On the relation between the Bicircular model
and the Coupled Circular Restricted
Three-Body problem approximation.
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Abstract This chapter concerns the relation between the Bicircular model and the
Coupled circular restricted three-body problem approximation. The comparison be-
tween the differential equations governing the dynamics in the different systems
leads to the definition of Region of Prevalence where one restricted model provides
the best approximation of the four-body model. According to this prevalence, the
dynamical system theory and the Coupled Circular restricted three-body problem
approach is followed to design first guess trajectories for a spacecraft travelling un-
der the Sun-Earth-Moon gravitational influence.

Introduction

Starting from the work of Belbruno and Miller [1], where the perturbation of the Sun
has been shown to decrease the amount of fuel necessary for a Earth-to-Moon trans-
fer, the Sun-Earth-Moon-spacecraft restricted 4-body model has been commonly
adopted to describe the spacecraft motion.

One of the technique used to approximate the 4-body dynamics, or in general the
n-body problem, is the Coupled restricted three-body problem approximation: par-
tial orbits from different restricted problems are connected into a single trajectory,
yielding energy efficient transfers to the Moon [12], interplanetary transfers [6] or
very complicated itineraries [10].

The procedure requires the choice of a Poincaré section where the phase spaces
of the two different models have to intersect: the analysis of the Poincaré maps of
the invariant manifolds reduces the design of the trajectory to the selection of a
point on the section. The Poincaré section plays also a role in the accuracy of the
approximation of the undertaken dynamical system: indeed the encounter with the
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Poincaré section is the criteria for switching from the first to the second restricted
three-body problem. In the mentioned works the Poincaré section is chosen a priori
in order to accomplish certain design constraints or to simplify the selection of the
connection point and it usually consists in a hyperplane passing through one of the
primaries or lying along one of the coordinated axis.

Although it has been shown that for design purpose the solutions in a simplified
model like the Circular restricted three-body problem (CR3BP) are very good ap-
proximations to real trajectories in the complicated and full system [15], this work
deepens from a more theoretical point of view on the role played by the two re-
stricted three-body problems in the approximation of the 4-body system.

The undertaken model considered here for the 4-body dynamics is the Bicircular
model (BCP), [16], while the two restricted problems are the Earth-Moon CR3BP
and the Sun-(Earth+Moon) CR3BP, where, in the last case, the Sun and the Earth-
Moon barycenter act as primaries. The comparison of the mentioned systems leads
to the definition of Regions of Prevalence in the space where one of the restricted
problems performs, at least locally, the best approximation of the Bicircular model
and therefore it should be preferred in designing the trajectory.

Then, setting the Poincaré section according to this prevalence, the coupled
CR3BP approximation is implemented to design low energy transfers leaving Lya-
punov orbits in the Sun-Earth system and leading to the Moon’s region.

The plan of the paper is the following. In the first section the CR3BP is briefly
recalled and the equations of motion for the BCP in the inertial reference frame are
written. Then, in section 2, the comparison between the BCP and each one of the
restricted problems is performed: this analysis enables to define, in section 3, the
regions of prevalence of the two restricted systems in the approximation of the 4-
body model. Section 4 concerns the design of the transfer trajectory while section 5
deepens on the numeral scheme used to analyze the Poincaré maps for the selection
of the connection points. Finally in the last section some of the results are discussed.

1 Dynamical models

Circular restricted Three-Body problem

The CR3BP is a simplified case of the general Three-Body Problem and models the
motion of a massless particle under the gravitational influence of two bodies, with
masses M| < My, that are revolving with constant angular velocity in circular orbit
around their center of mass, see [17]. In the following only the planar motion is
considered.

In a rotating reference frame centered in the center of mass and with the units of
measure normalized so that the total mass, the distance between the primaries and
their angular velocity are equal to 1, the motion z(r) = x(¢) + iy(¢) of the massless
particle evolves following the differential equation
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where u = M, /(M; + M>) is the mass ratio. Note that the primaries are fixed on
the x-axis and the bigger and the smaller mass are placed in positions (—u,0) and
(1 — u,0) respectively.

