In order to obtain an uniform bound for every choice of r_, we perform the variable changing
z = p —r_ and conclude

I<C’2/ —dz<oo

We can now apply the Lebesgue theorem and we obtain

lim

/’r‘o 1 dp _ /'F %dp
P JAB+Vap) - 5 0 V2(E+V(p)

thus the function 73 and, for the same reason, the function 7 are continuous with respect the
parameter p.
O

3.5.2 The continuity of the Poincarée section

Let again § be an initial condition leading to collision for the system P(0), Ty the collision instant
and for a choice of T > Ty we denote y; = ®(g,T) according to the definition 3.7 of extension of
collision solution. Given Y an hyperplane in the phase space passing through y; and transversally
to the flow, we will show that for every initial data yo near g, there exists a time ¢t = 7(yo) when
the trajectory ®(yo,t) intersect the hyperplane . The trace S(yo) = ®(yo,7(yo)) drawn on X as
the data yo changes is called the Poincaré section of the flow on . In the next theorem we prove
the continuity of the map 7(yo) and the continuity of the Poincaré section in a neighbourhood of

y.
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Theorem 17. Let V() € V*. Then there exists a § > 0 and a continuous function 7(yo) defined
in a §-neighbourhood of §, N5(g), such that 7(§) =T and

P(yo, 7(yo)) € X
Moreover the Poincaré section is continuous in N(7).

Proof
Let F' a vector in the phase space such that F' - f(y1) > 0 and consider the hyperplane

Y={y:(y—yl) - F=0}
Tt is obvious by definition of y; that (®(y,T) — y1) - F = 0 and since

d

L@@ —y1) - F|_ = f) - F>0

it holds that there exists an £ > 0 such that

(@, T—-¢—yl) - F <O
(®(g, T+& —yl)-F>0

For theorem (16) and for the sign permanence theorem it follows that there exists a § > 0 such for
every |§ —yo| < 0

(@(yo, T = &) —yl)- F <0
(®(yo, T +&) —yl)-F>0

For every fixed yo, the function (®(yo,t) — yl) - F is increasing in ¢: indeed

d

2 (@o,t) —y1) - I = f(®(yo, 1)) - F

and the continuity of the vector space f(y) far from the collision points and the continuity of the
orbit ®(yo,t) with respect to both the variables imply that f(®(yo,t)) - F > 0. Therefore for every
Yo € N5(g) there exists a time 7(yo) such that ®(yo, 7(v0)) € ¥ and 7(y) = T. In order to prove
the continuity of 7(yg) we define

H(yOaT) = (q)(yOaT) - yl) - F

then 7(yp) is the implicit solution of H(yo,7(yo)) = 0. Since H is continuous in yo and it is

continuous and increasing with respect to 7, for lemma (3.4) the function 7(yo) is continuous.

Moreover, for composition of continuous functions we infer the continuity of the Poincaré section.

O

In the following we want to generalise for a large class of potential V(x) the result obtained in

§2.3 about the non-differentiability of the apsidal angle of a solution of the logarithmic potential
problem when the angular momentum goes to zero.

Theorem 18. Let V € V* with the further assumption

lim 1 d (V(/\ac))
p—0/2V(p) dx \ V(z)

then the apsidal angle A9 is not differentiable as | goes to zero.

=-—00 A>1 (3.27)

T=p
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Proof
As in the proof of theorem 7 let (r) = —V’'(r) the force at distance r directed to the origin,
P(z) = =5V’ (L) and w(z) =2 [¢(2)dz = 2V (1). The apsidal angle is given by

1

[ 1
Aei/@ Vsl —s)\/1+e(Ls+a)

ds

) (L+20) | Vigm)-VE)
st = T [ () vy

when [ and L are linked by

p_wllra)—u(e) _ Vigs) V()

(L+2a)L (L +2a)L

thenLﬁoowheanOandlzw%(j).

As in the proof of theorem 10 fix @ = 1 and write the incremental quotient

1 1
<\/1+6(Ls+1) \/1+§>d

Alg — A09 / .
m 2V (L)
L
Set p =+ and f(p) = m and take the limit

. flp) - f(0 _ )4
Flir(l) \/s 1—23) (p\/QV > /HO/ \/s 1—23) p)d

We show that lim, .o \/f% = oo for a.e. s € (0,1) . Indeed
P

/ _ _1 1 e
Fip) =3 Lo} (p)
and, since
E(p) 1+2p V(erp) _V(l) _1
L= (Vi) - v)
it follows
s [ v vy T aga
E(p)_l_s S(V(ﬁ)—v(l)) ] 8(1—8)

(V2 wsr) (V) - v) = (V%) - VD) V' (+45) o
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We observe that the first term of the derivative is equal to ﬁe(p) and tends to % as p tends to
zero, then as p — 0

V'(8)Vp) =V (5)V'(p)
V(p)?

N;—Fs(l—s)@

Thus the assumption (3.27) implies that

f'lp)
r=01/2V(p)
LR S 1 2 1 d (V(%) N
—— im - - = T00
214148 0—0,2V(p) \ s s(1—s)dx \ V(z)
s z=p
This means that the function A!8 is not differentiable in [ = 0. O

3.6 Variational property of the collision solutions

In this section we join a variational approach to the study of the dynamical system (3.2). We recall
that the system of differential equations we are taking into account is a conservative hamiltonian
system where the energy is the hamiltonian function. Till now the hamiltonian structure of the
system and the existence of conserved quantities, like the energy and the angular momentum,
played a crucial role in all the results we have proved. On the other hand the central problem can
also be approached using its characterization as lagrangian dynamical system. In this formulation
a classical solution of the dynamical system is a solution of the Euler-Lagrange equation associated
to the lagrangian function

L) = i) +V(u(t)

The variational approach consists in finding solutions of the motion as critical point of the action
functional

Alu) = /T L(u,)dt

The principle of least action states that if u(t) is a stationary point of the action functional in a
suitable open set of paths, then u(t) is a solution for the dynamical system. See the Appendix for
more details.

From the point of view of calculus of variation a critical point of the action may not to be
a minimum, indeed also saddle or maxima are stationary points of the functional. However in
the variational framework, may be relevant to know if a critical point of the action functional is
or not a local minimum. Indeed the knowledge of the topology of the action functional in the
neighbourhood of a critical point could be useful in order to find other solutions or in the study of
the stability of the system.

In the following we want to extend some results contained in [1] and in the reference therein,
about the collisionless property of minimal paths for the two body problem when a homogeneous
potential and the logarithmic potential is considered. In particular we will prove that every collision
path can not be a minimum for the action functional whenever a potential function V(z) € V is
chosen. To this aim we have first to discuss on the asymptotic estimates of the solution of the
dynamical system as it approaches a collision point.
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3.6.1 Asymptotic estimate

The purpose of this section is to analyse the asymptotic behaviour of a solution as it approaches a
collision. We consider problems with potentials V' (x) belonging to V and, without loss of generality,
we assume that the collision is achieved for ¢ = 0. The function V(z) = —log(z) can be considered
the prototype for potentials in V and the analysis of the asymptotics for the logarithmic potential
can be found, with more generality, in [1]. In this paper the authors show the following estimates
for the radial coordinate and its velocity as ¢ tends to zero

r(t) ~ ty/—2log(t)

7(t) ~ —y/—2log(t)
In order to extend these estimates to the larger class fo potential ¥V, we remind that, for theorem
13, every potential function V(x) € V is of weak type, thus, for theorem 12, a collision solution

occurs if and only if the angular momentum is zero. Therefore, from the energy integral associated

to a collision solution,

E = %7%2 -V(r)

we infer the relation
: r(t)
hm B —
©0 =2V (r (D)

since the potential V(z) diverges to infinity as the configuration approach the collision. From the
last relation it follows the asymptotic estimate for the radial velocity

P~ —/2V(r) (3.28)

and by integration

t
= dr =1t

r(t) 1
[
0 2V(p) 0

In general an explicit estimate of the behaviour of the radial coordinate and its velocity with
respect to time ¢ can not be achieved. However, denoting with H(r) the integral function

" 1
H(r)= / ———dp
0 \2V(p)
we have, at least in a neighbourhood of the collision, the implicit formula
r(t) = H'(t) .

since H(r) is positive and increasing as function of r small enough.

3.6.2 The non-minimality of collision solutions

The aim of the following theorems is to give a characterization of the extended collision solutions
of system (3.2) from a variational point of view.

Since a classical collision solution u(t) is a path joining the initial position P to the origin in
finite time Ty, we regard the transmission solution ug(t), extension of u(t), as a path joining two
different point P, @, different from the origin, in finite time 7.

Thus, denoting with A the action functional

Ap(u) = /OT (;W + V(u|)) dt
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defined on the set of paths
A= {u(t),ﬂ € L2au(0) = P’U(T) = Q}

we ask ourselves if the collision path wug(t) is, or not, a minimal path for Ap.

Before proving the theorem which states the collisionless property for the minimal paths of the
action, we show that any collision solution u(t) of the dynamical system belongs to H*(T, R?) and
the action A(u) is finite, provided a potential V(x) € V is considered.

Theorem 19. Let V(z) € V, u(t) a collision solution of system (3.2). Then u € H'((t1,12), R?)
and A(u) < oo, where [t1,ta) in the interval time of existence of solution u(t) and ty denotes the
collision instant.

Proof
By definition the action functional is sum of two positive parts and the boundness of the action
implies u € H((t1,t2), R?).

Since a collision solution for the two body problem with potential V(z) € V is a radial solution,
we have

Afu) = /tt (;ﬁ(t) +V(r(t))) dt

The integrand function diverges to infinity as ¢ approaches the collision time ¢35, since both the
velocity and the potential blow up when a collision occurs. Thanks to the energy integral, we write

Afu) = /tz (B +2v () at

t1

< c/t2 V(r(t)) dt

After a change of coordinates we write the action in the form
R
Vv
Afw) < C / LAGFA
0 T

then, thanks to the estimate (3.28) and (3.15), we conclude

R R
1
Au) < C/ VV(r)dr < / ——7dr < oo
0 o T
O
Theorem 20. For every V(z) € V*, let ug : [T, T] — R? be the extension of a collision solution

of system (3.2) according with the definition 3.7 of transmission solution. Then ug is not a minimal
path for the action functional Ay, where

A= {u(t) 4 € L*([~T,T)), u(=T) = uo(=T),u(T) = uo(T)}
denotes the set of paths joining the end points of ug.

Proof

Let u(t) be a collision solution for the system (3.2), defined on the time interval [-T,0) where t = 0
denotes the collision instant. We extend the collision path u(t) beyond the singularity according
to definition 3.7 of transmission solution; the extended path, denoted with ug(¢), is defined for
t € [-T,T] and belongs to the same line for all the time. We note that, being a classical solution
out of the collision time, the path wug is a critical point for the action with respect to variation
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3.6. Variational property of the collision solutions 62

with compact support in [-7,0) and in (0,7]. In order to prove that the minima for the action A
among all the paths in A are collisionless, we perform a variation on the trajectory ug that removes
the collision and makes the action decrease.

Let uy(t) = uo(t) + v?(t) where v°(¢) is the standard variation

) |t|<T1
é
v(t) = T—
(®) { G Ti<|t|<T

directed orthogonal to ug(t).
Let us compute the difference AA = A(ug) — A(u1) and show that for every § sufficiently small
AA is positive: this means that ug(t) is not a local minimum of the action functional.

AA = /_z (E(uo) - E(ul))dt — /_i (;WOP + V(|u0)) - (;W + V(|u1|)> dt

T T

:/ = (Jo]* = | ]?) dt—l—/ V(Juol) = V(Jui|)dt
12 -T
=AK+ AV

We study separately the kinetic and the potential contribute.
Since the variation v° is directed orthogonally to ug, we gain
2 [0 (t)[* | <1
aOF =\ i+ ey Tu<lf<T
0 (T—T1)2 1 ~

then

Ty 42 62
AIC:—Z/ A —
7 2(T —T)? (T'-1)

One should expect that the variation AKC is negative: indeed the path w;(t) is given by wg(t)
adding a motion with nonzero velocity; on the other hand, for every ¢, the configuration uq(t) is
further than ug(t) from the origin then the potential contribute AV will be positive. We show
that, for every § small enough, the contribution of the potential part is bigger than the penalising
contribution, due to the kinetic part.

