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Chapter 1

Introduction

This is a master course for mathematics students about matteal methods to gain in-
sight in the mechanisms underlying biological phenomena.

The course consists of

o these lecture notes, which explain and illustrate the nusttvehile referring to
other sources for detailed accounts of the underlying nmaghieal theory;
e assignments which provide training in modelling and in the af the methods.

Students work, if they wish in couples, on assignments,gubioth pen and paper and
computer tools. Grades are to a large extent based on thedamdvritten texts and on
oral presentations.

In the course, a lot of attention is paid to “translation"whdo we get from biological
information to a mathematical formulation of questions?dAvhat do the mathematical
results tell us about biological phenomena?

In addition, the course aims to introduce general physitsds$ about temporal and spatial
scales and how these can be used to great advantage wheniegf@ mathematical
analysis.

Prerequisites: basic knowledge about linear algebraysisaDDEs. (The key point, how-
ever, is the attitude: students should be willing to quidklyn gaps in background knowl-
edge.)



Chapter 2

Exploiting time scale differences: the quasi-
steady-state approximation (QSSA)

The aim of this chapter is to illustrate, by way of examplesylone can take advantage of
large differences in the rates of change of variables. Tha idl simple: we first consider
the fast variables for fixed values of the slow variablesnlthis setting, the fast variables
go to a limit, a “steady” state, we next consider thenamicsf the slow variables while
putting the fast variables at their “steady” state valuesteNhat the precise “steady”
values of the fast variables depend on the values at whicbltihre variables were fixed,
and so will vary slowly if we consider the dynamics of the sheaviables. To reflect that
phenomenon, we sayuasisteady-state. The key point is that we decompose a system in
two lower-dimensional systems, which often substantif@tjlitates the analysis.

2.1 Michaelis-Menten enzyme kinetics

Enzymes are large protein molecules that catalyse readtidhe living cell. The simplest
situation is that they transform substrate into product(hy of a conformational change)
according to the reaction scheme

S+E?C%P+E. (2.1.2)

Note that we assume that the react@n— P + FE is irreversible. This makes the alge-
bra simpler, and isn’t too unrealistic for many reactiontie T stands for “complex”, a
molecule composed of two smaller ones. The meaning of ther simbols is, hopefully,
evident.

The Law of Mass Action asserts that the rate at which a reaptioceeds is proportional to
the product of the concentrations of the substances thatarked in the reaction. The's
are the constants of proportionality. If we denote the catre¢ions by small characters,

6



2.1 MICHAELIS-MENTEN ENZYME KINETICS 7

the reaction scheme directly translates into the ODE system

d
d—i ——kyse+k_c, (2.1.2)
de
T =—kise+ k_c +ke, (2.1.3)
d
d—j = kyse—k_c—ke, (2.1.4)
dp
e k. 2.15
I +ke ( )

The atoms that constitute the enzyme also occd.imhe conservation of these atoms is
reflected in%(e + ¢) = 0. So we can think of molecules that can jump back and forth
between two states, the “free” stdfeand the “bound” stat€’. The rate (=probability per
unit of time) at which a particle in th&' state jumps to thé€’ state isk, s and the rate at
which a particle in the” state jumps to thé& state isk_ + k. If s would be constant, these
rates would be constant too. For tivear system

%(i)M(i) (2.1.6)

M= ( —kis kot k > 2.1.7)

with matrix

kys  —(k-+k)
we can interpret andc in several ways:

e ¢ is the probability that a particular particle is in stdfeandc is the comple-
mentary probability that it is in stat€. We then normalise andc such that
e+c=1.

e ¢ is the fraction of the particles that is in stdfeandc is the fraction of particles
that is in state”. Again, we require that + ¢ = 1.

e candc are, as in[(Z.1]12), concentrations. The stinc is constant in time, with
the precise value determined by the initial condition.

To go from the third to the second, just considér and . To go from the first to the
second, just recall the Law of Large Numbers from probafitieory. The pointis that, by
considering as a given/prescribed quantity, we achieved that the festirendependent

of one another, which is reflected in the fact thai (2.1.6isar.

The matrixM has eigenvalue zero (as a direct consequence of the urmdpclynservation
law). The second eigenvalue-isk, s — k_ — k (use that the sum of the two eigenvalues
equals the trace d¥/ and that one eigenvalue is zero). Since the second eigerigaieg-
ative, the solution of {2.717) converges for+ co to an eigenvector ol/ corresponding
to eigenvalue zero. One such eigenvector is

( ‘ > - ( Z;;k ) 2.1.8)

and all others are a multiple of this one. We conclude thaafgiven constant value of

e(t) t— 00 Etot k_ +k
( c(t) > - m< kys >v (2.1.9)

wheree := ¢(0)+¢(0). The difference between the left and the right hand side.Gfg?
is bounded by a constant times
o~ (e stk k)t
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For that reason we say that ttime scaleof convergence is
(kys+k_ +k)~L (2.1.10)

If we now substitute the right hand side 6f (2]11.9) foand ¢ in the equation for%

in (Z.1.2), we obtain
ds k-}-ketot

— =3 2.1.11
it~ kst k- +k ( )
So as a consistency requirement for this approach we hawththdme scale
k+k€tot -1
_ 2.1.12

of changes ins according to[(2.1.11), should be much longer than the tinadesgiven
by Z1.10):

k+k€tot
k+5 + k/’_ + k ’
In addition, we should provid€ (2.1]11) with an initial catiwh. We would like simply to
puts(0) equal to the true initial substrate concentration. Oftemxgreriment is started by
adding enzyme to substrate, so with no complex present atzero. Then initially,

kps+k_ +k> (2.1.13)

% ~ —kyes,
and changes im occur at the time scale
(kyetor) " (2.1.14)
So if we require that
kis(0) 4+ k— 4+ k> ke (2.1.15)

thens hardly changes whileandc converge as described lhy (2]1.9). Next, note fhai(2.1.15)
guarantees thdf(2.1]13) holds and that, accordinglyffices to require[{2.1.15) or, equiv-
alently,

k4 etot
Moot g 21.16
s 1 b 1k (2.1.16)

HINT: To verify that [2.1.1b) implied (2.1.13), first note that
S, S
I{?.;,_S + k_k/’
since all terms are positive. So if we multiply the righthsioe of [Z1.15) by:/ (ki s +

k_ + k) the left hand side is still much bigger.
Seelb2], and the references given there, for justification as wellaiants.

0 1

Exercise 2.1.1.The atoms that constitute the substrate also ocatirand inP. Formulate
a conservation law and check that it is incorporate@ in B-12.1.5).

Exercise 2.1.1.Check that in the approximation that leads[fo (Z.11.11) weehav

dp ds
— = 2.1.17
dt dt ( )
So the velocity at which substrate is transformed into pebduinitially given by
y = Cokkss(0) (2.1.18)

 kys(0) + ko +k

Rewrite this such tha% is a linear function ofﬁ. Which reaction parameters can be
estimated by measurifig as a function of the tunable initial substrate concentr&tio
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This functionV in (Z.1.18) is the reason why one often uses

ds Vins

= —_ 2.1.19

dt K, +s ( )
to model the change in concentration of substrate in enzyinmeiks. Equation(2.1.19)
is often called théMichaelis-Menten rate equatiotere,V,,, = ek, andK,, = (k— +
k)/k., theMichaelis constant

2.2 Scaling

Compared to the length of a human lif®0, 000 milliseconds isn't very long, butt00, 000
years is. Words like “small” or “large” are dangerous whental& about quantities that
carry a physical dimension, since the actual numbers depetie choice of units. One
way to justify a formal QSSA is to go through the systematmgadure okcaling i.e., of
reformulating the equations in termsmdn-dimensionabariables, and to identify amall
parameterwhile doing so. We now illustrate this procedure in the cahté# (a reduced

version of) systen{{2.1.2)=(Z.1.5).

As noted above, changesdrat the start occur at the time scale givenlby (211.14), argd thi
motivates us to choose
1
t =
k+€0
whereey is the initial condition fore. A natural scale for substrate is provided by the initial
concentration, so we choose

£, (2.2.1)

s(t) = s(0)s*(t*). (2.2.2)
As c(t) is bounded by, we choose
c(t) = eworc™ ("), (2.2.3)
and as a consequence
e(t) = ewt(1 — c*(t%)). (2.2.4)
Now, noting that
d _dt d d

a _ad @ 2.2.
G @ ar g (22.5)

we substitute all this into the first and the third equatio@0f.2){2.1.5) and subsequently
divide both sides of both equations by s(0)ew. The result is

ds* k_
= —s* )t 2.2.6
7=+ () 229
de*  s(0) ko +k
= *— et ). 2.2.7
dt* et (S (k+5(0) e )C ) 227
We next rename the three compound parameters that figurese tguations:
€tot
= 2.2.8
=00 (228)
k_+k
= 2.2.9
£ = s 0) (2.2.9)
k
A= (2.2.10)

N k+8(0),
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v

1 S
FIGURE 2.1. Dynamics of[(2.2.11). The solution shoots up fromghe

axis until it approaches= 1/(x + 1), after which it is trapped between
the isoclines and converges towards the origin.

drop the stars and multiply the second equatiom bjhis leads us to

d
d—i =—s+(k— A+ 9)c,
d
{—:d—j =s—(k+s)c (2.2.11)

Note thate is the initial ratio of enzyme and substrate molecules. &g experiment
consists of adding a little bit of enzyme to an excess of satsstleading to a small value
ofe. If e is small and: % ==, then necessaril%’ is very large, s@ changes rapidly, i.e.,
at the time scale. For fixeds, the equation for: is linear and we see immediately that

converges to-+-. If we substitute: = .= in the equation fos we obtain

K+s
ds s
— = 2.2.12
dt K+s’ ( )

as the equation describing the changes &t theO(1) time scale. As initial condition we
puts(0) = 1.

We can zoom in on the rapid changedmight at the start (when indeed# =), by
introducing

t = et™. (2.2.13)
(The recycling of thex should not confuse you! Note th#t should be large to have a
value oft that isn’t small.) From

d
d:* =e(—=s+ (k= A+ s)c) =0,
we deduce that(t*) ~ s(0) = 1. When we substitute this into
d
dtc* =s—(k+s)c,
we find ) )
eft?) = —— (1 -t ) g
K41 k+1

The sketchy phase plane portrait correspondinigfo (2. &sHBpicted in Figure211. A sys-
tematic method to analyse systems containing a small paeaise¢he method afatched
asymptotic expansiorfsee, e.9./44,124/ 34, 6]. The key idea is to construct solutions in
the form of a power series iny both for [Z.2. 1) and for the system

5:* =e(=s+ (k= A+ s)c), (2.2.14)
& s (K + s)c. (2.2.15)

dt*
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FIGURE 2.2.