In (x,y) components the equation of motion assumes the form

E-2=0,, §+2%=8,

where Q(x,y) = (x> +y%)/2+(1—p)/r1 +1/ra+u(1—u)/2 is the potential func-
tion. The subscripts of © denote the partial derivatives, while r| » are the distances
between the moving particle and the primaries. The advantage to study the dynam-
ics in a rotating frame is that the system (1) is Hamiltonian and autonomous and
admits a first integral called Jacobi constant

Joey,3) = =(#+3%) +22(x,y) -
Therefore the phase space is foliated in 3-dimensional energy manifolds
E(h) = {(x,y,%,9) € R* : J(x,y,%,y) = h}

whose projections onto the configuration space are known as Hill’s regions. For any
fixed value of & the Hill’s region prescribes the region where the particle is allowed
to move.

The potential €2 admits five critical points, the Lagrangian points L;,i = 1...5,
that represent equilibrium points for the vector field. The points L4 5 correspond
to equilateral triangle configurations, while the remaining are placed on the x-axis
and correspond to collinear configurations of the masses. Of particular interest for
mission design are L; and L, and the periodic orbits surrounding them that play the
role of gates in the Hill’s region, see for instance [11].

Bicircular model

The Bicircular model (BCP), see [4], consists in a restricted four-body problem
where two of the primaries are rotating around their center of mass, which is mean-
while revolving together with the third mass around the barycenter of the system.
The massless particle is moving under the gravitational influence of the primaries
and does not affect their motion. It is assumed that the motion of the primaries,
as like as the motion of the test particle are co-planar. The low eccentricity of the
Earth’s and Moon’s orbit and the small inclination of the Moon’s orbital plane, make
the Bicircular a quite accurate model to describe the dynamics of a spacecraft in the
Sun-Earth-Moon system; see for instance [18] and [14].

Referring to Fig. 1, let S, E, M be the positions of the three primaries, namely the
Sun, the Earth and the Moon while B and O indicate respectively the Earth-Moon
barycenter and the total center of mass of the system. For a given time-space system
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of measure, let us define w; and w; the angular velocities of the couple S and B
around O and of the couple E and M around B; Lg and Ly, the distances SB and EM;
M,,,M,,M; the masses of the Moon, the Earth and the Sun and G the gravitational
constant. Moreover let L and L, be the mass ratios

My M, + My,

= —, = — . 2
Mo+ My 7 Mo+ Myt M, @

L

With respect to an inertial reference frame (X,Y) whose origin is fixed in the

S

Fig. 1 Positions of the primaries in the inertial reference frame.

barycenter O and where 7 denotes the time coordinate, the positions of the primaries
are given by

S = _‘uSLsei((poﬂvlr)

E =(1 _‘uS)LSei((P(ﬁWlT) _ umLMei(¢0+W27)

M = (1 — pg)Lse P17 4 (1 — i, ) LygetQoFw27)

In order to lighten the notation, we define
n(t) =@ +wit, n(1)=d+wat.

The motion Z(t) = X(7) 4 iY () of the spacecraft is governed by the second
order differential equation

d*z M{(Z—S) M, Z—E) Mu(Z—-M)
— =-G + + : 3)
dt? 1Z=SIP [z=EP [z-M]|>

Later on the BCP will be compared with two different restricted three-body prob-
lems: the CR3BPgy, and the CR3BPgg. The role of primaries is played by the Earth
and the Moon in the first system and by the Sun and the barycenter B with mass
My, = M, + M,, in the latter. Three different reference frames and different units
of measure are involved in the analysis: the inertial reference frame and the SE-
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synodical reference frame, whose origin is set in the center of mass O, and the
EM-synodical reference frame centered in the point B.

Change of coordinates

Following the notation previously adopted, let (X,Y,T) be the space-time coordi-
nates in the inertial reference frame and the small letters (x,y,#) the coordinates
in the rotating systems. When necessary, in order to avoid any ambiguity, the sub-
script (xg,ys,t5) and (X, Vi, tm) are used to distinguish the set of coordinates in the
CR3BPgg and in the CR3BPg), respectively. In complex notation

Z:=X+1iY, Zm = Xm + Ym, Zs 1= X5+ Iy
the relations between the inertial and the synodical coordinates are given by

j t
Z=Lsze™,  T=g

Z= (1 _.us)LSeiy1 +LMZmeiYZ> T=1ln

wo

Concerning with the two synodical systems, the relation between the time coordi-

nates t; and t,, is easily derived
wi
ty= —1n
w2

while the transformation between the space coordinates (x;, y;) and (x,,, y,,) depends
on the mutual position of the primaries. Let 0 be the angle between the positive x;-
semiaxis and the positive x,,-semiaxis, see Fig.1:

9(’17) =PHh-—"N 290—|-(W2—W1)T.