T T
AV =2 / V(Jul) — V(jur]) dt > 2 / V(Juol) — V(Jun ) dt

T
> V(juol) = V (y/ud + 62) dt
0

V(juol) = V(/u +62) = —/01 d%v (\/u% +§52) d¢

Ty V/ 52
AV>2/ / U +E )52d§dt

For every t fixed

Hence

VuZ + €82
T 2
2 u0+§5) _ 52 _ 52
>6/ TN dédt =06 ; f(;(t)dt—(SR(;

For ¢ sufficiently small the functions f5(¢) are positive and

T: T _ /! u
/O lim £5() dt :/0 Wdt = o0 (3.29)
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The last relation follows from the fact that the collision solution wug is a radial solution, thus the
radial differential equation 7(t) = —V’(r(t)) is satisfied. Indeed

TIM Tl* "(Ju = (Clim7r(t) = +o0
/0 o ()] dt>c/0 V' (Juo(t)]) dt = C lim 7(t) = +

By relation (3.29) and Fatou’s Lemma we conclude that

nVI/ETE)

lim — 2 dfdt = +o0
6—0Jo Jo Vud + €62 ¢
hence
AA=AK + AV =6 (- R 0
A + AV ( T T, + 5) >
for every ¢ small enough. O

3.7 Conclusions about the regularization of collision solu-
tions

At the end of this chapter we recollect all the results we have obtained and we try to give a complete
picture of the problem of the extension of the flow for the two body problem.

We concentrate our analysis in the case that the potential function V' (z) belongs to a class of
potential )V whose elements have the main property of being singular in the origin, with a singularity
weaker than the inverse square, i.e. limy,_o2?V(Jz|) = 0. We remark that, at least among the
a-homogeneous functions, the potentials of strong type, according to definition 3.5, satisfy the
strong force condition introduced by Gordon([11],[10]).

The collisions play a fundamental role in the phase portrait of the flow associated to the two body
problem as they are the responsible of the singularities of the flow. Thus a theory of regularization
of the flow consists in defining an extension of the collision solutions in such a way that the extended
flow satisfies some properties of smoothness.

The results achieved in the previous chapter about the asymptotic behaviour of the apsidal angle
of a solution for the logarithmic potential problem, suggest to apply the technique of regularization
via smoothing of the potential in order to extend the flow for logarithmic type potentials. Indeed we
proved that the extended flow obtained defining the solution beyond the singularity as a transmis-
sion solution, attains some good properties of smoothness provided the potential functions satisfies
a certain logarithmic type condition. In particular we showed that for every potential V' (z) € V*
it is possible to extend the flow beyond the singularity in such a way that the extended flow not
only is continuous with respect initial data in the space of configurations, but also the continuity
of the Poincaré map and continuity of the Poincaré section in the phase space are attained. Since
the same regularization of collision solutions can not be applied for system with a-homogeneous
potential, it’s reasonable to think that the weakness of the singularity of the potential make the
system to be regularized with the method of smoothing of the potential. Moreover we proved
that for some potentials in the class V*, included the logarithmic potential, the Poincaré map is
not differentiable with respect initial data at the collision solution: this means that for all these
potentials does not exists a change of coordinates, in the spirit of Levi-Civita, that transforms the
singular differential system into a regular one. Thus the possibility to define a transformation in
space and time that removes the singularity from the equation of motion is not connected to the
local behaviour of the potential at the singularity, but to an algebraic condition on the power of
homogeneity of the potential.

However, for what that concerns potentials with a logarithmic type singularity, the definition of
transmission solution and the good topological properties held by the extended flow, may induce us
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to think that, in some way, the particle, after falling into the collision, emerges in the same direction
without notice the presence of the singularity in the equation of motion. More precisely one could
expect that the contribution of the singularity of the potential is negligible from a variational point
of view and, as a consequence, the collision solutions are minimal paths for the action functional.
We proved that this expectation could not be confirmed, indeed for any potential function in V*,
the minimal paths for the action are free of collisions. This result joins similar one about the non
minimality of the collision solution obtained in case of logarithmic potential and a-homogeneous
potential, 0 < a < 2, see [1], and for strong force type potentials, see [10]. On the other hand,
if the gravitational potential is considered, the collision solution could be a local minimizer for
the action [11]; T think that this peculiar phenomena is connected to the fact that the differential
equation describing the Kepler motion is regularizable by Levi-Civita transformation.
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Variational methods for the
N-centre problem
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Chapter 4

The classical approach to the
two-center problem

The two center problem, one of the most famous integrable problem in classical mechanics, describes
the motion of a particle in the field of two fixed newtonian centers of attraction. First investigated
by Euler in 1760, this problem may be viewed as a limiting case of a restricted three-body problem,
in which a particle of negligible mass moves in the gravitational field of two massive bodies. As
Euler showed, this system is completely integrable in elliptic coordinates and explicit solutions are
given in Jacobi’s work ”Vorlesungen iiber Dynamik”.

Besides the importance of this problem in celestial mechanic, the system plays a important role
in atomic physics model of a diatomic molecule in which the two center are atomic nuclei and
the test particle is an electron. Starting from Pauli’s dissertation, the system became a model for
one-electron molecules such as Hy ( symmetric case) or HHe?t (asymmetric case), see [25] for
more references.

In this chapter we will study the planar two center problem in the symmetric case: first we show
the integrability structure of the system and all the possible types of motion and the bifurcation
diagram are described. Then we gain a variational approach and we prove the existence of a special
periodic solution of eight shape.

4.1 The integrability of the system

Given a planar fixed cartesian coordinate system, we assume two fixed centers to be located at
positions C; 5 = (%c¢,0) on the z-axis. The equation of motion of a test particle restricted on a
plane, moving in the mutual keplerian attraction of the two centres is

. 1 u — CQ
—U = +
i |lu—C4]3 M2|qu2|3

pr2 >0 (4.1)

The constants f1; 2 indicate the strengths of the attraction of the fixed points, for instance in the
gravitational case u; = GM;, where G is the gravitational constant and M7, M5y are the masses of
the two fixed bodies. The case pu; = o is said symmetric case, asymmetric case otherwise.

The hamiltonian associated to the system (4.1) is

1
H = (@ + ) -

T+U
5 +

1 1
M1 — M2 =
Ve—F s Vo

and denotes the energy of the moving particle. Now we perform a changing of coordinates in order
to obtain a second conserved quantity and to establish the integrability of the system. (see [27])
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Figure 4.1:

Since any ellipse or hyperbola with the two centres as foci is a possible orbit when one of the
centres acts alone, by Bonnet’s theorem the same orbits are admissible solutions when both the
centres of forces are acting. This suggest to replace the cartesian coordinates (z,y) by elliptic
coordinates (£,7) defined by

x =ccoshécosn y =csinhésingy

Since ) )
T Y
5, T 124
c2cosh®¢  ¢Zsinh” €&
and
22 y?

— =1
c2cos?n  c?sin’p

the coordinate lines £ = constant and 1 = constant represent, respectively, ellipses and hyperbola
whose foci are the centres of attraction.
The potential energy U , expressed in terms of £, i , becomes
1 1
H2 c(cosh & + cosn)

U=-m c(cosh & — cosn)

and the kinetic energy T is given by
1 )
T = i(coshQS — cos® ) (€2 +7?)

Denoting with £ =T — U the lagrangian function, the Euler-Lagrange equations associated to the
motion of the coordinate ¢ are given by

da(ocy_oc

dt\o¢) o€

c2% ((Cosh2 £ — cos? 77)5) = ¢2 cosh ¢ sinh 5(52 I ,';]2)

_
o€
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We multiply both sides for 2(cosh? € — cos? )€ then

02% ((cosh2 € — cos? n)2f2>
= —2(cosh? € — cos? n)%—géz + 2€ cosh & sinh €2(H — U)

oU
¢
((cosh2 € —cos®n)(H —U))

52 + 2§(H -U) g (cosh2 & — cos? 7)

= —2(cosh? € — cos? 7)) %

0
o€

: 8 M1 H2
_ g2 20 2 _
=2¢ o€ ((cosh & —cos“n)H + - (cosh& + cosn) + . (cosh¢ Cosn))

= 2¢2

d
=2— (H cosh? € + pat e cosh§>
dt c

Integrating we obtain

c? 2 2 \2¢2 2 M1+ H2

E(COSh € —cos”n)*¢* = H cosh® {———— cosh€é — G (4.2)
c

where G is a constant of integration.
In the coordinates (£,7n) the energy H satisfies the relation

H(cosh? & — cos?n) =

2 .
%(cosh2 € —cos?n)? (€2 +1%) — 'u—cl(coshf + cosn) — %(coshé‘ —cosn)

thus, subtracting formula (4.2) from the previous one, we obtain

2

%(coshZ € —cos®n)*n® = —H cos®n + 1”2 o n+G (4.3)
c
From relations (4.2),(4.3) we have
(d€)? _ (dn)?

Hcosh2§% coshé — G —Hcos?n+ B2 cosn 4+ G

then, introducing an auxiliary variable s, it holds

s = / (H cosh? fu cosh & — G) dé
c

1
_ 2
s:/(—Hcosancoer—G) dn
c

These are elliptic integrals and, formally, one can express the motion of the coordinates £ and 7 as
function of the parameter s,

§=x(s), n="y(s)

which determine the orbit of the particle.
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4.2 Bifurcation diagram for symmetric case

In the following we set p; = o = % and ¢ = 1.
In elliptic coordinates the equations of motion are given by
(cosh? & — cos?1)?€% = 2(H cosh & + cosh € — Q)
(cosh? € — cos? 1)%i? = 2(—H cos®* n + G)

We observe that the velocities €, 7, are singular on the collision configurations £ = n = 0. We
introduce an appropriate scaling of time,

dt = (cosh? € — cos? n)ds
in such a way that the previous relations become

€% = 2(H cosh? € + cosh & — G)
n? =2(—Hcos’n+ G)

With the substitutions
u = cosh & | v = cosn

we obtain the equations

u/2

(w? 1)

,U/2

1- %)

=2(Hu®* +u— Q)
=2(G — Hv?)

that, in non-collision case, can be written in the form

(u? = 1) (Hu? +u —G) = 2(u? — 1)P(u) (4.5)
(1 —2?)(G - Hv?) = 2(1 — v*)Q(v)

l

u2
!

’U2

2
2

Classically allowed motions require the squared velocities to be positive. We discuss this occur-
rence in terms of the zeros of the polynomials P(u), Q(v). We concentrate our discussion only for
negative energy orbits, H < 0: we will see that this choice implies the boundness of the orbits. We
now describe all the possible bounded motions in term of the constant H, G and we emphasise the
connections between orbital topology and sectors of the (G, H)-plane. For a detailed description
of the bifurcation diagram for the asymmetric and three dimensional case see [25], [26].

A necessary condition for the existence of an orbit is that the polinomials P(u) is positive for
some u > 1 and @Q(v) is positive for some v € [—1,1] and the motion is bounded in the (u,v)
rectangular where the polinomials are positive. We first study the equation of motion relative to

the coordinate v (4.6): if G < 0 the polinomial Q(v) has real roots v1 o = %4/ <, while Q(v) > 0

for every v in case G > 0. The lines £} = {H = G} and £2 = {G = 0} divide the (G, H) halfplane
H < 0 in three sectors, see fig (4.2):

in sector I , 1/% > 1 then Q(v) < 0 for every v € [—1, 1] hence no motion is possible. On line

Ll it holds H = G then only the collision motions v = 1, v = —1 are admitted;

in region II the roots v1 2 move in the interval [—1,1] and oscillatory motions in the v-range
[v1,1] and [—1, —v1] become possible: these correspond to motions that swing around one of the
two centres. This situation persists as long as G' # 0: on line £2 it holds v; = v = 0 hence the
axial solution rises.