(The first is called theuter solution and the second thaner solution) Unknown inte-
gration constants are determined by matching these exgemsie., by relating the limit
t — 0 in the outer solution to the limit* — oo in the inner solution. In the present very
simple case, this would amount to choosi{) = 1 as the initial condition fo{2.2.12).
See|B] for a fully worked treatment of the above problem.

2.3 Cooperative reactions and the sigmoidal response

In Sectior 2.1l our emphasis was processeshat were either slow or fast, while in Sec-
tion[2.2 we focussed ovariablesthat either change slowly or change fast. The first is the
more mechanistic point of view, the second is more amenaldmalysis. It may require
ingenious transformations to translate the first into tleosd, see38).

In Z1.11), we see that the velocity of tt#e — P transformation saturates for large
substrate concentrations. This is a very general phenoméhe output of a “factory” is
proportional to input at low input, but is determined by “eajty” (and hence independent
of input) for high input.

Sometimes one observes a remarkable special feature: itnet @aacelerates in an interme-
diate input region. In more picturesque language: someatiimeresponse is s-shaped and
is called sigmoidal. When the acceleration occurs in a maregion, but is very strong,
one has a “switch” between (almost) no production and pridiiat (almost) full speed.
The three profiles are sketched in Figurg 2.2.
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How can a sigmoidal response arise? What kind of biochemieahanism can be respon-
sible?

Some enzymes consist of several identical subunits (eagmbglobin has four binding
sites forOs). They are call oligomers (cf. the word polymer to indicdtattthere are very
many identical building blocks). Here we consider a dimensisting of two subunits. If
a protein binds some smaller molecule to one of its subuhiis,smaller molecule is often
called a ligand (frontigare = to bind).

Now assume that each subunit can assume two different spatimrmations, i.e., shapes.
And assume that the reactivity to bind a ligand depends ocdhé&rmation. Let’s go to
the extreme: in one of the two conformations the ligand cabadound at all.

Finally, let us assume that transitions between the twaalgainformations are concerted,
i.e., all subunits switch simultaneously. Included in tassumption is that, if a ligand is
bound to a reactive subunit, no switch to the inactive stateoccur for any of the subunits.
Now test your physical intuition: can you imagine how accaien might arise? Whether
or not you can, let’s see what we can learn from a mathematicgysis.

Let's denote the inactive state by the symio(for “tight”) and the reactive state bi.
Let’s use a subscript to denote the number of ligands bouhe considerations above can
be summarised in the reaction scheme

f \ 2k+8 \ k+8 \
5 — S — S|S
k_+k 2(k_+k)
T() R() Rl RQ
and translated into the ODE system
dT;
d_to = — fTo+bRy, (2.3.1)
dRy
— = +fTy —bRy — 2k sRo+(k— + k)R1, (2.3.2)
dR
d—tl = + 2k sRo —(k— + k)Ry — kysR1+2(k_ + k)Ro, (2.3.3)
dR
d_t? — +kysRi—2(k- +k)Ry,  (2.3.4)
d
d_j - — 2k, sRo +k_Ry — kysRy 12k Ry,  (2.3.5)
d
d_’t’ _ +kRy +2kRy.  (2.3.6)

Assume, for the time being, thats constant. The enzyme molecule can be in four states.
The four vecto(Tp, Ry, R1, Re) satisfies dinear ODE with matrix M given by

—f b 0 0
M= 0 2k, s —(k— +kys+k) +2(k-+k) (2.3.7)
0 0 kys —2(k_ + k)

This matrix has an eigenvalue zero (how can we be so sure®) cdinesponding eigen-
vector is easily computed by expressing the fourth compianehe third, the third in the

second, etcetera, while exploiting that terms at some I@relccur one level higher (this
reflects the order structure in the reaction scheme: we adar the states such that only
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transitions to adjacent states are possible). If we nosaaliich that the sum of the com-
ponents equals one, each component corresponds to thieriratthe enzyme molecules
in the corresponding state:

1
- e — £ 2kys . (2.3.8)
1+3(L+hiko+?%;ﬂ)) f2es s
b k_+k 2(k_+k)

But are we sure that the solutions of the linear ODE convergeigenvector correspond-
ing to eigenvalue zero? In other words, are we sure thattadir@igenvalues have negative
real part? Yes, we are! The point is that defined in [Z.3]7) is Positive-Off-Diagonal
(POD), so that we can use the Perron-Frobenius thea?8n2f to arrive at the desired
conclusion. Equivalently, we can refer to the general thedrcontinuous time Markov
Chains|B3].

If we let Y denote thdraction of the subunits to which ligand is bound, thEnequals the
sum of one half of the third component and the fourth comptrsen

f kys kys
_ BRI (1 + kf+k)
- f 2k k ’
I+3 (1 R (1 + 2(kjjk)))
Now, assuming an excess of substrate relative to the endgtisdpok at changes inand

p at the slow time scale. In the QSSA the last two equations.8f3Pcan be written as

d ds
d—ZLf = 2kY e = — = (2.3.10)

(can you interpret the middle term? is this what you woulde=tp). We can conclude
that the way in which the velocity of th& — P transformation depends on the substrate
concentration can be read off from the formdila_(2.3.9)¥for

Y

(2.3.9)

In terms of

. kys

S = kj_ + k,
we have

f s(1+3%

b1+ L1432
and one easily verifies the sigmoidal shape of this funct®mas a final conclusion, we
have that such a sigmoidal response may arise bydbperativeeffect that the occupation
of a first binding site prevents that other, as yet still fritess switch back to the inactive
state. Was this indeed what you anticipated when we askedoytest your physical
intuition?

[This section is very much inspired by Chapter 453]|

2.4 The force of infection in populations of variable
size

If an infectious individual makes “contact” with a suscéjsiindividual, the infectious
agent is transmitted with a certain probability. If we siifipteality and assume that the
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contact rate

population density
FIGURE 2.3.

just infected individual is infectious right away, we hate reaction scheme

S+125%01,

wheres = cp, with p the probability of transmission andsuch that an infectious individ-
ual makes contact with susceptible individuals at r&teWhen we take the point of view
of the susceptible, this is usually formulated as: the fatafection equals3l. Here
the force of infection means “the probability per unit of énof becoming infected”. Yet
another common formulation is: the incidence (the numberevi cases per unit time)
equalssSI.

The underlying assumption here is that the number of camithet an individual has per
unit of time is proportional to population density. If yourdoast commuter trains in the
Tokyo district with pedestrians on a small rural road, thderes a fair assumption. But
what if “contact” means sexual contact? Shouldn't, in thése; satisfaction lead to a
saturating contact intensity? Or, if not satisfactionntheck of time?

If we assume that individuals make contact at a fixed eai@edependent of population
density), the force of infection equalfs[{—,, whereN is the total population density (and so
I/N can be interpreted as the chance that a contact is with actimtfis individual; note
that we assume throughout this section that the infectetnshas no influence whatsoever
on the contact process).

When the total population density is a constant, the difference betweeh andﬂ% is

just a difference in the interpretation 6f But what if V is variable, or if we want to
compare various host populations with rather differentigalofN? So far, we covered the
linear part of the contact respons#&/§, which probably works best at low densities, and
the fully saturated partﬁ(%), which approximates the process best at high densities (se
Figure[2.8). Can we connect these two parts on the basis othanistic submodel? The
following positive answer is based d@1], where also variants appropriate for structured
populations are considered.

The key idea is to introduce pair formation and dissolutind & restrict transmission to
pairs. The average duration of partnerships then setsslimitontact intensity.

So let us distinguiskingles(those individuals that at the time considered are not eedjag
in a pairwise contact) frornouplegpairs. When the first have density (¢), and the latter
densityP(t), then

N(t) = X(t) + 2P(t), (2.4.1)
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since a pair consists of two individuals.dfdenotes the separation rate and if a single finds
a partner at rate X (so at a rate proportional to the supply of candidates), then

dX

— =—pX? +20P, (2.4.2)
dP 1

— =—pX?_—0oP. 2.4.
o =3 o (2.4.3)

Clearly this is a caricatural description of both pair fotima and separation; remarkably,
however, a description of the duration of relationships byegponential distribution fits
the data rather well.

Exercise 2.4.1.Verify that, withv := £,
X_\/1+4VN—1 p_1+21/N—\/1+4VN
N 2v ’ N 4v ’

defines the unique steady state[of (4.4.2) and that thisysttaie is globally asymptotically
stable.

(2.4.4)

Next, on top of the distinction between singles and pairs,induce the distinction
between susceptible and infectious individuals (for sinitylwe shall assume that infected
individuals do not lose their infectiousness). L%t denote the density of susceptible
singles,S, the density of pairs consisting of two susceptibles andleind/; be similarly
defined. LetM (for “mixed”) denote the density of pairs consisting of aceystible and
an infective.

Exercise 2.4.2.Interpret all terms in the ODE system

dsS

d—tl =—pS1(S1 + 1) +205+0M, (2.4.5)
dl

T =—pl(S1+ 1) + 201, +o M, (2.4.6)
dsS: 1

d—t2 = §psf — 08, (2.4.7)
dd_f\f _ pSiIy —oM — BM, (2.4.8)
dI 1

d_t2 = oIt = o + BM. (2.4.9)

and check whether the pair formation and dissolution ruleseveorrectly incorporated.
What is the underlying assumption concerning transmission

Exercise 2.4.3.The process of pair formation and dissolution proceiedependently
i.e., theS-I distinction has absolutely no influence at all on it. Sholilthat allow us to
recover[(Z2.4R) fron{(2.415)? Defin€ and P in terms ofSy, S, I1, I, andM and check

that [2.4.2) holds!

Exercise 2.4.4.The transmission process daast proceed independently of the single-
pair distinction: on the contrary, it is restricted to mixpdirs. Define the density of
susceptibles and the density of infectivesin terms ofSy, Sy, I, I», andM, and show
that

% = —BM, (2.4.10)
% = BM, (2.4.11)

exactly as one would expect (or wouldn't you?).
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If 5 is very small relative to both ando, the variabless’ and! will change slowly relative

to the speed at which the pair formation/dissolution preeagiilibrates. The idea of the
time scale argument is now as follows: consider, for fisednd !, the variant of[(2.4]5)—
(2.4.9) obtained by deleting th#&\/ terms at the right hand side; compute how the limiting
value of M depends orf andI; substitute the result int¢ (2.4]10) to describe the slow
changes it and/. So the QSSA concerris (2.14.5) and involves omittidd terms. Note
that the systeni(2.4.2) is nonlinear, reflecting the depecelm the pair formation process.
So we cannot rely on the spectral theory of POD matrices oherthieory of Markov
processes. Yet the solution can be found by way of a simplébamatorial/probabilistic
argument.