For any value of 8, the position and the velocity of a particle in the two different
synodical systems satisfy the relations

In = l%ie_ie (Zs_ (1 _'us))
4)
and

Ts = %A;eiezm + (1 - ,us)

dzg _ Ly w2 ,i0 | (1 _ w1 dzn
dty = Lg Wle |:l<1 Wz)(zm) + dtm:| :

A second integration provides the relations between the accelerations in the two
systems:
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2
dz _ Ly (g) 0.

dtxz T Lg \wy
1— ? 2i wi\ dem | dzm ©)
- iy Zm t+21 o ) dtm + H .
Moreover, as consequence of the third Kepler’s law,
WiL3 = G(My+ M, +M,,), wiLy, = G(M, +M,,) . (6)

In this work the Sun-Earth-Moon scenario is considered and the physical param-
eters adopted in the numerical simulations are set according with the Jet Propul-
sion Laboratory ephemeris (available on-line at http://ssd.jpl.nasa.gov/?constants).
In particular the mass ratios are

Uy = 3.040423402066-10°,  p,, =0.012150581
being the masses of the bodies
M, =1.988924-10° kg M, =5.973712-10** kg

M,, = 7.347686 - 10** kg .

In the inertial reference frame (X,Y, ) the time is measured in seconds, the dis-
tances Lg and Ly are equal to

Ls = 149597870 km, Ly = 384400 km

while the values of the angular velocities w; and w, are

d d
wi = 1.99098898 - 10 % wy = 2.6653174179 - 107 % .

2 The comparison of the BCP with the CR3BPs

For applications in celestial mechanics and mission design the dynamical model
should be chosen to reproduce as better as possible the real force system. Moreover
it could be an advantage if the model presents useful mathematical properties so
that dynamical system theory could be applied to heighten understanding and per-
spectives. These features are usually in conflict and, for mission design purposes,
the Circular restricted three-body problem reveals to be a good compromise. In-
deed, this system admits a rich phase portrait that could be used to construct energy
efficient spacecraft trajectories. In particular the structure of certain invariant sets
and associated invariant manifolds have been exploited to accomplish a wide class
of mission requirements, [6, 7, 9, 10, 13, 18] and enables to heuristically explain
other theories like the Weak Stability Boundary theory, formalized in the Coupled
CR3BP model, [1, 2, 3, 8]. On the other side, in different situations like the Sun-
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Earth-Moon scenario, solutions in the restricted model have been shown to be good
approximations to trajectory in the real system.

Following the Coupled CR3BP approach, a complete trajectory in a multi-body
system is built patching together selected arcs computed in different restricted three-
body problems. The sequence of the restricted models and the criteria where to
connect the different solution arcs are usually chosen a-priori to accomplish the
mission requirements and to facilitate the design. Indeed the Poincaré section where
the intersection of the manifolds is analysed is usually set on a straight lines in the
configuration space or on the boundary of the three-body sphere of influence as in
[15].

The incoming analysis concerns the relation between the Bicircular 4-body sys-
tem and a couple of circular restricted three-body problem and aims to define the
coupled CR3BP approximation so that each restricted model is considered where
it provides the best approximation of the more complicated system. The distance
between the Bicircular model and each one of the CR3BP is estimated as the norm
of the difference of the differential equations governing their dynamics, once they
are written in the same reference frame and in the same units of measure. In partic-
ular the comparison is performed in the synodical frame proper of the considered
restricted problem, while the units of measure in both the cases will be the dimen-
sional one.

