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Let f(x) be a C” vector field and let p be a fixed point for £ = f(x).
Suppose that D f(p) admits s eigenvalues with negative real part, u eigenvalues
with positive real part. Then W?*(p) (reap. W¥(p)) is a C" s-dimensional (u-
dim) manifold. The manifold is tangent to the respective invariant subspace at

p of the linearized vector field.
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In case of fixed point p one looks at the linearisation Df(p) and computes
eigenvalues and eigenvectors.
In case of periodic orbit the linearisation of the vector tield around the orbit is
given by the non-autonomous linear system

{ Y'=Df(y(t+0))Y
Y(0) =1

Denote the solution after a period 7, called
Definition: The eigenvalues of are called the .
dim W*®(y) = number of Floquet multipliers with modulus less than one.
dim W"(v) = number of Floquet multipliers with modulus greater than one.
. eigenvectors of ®y(7) are the at v(0)
w§07w20 whr . wo
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w§1 , w21
wgo : wZO
Is it possible to obtain a of the normal bundle?

That is periodic functions B,([0,7]) such that B,(0) = w? ?

Theorem Floquet
The fundamental matrix solution ®(¢) can be written as ®(¢) = Q(t)e’* for a

T-periodic complex function Q(¢) and a complex matrix R.

I R —

Parametrization of normal bundies

Castelli, R. Lessard, |.P. Rigorous numerics in Floquet theory: computing stable and unstable bundles of
periodic orbits, SIADS,2013
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Let f : R™ — R"™ be a real analytic vector field and consider system

&= f(x)
¢(xz,t) : R" x R — R" the flow

. B At & =1 o(t) = opelt
Y(o,t) flow in par. space »((0,0),t)

—IP’(@ o) + Z \ioi

, )

DP(o)Ao = f(P(0)) Invaer(i:nce
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9 )
DP(c)Ao = f(P(0)) Invariance agt (0:9) + Z Aioi g (0, 0)
eq.
— f(IP)<97 J))
n| = 0,[n| =
n| =2

Homological eq.

Since b,, and b, (#) depend on lower oder term, b,, = b, (g, ...,q,_1), one can
compute recursively the coefficients a,, and o, (6).



Formal construction of the parametrisation:
high order terms

don 4 n . Aoy, = Df(ap)ay + by

do
Non-autonomous linear ODE




Formal construction of the parametrisation:
high order terms

dc?en - AO‘” — Df(()é())()én + bn

Non-autonomous linear ODE

n(0) = Q(O)w,, (6) CQ(6) = DF((6))Q — QR




Formal construction of the parametrisation:
high order terms

dc?en - AO‘” — Df(()é())()én + bn

Non-autonomous linear ODE

n(0) = Q(O)w,, (6) CQ(6) = DF((6))Q — QR

Plugging into the above ODE it follows a const. coeff. ODE
doWn + (n- Al = R)wy = Q7(60)b (6)




Formal construction of the parametrisation:
high order terms

dc?en - AO‘” — Df(()é())()én + bn

Non-autonomous linear ODE

n(0) = Q(O)w,, (6) CQ(6) = DF((6))Q — QR

Plugging into the above ODE it follows a const. coeff. ODE
doWn + (n- Al = R)wy = Q7(60)b (6)

wn(0) =3 jwke'™0 QT O(O) = DA wp = Mup R=MDM™
k k




Formal construction of the parametrisation:
high order terms

dc?en - AO‘” — Df(()é())()én + bn

Non-autonomous linear ODE

n(0) = Q(O)w,, (6) CQ(6) = DF((6))Q — QR

Plugging into the above ODE it follows a const. coeff. ODE
doWn + (n- Al = R)wy = Q7(60)b (6)

wn(0) =3 jwke'™0 QT O(O) = DA wp = Mup R=MDM™
k k




Formal construction of the parametrisation

REMARKS

The method is integration free



Formal construction of the parametrisation

REMARKS

The method is integration free
The definition of the coefficients is recursive and can be done up to any order