Finally, in the third region III, Q(v) is positive for all v and motion exists for every physical
value v € [—1, 1]; in this situation the particle swing around the two centres.
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4.2. Bifurcation diagram for symmetric case 71

Figure 4.3:

We now study the equation of motion for the coordinate u: the motion exists in correspondence
of that values of coordinate u > 1 such that P(u) > 0.

The restriction we done on the sign of the constant H, H < 0, implies that the function P(u) is
a concave parabola then all the possible motions are bounded. The topology of the orbits depends
on how many solutions u > 1 the equation P(u) = 0 has; more precisely, if the discriminant of the
polynomial P(u) is negative, i.e. 1 +4HG < 0, the previous equation has no real solutions then
P(u) < 0 for all v and no motion exists.

Otherwise, suppose H > fi, then P(u) = 0 has two real solutions, say for instance uq, us,
with u; < ue. Ifu; < 1 and ug < 1 then P(u) < 0 for all u > 1 hence again no motion exists, while
if u1 < 1 and ugy > 1 a motion in the u-range [1,us] is possible and, finally, if both the solutions
uy,us are bigger than one , the motion exists in the strip [u1,us]. Let us now derive algebraic
conditions on H and G for each of the cases listed below. The solutions of P(u) = 0 are

_ —1+1+4HG ~1-V114HG

“ 2H 2 2H
The conditions on H and G that ensure ug > 1 are
>
1+4H?70 1+ 4HG > 0
_Z U 1
H < 5 H>_t
H>G-1 2
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4.2. Bifurcation diagram for symmetric case 72

while both the solutions uy,us > 1 if

1+4HG >0

1
H>-=
2

H<G-1

The hyperbola £}, = {H = — 4} and the line £2 = {h = G — 1} are boundary in the (G, H) half-
plane H < 0 of three regions shown in figure (4.3): in region I no motion is possible, in region II
the motion exists in the u-range [1, us] with us leading to infinity as H tends to zero. On the other
hand on the separating line £2 we have two different behaviour: if G < %7 that is £2 separates
region I and II, only the collision motion is possible (ug = 1),while uy = % if % <G<1l. In
region IIT the solutions u; and ug are both bigger then 1, then an oscillatory motion in the u
interval [u1, us] is possible.

To get the complete bifurcation diagram of the bounded motions, we superimpose the critical
line of v- and u- motion : this leads to figure (4.4). The admissible region of the (G, H) plane that
correspond real motions is partioned in three sectors by critical lines. For each of this sectors the
orbits (z(s),y(s)) have a different topology, see figure (4.5):

Figure 4.4:

I Satellite orbits. These orbits wind around one of the centres and occupy two disconnected
regions between the ellipse £ = & and two branches of the hyperbola n = 7; where cosh & = us
and cosn; = vy

1T Lemniscate orbits. These orbits encircle both the centres and are bounded in the region within
the ellipse £ = &5. These orbits intersect the line joining the centres and except the periodic orbits,
they are quasi-periodic and fill the entire region inside the boundary ellipse.

IIT Planetary orbits. In this case the particle rings around the two centres and the orbits are
enclosed by two ellipses, £ = &; and & = & where, as usual, cosh§; = u;. Beside the periodic one,
all the orbits are quasi-periodic and explore the entire region.

On critical lines the orbits change topology and could present collision. In particular on line £}
the constants are equal, H = G then v = £1 and u € [1,uz]. It corresponds to collision orbits on
the z-axis with £ > 1 or x < —1. On line 53 the constants satisfy H = G — 1 then if G < % it
holds u = 1. The orbits are pendular libration along the line joining the centres on the z-axis and
they are of two types: one with v running between limits v,,4, = £1 (G > 0) and a second with
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v running from |vpin| < 1 10 Upmee = £1 (G < 0). An orbit in either of these classes present a
collision with one of the centres. On the boundary line £1 the roots of the polinomial P(u) are
equal and bigger then 1. The motion is periodic and lies on an ellipse £ = const.

Passing through the separation lines £2 and £2 with % < G < 1 the topology of region P of
the plane when the orbits live changes. In sector I P is composed by two disconnected portions,
while in sector II P becomes simply connected. Crossing the line £2 and entering in sector III,
the region P remains connected but not simply connected.
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Figure 4.5:

4.3 Periodic solutions

In elliptic coordinates (&, 7n) the system of motion for the symmetric two-center problem is given
by equations (4.4). Then every bounded solution is the superposition of an hanarmonic oscillator
in the coordinate £ and a harmonic oscillator for the coordinate 7.

The periods of the ¢ and 1 motions are

Nl

Te :% (2(H cosh®¢ + coshé — G) ? d¢
T, :%(Q(G - Hcosn)fé dn
We define the winding number « of the trajectory as
T,
T

When « is a rational number m/n a periodic orbit occurs, otherwise quasi-periodic.
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Figure 4.6:

A first class of periodic orbits is given for a = 0, 0o that is £ = const and 1 = const. For every
&0 > 0 and np € (0,27) there exist a periodic solution on the coordinate lines £ = &y and n = ng:
we show the values of the parameters H, G that correspond to that solutions.

As before let uy = cosh&y and vy = cosng, then the bifurcation diagram for the motion con-
strained to pass by the point (ug, vg) is depicted in figure (4.6). The segment H = % and H = G%g““
sign the edge of the admissible region. If the constant point (G, H) belongs to the boundary of
that region then a periodic orbit passing by (ug,vp) occurs; in particular on the segment A the
periodic orbits consists in an arc of hyperbola, while on the segment B the orbit draws an arc of
ellipse and on the segment C a closed ellipse. In the last case we say that the orbits is of class
a =1:0. The stability analysis of these periodic orbits is given in [25].

In figure 4.7 we present some examples of periodic orbits related to different winding numbers:
in particular the eight-shape periodic orbit corresponds to @ = 1 : 2 and for every integer m,n
there exists periodic orbits of winding number o« = m : n. In [9, 8] a systematic classification of
the periodic orbits is given and the convergent properties are studied.
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Chapter 5

A variational approach to the
study of the planar N-centre
problem

Classically, the N-centre problem consists in the study of the dynamics of a test particle moving
under the gravitational influence of N fixed masses.

Although in the literature both the planar and spatial and both attractive and repelling cases
are considered, we focus our analysis only in the planar case, when the test particle is forced to
move in the euclidean plane, and in purely attractive case, that is all the centres are attractive
and, when it is not specified, we suppose the force of attraction to be gravitational.

The N-centre problem is considered to be a very interesting problem for many reasons: first of all,
the N-centre problem is strictly connected to the N + 1-body problem, indeed it can be considered
as a limit case of the N + 1-body problem when one of the body, the satellite, moves faster than
the other N bodies, called primaries, see for instance [14, 15]. Moreover the N-centre problem is
also related to models in molecular physics, where the centres play the role of massive components
in atoms or the gravitational force is replaced by the coulombic interaction, [25, 9, 8, 24].

Except the 1-center problem and the 2-center problem, the N-centre problem is not completely
integrable; this was proved for the planar case by Bolotin [4], and in the spatial case by Bolotin,
Negrini [6, 5] and Knauf, Klein [15, 14]. In these last works the authors consider scattering orbits
in the force field of N attracting coulombic singularities and they show also an unexpected feature
of the N-central problem: the existence of a set of bounded orbits at arbitrarily high energies.

In the study of the N-centre problem, as well as the N-body problem, the collisions with the
centres form a major technical obstacle in the understanding of the dynamics since they are the
source of the non-completeness of the flow. In the following we will handle this problem from a
variational point of view: we will use the standard tolls of calculus of variation together with some
ideas, as the Levi-Civita transformation and certain topological constraints, and we will prove the
existence of non collision solutions for the N-centre problem for particular displacements of the
centres in the plane. Our approach will be quite different from the one followed in the above
mentioned works: we look for solutions of the problem by means of a minimizing procedure among
certain sets of paths with fixed period rather than fixed energy and our solutions are expected to
be of low energy; moreover the collinear configuration of centres, the one avoided in [14, 15], is the
situation we are most interested.

Before studying the motion of a particle attracted by more than one centres, we want to deepen a
little more the one-centre problem: the next results can be viewed as an extension, or a fulfilment,
of the results obtained in the first part of this thesis about the collisionless property of the minimal
path for the action functional associated to an homogeneous potential problem.
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5.1. An homogeneous perturbation of the 1-centre problem 78

5.1 An homogeneous perturbation of the 1-centre problem

Consider the differential equation

. X x
—r = 7|1'|2+a + |£L’|2+7 (51)

where a > 1, v < «; this system can be considered as a singular perturbation of the a-homogeneous
potential problem considered before. We want to deal about the variational property of collision
paths and we will show that the presence of the perturbation, even if singular, does not change
the results obtained for the unperturbed system.

To this aim, denoting with P;, P> two different points, different from the origin, and with € the

internal angle PTO\PQ =60 >0, 0 <m, we define f\9 7 as the set of all non-collision paths joining
P; to P» such that the total variation of the angle is 2w — 6. Moreover we use A9 f to indicate the

union of Ae with the collision path joining P; to Ps.
The equatlon (5.1) is the Euler-Lagrange equation associated to the action functional

T
Alg) = / Lqt). 4(t))dt

where t — ¢(t) is a path in the plane and L(q, ¢) is the Lagrangian function defined as

1 11 11 K
I N .12 L - 5 U
(a:4) = 54l + alr Tagr T2t

The functional
T
Azf(q) : A?,f —RTU {+OO}, ‘Af,f(q) — [J ( + U> dit

is the restriction of the lagrangian action to Ai -

Theorem 21. If o > 1 the functional Afyf(q) has at least a minimizer and all the minimizers are
free of collisions.

Proof
The existence of a minimizer follows from the coercivity and the lower semicontinuity of the action
functional (see for instance [11]).

For every € > 0 we define

Al pe)={ae Ay : lat) > ¢}
cle) = qergnn( )A (@)
and
M(e)={qe Ae #(€) :AQ #(q) = c(e), min|q(t)| = €}

The minimizers of the action Aef are free of collisions if and only if the set M(e) is empty for €
small enough. For the sake of absurdity we suppose there exists a sequence {e, }>° ; converging to
zero and ¢, € AZ,f such that min |g, ()| = &, and .A? (an) = c(en).

For every n € NT the path ¢, (t) has the following properties:

qn(t) € CH[0,Ty]) , 40(0) = Py , q,(T,,) = P, and there exists ¢, <t such that

lgn(t)| =en  if t €ty tf]
lgn(t)] > en  if t€[0, TR\ [t 1)]]
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5.1. An homogeneous perturbation of the 1-centre problem 79

ii. ¢n(t) and g (t)| , ~ are C? functions and are solutions of the equation (5.1).

[0,¢] (tn,Tn]

iii. the energy H, and the angular momentum L,, of ¢, (t) = p, (t)e?*»®)

are constant for every t € [0,7,,] and {H,,}52, is uniformly bounded.

The first property is a consequence of a result of [18] which concerns extremals of lagrangians
with convex obstacle, while the other points follow from the extremality of ¢,, with respect to time
reparametrization and with respect to compact supported variations. We refer to [23] for a detailed
proof. Moreover it’s not difficult to show that

Lemma 5.1. If u(t) is a solution of equation (5.1) then for every € > 0 the function
1

ue(t) = Eu(EHTQ t) solves the equation

. ey U
—U = 7|u|2+a +¢€ 7|u\2+7 (5.2)

For every n we decompose the path g, (t) as follows:

- @n(t) =qn(t) 0] the path from P till the point when ¢, reaches the constraint B,
0,tn

- g2.n(t) = gn(t) .. the path on the constraint

[t stn]

- g3 (t) = gn(t) . the path from the constraint to Ps.
tnTn

and, at the same time, we write the total variation of the angle
2r — 0 = a1,n + Q2 n + a3 n (53)

where «; 5, is tha angle covered by ¢; .

We now consider the path ¢ ,(t) and, without loosing of generality, we apply a time translation
such that |g1,,(0)] = e, ql,n(Tn') = P.