Comparison with CR3BPsg

Denote with 7 = z,Lg the spatial coordinate in the Sun-Earth rotating reference
frame, measured in km. Since Z = Ze¢'"", in this setting the positions of the primaries
are given by

S= _.usLS

E = (1—py)Ls — Ly’ 1)

M = (1 — pg)Ls + (1 — ) Lyge 21

The double derivative of Z(7) turns into
d’z  (d*z dz 5\ ;
C2 (L2 i &5 25 ) o
i (drz + 2iw; e le) e

then, substituting the new variables into (3), the equation of motion associated to
the BCP assumes the form
d’z dz ,_

ﬁ+2iW1E—WIZ: —G

= = + =
Iz=SIP Nz=EP  [[z-M|P

M(z-3) M.(:-E) Mm<z—M>] -

In the same time-space reference frame, the CR3BPg is described by

d*z dz
—Z—&—Ziwl—z—w%Z: —G[

Mi(z—3) Mb(z—é)}
dt? dt

Iz=SIP ~ z-BIP
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It follows the difference between the two models
Asg(Z) =|| BCP — CR3BPg ||
I-E) Mun(Zi-M )
Iz— E||3 A IZ BIPH

The gap Asg arises because in the restricted three-body problem the Earth-Moon
system is considered as a unique body concentrated in its center of mass rather than
a binary system.

_GH_

% 10° x10° Kmis*

y [adim, SErf]

25

0998 0999 1 1.001 1.002 1.003 1.004
x [adim, SEr]

Fig. 2 Level curves of Agg for 8 =0

The distance between the two systems rapidly decreases to zero as the evaluation
point is out of two disks around the primaries. For any different mutual position
of the three primaries the picture of Agg is different but self-similar up to rotation
around the point B; in Fig. 2 the value of Agg is plotted for 6 = 0.

Comparison with CR3BPgy

Following the same procedure as before, the distance between the CR3BPg;, and the
BCP is achieved. Again, let Z = z,,Lys be used to denote the complex coordinates
in a rotating reference frame and dimensional units of measure. Reminding that
the origin of the Earth-Moon rotating frame is placed in the barycenter B that is
revolving around the center of mass O, the inertial coordinate Z and 7 are linked by
the formula

Z=B+z",  B=(1—ps)Lse™

The positions of the primaries
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S=(S—B)e ™ = —Lgen~7)
E=(E—B)e ™ =—pu,Ly
M= (M-B)e ™ = (1 — )Ly

and the acceleration of the particle

da’z d’*z dz . .
12 <Z +2iW27§_ _W%Z— W%(l - [.LS)Lsel(YI_YZ)> e’

yield the differential equation for the BCP in dimensional EM-synodical coordinates

d*z dz :

o 2wy —waz = wh (1 — ) Lel )

- [Ms(z—S) M.(z—E) Mm(z—M)} ®)
lz=SI3 Iz=£F  lz-M|?

The term —w? (1 — uy)Lse’™ %) represents the centrifugal acceleration of B or,
equivalently, the gravitational influence of the Sun on the Earth-Moon barycenter,
indeed (2) and (6) imply (1 — us)w% = LIEIS . The difference between (8) and

d*z z [Me(Z—E) Mm(Z—M)}
— +2iwy— —wrZ=—-G = =
e " [Z=ETF " Tz=mP
that describes the motion in the Earth-Moon restricted problem, gives the distance
between the two models
- Sz S-B
Agy(Z) =|| BCP — CR3BPgy; ||= GM ﬁ - ﬁ

The error originates because in the CR3BPgy, the influence of the Sun on the
spacecraft is considered as the same influence that the Sun produces on the center B
of the rotating frame. Indeed the error vanishes whenever the spacecraft is placed in
the origin of the reference frame and grows when it moves away, see Fig. 3.

3 Regions of prevalence

The prevalence of each CR3BP is investigated according to which one produces the
lowest error if it is considered in place of the BCP. To this aim, once a system of
coordinates is chosen, let be defined the function

My (z—B)
llz—BI]*

(S-2) _ (S-B)
[

:GH Me(z=E) _ My (z—M)

T EF " Je—MP T

— GM;
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Fig. 3 Level curves of Agy for 6 = /3.

In any point z one of the restricted models has to be preferred according with the
sign of AE: where AE < 0 the CR3BPgg provides a better approximation of the
BCP, otherwise the CR3BPgy,.

For a given relative phase 0 of the primaries, denote with I"(6) the zero level set
of the function AE

I'6):={z:AE(z)=0}.