Formal construction of the parametrisation

REMARKS

 The method is integration free
« The definition of the coefficients is recursive and can be done up to any order
« The construction of bnis immediate for polynomial nonlinearities



Formal construction of the parametrisation

REMARKS

The method is integration free

The definition of the coefficients is recursive and can be done up to any order
The construction of bnis immediate for polynomial nonlinearities

Only few mild resonance conditions must be satisfied



Formal construction of the parametrisation

REMARKS

The method is integration free

The definition of the coefficients is recursive and can be done up to any order
The construction of bnis immediate for polynomial nonlinearities

Only few mild resonance conditions must be satisfied

Both (non)-orientable manifolds can be treated (by doubling the period)



Formal construction of the parametrisation

REMARKS

The method is integration free

The definition of the coefficients is recursive and can be done up to any order
The construction of bnis immediate for polynomial nonlinearities

Only few mild resonance conditions must be satisfied

Both (non)-orientable manifolds can be treated (by doubling the period)

The method does not depend on the dimension of the vector field neither the
dimension of the manifolds



Formal construction of the parametrisation

REMARKS

The method is integration free

The definition of the coefficients is recursive and can be done up to any order
The construction of bnis immediate for polynomial nonlinearities

Only few mild resonance conditions must be satisfied

Both (non)-orientable manifolds can be treated (by doubling the period)

The method does not depend on the dimension of the vector field neither the
dimension of the manifolds

The computation is reasonable fast



Formal construction of the parametrisation

REMARKS

The method is integration free

The definition of the coefficients is recursive and can be done up to any order
The construction of bnis immediate for polynomial nonlinearities

Only few mild resonance conditions must be satisfied

Both (non)-orientable manifolds can be treated (by doubling the period)

The method does not depend on the dimension of the vector field neither the
dimension of the manifolds

The computation is reasonable fast
The construction allows aposteriori error estimate
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Example
—ST + SY
flz,y,z) = oxr —y—xz |, (s,B,p € R).
—Bz + xy

stable
Periodic orbit: Period T=07644. Floquet Multipliers: 1.160/, 2.5e-5
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Large range parametrisation
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Example: error estimation

E(H,a)—%IPNK +Zmza Py x(0,0) — f(Pyx(0,0))

Welghted Wiener-norm
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Example: error estimation

E(Q,O‘) = %PNK —|— Z)\ 0,0, IP)N K(H ) f(]P)N,K(Q,O'))

=2 QMkOén,k + 1 Aok — Ok e F TLn
In|>0 keZ

N | v T e Computation Time | Error Computation Time
2 10.1] 005 | 4.39 x10°° 0.47 sec 0.008 sec
2 1 0.1 0.01 | 7.96 x 10—10 0.47 sec 0.008 sec
4 1051 0.01 | 7.96 x 10~10 0.82 sec 0.012 sec
10| © 0.01 | 8.19 x 10~10 1.83 sec 0.029 sec
20 | 15 | 1073 | 6.47 x 107 3.57 sec 0.071 sec
25 1 20 | 107 | 1.77 x 107° 4.42 sec 0.096 sec

Stable manifold data. For each computation, the periodic orbit, the Floquet
normal form, and all manifold Taylor coefficients a,,(#) are cdmputed with K =
66 Fourier modes.
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T =y Arneodo System
y—=—=z

f=ar —x° — By — 2,
Neg. Floquet mult =
p=2a=3372 non orientable manitold
Periodic orbit: Period T= 4.53284. Floguet Multipliers: -1.527, -0.070
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Ut = —Uyy — AlUyyyy + 2UU,
u(t,y) = u(t,y + 2m),u(t, —y) = —u(t,y)

Finite-dimensional projection in Fourier space

Setting x(t) = twy(t)
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Example

10-dimensional Galerkin projection
p=0.11878

Periodic orbit; Period T~1.95.
Floquet Multipliers: 83.3, 0.026

A homoclinic orbit in the 10-dimensional Galerkin projection
of the Kuramoto-Sivashinsky PDE
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