Exercise 2.4.5.Verify that the quasi-steady-state bf (2]4.5) is given by
Si=2X L =1x
S:= (%) P, M=234P, L=(3) P,
and explain the logic behind these expressions. (One catk the stability by exploiting

thatS and! are constant and thaf and P approach limits to reduce the five dimensional
system to, essentially, one equation.)

Exercise 2.4.6.Write (2.4.10) in the form
ds ST drI
o = PO =5

(2.4.12)

(2.4.13)

and check that

(i) C(N)>o0forN >0,
(ii) Cis nondecreasing,
(i) C(NV) is approximately linear inV for small N. More precisely,C'(N) =
2uN + O(N?) for N — 0,
(iv) C(N) is approximately constant for largé.

The functionC (V) studied in the last exercise thus provides us with a conorebgtween
the linear8I and saturate@/N responses with which we started, as illustrated in Fig-
ure[2.3. We refer to Section 10.2 @] for elaborations, remarks on generalisations and
additional exercises.

2.5 Excitability

Consider the system

E% = f(v) — w, (2.5.1)

dw

kil (2.5.2)
(2.5.3)

with f acubig specified graphically in Figufe 2.4.

Clearly, (v, w) = (0,0) is an equilibrium, which we call the rest state. The Jacolirima
in this point has the sign pattern
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FIGURE 2.4.

FIGURE 2.5.

so the trace is negative and the determinant positive, implhat the rest state Iscally
asymptotically stable. We emphasise the word “locally'tdiese, as we are going to show,
the domain ofmmediateattraction is rather small. Yet the domainufimateattraction is
very large (presumably the entire plane). The key featuteasperturbations of the rest
state may trigger &rge excursiorbefore the system settles back into the rest state. This
is calledexcitabilityand it is a characteristic feature of the nerve pulse. IndgeH.1) is
called the Fitzhugh-Nagumo system and it was derived as awbat caricatural simpli-
fication of the Hodgkin-Huxley equations, in which the spaagable has been neglected.
This corresponds to the space clamped version of the famodgkih-Huxley experiments
(seell3,37).

Whene < 1, the variabley will change fast as long g§v) # w. Note thaw will increase
below the graph ofv = f(v) and decrease above that graph. Hence fixingve find the
dynamics indicated in Figufe 2.5. Slow changesiare governed by

W = f_l(w) - yw,
but one should keep in mind th#it ! is, on some of its domain, multivalued. In particular

it follows thatw increases to the right of the line = % and decreases to the left of that
line.

The functionf is decreasing for-oo < v < v, wherew is such thatf assumes its local
minimumw for v = v, increasing fon < v < v, wherev is such thatf assumes its local
maximumw for v = o, and decreasing again for< v < oo. Let us call the corresponding
inverse functiong~", f;!, andf;".

A key difference with the examples studied so far is thatehaetwo phases of fast dy-
namics. Indeed, while increases according to

W= f;l(w) - Yw,
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O) 0()
A >
time
Oe) 0(1)
FIGURE 2.6.

it will come close to, wherev = f;'(w) ceases to be an attractor for the fastynamics

(and in fact also ceases to exist). This then triggers a fasising to the branch =

f~"(w), after which the slow dynamics resumes with a gradual detayaxccording to
w = f:l(w) - Jyw,

towards the steady staie= 0.

Exercise 2.5.1.Verify that the orbit in the{v, w) plane leads to a graph ofas a function
of time as depicted in Figufe 2.6. When interpretings the voltage across the membrane
surrounding the axon, this corresponds to a single nensefhding triggered.

Now let us introduce a positive parametey and changd (2.5.1) into

5% = f(v) — w + wo, (2.5.4)
dw

— =v— . 2.5.
i (2.5.5)

(Physiologically, this corresponds to forcing a currembtigh the membrane.)

A

w

\_

A
A

Y

FIGURE 2.7.

Once we have increased, such that the steady state lies on the middle branch

fo H(w), itis no longer an attractor. Simple graphical consideratisuggest convergence
towards a closed orbit in which slow and fast dynamics adterifsee Figure2.7). Physi-
ologically this corresponds to repetitive firing: the axangrates a never ending train of
pulses in response to the applied current (as indeed it doesality!). The mathemati-
cal jargon for such periodic behaviour with alternatingrssknd fast phases is “relaxation
oscillation”, seel24].



2.6 ENCORE ENZYME KINETICS 19

Exercise 2.5.2.Use hand waiving to derive that

w 1 1
-, {f+1(w) —e W) w} wroe

whereT is the period of the oscillation.

With a substantial amount of work one can verify that the gitton from a stable rest
state to a stable relaxation oscillation with large ampltis by way of a subcritical Hopf
bifurcation. The abrupt major attractor change that ocevhienw, passes the critical
value is sometimes called a “hard” bifurcation (see Figu#.2

A

amplitude

stable
unstabl
wo
stable 1 unstable !
Hopf
FIGURE 2.8.

2.6 Encore: using the Law of Mass Action to formu-
late differential equations and using a conservation
law to check whether or not you made mistakes

Polymers are large molecules built from identical unitdlecemonomers, in a chain-like
manner. Let us denote a polymer consisting aionomers by;.. Assume, for simplicity,
that changes in the siZzecan only occur by addition of a monomer or by fragmentation
into two parts, one of sizké — 1 and one a monomer. Schematically,

0+
Cr-1+C1 = Ch
Assume, additionally, that. are independent df.

Exercise 2.6.1. (i) Use the Law of Mass Action to formulate a countable systém
ODEs for the concentrationg
(i) Formulate a conservation law and use this law to cheak ymswer to (i).



Chapter 3

Phase plane analysis of prey-predator
systems

3.1 The story of d’Ancona and Volterra

During World War |, Italian fishermen were forced to keep thmiats ashore of the Adri-
atic sea, because of the danger of being sunk. With religfrimimed fishing after the war
ended. Understandably, it vexed them to discover that theepéage of shark-like preda-
tory fish (which didn’t fetch an attractive price) in the hddd increased considerably
compared to the pre-war period.

Hearing their complaints, the biologist d’Ancona wondeabdut an explanation. Unable
to produce one, he posed the puzzle to his father in law, adammathematician named
Volterra, who produced, first of all, the system of two difietial equations

dv

i av—bup, (3.1.2)
d
d_lt) = dvp — cp. (3.1.2)

Here,v stands for victim (the prey) andfor predator, and, b, c andd are non-negative
parameters.

Exercise 3.1.1.Explain the modelling assumptions underlying this system.

Exercise 3.1.2.Draw the null-clines (i.e., zero isoclines). Indicate theasly-states by
dots.

Exercise 3.1.3.Express the non-trivial steady state in terms of the pararset b, ¢ and
d.

Exercise 3.1.4.The effect of fishing can be captured by replacinigy « — 1 and—c by
—c — p. Explain the rationale underlying this statement.

Exercise 3.1.5.Reproduce Volterra’s explanation.

Exercise 3.1.6.When spraying insecticides to protect a crop from herbiusrimsects,
one should verify first whether the herbivores are currekelgt in check (perhaps, from
the farmer’s point of view, at an unacceptably high dendityy natural enemy which is
sensitive to the insecticide too. Why?

20
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3.2 The phase portrait of the Volterra-Lotka system

The zero-isoclines divide the positive quarter of thep)-plane into four regions.

Exercise 3.2.1.Give a schematic picture of the direction of the flow by pgtarrows on
the zero-isoclines, and in each of the four regions (in thet ¥ wind-directions: north-
east, etc).

At a glance we see that orbits have a tendency to spin aroendah-trivial steady state,
but we can’t see whether they spiral inward or outward. Intengt to determine this
very close to the steady state, we use linearisation.

Exercise 3.2.2.Compute the Jacobi matrix corresponding to the non-trati@hdy state.
Compute the eigenvalues of this matrix. What do you con&@ude

In fact, the Volterra-Lotka (after the American mathemaltiziologist Lotka, who formu-
lated exactly the same system of differential equationspitetaly independently at about
the same time) phase portrait is rather special: it consfsascollection of nested closed
orbits. To demonstrate this, the functién R3 — R defined by

L(v,p) = dv — clogv + bp — alogp (3.2.1)

is most helpful. The point is thdt is aconstant of motioifalso called aonserved quan-
tity), which means that the value éfdoes not change along an orbit f (3]11.0)—(3.1.2). In
other words: orbits are contained in level setd.of

We have to do three things:

(1) verify that indeed. is a constant of motion;

(2) explain how one derives from (3.1.1)-(3.1.R) (this in order to explain how one
could come to the idea of studyirgin relation to [3.1.1)-£(3.112));

(3) useL to show that the orbits of (3.1.1)—(3.1..2) are closed curves

Exercise 3.2.3.Compute

d

—L(v(t t
S L0,p(0)

for an arbitrary solutiort — (v(t),p(¢t)) of (I11)H3.1R). Does it follow thak is a
constant of motion?

Exercise 3.2.4.With (3.1.1)-[3.1.R) as a starting point, we compute
dp dp/dt (—c+dv)p —1+d

dv  dv/dt  (a—bpv -’
(while simply ignoring that the denominator does, occaalignbecome zero). Ussepa-

ration of variableso solve this differential equation. What do you conclude?

Exercise 3.2.5.Draw the graph of the function — dv — clogwv. Conclude that the
equation

dv—clogv—c—i—clogg =€

has, for giverz > 0, exactly two solutions.. (¢). Repeat this analysis fer— bp—a log p.
Next, consider for givefi > 0 the equation

L(v,p)— L (2, %) =40.
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Sals}

v

o

FIGURE 3.1.

Check that, for any with 0 < ¢ < 6 the four points(vy(e),ps (6 —¢)) are solu-
tions. Thus, we obtain four paths, parametrised bgn which L takes the constant value

L (%,%) + 6. Check that, by inclusion of the limiting points fer— 0 ande — 6, we
obtain a closed curve.