For every n let u,(t) = r,(t)e’¥"() be defined by

1 24 _ 24a
un(t) = :QI,H (5n2 t) te [O,Tnfn 2 }
n
24a

) = —pin (578) L Galt) = 01 (27 1)

thus u, (0) = 1 and, for the previous lemma, u,, is a solution of equation (5.2).
The energy integral h,, and the angular momentum [,, of the solution u, (t) are given, respectively,
by

1. 1 1 |
hn = 5l (8)* = = o
2 a |un(t)] 7 lun @)
1]1, 2o 2al? g 1 €2 1
= 5 ;qn(snz t)€n2 - En PR — 24a [V
" janen® ] 7 fanten® )|
=epH,
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and
2 1 2+a 9 24+a 24a
b = 12bs = 5 pulen” £d(en” B
a—2 !
= 5n2 Ln

Since h, — 0 as n — 00, the sequence of paths u,(t) tends to the parabolic solution. Moreover,
since ¢y, (t) is tangent to the constraint B, , it follows p,,(0) = 0 and, from the energy integral, we
infer

12 11 11
" 262 agr ye)

This implies that

n-n

2 2
2=12e"2=2%H, +~ + ~e27 — =
a v

as n — oo.

The sequence {u, }5° ; uniformly converges on every closed interval of Rt to the path u : RT —
R? with the property of being of class C? on [0,4o00] and a parabolic solution of the perturbed
2

Let (r,%) be the polar coordinates of the plane motion and express the path Z in this reference,
7 = re'¥. Since the angular momentum [ is a positive conserved quantity, the function s + 1(s) is
strictly increasing. Denoting with ¢y = 1(0), ¥(+00) = lims_,« ¥(s) and with At = ¥h(400) — 1o,
from the energy integral it follows

kepler problem (5.2) with energy h = 0 and angular momentum [ =

+
R ln

Ay = lim

The sequence 1), uniformly converges to the function 1) on every closed interval in RT. If [0, A] is
such a closed interval, for n sufficiently large, we have

wn(A> - wn(o) < Yn (5;HTaTn) = Q1n

Repeating all the reasoning for the path g3, we find a function 1) with the same property of ¥ and
sequence 1, uniformly converging to 1 on every closed interval of Rt such that, for every interval
[0, B]

Un(B) = ¥n(0) < aspn

Adding the terms oy, and ag,, from (5.3) it results

(wn(A) - "/}n(())) + ("ZH(B) - J’n(O» < Q1+ Q3n <2r—40

Taking the limit for n — 400
(¥(A) = 9(0)) + ($(B) — $(0)) < 27 — 0
since A, B are arbitrarily chosen, as A, B — +00
- 2
AY+ A =" <o ¢
2—-«a
This gives a contradiction and the theorem is proved. O
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5.2 On the existence of 8-shaped orbits

The aim of this section is to develop a theory and some useful tools in order to deal with the
N-centre problem. On the other hand, if one look at what is written few lines below, he may
recognise that again a perturbation of the one-centre problem is considered. The reason on why
we persist in studying the 1-centre problem consists on the fact that the global behaviour of a
solution of the N-centre problem strictly depends on what happens when such solution passes
near one of the centres. Thus we want to deepen the analysis of the variational properties of the
dynamical system in the neighbourhood of one of the center when the contribution to the force
field due to the presence of the others centres is regard to be a smooth perturbation.

Keeping in mind the 2-centres problem, as a model of all the systems in which the centers are
placed in symmetric configurations with respect an axis, we assume the perturbation to be a
symmetric function with respect the axis itself. More precisely we are interested on the study of
the differential system

i = —ﬁ + f(u) (5.4)

where the function f(x,y) = (f1, f2) is a smooth function and satisfies f(x, —y) = (f1,—f2)(z,y).
The main difference between the last perturbed 1-centre problem and the one considered in the
previous chapter is that, in this case, the perturbation is not rotationally invariant thus, as a
consequence, the angular momentum is not more conserved on the trajectory of the system. It
follows that the same technique, namely the blow-up technique, is not more applicable in order to
avoid the collision on minimal paths.

However we will prove that the axial symmetry of the perturbation is sufficient to establish a
precise characterization of the collision orbits of the system (5.4).

To this aim we start writing the action functional associated to the system (5.4): denoting with
F € C?%(R% R) the potential associted to the perturbation f, f = VF , we define the action

functional A as
A(u) = /T {1|u|2 L —F(u)}dt
0 2 |ul

We denote the z-axis with 7 and with 7, 7_ the two open components of 7w disconnected by the
origin. For fixed T" we consider the following sets of paths

Ipq = {u(t), @€ L*([0,T]) : u(0) = Pu(T)=Q}

where P € m; and @) € m_ are two fixed points. We may allow one of the points, say @, to vary
on the closure of its connected component; consequently we consider

I'p = {u(t), u e L*([0,T]) : uw(0)=P € ny,u(T)Er"}

Finally we may allow both the end-points to vary in the closure of their components, hence we
consider the set of paths

I'={u(t), v e L*([0,T]) : u(0) € 74, u(T) € 7=}

We use the notation I'y in order to indicate each one of the previuos sets and let Ar,be the
restriction of A on T',.

Moreover, for every € > 0 we denote with I' C I'y as the set of paths wu(t) joining the points P
and QQ remaining always at least at distance ¢ from the singularity:

e = {u €Ty, min |u(t)| > 5}
t€[0,T)

We term u,(t) any (local) minimizer of Ar, on I'C and

c(e) = min A(u)

uel's
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Such minimizer exists because every set I'S is weakly closed in H' and every functional Ar, is
weakly lower semicontinuous and coercive (see [7], [23]).
For each € > 0 two alternatives may occur. The path u.(¢) does not intersect the constraint
By (g) for all time, in this case u(t) is a local minimizer of the action in the interior of T',.
Otherwise, there exists a nonempty set of instants {¢;} € [0,7],i =0, 1, ... such that

lue(t)] > e te AT,
lus(t)| = t¢& AT

where
AT = | J(ta),t2541) (5.5)
J
A priori the set {¢;} could have an infinite number of elements and then the interval AT, could
be an infinite union of open intervals. In the following lemma we prove that this alternative is not
possible and some other properties of u.(t) are given.

Lemma 5.2. For every € > 0 the path u-(t) has the following properties:
i) uc(t) is a C1([0,T]) path
ii) ue(t)’AT is a C? path and it’s solution of equation (5.4).

1

| |

1
iii) the energy h. = §|’[L5|2 - + F(uc) is constant for t € [0,T] and the set {he,e < &} is

uniformly bounded.

iv) the set of instants {t;} is finite and (AT.)" = U [t2j+1,t2;+2]
j=0...N

v) for € small enough, for any j € {0,1,..,N} it holds that for any couple of instants t1 5 €
[taj+1,t2j42], t1 # to, then uy(t1) # un(t2)

vi) . (t;) are tangent to the boundary of the constraint By(e) and L|u.(t;)|?c — 1 ase — 0
Proof

i) It’s a consequence of a result of [18] which concerns extremals of Lagrangian with convex
obstacle. In this case the obstacle is the set

{u e R? |u| < ¢}

ii) It follows from the extremality of u. with respect to variations whose support is contained
in AT,.
1

iii) Let V(u) = Tl
u

1
+ F(u) then he = 5\&42 + V(ue) and

Ary(ue) = /OT <%|Us|2 - V(ug)) dt

Let 7 be a reparametrization of the interval [0, T] defined by the equation
t=1—~0(T) (5.6)

where § € C2°(0,T) and ~ is any constant small enough such that 7 —~vd(7) is monotonically
increasing.
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Denote 7 = ¢(t) the inverse of the previous relation and u®(t) = u.(¢(t)).

Arg(u2) = [ " (i - vt a

0

_ / ' (3] S et = v (o)) )

We now perform the variable changing defined in (5.6) and obtain
5 1y d 2 ’ -2 ’
Arp(d) = [ 5] g (1 =20 (0) 7 = Viwe(m)| (1 =70/ (n)ar
Trld 2 / -1 ’
414 (5l 7] (=20 @) ™ =V () (1 = 78'(7)) ) ar
Since (1 — 75’(7))_1 =14~ (1) + o(y) as v tends to zero, for v small enough we can write

Ary ) = [ (3] et

‘ 2
C

(1 + (1) + o(’y)) — V(ug(r)) (1 — 75'(7’)))d7'

= [ (3l (42800 = V) (=280 dr o)
For the minimality of u.

0< AFT (ug) - AFT(UE)
T1d 2
- | Gl + () ) ar + o)
It follows that for every choice of §(7) € C2°[0, T
e!
| (3l + V(e ) s ryar = o
0
Since the previous relation holds for function §(7) and —d(7) we conclude that
T
/ (2125(T)|2 + V(us(r))> 8 (1)dr =0
0
Integrating by parts, recording that the functions §(7) are of compact support, we obtain
[ (Maeor + v ) sty =0
. ar \3 Ue (T Ue (T T)dT =

and, from the arbitrarity of §(7), it follows

d (1., ., d
2 (3l + V(wetr))) = e =0
Moreover 1 ]
< Zlu P+ — + |F
el < Ghiel? + pmg + 1P 2)
thus

T T 1 1
§/|Mﬁ§/ Sl + — + [F(uc)| ) dt
0 0 \2 e |

T
SA%HJ/‘WWMﬁSAWQ+C
0

T
/ hedt
0
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iv)

and, since h.(t) is constant, by integration

A(ue) +C < A(ug) +C
T - T

This shows that the set {h.,e < &} is uniformly bounded.

he| <

In order to prove that the instants ¢; are of finite number we show that the measure of every
interval AT; = (t;41 — t;) where |uc(t)| > ¢ is positive and bounded from below.

We term I = $|u.|*. Since ug(tﬂAT is a classical solution of equation (5.4), deriving I(t)
twice we obtain the Lagrange-Lacobi identity:

+ 2he + f(ue) - ue — 2F (ue)

e |
Since h. is bounded and the term f(u.) - ue — 2F(u:) = o (ITla\) as |uc| — 0 follows that
there exists R > 0 and two positive constant Cy, Cy such that if |u.| < R

2

d
@I>O

C, & Cy
— < —=I<—=
VIodirt VT
The first of the previous relations implies the existence of a time ¢; € AT; where |u(t})| = R,
while from the second one it follows
d (1.
— 217 = VI t € (tit]
dt(2 Cgf><0 € (ti,t7)
[ —
w(t)
. - 1 2 02
Since I(t;) =0 and I(t;) = € we have W(t;) = —ﬁs and for ¢ € [t;,t]]
Cy

W(t) = %P - CaVT < -

Thus
1., Cy
5[ < ﬁ(\/ﬁ I—E)
Cy
< —(R -
H(R-2)
and

t¥

SR =) = [1(17) ~ I(1)] < / i(0)ldt < CVE=2(t — )

ti

We can conclude that
(R* =& _ ~

—>C

VR —c¢
Thus for every e the number of instants {¢;} is finite and AT is the union of a finite number
of open intervals, hence its complementary is the union of a finite number of closed intervals.

Precisely (AT.)¢ = U [t2j+1,t2j+2] where N depends on e.
j=0..N

AT > (7 —t;) 2 C
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5.2. On the existence of 8-shaped orbits 85

v) For every ¢ € [ta;41,t2;42] it holds |u-(¢)| = ¢ then the boundness of h. and the boundness
of F(u.) imply that, for e small enough, |1.|? ~ % > 0. This, together with the fact that
the velocity . is tangent to the boundary of By(e) and it is a continuous function, point i),
implies that an inversion of motion could not occur on the constraint.

vi) The vector . (t1) is tangent to the constraint for i).

From the conservation of energy for every € we have

he = Slie(t)? = 2 + Fue(tr)

Passing to the limit for ¢ — 0, the boundness of F together with the boundness of {he}
implies

1
§|u€(t1)|25 -1

We now investigate the limit property of u. as € tends to zero.
Let {£,}52, a sequence such that lim,_,g&, = 0 and denote u,, = u., .
We first show that there exists a uniform converging subsequence of {u,}52 ;.