Numerical simulations show that I"(6) is a closed simple curve: we refer to the two
regions bounded by I'(6) as the Regions of Prevalence of the two restricted prob-

lems. In the bounded region Agy < Agg, while in the exterior region the opposite
holds.

x10° T — =
4 BN —0=0
- 3 . 0=2/31
/ / ~ N\ --=-6=4/3n
2 \
05 7 \\‘
< = \ L Y
s w i1
i b \ / b
£ 0 £o 1 b
£ £ i ® 4
2 = !\ Earth !
> B i\ i
> 1 \ i
0.5 NG J /
2 f \
i . y
i ™~ 4
3l A\ \_/;"/
4 \ v
N\ ’/
4 \\ 7
15 1 0. 0 05 1 15 2 N v, T i
x [adim, EMH] 0.996 0.998 1 1.002 1.004 1.006
x [adim, SErf]

Fig. 4 I'(6) with 8 =0,2/37,4/37 in EM and SE reference frame.

In Fig. 4 the zero level set of AE is drawn for different choices of the angle 6 and
in different system of coordinates. For any angle 6 the Earth, the Moon as like as the
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L; and L, Lagrangian points related to the CR3BPgy, belong to the EM region of
prevalence, while the CR3BPgg Lagrangian points are placed in the exterior region.

4 The Coupled CR3BP approximation

The Coupled CR3BP concerns the approximation of the four-body problem with
the superposition of two Circular restricted three-body problems, [12]. Here the
design of trajectories leaving a Lyapunov orbit around L; and L, in the CR3BPgg
and directed to the vicinity of the Moon is considered: therefore, denoting with

W((S"g)‘ z M,l.( ¥) any (un)-stable manifold related to Lyapunov orbits y around L; in the
(SE) or EM restricted problem, the intersections of Wy, ,(v1) with Wi | (72) and
Wi »(12) have been exploited. According with the prevalence regions previously
defined, the Poincaré section is set on the curve I"(8). The procedure to design the
transfer trajectories is the following: first the angle 6 is chosen and the curve I'(0)
in both the synodical systems is set. After, for a couple of Lyapunov orbits 7;, 7,
the manifolds Wy, ,(v1) and W | ,(12) are computed, each in their own coordinate
frame, until the corresponding curve I'(6) is encountered. The resulting Poincaré
map are then transformed into the same coordinates system and the analysis of their
intersection leads to the selection on the point Int where the two solution arcs need
to be connected.

As shown in Fig. 5(a), for almost every Lyapunov orbits around L, in the EM
system and every 6, the external stable manifold W, ,(71) invests completely the
curve I'(0): the resulting Poincaré map, topologically equivalent to a circle, bounds
the region Z of those initial data leading to the Moon’s region. On the other side,
Fig. 5(b), depending on the angle 6 and on the selected Jacoby constant, the unstable
manifolds Wgz ; ,(72) may intersect only partially the curve I"(6).

For our purpose the point /nz has to be selected in the set 2N W , ,. Indeed,
patching together the trajectories obtained integrating the point Int backward in time
in the CR3BPgg and forward in the CR3BPgy,, it follows an orbit that, starting from
the SE-Lyapunov, after have passed through the EM Lyapunov gateway, will travel
close to the Moon.

S The box covering approach

In this section the numerical technique used to detect the connecting point Int is
discussed.

Once the intersection of the stable manifold relative to a Lyapunov orbit in the
EM system with the curve I"(6) is computed, the four-dimensional Poincaré map
is covered with box structures implemented in the software package GAIO (Global
Analysis of Invariant Objects), see [5].
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Fig. 5 Intersection of Wgj. »(12) and Wy, 5 (1) with I'(7/3).

A N-dimensional box B(C,R) is defined as a multi-dimensional rectangle and it
is identified by a center C = (Cj,...,Cy) and a vector of radii R = (ry,...,ry):

N
B(C,R) = ﬂ{(xl,xz,...,xN) eRV : |xi — Ci| < ri}.
i=1

Following a multiple subdivision process, starting from a box By, a larger family
of smaller boxes is created with the property to cover By: the depth d of a family
denotes the number of such subdivision iterations. Once the family .% (d) of boxes is
created, the Poincaré map is therein inserted: only those boxes of . (d) containing
at least one point of the Poincaré map are considered, the others are neglected,
Fig.6(a). Denote with &2 the family of boxes used for the covering of the Poincaré
map. In order to detect the points Int, the interior region % needs to be covered
as well, see Fig. 6(b). The definition of the centres of the boxes used to cover #
is made ’by columns’: from the set of boxes in & whose centres have the same
(x,y)-coordinates, let be selected the two boxes with the maximal X4, and minimal
Xmin value of the x-coordinate. Then a new set of centres {Cy = (x,y, X, yk)}kK: | are
defined, where X = X,,,i, +kAv and yy, is obtained from the Jacobi constant. Here Av
is twice the radius in the %-direction of the boxes in .% (d) and K = (Viuax — Vinin)/Av.