So the Volterra-Lotka model predicts persisting prey-ptedoscillations with an ampli-
tude determined by the accidentalness of initial cond#iofet, in section(3]1), Volterra’s
answer to d’Ancona was based on steady state values. |sné ¢hdiscrepancy?

Exercise 3.2.6.Show that the average valueswfndp over one period are equal to the
steady state values, i.e.,

1 [T c 1 /T a
T/o o(r)dr = 7 and T/o p(r)dr = 7
whereT is the period (corresponding to one full turn(ef p) along a closed orbit).

Hint: divide the first equation of (3.1.1}=(3.1.2) byand the second by, use that% logv(t) =

ﬁ 4v(t) and that(T) = v(0) and analogue identities for

We conclude with two side remarks, formulated as exercises.
Exercise 3.2.7.Show that the trivial steady state is a saddle point.

Exercise 3.2.8.Show that the number of parameterdin (3.1[1)=(B8.1.2) caadeed from
4 to 1 by scaling of), p andt.

3.3 The effect of limitations in prey growth

The \Volterra-Lotka model gives an oversimplified descaptdf prey-predator interaction.
Yet it is a convenient reference point for the incorporatibradditional mechanisms. In
particular, the structural instability, as exemplified e theutral stability of the steady
state and the family of periodic orbits, allows us to to digssuch mechanisms as either
stabilisingor destabilisingdepending on whether the steady state in the modified medel i
(locally asymptotically) stable or unstable. In this ancheoof the following sections, we
discuss various modifications in this spirit. Meanwhile, @darge our arsenal of phase
plane techniques and train their use.
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The so-called logistic equation

d
Y- =aw (1 — EU) (3.3.2)
dt a
describes, in a phenomenological manner, that, even inlikenae of a predator, prey
growth may be limited, with prey population size settlingwhoat the so-calledarrying
capacity

5=2. (3.3.2)

e

The nonnegative parametedescribes the detrimental effects of crowding.

When—c+dv < 0, the predator population declines even at the maximal inadite level
of prey. We expect that the predator is doomed to go extinct.

Exercise 3.3.1.Determine the phase portrait of the system

dv

i v(a — ev — bp), (3.3.3)
dp

—r =p(—c+dv), (3.3.4)

for parameter combinations such that
—ct+d? <. (3.3.5)
(&

In particular, draw the isoclines and a “wind-direction"cter field. Show by geomet-
ric arguments that the steady statg 0) is globally asymptotically stable. Interpret this
conclusion biologically.

When, on the other hand, we have the opposite inequality,
—c+d2 >0, (3.3.6)
e

the predator population will start growing when introdugeen environmentin which the
prey is at its carrying capacity. We say that the predatoiimaade successfully.

Exercise 3.3.2.Assume[(3.3]6). Show that

(i) (%,0) is asaddle point;
(ii) the nontrivial steady state

c ad — ec
d bd
is biologically meaningful, and that it is either a stablela®r a stable spiral.

Next, draw the isoclines and the wind-direction field fostbase.

In fact, the nontrivial steady state gdobally asymptotically stable wheb(3.3.6) holds. In
other words, orbits starting away from the steady statakbpitowards it. To demonstrate
this, we use an auxiliary function (a slight modificationfofintroduced in the previous
section), which is decreasing along orbits, and which agsiéts minimum in the non-
trivial steady state. Such functions are callg@dpunov functionand often denoted by the
symbolV. There is no general method for their construction (butéons mechanical sys-
tems one can use the energy, for some chemical systems thpyer@nd for some genetic
systems the mean fitness), one has to rely on luck, intuiéperience and perseverance.
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We definel’ : R% — R by

c ad — ec
V(v,p)=d (U ey 1Ogv) +b (p 0 logp) . (3.3.7)

Exercise 3.3.3.Show thatl” decreases along orbits 6f(313.4). More precisely, show tha

SV (t),p(1) <0

for an arbitrary solution — (v(t), p(t)) of (3.3.4), with equality if and only ib(t) = <.

From this information, one can deduce that every orbit ap@hnes the nontrivial steady
state. The precise argument is a bit technical but goes fpligh this: points in thev-
limit sefl of an arbitrary orbit must lie in the same level setlofand all orbits starting
in suchw-limit points must lie in that same level set too; only the trimel steady state
satisfies these requirements (the appropriate version aluyov’s theorem goes by the
name of LaSalle’s Invariance Principle, see

http://en.w ki pedi a. org/w ki / Krasovskii-LaSal | e_principle).

We conclude that density dependence in prey populationthrisvastabilisingmechanism
for prey-predator interaction.

3.4 Deriving the Holling type Il functional response
by a time scale argument

The functional responsés by definition the per predator per unit of time eaten number
of prey, usually as a function of prey density. Tingmerical responsis the per predator
per unit of time produced number of offspring (as a resultatfrgy prey). A frequent
assumption (which ignores reproduction delays, etc.)asttie numerical response equals
the functional response times a constant, the conversiiaieaty.

Exercise 3.4.1.What is the functional response in the Volterra-Lotka m8d@élhat pa-
rameter combination corresponds to the conversion effigizn

As the catching and “handling” of prey takes time and the stige tract has only lim-
ited capacity, the functional response should saturatégatrey density. The so-called
Holling type Il functional response

bu

v 1+ b6v

(3.4.1)

does indeed approach a Iirrﬁtfor v — 0o. The aim of this section is to derive this expres-
sion by a time-scale argument from a more complicated madehich we distinguish two

L(%,p) belongs to thew-limit set of (v(0),p(0)) iff there is a sequence, — oo such that
(v(tn),p(tn)) — (v,p); clearly points on the same orbit have the sambmit set, so we also speak about
thew-limit set of an orbit; if one considers sequen¢gs— —oo one speaks about thkelimit set; note thatx is
the first andw the last character in the Greek alphabet.
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types of predators, those searching for prey and those tamjlihg a prey caught earlier:
dv

= —_ .4.2
7 av—bus, 3 )
ds 1
— = - —-(1 — 4.
o bus + ﬂ( +n)h—cs, (3.4.3)
dh 1
- B —ch. 4.4
o bus ﬂh ch (3.4.4)

Heres denotes the searching predators arttle handling predators, 30= s + h. Upon
catching a prey, the predator turns from searching into lvajd There is a probability
per unit of time of% that the handling is completed, whereupon the handlinggtced

again turns into a searching one, but in addition prodm%% offspring (which starts

its life searching). Note that we may also say that the hagdiime is an exponentially
distributed random variable with meahand that the average energy content of a prey
suffices to produce predator.

Exercise 3.4.2.Assumey, Ba, Bc andﬁ—g are all very small and of the same order of mag-
nitude (this means that very little predator can be made babe prey, that the handling
time is negligible on the time scale of prey population gtoand expected length of time
of a predator’s life, and that there are far less predatens finey). Meanwhile, assume that
bpg is of the same order of magnitude @gthis means that predation causes changes in
prey density at the same time scale as intrinsic prey papualgrowth takes place). Per-
form a two-time-scale analysis ¢f (3.%.4) in the spirit ofaPkef2. In particular, derive the
system

dv bup
e
dt 14+ b8’
L _dw

— 3.4.5
o cp + T 050 ( )

for changes in the prey and predator densities at the sloevsiale.

3.5 The destabilising effect of a saturating functional
response

Exercise 3.5.1.

(i) Draw the isoclines and the wind-direction-field for syst [3.4.5), assuming that
& > ¢ (why?);
(i) Show that the nontrivial steady state bf (314.5) is abét;
(iif) Formulate a conclusion in biological terms (takinggtlitle of this section as a
hint).

Remark 3.5.1. It is a somewhat delicate task to determine where the orb{&.4.3) ulti-
mately go. When prey density gets very large, the predatwsitiesatisfies approximately

dp _(d
a \pg_ )P

sop grows exponentially with expone% —c. When% — ¢ < a, the prey will escape
from predator control, in the sense that both grow expoalybut the predator at a slower
rate. When, on the other hangﬁ — ¢ > a, the predator overtakes the prey and causes
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its decline. So then cyclic alternations of growth and declbf each of the two species
continue indefinitely.

3.6 The Rosenzweig-MacArthur model

Combining the two modifications of Volterra-Lotka discusse far, we obtain the system

d—v_U a— ev — bp
at 1+0pv)’

dp dv
- = — . 3.6.1
dt p( ‘T +b6u> (3.6.1)

Both this system, and the graphical stability criteriort tha shall derive in the next exer-
cise, carry the names of Rosenzweig and MacArthur. Thersye.1) is of the form

dv
o = u(h(v) ~ pO(v))
B (et (362)

with

(i) h decreasing anbd(K) = 0 for someK > 0;
(i) the functional response — v¢(v) is increasing;
(iii) the numerical response+— 1 (v) is increasing;

to which we add
(iv) v~1(c) < K,

to avoid that the predator is doomed to go extinct. Systerttsedorn{3.6.2 are sometimes
called Kolmogorov-type prey-predator systems (&54§)[

A
X v
P “ P= 503
N\ N
I
o 1/1_1(0) D v
FIGURE 3.2.

Exercise 3.6.1.

(i) Demonstrate that there is exactly one steady state with §pecies present.
(i) Compute the Jacobi matrix in this steady state and stawthe determinant is
positive.
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(iif) Relate the sign of the trace of the Jacobi matrix to tlgm ©f the derivative of
h(v)

v 50 in the steady state value of So, in other words, to whether the prey
isoclinep = Zﬁz) is decreasing or increasing in the steady state.

(iv) Formulate carefully how the stability of the steadytetean be read off from the
isocline picture.
(v) Check the result of (iv) against your findings in the se$[3.3, systeni(3.3.4)
and35, systend (3.4.5).
(vi) Use Poincaré-Bendixon theor,[49,28 (and also the Appendix) to show that
whenever
— the internal steady state is unstable,
— orbits stay bounded (i.e., cannot escape to infinity),
there must exist at least one limit cycle.
(vii) Apply the results of (iv) and (vi) to systerh (3.6.1).
(viii) What can you say about Hopf bifurcation (see the Apgighfor system[(3.6]1)?

For the following exercise, consui1].

Exercise 3.6.2.Show that under the scaling = ct, z = bBv, y = Lp, system[(3.6]1)

transforms into
dx [ _Z Y
E—— == - = =
dr K 1+=x

dy T
— = —14+0——0 3.6.3
ar Y ( + 1+ x) ’ ( )

wheres = £,0 = ﬁ?c' andK = %% Assume thaf > 1 andK > 1+ ;2.