Proposition 5.1. From every sequence {,}22 1, with lim,_, &, = 0 it is possible to extract a
subsequence, still denoted by {e,}22 1, such that there exists

ug = lim wu,

n—oo

Proof
Since the functional A is coercive the sequence {u,}% ; is bounded in H' and equicontinuous
then, by Ascoli-Arzeld theorem, it possesses an uniformly converging subsequence, still denoted by
{un}s,. Let

ug = lim u,

n—oo
O
Moreover T, is weakly closed in H! then the functional A admits a minimizer in T'y. Let Umin
such minimizer and denote

C(O) = min A(u) = A(umin)

u€el,

Some properties of ug are given in the following lemma.

Lemma 5.3. The path ug has the following properties

1

— T T F(ug) is conserved on the path ug and

i) the quantity ho = % |i,|*

ho = lim h.,

i1) uo(t)’[O)T]\{tg} is a C% path and solve the equation (5.4)

iii) |uo(t)] =0 at most in a finite number of instants {t}

iv) it holds

Proof
If the functional A attains the minimal value ¢(0) on collisionless paths then there exists 7 such
that the sequence {u,}5%; is constant for n > fi and ug = up = Umin. In this case the proof of
the statement is the same done in the previous lemma.

Otherwise suppose that u,,;, is a collision path and, consequently, ug is a collision path.
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5.2. On the existence of 8-shaped orbits 86

i)

i)

iii)

iv)

The boundness of the action A(ug) implies that the path ug(t) has collisions at most on
a subset of [0,T] of zero measure and since wug is a continuous function, being the uniform
limit of continuous functions, the complement of this subset is given by a union of at most
countable sequence of open intervals. Let (t1,¢2) be one of such intervals, then for every
closed interval [a,b] C (t1,t2), there exists & such that |u,| > & for every t € [a, b]. Tt follows
that

1

mfF(u)ﬂ——

" ol
Unp, (')

F(uo)

Un Yo
unl®  uol®

uniformly in [a, b]. Since u,, solve the equation (5.4) the convergence of the sequence {u,} is
of class C? and therefore 1|4,|? — %|ig|?. We conclude that h., — ho and hg is conserved
on the path ug for every t € [a, b].

Derivating the quantity ho = £|io|? — % with respect to ¢ in [a, b], since hg is constant, we

ug‘
obtain o
ﬁo + — — f Uug) — 0

Since ug solve the equation (5.4) for t € [a,b], it is a critical point for the action A with
respect to variations whose support is compact contained in [a,b]. We repeat the argument
done in point iii) of lemma 5.2 in order to prove that every interval (¢;, t;11) where |ug(¢)| > 0
has a length bounded below by a constant, hence they are in a finite number. If follows that
the set of collision times is a finite number of instants {¢}.

Let
¢(0) = min A(u)

uel,

and suppose that the value ¢(0) is achieved by wumin(t). We know that w,;, has a collision
at most for a finite number of instant {tk}{cvzo and by asymptotic estimates, see for instance
[1], it holds

thimin (8)| = Ot — ti|3
5.7
{ it = et >0
ast — t%.
For € > 0 sufficiently small, let v, (¢) and v, () be positive solutions of
|umin<tk + 72_(5)” =€ |umin(tk - '7];(5)” =€
[tk — 75 (&) te + 77 ()] N (UNLo{t;}) =t VE=0..N
Denote Ij,(¢) the interval [ty — v, (€),tk + 75 (€)].
For every e small enough, it holds
N
tmin ()] > e VE€[0,T]\ (| I(e)) (5.8)
k=0

Moreover, for every k let a and (i be such that
Umzn(tk - ’7]; (E)) = Eeiak Umin (tk + 'Y]j (E)) = Eeiﬁk
and define the path u.(t) as
N
Umin(t) te [O,T] \ (Uk:O Ik(a))
U (t) (5.9)
s teli(e), k=1..N
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5.2. On the existence of 8-shaped orbits 87

where
Bi(t —tr + 7 () — an(t =ty — % (2))

€lh) — (
d)k(t) - ’Y,—:(E) +'7k_ (8)

From relation (5.8) it follows
min |u.(t)| =¢
min, [1:(1)
then @, € I'S and differs from wy,;, only in the union of Iy, while from the asymptotic
estimates (5.7) we infer
3
3

’yff(s) ~e

Denoting V(u) = ﬁ — F(u), the difference AA = A(wmin) — A(Te) is expressed by

A= [ ol ) () - V)

From the estimate (5.7) we have
/ limin|2dt = C [ [t — ta|~3dt = C|Iu(e)]} = Oz
Ii(¢) Ir(e)

where C indicates a generic constant. Moreover, from the relation (5.9), 4. (t) = 6%
k k
for every t € I (), thus

52

. 1 1
liic|?dt = C — dt =C —dt = C—|Ix(e)| = Cv/e
/Ik(e) : 1ne) 1 (€) + 75 () In(e) € €

On the other hand

1 1 1
/ Vi) — V@)t~ | Clt —to] "% — 2dt ~ [Tu(&)] + [a(6)|2 ~ Oz
Ik(a) E g

Ik(E)
We glean
A(umin) - A(QE) = ﬁ(\/g)

and, since c(e) < A(u) for every u € I'¢, it implies

limsup ¢(e) < ¢(0)

e—0+
Let {,}52, be a sequence of positive real number converging to zero such that

) liminf
clen) — im in c(e)

and let {u,}52; be a sequence in I'y such that

min |u,(t)| =€ A(up) = c(e
i (0= 20 Alun) = cfe.)
The sequence {u,}>; is bounded in H! because the action A(u,) is bounded and A is
coercive, then we can extract a subsequence that converges weakly to u € T',. Since the weak
convergence in H' implies the uniform convergence,  is a collision path and @ € T',. From
the weak lower semicontinuity of A4 we infer
A(a) < liminf ¢(e)
e—0t
then
¢(0) < A(@) < lim i&f ¢(e) < limsupe(e) < ¢(0)
e—0 e—0t

We conclude that ¢(0) = lim, g+ c(¢).
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O

Definition 5.1 (Levi-Civita transform). For every complez-valued, continuous function u(t) we
define the set of continuous functions w(s) such that

We denote u +— U(u) such multivalued transformation.

We will use the notation 'Levi-Civita space’ or 'parameters space’ in order to indicate the space
where w(s) lives and ’physical space’ the space where u(t) is defined. Moreover we will denote
with (+)’ the derivative with respect to s.

The Levi Civita transform, first proposed in [17], is a classical method used to regularize the sin-
gularity in the Kepler problem and to define the trajectories beyond the collision. Generalisations
to higher dimension and to potential with different degree of homogeneity have been proposed in
[16] and [19].

We now study the Levi Civita transform from the point of view of calculus of variation, in order
to gather from the variational properties of a path in the parameter space some properties of the
associated path in the physical space.

Lemma 5.4. Let u(t) : [0,T] — C a local minimizer path for the action functional A. Then every
w € U(u) is a local minimizer of

s
fl(w):/o L(w,w")ds

S
T:/ |w|?ds
0

Llw,w') = 2w']* + 1 = F(w?)|w]?)

on the constraint

where

Proof
We write the action integrand L£dt in terms of (w, s).

1., 1
= <2|w|2|w|2 + ﬁ - F(w2)> dt
ar
|wl?

= (2lw[fa]* + 1 - F(w?)|w]?)
= 2jw')? +1 = F(w?)|w|?)ds = Lds

Then in the parameter space the action functional A(u) is replaced by

s
fl(w):/o L(w,w")ds

s
T:/ lw|?ds
0
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5.2. On the existence of 8-shaped orbits 89

Before going on we want to recall some notations. The action functional we are taking into
account is
Ay = [ {Rar+ L r}a
u) = | — — F(u
o (2 |ul

where F' € C? is any function symmetric with respect the z-axis. Denote the x-axis with 7 and
the open components disconnected by the origin with 7, ,7_. We used the notation Ap, in order
to indicate the restriction of the action on the sets of path

Ipg={ut), we L*([0,T]): u(0)=Peny,u(l)=Q€cnr_}
Tp = {u(t), we L*([0,T]) : u(0)=P € my,u(T) € 7=}

I'={u(t), w e L*([0,T)) : u(0) € 7y, u(T) €T}

Moreover recall the Euler-Lagrange equation associated to the action functional

U
U= ——=+ f(u 5.10
o+ f) (510)
Theorem 22. Let uﬁl’gl, wl iy Umin be a minimizer of the action Ar,,, Ar,, Ar respectively.
Then
o uD@ s collisionless,

min

e cither ul . is collisionless or it lies on the P side of the x-axis with respect to the origin for

every t € [0,T]

o cither Umqn 1S collisionless or it lies on the x-azis on one side with respect to the origin for
every t € [0,T]

In other words for every minimizer U, (t) only two alternatives are possible: either wpn(t) is
collisionless , |umin(t)] # 0 for every ¢ € [0,T], or umin(t) lies on one side the x-axis for all time.

Moreover, every non-collision minimal action path is free of self intersections, while a collision
path can not have a reflection on the singular point.

Proof

Since the function F(x) is symmetric with respect to the z-axis, on points of the z-axis the force
f(z) = VF(z) is directed as the axis itself. Then a solution @(t) of equation (5.10) with initial
data %(0) = (29, 0) and %(0) = (vg,0) lies on the axis for all the time of existence.

Moreover from the symmetry of the Lagrangian, without losing any generality, we can restrict
the sets I'y to those paths u(t) = (u1(t), ua(t)) with ug(t) > 0 for every ¢t € [0,T]. Indeed we can
replace u(t) = (u1(t), u2(t)) with (uq(¢), Jua(t)|) without changing the action. Thus we replace the
previous definition of I'S with the following

I = {“ € I, ug(t) = 0, min |u(t)] > E}

t€[0,T]
Denote
cu(e) = min Ar, (u)
and let u . be the minimal path, Ar, (u},;..) = c(€).

Moreover define the sets

M, (e) = {u els : Ar,(u) =ci(e), min |u(t)] = 5}

te[0,T
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5.2. On the existence of 8-shaped orbits 90

Fix T, if there exists g such that for every € < g the sets M, (g) are empty then the minimizers
uy ... are collisionless and the theorem is proved.

Otherwise suppose there exists a sequence {£,}52; converging to zero and a sequence of paths
{un(t)}52, € e~ such that Ar, (u,) = ci(ey) and

i t)y=¢
Sty ) = En

Figure 5.1: Levi-Civita transform

We now apply the Levi-Civita transform: consider u,(t) = (u1(t),u2(t)) in complex form
un(t) = u1(t) +iug(t)) and set

wy, € V(uy,)
wy, : [0,5] — C

Remark 5.1. As observed the function ¥ is multivalued. However if a path u(t) is collisionless,
then W(u) consists in two elements w(s) and —w(s). In our case since every u,(t) lives in the
y-positive halfspace, the images w}k(s) and w?(s) = —wl(s) live one in the first and one in the
third quadrant of the complex plane. We choose one of them and we will consider paths w,(s) in
the first quadrant, joining the point P and Q one on the real positive semiaxis and the other on

the imaginary positive semiazis. (see figure 5.1)

The constraint By(e,,) corresponds by the transformation to B,, = By(,/2,) and, for a fixed value
of n, keeping in mind the dependence on n, we define

S; = S(tl)

AS, = U(t2jﬂ t2j+1)
J
where {t;} is the set of defined in (5.5). For lemma (5.2) the set of instants {t;} is finite in number
for every n, then AS,, is the union of a finite number of open intervals and |wy(s)| > /&, for every
se AS,.
In the following proposition we collect some properties of w,,(s) needed to conclude the proof of
the theorem .

Proposition 5.2. For every n the path w,/(s) has the following properties:
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5.2. On the existence of 8-shaped orbits 91

i) wn(s) is a Ct path in [0, 5]

i) wp(s) is C? and there exists a constant \, such that it is a solution of equation
d
4w + - (F(w?)|w]?) = 2X,w =0 (5.11)
w

Precisely, for every n, it holds
An = hy,

where h,, = %|un|2 - ﬁ + F(uy,) is the energy constant associated to the path u,.

iii) the vectors w!,(s;) are tangent to the boundary of B, and 2w’ (s;)|*> — 1 as n — oc.