In the presented simulations the covering is performed at d = 32: depending on
the size of the Poincaré map the radii of the covering boxes result to be in the range
[4 - 107*,2 - 1073] EM units.

Then, for a value of the Jacobi integral in the SE system, the Poincaré map of
Wi 1(12) or Wi »(72) is computed and, using (4), it is transformed in EM synodical
coordinates, being 0 the angle between the primaries. Finally, all those points of the
SE Poincaré map lying in one of the boxes covering Z are considered as transfer
points.
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x [adim, EMrf]
x [adim, EMrf]
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Fig. 6 Box covering of the Poincaré map of Wg,, , and of the transfer region 2.

6 Some results

The existence of connection points is tested starting from a database of 60 Lyapunov
orbits in the CR3BPgg both around L; and L, and 60 Lyapunov orbits around L, in
the CR3BPgy,. The Jacobi constant varies in the range [3.0004,3.00084] for the
SE system and in the interval [3.053,3.177] for the EM system and 32 equispaced
values of 0 have been considered.

Fig. 7 concerns transfers leaving a Lyapunov orbit around L; in the Sun-Earth
system: every dark sign marks a point in the intersection % N W;E,l ,le. AV =0
connections. The coordinates represent the Jacobi constant of the connection point
respectively in the SE and EM system and the angle 6 of the Poincaré section I"(0)
where the connection is detected. The lighter points are the projections of the pre-
vious ones onto the coordinates planes. Starting from one intersection, backward
and forward integration in the two CR3BP produce the complete transfer. If no dif-
ferently specified, all the evaluations are done in the SE-synodical reference frame
and in SE-units of measure. In the following figures the darker and the lighter lines
concern the pieces of trajectory integrated in the CR3BPgz and in the CR3BPgy,
respectively. In Fig. 8 the bigger picture depicts the orbit from a Lyapunov orbit
around L; to the Moon region, while the smaller ones show the values of Agg(¢) and
Agym (1) evaluated along the trajectory.

The integral Total AV = jtgc Asg (t)dt + j}iﬁ" App(t)dt is used as a measure of
the overall distance between the Coupled CR3BP approximation and the Bicircular
model along a selected trajectory. Here #( is the last time when the spacecraft is
far from the Earth more than 2.5 times the Earth-Moon distance and #y;, is the first
moment the spacecraft is 10000 km close to the Moon, while 7. denotes the instant
when the Poincaré section is crossed. Referring to Fig. 9, in the bigger figure the
dotted line remarks the circle inside which the above integration starts, the small
black circles show the position of the Moon when the spacecraft is on the section
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Fig. 8 Example of transfer trajectory and related errors Agsg, Agp.

and at the end of the travel, the black line denotes the Poincaré section at the cross-
ing time. In the upper of the smaller boxes the values of Agys and Agg are plotted
together, while the last graph shows the value of the integral Total AV . Starting from
to the error Agg is integrated up to the crossing moment 7., then two different inte-
grations are done: in the first case the error Agy, is considered till the final time #y;,
(lighter line), in the second case again Agg is integrated for a short interval of time
(darker line). The last figure depicts the optimality of the choice of the Poincaré
section I"'(0) in minimizing the local approximation error.
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Value of Asg and Agys in SE units

0015 |+
10 : ‘ 4 / ‘
SE-Jac. const =3.00078598 | ;

EM-Jac. const =3.05291 0.01 |

.65 27 275 2% 2.§5 29
Total AV = 0.0261 km/s

I H I 0 L
1 1.005 1.01 265 27 275 28 285 28

Fig. 9 Example of trajectory. Analysis of the error.

A more detailed analysis and a comparison with trajectories designed adopting

different Poincaré sections will be discussed in a future work.
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