Sketch the phase portrait fer < 1 (this is quite subtle!). What does this assumption
mean? Summarise your conclusions, i.e., interpret thegpbadrait in biological terms.

Hints: the rescaling = et (wheret differs from the originak) can be used to show that
on thefast time scale they-component is more or less constant whilearies according

to
dx x Y
g1 -=— 3.6.4
at < K 1+ x) (3.6.4)
wherey is a parameter. By plotting the curve
x
y=(1+z) (1 - ?) (3.6.5)

in the positive(x, y)-quadrant, one can get an overview of the steady statés@#lf3and
their stability, in dependence an

Theslow dynamicsare described by

dy z(y)
Z=y(-1 SaiLo A 6.
o y< +9+1+$(y) , (3.6.6)
with z(y) a stablesteady state of(3.6.4). All we really need to know is the sifithe
right hand side ofl(3.616), in order to decide whether we mgwéincreasingy) or down
(decreasing) along a curve o$tablesteady states df (3.8.4). If along the curve the stability
is lost, there is a switch back to the fast dynamics.

Exercise 3.6.3.Summarise (in a mixture of mathematical and biological ®riyour
knowledge abouf(3.6.1). You may use the information (whighnow provide) that it
has been proven thaf(3.6.1) admits at most one limit cybke ftoof is far from easy). A
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FIGURE 3.3.

convenient way to sketch how the qualitative behaviour ddpen the parameters is to
draw the diagram as in Figure 8.3, and to describe the dyrsiméhaviour (in biological
terms) for each of the three parameter domains.



Chapter 4

Movement in space

Our view of the world is structured by time and space and, vievs this reflects reality:
to interact, entities have to be at the same position at tine $ine. So far we concentrated
on changes in time, but now we are going to incorporate dgatgition. In the present
chapter we only consider independent particles (molecblesteria, . .) but in the next
we shall incorporate interaction.

4.1 Flux

The densityof bacteria on an agar plate is, by definition, the number ofds@ per unit

of area. Likewise, theoncentratiorof a chemical substance in solution is the number of
molecules per unit of volume. The density or concentratioa pointis an idealisation,
corresponding to the thought experiment of shrinking treaasr volume to zero while
focusing our attention on the point. We then write= (¢, ) and consider. as a smooth
function of timet¢ and positionz. Note that we need to integratét, -) over space to
obtain an amount . If the total number is conserved, but tdéitual particles move,
u(t,-) changes with time. How? How does redistribution over spaaaifest itself in
changes in density/concentration?

Let us first consider a one-dimensional space (one might tfia river) and deterministic
motion with prescribed velocity = c¢(x) (one might think of algae that float with the
streaming water). Thélux at « is the number of organisms that passsay from left to
right, per unit of time. We denote the flux by= J(t, z). Clearly

J(t,x) = e(x)u(t, x), (4.1.2)
as is indeed also suggested by the dimensional identity

nqmber: Ie.ngth. number (4.1.2)
time time length

Equally clearly,
b
dt Jo
or, in words, if neither creation nor annihilation occuhen the total number of organisms
betweeru andb changes only by way of flux in at and flux out ab (convince yourself

u(t,z)de = J(t,a) — J(t,b), (4.1.3)

29
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that this terminology is appropriate when< b andc > 0 or whena > b andc < 0, but
should be adjusted otherwise). According to the fundanhémtarem of calculus,

b
J(t,b) — J(t,a) :/ %(t,g) dg. (4.1.4)
Hence,
b/ ou a.J

and as this holds for arbitraryandb, the integrand must be zero (see Lemma of DuBois-

Reymond(B9]), and so in combination with (4.7.1) we arrive at t@nservation law
ou 0
n + %(cu) = 0. (4.1.6)

Two important variations on this theme are

(i) in higher space dimensiahe flux.J is avectorand the conservation law takes

the form

ou

bt J = 4.1.7

T +V.J=0, ( )
with thedivergenceof the fluxV - J defined by

"~ dJ;
. :§ 4.1.8
V.-J 2 oz, ( )

(more explanation below).

(i) The motion of pollen that the botanist Brown observedeirhis microscope was
very irregular. So much so that it became the prototypedadommotion. A
phenomenological description takigisk’s law

J = —dVu, (4.1.9)

as the constitutive relation that links the fluxo the density. by requiring that
J is proportional to thgradientVu, with d a constant of proportionality called
thediffusion constantsince when we substitufe (4.11.9) info (411.7) we obtain the
diffusion equation

ou

ZZ _dA 4.1.10
o = dAu, (4.1.10)

whereA =" | 66—; is theLaplacian Note thatl has dimensioflength? /time.

In the next subsection we shall provide various derivatibas yield a quasi-mechanistic
underpinning of Fick’s Law. We conclude this subsectiorhvetfew observations on the
notion of flux in higher dimensions.

Consider a point in two-space. If we want to talk about th#ficraf particles in that point,
we need to specify a direction. This we do by choosing a urtitoren. The flux.J at the
point is a vector such that, whatever choicergfthe number of particles crossing per unit
of time a straight line. perpendicular ton in an interval of lengtth centred at the focus
point equals

J-mh+o(h) ash— 0.

For deterministic motion we have just as in the one-dimaraioase that the flux is the
product of the velocity, which is now a vector, and the dgn@&b in particular, the traffic
is maximal in the direction of the velocity and zero in theediion perpendicular to the
velocity).
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FIGURE4.1.

In the present context, the analogue of the fundamentatéheof calculus is th®iver-
gence Theorem

/V-FdA: F - nds, (4.1.11)
Q o

wheren is the outward pointing unit vector (outward normal) pemtiealar to the bound-
ary 0N of the domairt2.

In three dimensions, one replackdy a plane and the interval of lengthby a subset of
this plane of area. The Divergence Theorem now reads

/V~FdV:/ F - nds, (4.1.12)
Q o

and is usually calleGauss’ Theorem

Note that if we substitute Fick's Law(4.1.9) into the ideytf the Divergence or Gauss’

Theorem, we obtain _
/Au:/ @ (4.1.13)
Q a0 On

4.2 Various ways to motivate Fick's Law

Derivation 1 Consider one-dimensional space and suppose that at eviertypaoticles
move at speed, but half of them to the left and half to the right. Considercénpwhere
the density jumps over a gap of lendtlirom a constant densityie; to a constant density
wight (See Figl411). In a time interval of lengtkt the net transport to the right equals

1
§(Uleft - Uright)CAt-
So per unit of tim%(meﬁ — wright)c is transported, which we write as
Uleft — Uright 1
h 2
When we now take the limfi — 0 while assuming that

ch.

1
—hc — d,
2
we obtain 5
u
flux = —d—.
ox

The key point of this very debatable “derivation” is that lié@rly shows that in the limit
we should have — co. So, in a sense, we consider particles that move infinitedytfat
never can make up their mind about the direction in which tieey

Derivation 2 Imagine a particle moving on a one-dimensional lattice thatrepresent
by Z. We take time discrete and at every time step the particleemtw the left with
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probability% and to the right with probabilit%. If the particle is at position zero at time
zero then the probability; () that it is at position at timen is given explicitly by

1(n+i)) \2

n 1\ ) 3 '
pi(n) = { (() ) (3)" for n+i even and—n <i<n,
otherwise

(Indeed, if the particle makéssteps to the right then it makes— & steps to the left, and
to end up at we should havé: — (n — k) = i. Hencek = %(n + 7). The probability that
k out of n steps are to the right equl$) (3)*(3)" " = (})(3)™.)

If we now takei = § andn = ﬁ let both\ andr approach zero but in such a way that
A2 /27 converges tal, then the binomial distribution converges to the normatritistion
(see e.g. Section 7.3id1], or better still, verify this yourself)

_ a2
e 4dt

(t.a) = —

3 x =

b 2y wdt
This, as we shall see later on, is the fundamental solutidiheobne-dimensional diffusion
equation. Note that one can interppetr as the speed and that this speed grows beyond
any bound.

Alternatively, we can shorten the distance between thdafioints as well as the time
intervals between steps. Then, by performing a formal Tagkpansion fop we derive
the diffusion equation directly from the random walk asstions by taking a limit. The
next derivation is essentially of this type, but considéggktraway both space and time as
continuous variables.

Note once again that for independently moving particles eedmot make a distinction
between the density of many particles and the probabilinsitg for one particle.

Derivation 3 We postulate that

OO

u(t+7,x):/

— 00

u(t,r — y)ésb (g) dy (4.2.1)
for a functiong satisfyingg > 0, [*_¢(y)dy = 1, andg(—y) = ¢(y). Then, in

particular, [~ _y¢(y) dy = 0. The identity [4.2]1) states that between timesdt + 7

particles are moved over a distang&ith probability densityégb (g) and the symmetry
guarantees that there is no preferred direction. A formgloFaxpansion yields

u(t+71,2) = u(t,z) + T%(t,l’) +-- (4.2.2)
u(t,z —y) =u(t,z) — y%(t,x) + %yQ%(t,x) +--- (4.2.3)
Substituting these expressions[in (4.2.1) we find
T%(t,x) - %/_O; y2§ (%) ydy%(t,z) e (4.2.4)
= ? /_Z z%b(z)dz%(t,x) + - (4.2.5)

If we now let bothr ande converge to zero but in such a manner that

g2 [
22p(2) dz — d,

2r )
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Exercise 4.2.1.Let u(t, x) satisfy [4.2.6). Show that as a function of decreases where
u as a function ofr has a maximum, and thatas a function ot increases where as
a function ofz has a minimum. Conclude that the diffusion equation has amlesing
effect. Do you agree that this is already embodied in Fickea/2

4.3 Transport by diffusion

The two observations

(1) dimd = (enan®

time

(2) the diffusion equatiori (4.2.6) isvariantunder a scaling

t* =%, a* =er,
both motivate the following statements:

e the average distance over which diffusion transports gagtiin a given time
interval of lengtht is proportional toy/dt
o the average time it takes to diffuse over a distaléeproportional tah?/d.

Please contrast Figure #.2 with the deterministic strdigbtdistance= velocity - time.

It appears that the efficiency of diffusion as a transporthmasm depends very much on
the distance to be travelled! We need the circulatory bloatiesn for active transport of,

among other things, oxygen. But the very last bit of transpmthe muscle tissue is by
diffusion! Seelg1, Chapter 8] for some general considerations.