Pass to the limit in Levi-Civita space.
Proof

i) Obvious

ii) For lemma (5.2) point ii) and lemma (5.4), the path w,(s) is a stationary point of the
functional

S
A:/ 2lw'|? + 1 — F(w?)|w|?ds
0

S
with the condition T = / \w|2ds with respect to variations of w,, whose support is contained

0
in [0,s,]. Then w,(s) is solution of the Euler-Lagrange equation (5.11) where A is the
Lagrange multiplier.

For lemma (5.2) the quantity h,, is constant for every t € [0,T] and, performing the Levi
Civita transform, we obtain

|wi (5)[*h = 2|w'(5)]* = 1+ F(w(s)?)w(s)|”
Differentiating both the terms with respect to s, since

dh, dh,

& |w(5)|2ﬁ =0
it holds d
2hpwpw!, = 4wliw!, + —(F(wi)|wn|2)w;
dw
for every s € [0, 5], then 2h,w, = 4w + -+ (F(w?)|w,|?). Substituting in (5.11) it follows
y 9 ’ n dw n g
A = hy,.

iii) Since the map ¥ is conformal and for lemma (5.2)point iv) the vector u,(t1) is tangent to
!

~ w
the constraint, then the vector v, is tangent to B,. Moreover 1, = 2ww = QwW then
w

|vn|2 |Un‘2

[ (t1)[* = — — 4 and again for lemma 5.2point iv) follows lim 2Jv,|> =1
w(sn )| € oo

O

The most important consequence that comes from the Levi -Civita transform is that the differ-

ential equation (5.11) is not singular anymore in the origin, then whenever a solution w(s) reaches
the origin, it passes through in the same direction.
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Since the function F(w) is of class C? the initial value problem, associated to equation (5.11),

" = _ 4 (F(w?)|w]?) + 2 w
duw (5.12)

(w(0),w'(0)) = (wo, wp)

admits an unique solution for every initial data (wg,w}) and the solutions are continuous with
respect to the initial data (see [21]). In particular setting as initial position wg a point on an axis
of coordinates and as initial velocity w{, a vector parallel to the same axis, the symmetry of the
function F' implies that the solution w(s) of the system belongs to the axis for all the time.

Moreover the solutions are invariant with respect to time reversal: if w(s) is a solution of the initial
value problem (5.12) in the interval [0, S] and W (s) is the solution with initial data (W (0), W’(0)) =
(w(S), —w'(S)), then, since the differential equation is autonomous, the path w(s) and W (s) have
the same support and w(s) = W(S — s) for any s € [0, S].

We can now conclude the proof of the theorem.

From proposition (5.1) we can extract from {u, }>2; an uniform converging subsequence. Denote
ug the uniform limit, and let wg be the limit of the corresponding sequence w,, € ¥(u,) where, for
every n, the choice of w, is done according with remark 5.1. Since the map V¥ is conformal, the
path wq is the uniform limit of the sequence {w,} then wy(s) lies in the first quadrant for every
s €10,5].

Moreover wg(s) € ¥(ug) then, for lemma (5.3), it has a collision at most in a finite number of
instants {55 }. Consider the first collision time §; and denote v = w((51).

Since v = lim,, . w/,(s1), for point iii) of proposition (5.2), |v|* = % For every n the vectors
w),(s1) are tangent to the boundary of B,, in points of the first quadrant, thus passing to the limit,
v is a vector directed either as one of the coordinate axis or in the second or in the fourth quadrant.

The last alternative is impossible to achieve. Indeed suppose, for instance, that v is a vector
directed toward the second quadrant and let w(s) be the solution of system (5.12) with initial data
(w(0),w'(0)) = (0, —v). Then there exists a time § such that the path @w(s) belongs to the fourth
quadrant for s € [0, 5]. For the uniqueness of solution and for the invariant with respect to time
reversal of the system it follows that wy(8; — s) = w(s) then also wy(s) lies in the fourth quadrant
for s in a left neighbourhood of §;. This contradicts the fact that wg(s) lives in the first quadrant
for all the time.

Thus only the first alternative is possible: the vector v is directed as one of the coordinate axis.
In this case, for the uniqueness of the solution of system (5.12), the limit path wy belongs to the
same axis for all time.

We can conclude that if the end-points P and Q are fixed, different from the origin, a collision
path w(s), solution of equation (5.11), joining P and Q does not exists, thus the minimal path
uf;’gl has to be collisionless.

Otherwise, if we allow P or Q or both to vary respectively in the closure of the real and imaginary
positive semiaxis, every minimal path joining P and Q is either collisionless or lies on one of the
semiaxis and one of the end-points is the origin.

In order to prove that non-collision minimal action paths can not have self intersections suppose,
for the sake of absurdity, that there exist to # ¢t; € (0,T) such that wmin(to) = Umin(t1). The
conservation of energy yields [tmin(to)] = |Umin(t1)] # 0 and one of the following alternatives,
depicted in figure 5.2(a), may occurs: Umin(to) is transversal to Upmn(t1), case 1, Umin(to) is
parallel t0 Uiy (1) with same or opposite direction, case 2 and 3.

In any case the path @(t) defined as

o Umin(®) t € 10,t0] U[t1,T]
u(t){ Upin (to +t1 — 1) te(to,g‘l) 1

has the same action of w,;, (¢) and therefore, being a minimal action path, it should be a solution
of equation (5.10). In case 1 and 2 this is impossible to achieve since @(t) is not a C! path, while the
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Figure 5.2:

theorem of local existence and uniqueness of solution of a system of regular differential equation
[21] rule out the third alternative.

An other case we have to exclude is that u,,;, does not draw a loop but retraces the same path
or a piece of it. This is the case of a collision path that, after a reflection in the singular point at
time tg < T, comes back on the path until the velocity vanishes and then returns to the origin in
time 7. Also for non collision paths, it may happen that w,,;, reaches the point @ in time to < T
with zero velocity and, like in the previous case, comes back on the path for a piece and finally
reverts the motion towards . Consider, for instance, the collision case and, as drawn in figure
5.2(b), let @(t) be the path obtained by a rearrangement of the path w,,;,. More precisely let R
be a point on the z-axis between P and the origin and let t; < t; < t3 be the instants such that

Define
U1 = Umin [0,t1) Uz = Umin [t1,t2) us = umm|[t27t3) g = Umin t3,T]
and

u, te€ [07151)
us tE[tl,tl—tQ—l-tg)
us te [tl —to + t3,t3)
ug te [t3,T]

By construction the path @ is minimal for the action then it has to solve equation (5.10) in every
point different than the origin. This contradicts the fact that @ is not C* out of the origin, for
instance in t7.

O
Consider now the system of one perturbed newtonian center
. u
—UuU=—0=+ f(u
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where f is any regular function. Let P, ) two points of the plane different from the origin and
consider I'p ¢ the set of paths joining P and ) in the time interval [0,T]. Denoting with A the
action functional associated to the equation of motion, our aim is to study the variational property
of the minimal paths A in the set I'p . To this purpose an asymptotic study when a solution
approaches the singularity is necessary.

5.3 Asymptotic estimates at collisions
We now consider the differential equation

i = VU (u) (5.13)

and the associated action function
1
Alu) = / {2|u|2 + U(u)} dt (5.14)

where the potential function U(x) satisfies the condition

1

Ve = s~

F(z) (5.15)

for a function F(z) of class C? at least on an open neighbourhood of the point S. A function that
satisfies condition (5.15) can be regarded as a regular perturbation, at least near the singularity, of
the Kepler potential. We point out that, since the perturbating function has not to satisfy any kind
of symmetry, a solution of the dynamical system (5.13) may not preserve the angular momentum.

The aim of this section is to prove that any minimal path for the action functional associated
to the equation (5.13) can not have an interior collision. For this purpose we need to study the
asymptotic behaviour of solutions as they approach a collision.

Up to a space-time translation we may suppose that the collision instant is ¢ = 0 and the
singular point is S = (0,0). Moreover, without loss of generality, we perform the analysis in the
left neighbourhood of the collision instant.

Theorem 23. Let u(t) be a solution for the dynamical system (5.13) in the time interval [a,0)
with a collision for t = 0, lim;_,g- u(t) = 0. Then there exists a vector vy such that, ast — 0~

o

u(t) ~ t3vg
t5a(t) ~ vo

Proof
We apply the Levi-Civita transform ¥ to the path u(t) and define w(s) € ¥(u). For proposition
5.2, w(s) is a solution of a non singular second order differential equation then w(s) is a C* path
up to s = 0. Since w(0) = 0 we can write w(s) = sp(s) where ¢(s) is a C* complex valued function
and ¢(0) # 0. By means of a Taylor expansion w(s) = s(p(0) 4+ s@(s)) for a suitable function
o(s) € CO.

In order to obtain the asymptotic behaviour of the path w(t) we have to invert the transformation
U. From the relation dt = |w(s)|?ds, by integration, it follows ¢ ~ s3 then s(t) ~ t3, as t — 0~
Since, in complex notation, u(t) = w?(s(t)), keeping in mind that s = s(¢), we obtain

u(t) = s*(¢(0) + s@(s))* = 5°0(0)* + 25°p(0)@(s) + 5" 3(s)*
= t5p(0)? + 2t(0)(t5) + t(t5)?
then as ¢ tends to 0~

u(t) ~ t3ug
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where the vector vy = (Re(p(0)?), Sm(p(0)?)).

Similarly we obtain an estimate for the time derivative of z(t). Since w(s) is C? till s = 0 and
noting that ¢(0) = w’(0), we have w'(s) = ¢(0) + s?(s) for a opportune continuous function v(s).
Since

u(t) = Qw(s(t))w’(s(t))ﬁ = 2500(s) ((0) + s0(s)) \w(i)|2

= 7(8) sU(s

substituting s = s(t) and passing to the limit for ¢t — 07, it follows

it m ©(0)?
Fal) ~ 2oy

N’UO

O

Roughly speaking, theorem 23 states that, whenever a solution u(t) of the equation (5.13) has a
collision, the path u(t) approaches the singularity, asymptotically, along a direction. We remind
that in case of non perturbed Kepler potential or if the perturbation is radially symmetric, a
collision solution not only has to be asymptotic to a direction, but it has to lie on a straight line
for all the time due to the conservation of angular momentum.

Now we deal in the non minimality of collision paths for the action functional associated to
equation (5.13). In theorem 22 we proved that, for a special class of perturbations, collision paths
could be minimal for the action but the collision have to be one of the end-points of the trajectory.
If we avoid this possibility and we enjoin the paths to have the extremal points different from the
singular point, then the minimal paths are collisionless.

Theorem 24. Suppose U(z) satisfies assumption (5.15). Then, for every choice of points P, Q,
different from the collision point, any (local) minimal path for the action functional associated to
the system (5.13) restricted on the set of paths joining P and Q, is free of collision.

Proof
As usual, let S be the origin. The action functional we are taking into account is

Afu) = /%\uﬁdt + / {Iil - F(u)} dt = K (u) + W (u)
defined on the set of paths I'p ¢ joining the points P and Q.

Suppose that «(t) is a minimal path for .4 with a collision at time ¢ = ¢y; in order to prove the
theorem we exhibit a local variation v° that lowers the value of the action.

Up to time translation we may assume that the collision instants is £y = 0 and by the asymptotic
estimates proved in the previous theorem, there exist two vectors v; and va' , |v5t| =1, such that
in a neighbourhood of t =0

t|Fo=(t) te[-T,0]
ey ={ 141
tsot(t) t€]0,T)]

where the function v*(t) are of class C' and lim,_ g+ v*(t) = vi.

Moreover .

. —|t| 3vg +vi(t) te[-T,0]
U(t) = t_% +
vy + va(t) te€ 0,7

where v1(t) and vo(t) are continuous function.
Let § be a vector with the property

vg -6 >0 vy -6 >0
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We note that given two vectors it is always possible to choose a third vector with the property
above; moreover the scalar products both vanish if and only if the vector var and v, are collinear.
Consider Z(t) = z(t) + vs(t) where the variation is defined as

LS t e [-T,0]

Tots te0,T)

We have to show that AA = A(u) — A(a) > 0 for every |4| small enough.
We evaluate separately the estimates for the variation of the kinetic and potential parts.

