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ẋ = f(x)

real analyticf : X ! X

�(x, t) : X ⇥ R ! X

Introduction and Motivations 

Invariant sets 

Fixed points 
Periodic orbits 
Invariant tori



Invariant Manifolds!
for fixed point

W

s(p) =
n

x 2 X : �(x, t) ! p, t ! +1
o

W

u(p) =
n

x 2 X : �(x, t) ! p, t ! �1
o

Vector field
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Applications: 
Fluid mechanics 

Chemical reaction dynamics 
Oceanography 
Astrodynamics 

… 

Can be used to compute 
 connecting orbits: 

 homoclinic, heteroclinic
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Local Manifold theorem (for fixed point)
Let f(x) be a C

r
vector field and let p be a fixed point for ẋ = f(x).

Suppose that Df(p) admits s eigenvalues with negative real part, u eigenvalues

with positive real part. Then W

s
(p) (reap. W

u
(p)) is a C

r
s-dimensional (u-

dim) manifold. The manifold is tangent to the respective invariant subspace at

p of the linearized vector field.

Df(p)

Fixed point Invariant !
Subspaces

Local invariant !
manifolds

W s(p)
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Formal construction of the parametrisation
Goal: 

Look for a function P(✓,�) and a vector field ⌃ on the (✓,�)� space so

that

1. P is a chart for M

2. the dynamics on M is conjugated to the dynamics induced by ⌃

�

✓

M
P

⌃ =

⇢
✓̇ = 1
�̇ = ⇤ · � ẋ = f(x)

(✓,�) 2 T ⇥ U M
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�(t) ⌧ -periodic orbit

P fixed point

Let f : Rn ! Rn
be a real analytic vector field and consider system

ẋ = f(x)

�(x, t) : Rn ⇥ R ! Rn
the flow

P(�) P(✓,�)

 ((✓,�), t)

⇢
✓̇ = 1
�̇ = ⇤ · � !

⇢
�(t) = �0e⇤t

✓(t) = ✓0 + t�̇ = ⇤ · � ! �(t) = �0e
⇤t

 (�, t)

⌃

flow in par. space

�(P(�), t) = P( (�, t)) �(P(✓,�), t) = P( ((✓,�), t))

DP(�)⇤� = f(P(�))
@

@✓
P(✓,�) +

X

i

�i�i
@

@�i
P(✓,�)

= f(P(✓,�))

Conjugacy!
eq.

Invariance !
eq.
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Formal construction of the parametrisation
P(✓,�) =

X

|n|�0
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REMARKS
• The method is integration free 
• The definition of the coefficients is recursive and can be done up to any order  
• The construction of bn is immediate for polynomial nonlinearities 
• Only few mild resonance conditions must be satisfied 
• Both (non)-orientable manifolds can be treated (by doubling the period) 
• The method does not depend on the dimension of the vector field neither the 

dimension of the manifolds 
• The computation is reasonable fast 
• The construction allows aposteriori error estimate
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Example: error estimation
Lorenz equation � = 10,� = 8

3 , ⇢ = 28

E(✓,�) =
@

@✓
PN,K(✓,�) +

X

i

�i�i@�iPN,K(✓,�)� f (PN,K(✓,�))

kEkWr,⌫ =
X

|n|�0

X

k2Z

����
2⇡ik

2⌧
↵n,k + n · �↵n,k � bn,k

���� e
2⇡|k|
2⌧ r⌫n

 Weighted Wiener-norm

N ⌫ r kEkWr,⌫ Computation Time Error Computation Time

2 0.1 0.05 4.39⇥ 10

�6
0.47 sec 0.008 sec

2 0.1 0.01 7.96⇥ 10

�10
0.47 sec 0.008 sec

4 0.5 0.01 7.96⇥ 10

�10
0.82 sec 0.012 sec

10 6 0.01 8.19⇥ 10

�10
1.83 sec 0.029 sec

20 15 10

�3
6.47⇥ 10

�9
3.57 sec 0.071 sec

25 20 10

�6
1.77⇥ 10

�6
4.42 sec 0.096 sec

Stable manifold data. For each computation, the periodic orbit, the Floquet

normal form, and all manifold Taylor coe�cients an(✓) are computed with K =

66 Fourier modes.
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ż = ↵x� x

2 � �y � z,

Arneodo System

� = 2,↵ = 3.372



Example

8
<

:
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Example
Kuramoto-Sivashinsky equation	



!
Periodic and symmetric boundary conditions

ut = �uyy � �uyyyy + 2uuy

u(t, y) = u(t, y + 2⇡), u(t,�y) = �u(t, y)

Finite-dimensional projection in Fourier space

Setting xk(t) = iwk(t)

ẇn = (n2 � ⌫n4)wn � n
X

k1+k2=n

wk1wk2 n = 1, . . . , N

w�n(t) = �wn(t)

u(t, y) =
X

k2Z
xk(t)e

iky
u(t, y) =

X

|k|N

xk(t)e
iky
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⇢ = 0.11878
10-dimensional Galerkin projection

Periodic orbit: Period T~1.95. 
  Floquet Multipliers:  83.3,  0.026

Example
Kuramoto-Sivashinsky equation

 A homoclinic orbit in the 10-dimensional Galerkin projection!
 of the Kuramoto-Sivashinsky PDE



Thank you 