4.4 How to measure the diffusion coefficient

A capillary tube is inserted into a suspension of bacterikrafwn concentration (see
Fig.[43). After a prescribed period of time, the tube is &stied and the number of bac-
teria that have entered is counted. Assume that the bactaribe described in terms of a
concentrationu, that they move randomly, that the concentration at the mofithe tube

is always a constanty, say, that there are no bacteria in the tube at the beginnitigeof
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experiment, and that the concentration in the tube varigsiorthe length direction and
not in the radial direction. A mathematical formulation bése assumptions reads

ou 0%u

gu _ g2y ¢ 4.4.1
9 92 0<z<oo,t>0 ( )
u(t,0)=uy t>0 (4.4.2)
u(0,2) =0 x>0, (4.4.3)

wherex measures the distance down the (infinitely long, by debatfdumption) tube.

Exercise 4.4.1.Derive the expression

_ TIN2
- 4utA2T
where N denotes the number of bacteria in the tube at tifhend A the cross-sectional
area of the tube.

d (4.4.4)

The way [4.4.1) is used is: for several choiceagandT the experiment is performed and
N is determined. The right hand side is then computed andtfiinvieasonable accuracy,
the value is the same for ally, 7' and N combinations, then we have confidence in the
model and, in addition, the value serves as an estimate #typical value i).2 cm? / hr.

Hints and remarks: take as a starting pointfinedamental solution
1 22
2V mdt

e 4dt
which we will derive later on in Sectidn8.1. The fundamestdltion serves as a building
block: since the equation is linear, teaperposition principlapplies. The fundamental
solution is the solution of the diffusion equation with ialtdatauq(z) = §(z), the Dirac
delta function. For instance, if we replace this initial ddion by the general condition
u(0,2) = g(x), forz € R, then

1 " (z—v)?
u(t,x) = —— | e~ ddt dy.
(t, x) 2\/7%/11@ 9(y) dy

To make this formula applicable to (4.%.3), we need the toicéxtending the domain and
the initial condition to(—oo, 0o) in such a way that the boundary condition automatically
holds (essentially this is based on symmetry). The rightazhis

u(0,z) = 2up, =<0,
so that the value far = 0 is (for¢ = 0, but in fact also fot > 0) exactly the average of
the value to the left and the value on the right. You should aaive at
t 2 [ :
utho) 2 =€ de. (4.4.5)
ug N N
To derive [4.4.14), you may want to use integration by parts.
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4.5 About sojourn times

Suppose patrticles enter a compartment at a FateLet N denote the total number of
particles in the compartment. To find a relation betwd&eand F' we need to know how
long particles stay in the compartment. We assume that thisaled sojourn time is a
stochastic variabl&' with a continuous probability distribution.

Exercise 4.5.1.Assume that botl#" and N depend on time. Explain in words the book-
keeping considerations underlying the identity.

N(t) = /Ooo F(t — o)P(T > o) do. (4.5.1)

Exercise 4.5.2.Now assume that botN andF' are constant. Lef denote the probability
density ofT", so, in particular,

P(TZO’)Z/OOf(S)dS, and /Ooof(s)ds:l.
Let ’ -
T/O of(o)do

denote the mean d&f. Show thatV = F'r. Are you surprised? Finally, reflect a moment
on the possibility that = co. How would you interpret the resuN = F'r in that case ?

4.6 How long does it take?

Suppose particles are released:-at L and removed upon arrival at= 0. We want to
check that the rule of thumb formulated in Secfion 4.3 agpliep do so, we use a trick:
we consider a steady situation with continuous release emadval rather than following
an individual particle (the point being that in this manner et the equation take care of
the statistics; this works since we are satisfied with theame the expected, time and do
not aim to derive the full probability distribution).

Exercise 4.6.1.Why should we supplement the steady state equation
0%u
d— =
Ox? 0

with theboundary conditions
u(L) =up and u(0)=0.

Compute the steady particle density, i.e., find a functidimat satisfies the equation as well
as the boundary conditions. Express the infli#x i.e., the number of particles that enter
atxz = L per unit of time, in terms ofiy, d and L. Next, compute the total numbé&¥ of
particles that are present.

How areJi, and N related (recall Sectidn4.2)? Compute the average sojoue Check

in particular that it does not depend ap (did you already anticipate this?) and that it
confirms nicely to the rule of thumb.

The efficiency of diffusion as a transport mechanism dep@dnly on size but also
on shape in particular on the dimension (1, 2 or 3) of the domain. Wevneant to

demonstrate that it has advantages for a cell to arrangehthmical “factories” along
a two-dimensional membrane (incidentally, recent findimgicate that a cell is partly
an assembly-belt and that the traditional picture of a yrélekating 3D chemical soup is
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fundamentally flawed). In this connection it is also gooddalise that diffusion can only
“work” if there is an excess of particles, as any one of theny g@the wrong direction
and/or take ages before reaching the target (if at all).

Exercise 4.6.2.Consider aradially symmetrictwo-dimensional setting. Show that the
conservation equation takes the form

ou 0
n —5(7\7),
that Fick's law amounts to
ou
— 4=
d or’

and that accordingly the diffusion equation reads
010 (%),
ot  ror or

Next show that in three dimensions one obtains

For both these exercises, a hint: see Figurk 4.4.

Now suppose the particle density is heldigt> 0 on a circle/ball of radiug and at zero at
a circle/ball of radius < L. Derive that the average sojourn time is given by, respelgtiv

1, L 1\ 1,
Qd{L (loga2)+2a}’

1 (1., a., 1
il _L3__L2 -3 .
ad{3 2 +6a}

Reflect on the difference for larde

and
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4.7 A remark on boundary conditions

The idea behind the boundary conditio(l.) = u, in Exercis¢ 4.6]1 is that to the right of
x = L there is a reservoir of particles which is held at a constansity. Alternatively, we
might imagine a pumping device that somehow manages to gengiconstant influx. In
that case we should put as boundary conditions

ou _ _ number
d—(L) = bed influx~ —
ax( ) = prescribed influx fime

(note that, as we saw in Sectionl4.2, Derivation 1, the flummad% if our orientation
is from left to right; but the domain is to the left of= L, i.e., the inward normal points to
the left). One can redo Exercise 4]6.1 with the alternativeniolary condition and arrive,
of course, at the same answer.

If we model animals that can move freely in some donfajrbut cannot (for whatever
reason) leavé€), we should puho-flux boundary conditions

ou B

onloa
These are also calle@ero-)Neumann conditiorend we omitted, as usual, the factor
since when we put zero at the right-hand side it has no infli¢bat be aware of this
factor when the flux isn’t required to reduce to zer@ is called areflectingboundary.

If u is the density of plants and the diffusion term is used to diescthe dispersal of seeds,
it may be that the complement 6f is simply unsuitable habitat in which no plant can
grow. We may then impoggero-)Dirichlet conditions
u =0,
oQ
but should realise that such a form of heterogeneity of thedaas a whole has a strong
impact on pattern formation (we shall return to this pointtia next chapter).

Mixed boundary conditions

[—(1 - G)d% + Hu] =0

In a0
are, from a mathematical point of view, a one-parameterlfathat forms a homotopy
between no-flux and zero-Dirichlet and describe, from adgimlal point of view, a par-
tially reflecting boundary to a completely hostile exteridheir relevance in a biological
modelling context is not clear at all.

In some diffusion problems arising in population genetilos,spatial variable is actually

a fraction of the population carrying a certain allele. Irclsyproblemsd depends on:
and declines to zero when approaches the boundary points= 0 andz = 1. The
classification of the mechanistic effect of the boundargiisriore subtle in such a situation,
seelll7,18/19.

Boundary conditions should be chosen on the basis of madetlonsiderations, even
though this is far less straightforward than one is temptebddieve. Much mathemat-
ical work on biology inspired equations is wasted for the @enreason that boundary
conditions, in particular zero-Dirichlet conditions, areosen out of habit and without a
critical reflection on their meaning and effect.



Chapter 5

Linear diffusion

5.1 The fundamental solution

The aim of this section is to derive the fundamental solutiothe diffusion equation

ou 0%u
— =d— R, t> A1
T damQ’ r€eR, t>0, (5.1.2)

subject to far out boundary conditions
u(t,£o00) =0, t>0, (5.1.2)

usingdimensional analysisThis technique often reveals the basic structure of smisti
to partial differential equations, by simply asking whiadobination) of the variables
actually determine the dependent variable we want to study.

Let us model the concentration of some species living ondbHine, dispersing according
to (5.1.1). Assume that at timte= 0, all individuals are in one particular locatian= 0.
Since the number of individuals remains constant in timekmaw that for eacht > 0,

/.OO u(t,x)dx = 1. (5.1.3)

— 00

(Exploiting the linearity of the diffusion equation, we tegust taken the liberty of scaling
such that[(5.113) holds.) A solutianis now completely determined by all other quantities
involved, so we are looking for a functighsuch that

u= f(t, z,d). (5.1.4)

We have already seen in Section]4.3 thai (5.1.1) is invatiader the scaling* = %¢,
x* = ex. This suggests that we could wrifeas a function of: /v/t. However,z2 /t is not
dimensionless, and we therefore cannot expect solutiobs ependent om/+/t only.
Observe, however, frorfi{5.1.1) that the diffusion constdras dimensioilength)? /time.
So the combinatiom/+/dt is dimensionless.

On the other handy has dimension /length, so we at least negtito be of the form
wo(x/+/dt) for some functions with dimensionl /length and a dimension-less function

38
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’ulo (ﬁ)

z/lo(t)
FIGURE 5.1. In the right time-dependent variablas'{,(¢) anduly(t)
the fundamental solution of the diffusion equation has a@uaiprofile
for all time.

¢. The conservation equatidn (5.11.3) now yields
1= / u(t, z)dx

— 00

()

_ /'OO WVt €)de,

where¢ = z/+/dt. Sow = 1/+/dt seems the obvious candidate to make all dimensions
fit. In all, we look for au of the form

o)

This strategy of finding the structure of solutions by coasitly dimensions is applicable
much more generally7].

Note that if we define the time-dependent length s&gle := /dt, then

= 50° (we)

so if we plotuly(t) versusz/ly(t), we findonecurve for all time. See Figufe5.1. This
shows that this solution possesses the propersgetifsimilarity when scaling both the

spatial variable and the (population) density in an appat@rtime-dependent manner,
nothing changes at all. In fact one can also find the form o&tietion by, from the very

beginning, searching for a solution such that

u(t,x) = X*u(X\t, \Pz) forall A >0,

and constants andg to be chosen suitably. The choide= ¢t~! then reveals that we are
looking for a function of one variable.