T
AKK(u)K(ﬁ)/T{;|sb2;|ab+ﬁ6|2}dt
T T
:fw?/ ; ()dtf/ (6)a(t) - 6 di

=T =T

For ¢t € [0,T], n(t)&(t) - d = —%(t 3ug -8+ va(t) - 6) < 4 |v2(t)]|6], then it follows

—/OTﬁ()( 6dt>——/ (8)ldt = —0(|o1)

Reasoning in the same way in the interval [—T,0] we conclude that
AK > —O(|s]*) - O(|g]) = ~0(l3])

We now perform an estimate for the variation of the potential part AW. For simplicity of
notation we compute AW only for ¢t € [0,7T], indeed for negative values of ¢ the calculation is
similar.

AW:/OT{i|—M}dt—/oT{F(x)—F(x—&—rﬁ)}dtz[—i—]l

The second integral can be easily estimated by fOT VF -nd dt = O(|d]) while we rewrite the first
integral in the form

T
1 1
= [ p
o | 5l ( \/ts|v+\2+2ntsv+ 5+ 1?62

With the variable changing s =

\6\%

1 1
I=15| /|6\2 . _ ds
0 53 [vs] \/s§|v5|2+2ns%v5-5+n2

where v5(s) = vt (s]6]%). Since vs(s) — vy as |0] goes to zero and |vf | = 1, the second term of the

integrand is equal to (s3 + 1 + o(1))~ 2 for |6] small. Moreover the integrand is strictly positive
and, for every s, it is bounded by the function

1 1
v ( m)

provided that || and T" small enough are chosen. The function (s) is integrable on (0, o), indeed
it is obviously integrable in the origin and v(s) ~ s~2 as s goes to infinity, then we can apply the
Lebesgue theorem and conclude that I is positive and I = O(|6|2). The variation of the potential
part is then estimated by AW = I + IT = O(|6|2) and it is positive.

Thereby for every || sufficiently small AA = AK + AW > —O([8]) + O(]6]2) = O(|6]2) and
positive. This proves that the collision path wu(¢) is not a minimizer of the action. O
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5.3.1 Minimization on connected components

It’s important to remark that in the previous theorem we proved that a collision path can not
be a minimazer for the action among the set of all the paths joining P to () without any other
topological constraint. Furthermore, reasoning as in the proof of theorem 22, a minimal path can
not have self intersections.

We want now to investigate deeper on this argument performing the minimizing procedure on
open connected components of paths with a certain topological characterisation.

Fix S, the collision point, and let P and ) be two points different from S; denote with I'p g the
set of paths joining P to @,

Tpq = {u(t) € H'([0,T],R?), u(0) = P, u(T) = Q} (5.16)

and with T p,q the set of collision-free elements of I'p g.

Suppose for a moment that P,Q,S are not collinear and let ¥ be the segment joining P and @
then ¥ does not intersect S. For every path u(t) € r p,o let @ be the closed path obtained from
u(t) attaching to it the path from @ to P on ¥ and define Is(u) the winding number of @ around
S. Of course, if P = @ the path @ is equal to u. On the other hand, if P,Q,S belong to the
same line [, we choose ¥ any non collision path connecting @) to P that lies in one of the halfplane
delimited by .

In any case, the function Ig : f‘P)Q — Z is well defined and

Definition 5.2. Given a point S and two points P, Q different from S, for every integer n, we
define

- -1
I'po =15 (n)
the open components of paths in f‘p’Q that wind n-times around the collision point S.

It holds that Tpg = U,y
I'p o the union of f"ﬁyQ with the collision elements of I'p g, we have that I'p  is weakly closed
with respect to the H! norm.

f’FL,’Q, f‘}é’Q N f’]{Q = () for every n # m € Z and, moreover, denoting

Lemma 5.5. Suppose U(x) satisfies condition (5.15) and let P,Q two points different from the
singularity S. Let {us(t)} be a family of paths in T'p g such that for every e >0

a) ue belongs to the same connected components fT]DQ
b) ue(t) is a minimizer for the action (5.14) among the set {u € f‘%@ min |u — S| > €}

¢) there exists R and ey such that for every € < e the path u. has not self intersections in
Bs(R)

Then one of the following occurs:

e there exists a mon collision path ug minimizer for the action restricted on I'p o uniform
limit, up to a subsequence, of the family u.

e the family u. uniformy converge to a collision-reflection path ug passing through P and Q,
solution of the dynamical system (5.13) out of the singular point.

Remark 5.2. With the term ’collision-reflection path’, used in the lemma, we refer to a path that,
starting from P, solves the equation (5.13) till the singularity and, after a reflection, retraces the
same path. This collision-reflection phenomena could be repeated many times before the path ends
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Proof
Since the set I'} P 1s weakly closed in H 1 the lower semicontinuity and the coercivity of the action

functional A implies the existence of a minimizer in I'} 5. If the minimum is achieved in . PO
then the first case holds and the theorem is proved. Otherw1se suppose that the action attains
its minimum on the set of collision paths. As usual, without loss of generality, suppose S = (0, 0).
We apply the Levi Civita transform to the paths u.(¢) and denote w,(s) = ¥(uc), where, for every
g, the same choice of w. € ¥(u,) is done, according to remark 5.1. Moreover denote BE = By(\/2)
and Br = By(V/R) the y/z-ball and v/R-ball around the origin in the Levi Civita space.

For every e denote with I. and O, the points on BE where the path w. reaches and leaves the
constraint and with a. the angle between I. and O.. Condition c¢) implies that for every e < &g
the paths w, restricted on the ball By lies in one halfspace.

We claim the lim._,g a. = 0. For the sake of absurdity, suppose a. /4 0. For proposition 5.2 the
paths w, are of class C' and the modulus of the velocities on I. and O, tend to positive values. It
follows that for & small enough the path w. are not more contained in one halfspace and we have
a contradiction.

Thus I tends to O, and w'(I;) tends to w'(O;) then, for the uniqueness of solution of equation
(5.11), wp = lim._,gw, is a global solution of equation (5.11). The symmetry of (5.11) implies
that the solution wq is odd in time with respect to the singularities; that is, setting wq(so) = 0,
we have wo(sgp — s) = —wp(sg + s). Applying the inverse of transformation ¥, we conclude that
the limit path ug is of collision reflection type. O

The previous lemma has important implications in what we are going to show about the existence
of eight shaped solutions for the IV centres problem. It may be considered as a technique to prove,
under some assumptions, that a non collision minimizer has to exist. Suppose for instance we are
performing a minimization procedure on a connected component of paths connecting P to ) and
that, for any reason, a collision-reflection path starting from P and ending in () can not exist in
the closure of the component, then, if the hypothesis of the lemma are satisfied, the minimizer
path has to be free of collisions.

In the following lemma we illustrate a situation in which the hypotesis of theorem are satisfied.

Lemma 5.6. Let P and Q be different from the singular point S and P, Q, S non collinear. Denote
with 1 the line passing through P and Q and with 7° the halfplane delimited by | where S is placed.
Consider the open component of paths joining P to Q that wind 0 or 1 time around S and that lies
in H°

A =Th o N{u,u(t) € #° vt} i=0,1

Then for every u. that satisfies hypothesis a) and b) of lemma (5.5) on the set A;, also hypothesis
¢) holds.

Proof
Consider the case i = 1, the other one is similar.

Let u. be a path in Ay, minimizer for the action on the set {u € A;, min|u — S| > ¢} and, for
the sake of absurdity, suppose that the path u. reaches the boundary of Bg(e) at instant ¢4 and,
before leave it at instant tp, covers an angle © bigger then 27. Suppose 27 < © < 47, and denote
A =uc(ta), B = uc(tp). Moreover denote the restrictions v1 = ulj .}, Y2 = ulz, 151, 13 = Ulpe s, 7]
in such a way that u. = v U~s LU 73, where t, is the first instant such that u.(t,) = B.

We note that if a curve in Aj, by a self intersection, has a loop that encloses the point S, then
the curve must have at least another self intersection.

A complete circle drawn by the path u. on the boundary of Bg(e) may be considered as a loop
enclosing the point S, then the path has to self intersect at least one more time. It comes out
that 3 has to intersect 7; out of the constraint or it has to return on the constraint and turn
around in the opposite direction. We consider the first case( the second one follows with similar
argumentation): suppose that 3 intersects at least one time ~; out of the constraint and denote
C the first intersection point. The minimality of u. implies that the every intersection of v3 with

98



5.4. 8-shaped solutions for the N-centres problem 99

Figure 5.3:

~v1 out of the constraint must be transversal, for reasons of uniqueness of solution of a regular
differential equation.

As shown in figure consider the path @, = LI5; where 71 is the restriction of 7; connecting P to
C, A5 connects C' to B travelling on 3, 73 is the equal to 2, 44 connects B to C along ~; and
finally A4 is the restriction of 3 between C' and Q. It follows that 4. belongs to the same open
component A; and has the same action of u.. Then 4. is a minimizer of the action functional
then it must be of class C'. This leads to a contradiction since @, is not differentiable in the point
C. O

5.4 8-shaped solutions for the N-centres problem

The N-centres problem concerns the motion of a particle in a force field generated by N fixed
newtonian centres of attraction. We restrict our analysis to the planar case and we are interested
in finding periodic solution in which the particle winds around at least two centres drawing an
orbits that looks like an eight, in case of two centres, or something like a flower if the number of
centres is larger. We will use the notation ‘8-shaped solutions’ in order to indicate all this kind of
orbits.

Since the existence and the shape of these periodic orbits strongly depends on many variables,
for instance the number of centres, their mutual position in the plane or the strength of each of
them, we can’t give a general statement but we have to study, step by step, every case separately.

Among all the possible positions that N-centres could place in a plane, we are mostly interested
on configurations in which the centres lie on the same line or they have the same attractive power
and are placed on the vertices of a N-polygon with certain suitable symmetry. All these problems
have the property that in the neighbourhood of each centre they can be regarded as a perturbed
one-centre problem. The equation of motion has the same form of equation (5.4) where the
perturbation f(u) is a function symmetric with respect to an axis where the axis is either the line
where all the centres are placed, or the segment joining the vertex to the center of the polygon.

For this reason the results given in the previous section together with the Levi Civita transform
will be very useful in the following.

5.4.1 The symmetric 2-centre problem

In this section we consider the symmetric 2-centres problem and, without loss of generality, suppose
that the centres are placed on the z-axis on opposite side and symmetric with respect to the origin,
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say S+ = (£C,0), C > 0. Then the equation of motion is

Cu—=S5, u—5_
=Sy F  Ju-Sp

We dealt with this problem for a long in the previous chapter, mainly about the integrability of
the system of motion and about a qualitative description of some class of solution it may have.
As shown the integrability implies the existence of infinitely many periodic orbits, included the
8-shaped one. In particular, following the classification introduced by Pauli and Charlier, the
8-shaped orbits are periodic orbits on the class of the lemniscate orbits. (see [25, 26, 9, 8, 27])

Now our intention is to give a variational characterization to the 8-shaped orbits, in order to
extend the knowledge gained for the two centres problem to systems with more centres, that are
not integrable and more difficult to study. To this aim, besides some results obtained in the last
section, especially in theorem 22, we need the following one, valid in a more general framework,
about the non minimality of bounded paths in presence of vanishing potentials at infinity.

For r > 0 define the set of r-bounded paths

Ball, = {|u(t)| <r Vt € [0,T]}

’u:

(5.17)

Theorem 25. Let U(x) be a positive function such that
liminf U(x) =0 (5.18)

For fived r > 0 and for T > 0 let ul , (t) the minimal path for the action functional
Ar:T" - R

An(u) = /OT {;m? + U(u)} it

where
" = {u(t) : [a] € L, [u(0)] < 7, [u(T)] <7}
Then if
inf U(z) >0
lz|<r
there exists T > 0 such that for every T > T, ul . ¢ Ball,.
Proof

For every u(t) € Ball,

Ap(u) = /OT {;|u|2+U(u)}dt > /OT Uu)dt > mT

where m = min, <, U(x) > 0.
The property (5.18) implies the existence of a point A such that U(A) < 7.
Define the path
w1 (t) t€[0,1)
at)y=4q A tel,T—1]
ua(t) te[T—1,T)]

where u; (t) and ug(t) are the minimal paths for the action among those that connect, respectively,
P to A and A to @, in a time interval of length 1. Since

Ap (@) = Ar(ur) + Ar(uz) + (T — 2)% = cost + T%
we conclude that for T sufficently large Ar(u) < Ar(u) for every u € Ball,. O

We can now state the theorem concerning the existence of 8-shaped solutions for the symmetric
two body problem.
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Theorem 26. For T large enough the system (5.17) admits T-periodic 8-shaped solutions.