The great advantage of having to figd¢) instead off (¢, x,d) is that the (partial dif-
ferential) diffusion equatiori (5.1.1) reduces toadinary differential equation in which,
moreover, neither the independent nor the dependent ladatries a physical dimension.

Exercise 5.1.1.Show that, in the new variablg (5.1.1) becomes

d’¢  £dp ¢ _
d—€2 + §d_€ + 5= 0. (5.1.5)
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Integrating once, we find that

d

d—? + %ffo = constant (5.1.6)
Sinceu is symmetric with respect to reflectionn ¢ should be symmetric arourgd= 0,
and thereforéjl% = 0 até¢ = 0. The constant on the right hand side is therefore zero. Using

for instance integrating factors to solfe (5]1.6), we codelthat
3(€) = Ae=€/1, (5.1.7)

for some constand.

Using the well-known integral identity
/ =8 de = /7.
R

we finally arrive at a solution of the diffusion equation, wiiwe denote byb and which
is explicitly given by the formula

1 a2

= — 4dt

(0] 2\/%6 .
We call® thefundamental solutionNote that® > 0 for arbitraryz, no matter how small
we chooseé > 0. This is yet another manifestation of the infinite speed oppgation that
is embodied in the diffusion equation. Also note thais a Gauss distribution with mean
zero and variancgdt. In particular,® is astronomically small for large:|. So it is not so
clear how we should interpret the positivity ®f We return to the question of the speed of
propagation in Sectidn 5.3 below. Finally note that thearaee goes to zero fer] 0. So
the distribution at = 0 corresponds to a unit (recall{5.11.3)) mass concentrated=a0.
In the mathematically precise sense of distributiar{s, .) converges to the Dirac delta for
t]O0.

The reasord is called thefundamental solutiois that by linearity of the diffusion equa-
tion we may applysuperposition given initial datau(0,z) = uo(x), the solution of the
diffusion problem can be expressed as a convolution of titielidata and the fundamental
solution: .

u(t,z) = / D(t,x — y)uo(y)dy.

— 00

This section is greatly inspired by,[Section 2.1].

5.2 Separation of variables and spectral theory

If ‘fl—;‘ = ru we know that, grows exponentially when > 0, while it decays exponentially
if » < 0. Now suppose that, additionally,diffuses in a spatial domain. Is the conclusion
still true? Doesu develop any spatial pattern? What is the influence of boyncain-
ditions? For simplicity we restrict our attention to a oriménsional spatial domain. To
begin with we provide thdiffusion equation

ou 0%u
i d@ +ru (5.2.1)
with so-called no-flux boundary conditions
ou ou
%(t, 0)=0= %(t, L) (5.2.2)



5.2 SEPARATION OF VARIABLES AND SPECTRAL THEORY 41

at the endpoints = 0 andxz = L of the interval we consider.

Exercise 5.2.1.Explain why we can, without any loss of generality, eithdwetd = 1 or
L = 1. Also explain why, forr > 0, it is no loss of generality to take= 1.

We choose to také = 1, but to keep- as it is (so we scale the spatial variable but we do
not scale time).

Exercise 5.2.2.Show that, in order for
u(t, ) = a(t)o(x)

to be a solution, we must necessarily have that, for same

a(t) = constant ™',
and

¢"(x) = (A= r)o() (5.2.3)

¢ (0)=0=¢'(L). (5.2.4)

Exercise 5.2.3.Show that

(i) both ¢(z) = cosux and¢(x) = sin uax satisfy the differential equatios” =
(A — 7)o, provided\ — r = —p2.
(i) only ¢(z) = cos ux satisfies, in addition, the left boundary conditigi0) =
(iii) in order for ¢(z) = cos ux to also satisfy the right boundary conditiof( L)
0, we should have

e

= k% for some integek > 0.
(iv) finally, verify that [5.2.8)-(5.2]14) doa®ot have a solution if\ — r > 0.

Exercise 5.2.4.

(i) Verify that, while making the preceding two exercisesyyave deduced that the
following statement is true: fdt =0, 1,2, . . .,

u(t,z) = eTte_(kTw)Qt cos (k%m) (5.2.5)

is a solution of[(5.2]11)—E(5.2.2).

(i) A very simple argument shows that of all these solutitmesone withk = 0 has
the fastest growth (or the least decay, wher 0) for ¢t — co. Formulate this
argument.

(iii) An even simpler argument shows that the solution witk= 0 is “flat”, i.e., has
no spatial structure. Provide also this argument.

The spatial solutions found ib(5.2.5) can be used as byjldlocks for a representation
of the general solution. By “general solution” we mean thatadd to[(5.2]1)-£(5.2.2) an
initial condition

u(0,x) = up(x), (5.2.6)
whereuy is a rather arbitrary function defined ¢ L]. Suppose that we can find coeffi-
cients{by } 3, such that

up(x) = i by, cos (%m) . (5.2.7)
k=0
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Then, by the superposition principle, which holds sific2.®—(5.2.2) is a linear problem,
and [5.2.b) we have

u(t,z) = e l;)bke(T)Qt cos (%:p) . (5.2.8)

The justification of[(5.2]7) is the subject of Fourier anays
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Exercise 5.2.5.

(i) In the above introduction of Sectign .2 we formulatedethquestions. Provide
answers to the first two of these.

(i) Alternatively to the no-flux boundary conditions (&2, we can consider the
situation in which the concentration is held zero at the llauy (imagine a big
monster at the boundary that eats everything that gets)there

u(t,0) =0=wu(t,L). (5.2.9)
It follows that now

7T k
u(t,x) = e”Zake (4)* b sin (fﬂ-m) . (5.2.10)

Answer the first two questlons in the introduction of thisteecfor this situation.
Hint: note that the term wittk = 0 is now missing, asin 0 = 0.
(iii) Give a (partial) answer to the third question in therodtuction.

Exercise 5.2.6.Consider a rectangular domaihwith sides of lengthl,; and L,. De-
termine the eigenvalues and eigenvectors of the diffusioblpm with no-flux boundary
conditions. Conclude that the modes are naturally numbayexpair of integers. If one
orders the eigenvalues accordingiq ,, one obtains an ordering of these pairs. Investi-
gate the influence of the ratib, / L, on this ordering of pairs.

5.3 The asymptotic speed of propagation

This exercise is, in a way, a continuation of the preceding. dBut now we consider a
biological population living in a very large domain. In fatite domain is so large that we
use the plan®&? as an idealised mathematical description. So consider

(21; =dAu+ru 1 >0, (5.3.1)

whereAu = % + Y andx = (x1,72) € R2. There are many situations in which one

wants to know how fast the area occupied by the populatioardq We shall derive the
answer in two quite different ways. The first consists of gsialy the fundamental solution

1
u(t,x) = p dﬁe” s ,  where|z|* = 27 + 3. (5.3.2)
describing the effect of a releasetat= 0 atz = 0. The second relies on a search for

travelling plane wave solutions, i.e., solutions of thenfor
u(t,z) = w(x - v — ct), (5.3.3)

wherew : R — R defines theprofile, the unit vectorr ¢ R? the directionand the real
numbere thespeed

Exercise 5.3.1.With u given by [5.3.R), for fixed: we havelim;_, o, u(t, z) = oo, while

for fixedt we havelim, |, u(t, z) = 0. To find out where, roughly, the transition from
0 to oo is located, we can considBm;_,« u(t, z) under various assumptions about how
fast|z(t)| — oo ast — cc.

(i) Show that this limit equals zero jf(t)|? > (4dr + ¢)t? for somes > 0.
(i) Show that, on the other hand, this limit equatsif |z(¢)|* < (4dr — €)t? for
somes > 0.
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(iif) Give arguments in favour of the assertion: “the popigia expands with speed
2V/dr”.

(iv) Substitute[(5.3]3) intd(5.3.1) and derive an equaf@mnw in which ¢ figures as
an additional (tal andr) parameter. Why did the drop out?

(v) Try for w an exponential function. Express the exponent in termsofandd.

(vi) The biological interpretation requiresto be positive. This condition leads to a
lower bound for the wave speedWhich bound is this?

(vii) Comparing answers to (iii) and (vi), you find that themmal speed of plane
wave solutions coincides with the population expansioedjae derived froni(5.3.2).
Can you give an intuitive argument why this is to be expectelitt: think in
terms of fireworks that are ignited by fuses that we make ag twrshort as we
want but that can also, via connections, be ignited by neasghbours.

(viii) Consider the plane wave solution with minimal speedheck that at a fixed
position the population grows like?"t, whereas a uniform (i.e., position inde-
pendent) population grows a&'. Can you explain where the difference stems
from?

f¢

T

—
Y

FIGURE5.2.

We conclude this section with a more general look at the spégaopagation, without
using the travelling wave ansatz. Let us try to zoom in atthedition region by choosing
a fixed direction of unit length, and writec = «(¢)¢ + y, with { - y = 0, wherea is
a “local” one- dimensional coordinate corresponding to¢threction (Figuré 5J2). With
these assumption;|> = a2 + |y|?, and hence

1 t(1— o> 2
u(t,2) = 47Tdt€7t(1 i) o i

Fory in a bounded set, the last factor converges to 1 uniformly-asco. We would like
to know at what speed(t) has to progress such that the limit will be different fromtbot

a2
zero and infinity. Call this limitp. Putﬁe”(l_wﬂ) = 4. Then solving fora?, we
find

logdndt 1
az4dﬁz<10g7ﬂﬂ>,

rt rt
and hence

a=2Vdrt — g (log(4mdt) —log(v))) + O (10gj(t)> .

We write this asy = m(t) + 0 + O (@) with 6 = f\/%log(z/)). The new function
m(t) satisfies the differential equation

m(t) = 2v/dr — g%

Thus we see that the speed at whicheeds to proceed converges algebraicallynalr.

Note thaty = f\/glog(q/)) = =0
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Since( is arbitrary, we conclude that the fundamental solutiotlecomposes into plane
waves travelling in all directions with spe@d/dr, and that these waves describe the tran-
sition from inside the critically growing balk( — oo, § — —o0), to outside ¢© — 0,

0 — 00).

Travelling waves derive from the combination of a homogersanedium and time trans-
lation invariance. The waves (in particular, their speedeg)independent of the directign
since the medium is isotropic.