Proof
Denote with S, = (C,0) and S_ = (—C,0), C > 0, the points on the z-axis where the equa-
tion (5.17) is singular and with 7§ = {(z,0),2 > C}, the right open components of the z-axis

disconnected by S.. Moreover, for every fixed T, define the set of path
I+ = {u(t),a € L*([0,T)) : u(0) = 0,u(T) € 7}

and the action functional A : Tt — R

1 1
A/{u2 + }dt
i e T e

We approach to the problem by a variational method and we look for minimal path for the action
in the set I'".
Since the potential function

1 n 1
lu =S¢ Ju—S-|
is symmetric with respect to both the coordinated axes, in order to find minimal path for the action
functional, we can restrict our minimization procedure to those paths w(t) = (u1(t), uz(t)) in T'"
with u;(¢) > 0. As a consequence, the potential function U(z) can be considered as a perturbation
of the potential function for the one center problem

U:

1
U= —— +F(u
=gy T E®

where the perturbation F'(u) is a regular function symmetric with respect to the z-axis, hence
theorem 22 is applicable. Consequently, the minimal action path w,;,;,(t) is either collisionless or
it lies for all time on the z-axis between the origin and S;. For theorem 25 we choose a time
interval sufficiently large in order to exclude the collision alternative, then we regard ., (t) as a
non-collision C? path, solution of equation (5.17) in [0, 7.

Rewrite win (t) = (u1(t), ua(t)) and define the path u(t) : [0,47] — R? as

Umin (1) [0, 7]
t) = (Ul, _u2)(2T - t) te (T, 2T]
ult) = (—u1,u2)(t —27) € (27,37

(—Ul, —Ug)(4T — t) te (3T, 4T)

For lemma .7 the path w,;, reaches the end-point w(7") perpendicularly with respect to the
z-axis, hence u(t) is C! and, for the symmetric property of potential U(x), u(t) solves equation
(5.17) except for a finite number of instants.

The theorem of uniqueness of solution for ordinary differential equations implies that u(t) solves
equation (5.17) for every t € [0,47T] and u(t) is C2. O

5.4.2 N-centre: a particular placement of centres

Suppose {S;}7_; be n points placed on an axis, say the axis 7, and {(Z;, Z;) k_, be k couples of
points such that, for every j, the points Z; and Z; are symmetric with respect to .
We want to study the N-centres problem

. i = VU (u)
N (1 L 3 (NCP)
U(x)_;m—5i|+;ﬁj<|m—%+|x—2j> @i >0
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We note that the particular choice of the positions of the singularities we done implies that the
potential is a function symmetric with respect the axis 7. We want to find non collision solutions
for the problem by a variational approach. In particular, we will perform a minimizating procedure
on suitable sets of paths where we will be able to exclude the collisions on the minimal paths.

In order to define the components of paths where the minimization works, we have to fix some
notations. The axis 7 is disconnected by the points S; into n 4+ 1 open components and, ordering
in a natural way the points S; on the axis, denote with m; the open components bounded by S;
and S;11, 47 =1...n — 1 and with 7y, 7, the unbounded open component whose estremal point
is S7 and S5, respectively. Denote with H and H the halfspaces delimited by the axis 7, suppose
that Z; € M, Z; € H and let A = {S;, Z;, Z;} be used to indicate the set of all the singularities of
the potential.

For every P € my, Q € 7y, let I'p g and fP,Q be defined as in (5.16). Suppose v be a path in
r p,o: to any intersection of v with the axis = we associate the couple (P, I) where P is the point of
intersection and I € {£1} indicates the direction of the intersection, say +1 if vy passes from H to
H and —1 otherwise. Moreover let Int(y) = {(P,Iy), (P1,11),...,(Px—_1,1x-1),(Q,Ix)} be the
sequence of all consecutive m-crossing of 7; given two consecutive intersections (Pk, It ),(Pr+1, [k+1)
with opposite directions, denote with 7|, the restiction of v between Py and Pii1 and #(P1, P2)
the number of centres that are enclosed by ~|r together with its symmetric with respect to .
Finally we use the notation f(’y) to indicate the open components of paths in r p,Q homotopic to
v where P and () are free to vary in the components 7, m, respectively.

Theorem 27. Consider the N-center problem (NCP) with n > 2. For any choice of sequence of
T-CTrossing {(Pk,lk)}fzo, where Py € mg, Px € T, with the conditions that Py and Pri1 belongs
to different components m; and Iyl = —1, let v € I'p g such that:

i) Int(y) = {(Pr, Iu) 1o
it) v has not self intersection between two consecutive crossing points with
If
iii) 4(Pg, Pr+1) > 2 Vk=0,..., K—1
then there exists a non collision minimal path for the action on the open components f(’y)

Before proving the theorem we want to explain the meaning of condition iii).

Let Py, Pry1 be two consecutive m-crossing of v and my, w41 be the open components of 7
where the points Py, Pry1 are placed. Then, if condition iii) holds, an alternative occurs for the
behaviour of the path v between Py, Pry1:

type 1: the components 7y and 7,41 are not contiguous then |y is free to wind around or not a
centres out of the axis, see figure 5.4(a),

type 2: m, and 741 are adjacent and 4|; has to wind around at least one of the centres {Z, Z} as
show in figure 5.4(b)

Proof

To the sequence Int(y) = {(Py,Ir)}E_, we can associate the sequence Com(vy) = {(Ily, I;))} K,
where II;, € {m;} indicates the component of the axis = where Py, is placed. A path v; homotopic
to v could have a bigger number of crossing points in each components 7; but, since we are looking
for minimal paths for the action and the potential function is symmetric with respect to =, by
opportune reflections with respect to 7, we can restrict the components f('y) to those paths that,
in each component 7;, have the same number of crossing points, with the same direction, as ~.
We still denote such restriction with f(’y) Thus, although the crossing points P, may change,
the sequence Com(7) is invariant on T'(7). Tt follows that the choice of the sequence {(Py, )},
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Figure 5.4:

prescribes in which components of 4 and with which direction the minimal path has to intersect
the axis of symmetry.
For every € > 0 let u. be the minimal path for the action on the set

Le(y) ={ueT(y), Inin lu—C| > e}

and, up to subsequence,

Umin = gln%) Ue
—

Suppose iii) holds, we have to exclude the occurrence of collisions for the minimal path ..

Since u. has the same number as 7 of intersections in each components m; with same direction,
relations 4i7) hold for every u. too, once we substitute to the points Py, the points of intersection
of u, with .

The minimality of u. implies that they are at least of class C' then u. can not reach the axis «
out of the crossing points. Indeed if u. reaches the axis m but does not cross it, the path has to be
tangent to the axis; since 7 is an axis of symmetry for the potential the path u. has to collide in
one of the S;.

Condition ii) implies that the path v, and by omotopy every path u., between two consecutive 7-
crossing, winds 0 or 1 times around any center Z;, Zj with respect the axis w. Thus the minimality
of u. and lemma (5.6) imply that any restriction .| are free of self intersections.

In any case what is important and crucial for the theorem is that any u. can not make a loop
around only a center, but, whenever it has a self intersection at least two centres are enclosed by
the path.

It follows from lemma (5.5) that if a collision occurs in any centre, the path w,,;, is a collision
reflection path. Suppose for instance that between two consecutive crossing points Py, Pr11 the
sequence u. uniformly converge to i, with a collision in Z;. Then, since w,;, is of reflection
type, the point P have to converge to P41 and since they can not belong to the same component
7, the only possibility is that both the crossing points converge to a center Si,. As a consequence,
the limit path w,,;, is a collision reflection path between Z; and Sy.

On the other hand suppose v be of type 1 and that does not wind around any other center out
of the axis between two consecutive crossing points Py, Prr1. Without lose of generality let, for
instance, Il = mg, lly41 = 7., ¥ > q, 7 # ¢+ 1 and suppose u. converges to U, with a collision
in S,.. Since U, must be of reflection type and since u. can not intersect 7,._1, the limit path
belongs to the axis 7 and it is a collision reflection solution between two consecutive centres.

In any case, since the estremal points P and @ are free to vary in my and m, and n > 2, if the
limit path wmin, has a collision, it does not belongs to the closure of f(y), then all the minimizer
of the action on T'(7) are free of collisions. O
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.1 Appendix 1

We deal with the so called Principle of Least Action that connects solutions of a dynamical system
to the stationary points of the associated action functional.
Given a Lagrangian function

L u) = gD + Ulul)

the Action is defined as .
Au) = / L (i, u)dt
0

The Principle of Least Action states that a path u(t) is a stationary point for the Action in the
interior of an appropriate class of paths, dA(u) = 0, if and only if u(t) is solution of equation

—i(t) +VU({t) =0 (19)

From a variational point of view the property of a path to be a stationary point of a functional is
weaker than to be a minimal; on the other hand in order to find stationary points of a functional
it could be easier look for a minimal point since many tools from the functional analysis may be
useful to this end.

In the sequel the terms singular or collision are used to indicate points where the potential
function is not differentiable.

Principle of Least Action Let u(t) be any collisionless local minimal path for the action
A= fOT L(w, u)dt with respect to variations p(t) € C(0,T). Then for every t € (0,T) the path
u(t) is a solution of the Euler-Lagrange equation

—iu(t)+VU(t) =0
Proof

Since u(t) is a local minimal path for the action A, for every variation ¢(t) € C°(0,T) and for
¢ > 0 small enough it holds A(u + ep) — A(u) > 0. Then

0< A(u+ep) — Au)
T
= /O {; (1) + ep()* = [(B)]*) + U (u(t) + ep(t)) — U (u(t)) } di

T
— / {a(t)¢(t) + VU(u(t))<p(t)}dt 1+ O(?)

0

Dividing by € and noting that the same inequality holds for the variation —¢(t), we glean

/0 ' [i(t)p(t) + VU (u(t)) (1) bt = 0

Integrating by parts the first term, reminding that the function ¢(t) has compact support, we
obtain

T
/ { —i(t) + VU(u(t))}cp(t)dt =0
0
and the arbitrarity of the variation ¢(t) implies that
—ii(t) + VU (u(t)) =0

for every ¢ € (0,T). O
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In the following lemma we state that if u(¢) is any (local) minimal path of the action functional,
joining the points P and @, in the case that one of the end-points, for instance @, is free to vary
on a subspace or, in general, on a variety V', then the path u(¢) is normal to V' in Q. This property
holds for every kind of Lagrangian and it could be considered as a Neumann condition for the
minimal path.

Lemma .7. Let u(t) be a minimizer for the action functional

A= /OT {;|u(t)|2 + U(u(t))} dt

with respect to variations ¢ € C*>([0,T)) with the constrain p(T) € V where V indicates a vector
subspace or a variety. If u(T) is not a singular point for the potential U(x), then u(T) € V* or,
. . . . I

in case V is a variety, u(T) € (Tu(T)V) .

Proof

We repeat the same argument done in the first part of the previous proof in order to say that for
every ¢ € C*([0,T1]) it holds

T
/0 {i‘(t)@(t) +VU (u(t>)<p(t)}dt ~0

By integration by parts it follows

T
u(t)w(t)’ +/0 (—ii(t) + VU (u(t))) ¢(t)dt = 0

0

For the Principle of Least Action the path w(t) solve the equation (19) for every ¢ € (0,7) then

the integral in the previuos equation is zero. It follows that 4(T")¢(T") = 0 for every ¢ such that
©(T) € V. This means that @(T) € V*. O
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