On finite but large domains we still can usaf-similar solutionghere travelling waves) to
describe théntermediate asymptotieshen the details of the initial condition do not matter
anymore while boundary conditions do not yet influence theagyics in a substantial way.
For “self-similar”, see Grindrod, box E2B|, but also the book by Barenblatt devoted to
self-similarity and intermediate asymptotic.[ For eache the equation is invariant with
respect to a group of transformations

r — X+ Ec,
TS=4¢ t = t+e,
u —  u.
Hence, given a solution we can generate other (possiblynbuhecessarily, different)

solutions by applyindl’*. A similarity solution is one for which the group orbil{‘u
consists of only one point.



Chapter 6

Reaction-diffusion equations

6.1 Introduction

It happens rarely that the changes in time of some quantitgae to just one mechanism:

as a rule several mechanisms are involved. In a finite timexvat the contributions of

the various mechanisms are entangled. The great succe#ffeoérttial equations as a
modelling tool derives to a large extent from the fact thainifinitesimal time intervals

(by which we just mean that we let the length of the considéred interval go to zero)

the contributions to theate of change become independent and can simply be added. So
in the modelling phase we can concentrate on one mechanisntime and derive the
corresponding term for the ultimate differential equati@he solutionsof the differential
equation then take into account the joint, intertwined ierfice of all mechanisms.

In the present chapter we consider the system of equations

Ou _ dAu + f(u) (6.1.1)
ot
where
U1
U2
U= . (6.1.2)
U

is a vector of, say, the concentrationskoflifferent chemical substances that are subject
to both diffusion and reaction. The functigh: R* — R* describes the velocities and
the stoichiometry of the various reactions. The Laplaciets aomponentwise andlis a
diagonal matrix with elements, . . ., dx, SOdAwu is the vector

dlAul
dgAUg
_ (6.1.3)

dkAuk

46
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If the space variable

T
T2
xr = .
xm
hasm components, then
82’&1‘ 82U1‘ 82ui

Au; = ... 6.1.4
“ 0x? + 0x3 ot 0x2, ( )

In Chapter§R anld 3 we concentrated on the reaction part anded spatial dependence.
In Chaptei’t we concentrated on the diffusion part and ighoeactions. At the level
of formulationwe do not need to invest further work: {611.1) is obtained dglimg the
contributions to the rate of changewfBut at the level of modednalysis things are not at
all clear. What new phenomena can we expect? And are thesvafieandm important
in this respect? And what about boundary conditions?

Concerning the last point, we shall give most attention t ¢ases in which the boundary
conditions per se do not have any “forcing” influence:

e a bounded domaif? with no-flux boundary conditions a2
e () = R™ (with very mild boundedness conditions which are usually ex@n
mentioned)

(But fork = 1, m = 1, 2 = interval, we shall also study the case of zero Dirichlet
boundary conditions, to get at least a feel for the diffeeeshetween no-flux and zero
Dirichlet boundary conditions.)

The new phenomena that we shall encounter are:

e pattern formation
e growth (or decay) by way of travelling waves, i.e., growth gy of spatial
expansion

But for mathematicians a very important point is also thainwed to enlarge our toolbox,
as we enter into the realm affinite dimensional dynamical systems (the infinity aspect
of a partial differential equation stems from the fact that R, so for each fixed: we in
fact have a differential equation, coupled to all the otharther way of looking at it is
that, for fixed timet, solutions to partial differential equations duactionsu(t, -), which
depend on infinitely many € R). Due to the smoothing effect of diffusion, not that much
changes though. If we consider, for instance, linearisalilgty, then, in a sense, the main
difference is that we have to analyse countably many matrigéner than just one.

6.2 Stability criteria for uniform steady states

A solution of [6.1.1) that is independent of time is callest@ady statelf that solution is
also independent of spatial position, we speak abautiform steady statelf we denote
both such a solution and the value it take®nby u, then we should have

f(@)=0 (6.2.1)
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‘s’ means stable
f ‘U’ means unstable
S u S w
FIGUREG6.1.

For k = 1, we can find solutions of (6.2.1) by a graphical analysis améne go, also
determine their stability with respect to the reaction dyies with spatial dependence
ignored. See Figufe 8.1. The analytical criterion is

Df(u) <0 = uis stable
Df(u) >0 = ulisunstable

Fork > 1, (62.1) is short hand far equations in as many unknowns and in the absence
of space dependence the stability can be determined froigleavalues of the Jacobian
matrix D f (u):

e if X < 0 for all eigenvalues\ of D f(u), thena is (locally asymptotically; in
fact exponentially) stable
o if A > 0 for someeigenvalue\ of D f(u), thena is unstable

The proof is based on linearisation, i.e., on an analysibefihearised equation

% = Df(a)v (6.2.2)
combined with estimates for higher order terms (note thatpitoof of stability is much
easier than the proof of instability, since in general antalrle steady state is a saddle
point and there are solutions that actually do approachtdaalg state fot — oc). The

connection betweef (6.2.2) and the eigenvalue problem
Df(a)o = \v (6.2.3)

is separation of variables (with variableand the index indicating the component): if we
substitute
v(t) = () (6.2.4)
with ¢ (t) € R andv € R” into (6.2.2) we find that
L. -
—v=Df(u)v
w f(@)

which can hold only ify’ /¢ is a constant (i.e., independentf say\. Hencey(t) =
¥ (0)er, and [6.2.8) must hold.

Now, let us include the diffusion term and investigate itpaat. If we supply[(6.1]1) with
no-flux boundary conditions

ou
_— = .2.
on ‘BQ 0 (6.2.5)
then solutions of(6.211) yield uniform steady states. Thedrised equation now reads
% =dAv + Df(a)v (6.2.6)
Qv ‘ ~0 (6.2.7)

onloa
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We apply, as before, separation of variables, but this timeeet arehreevariables:t, z,
and the index that indicates the component. So we substitute

v(t,z) = Y(t)d(x)v (6.2.8)
with ¥ (t), ¢(z) € R, andv € R¥. After division by (t)¢(x) we obtain
W) Apx)
o0 U= (@) dv+ Df(a)v (6.2.9)

which requires that’ /+» andA¢/ ¢ are constant. Hence, as befotét) = 1(0)e*t. With
foresight (inspired by Sectidn 5.2) we call the constanteahatA¢/¢ takes—u?, so
require that

Ap = —po (6.2.10)
0¢ B
3 log =0 (6.2.11)
and, in addition,
[Df(a) — p?d]o = Ao (6.2.12)

Note the order: we can determine the relevant valugs fafst by studying[(6.2.70), and
only after that determine, for each relevanthe values of\ that satisfy

det (Df(u) — p*d —AI) =0 (6.2.13)
with I thek x k identity matrix. Equatior (6.2.13) is often callediapersion relationas it
links a characteristic of the time dependencédo a characteristic of the space dependence,
.

We now first concentrate oh (6.2]110)—(6.2.11) for bour@deth Sectior 5.2 we dealt with
the casen = 1,d = 1, 2 = [0, L], and found that: should be of the form

k
u:%, k=0,1,2,... (6.2.14)
This generalises in the sense that for
to =0 (6.2.15)
we have a solutiop = constant and that there exigt, us, ..., with y;41 > p,; for

1 = 0,1,2,..., with corresponding\; determined by the dispersion relatidn (6.2.13),
for which (6.2.10)-(6.2.11) has a nontrivial solution vehihere is no such solution for
any other value of.. The mathematical background of this result has varioustéa(see
e.g., BO):

o elliptic differential equations
o self-adjoint operators with compact resolvent
e positivity

Unless() is symmetric, for instance a rectangleRA, it is not feasible to determine the
fori > 1 explicitly. But the fact that we know that, = 0 is the smallest of alli; is often
very helpful!

In the special cask = 1, i.e., ascalarequation,[(6.2.13) reads
A= Df(u) - dp?
and it follows that
o for everyu there is exactly ong, which is real

o the \'s areorderedexactly as the- .2
e A= Df(a)is the largest
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FIGURE 6.2.

The so-calledPrinciple of Linearised Stabilitysee the “Theorem” below, now implies that
@ is exponentially stable iD f (@) < 0 and unstable ifD f(a) > 0 (we often formulate
this as:u is linearly stable iffD f (@) < 0).

“THEOREM’ (Principle of Linearised Stability)

(i) if for everyeigenvalue-p? of the diffusion problem with no-flux boundary conditions,
everyeigenvalue\ of D f(u) — p?d has negative real part, themis a (locally exponen-
tially) stablesteady state.

(i) if for someeigenvalue-p:2 of the diffusion problem with no-flux boundary conditions,
someeigenvalue\ of Df(u) — p2d has positive real part, then is an unstablesteady
state.

Several questions now come to mind:

e if k> 1and all eigenvalues d? f (u) have negative real part, does it follow that
R < 0forall A that satisfy[(6.2.13) for some = ux? The, perhaps surprising,
answer is: NO. It was Alan Turing’s great idea that diffus@nven instability
is possible in the case afystem®f equations provided the diffusion constants
of the various components are sufficiently different. Int®ed6.8 you shall
demonstrate this in detail. The bottom line is tpattern formatiortakes place
when reaction-stable uniform steady states turn unstaldealdifferences in the
diffusion constants of the various components

e for k£ = 1 and no-flux boundary conditions, is it possible to hawtable non-
uniformsteady state? The short answer is: no, unless you force ibtmpining
bistable dynamics with a special domain shape involvingoalndisconnected
components. In more detail:

(i) if m =1,Q =10, L], then no, see Sectién 6.3

(i) if m > 1, andQ2 is convex, then no, se8%)

(iii) if m = 2 andQ is a “halter” domain (see Figufe 6.2) arfichas at least two

stable steady states, then yes, provided the connectiredipiis thin enough

(the non-uniform steady state is close to different reaetitable steady state
values in the two ball-like parts of the domain; sdd]]

6.3 Scalar Reaction-Diffusion equations: global bi-
furcation theory based on phase plane analysis and
symmetry arguments

One reason to focus on steady states and their stabilitpigtte corresponding analysis is
relatively easy. But for scalar equations there is a bettason: solutions do converge to
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steady states. To demonstrate this, we introduce the Lysgfuinction

B 1 L , 9 B L
Vo) =3 [ @@ - [ Fo@)a (6:3.1)
where

= 6.3.2
F(w) /0 f(o)do ( )

Letu = u(t, z) be a solution of

2

% _ % + f(u) (6.3.3)
Ouioy=0=2"01 6.3.4
%(,)— =5, L) (6.3.4)

(Note that we scaled the spatial variable such that thediffuconstand equals 1.) Then,
performing a partial integration, and using the boundanyditions,

L 2U u
Gyt = [ G ot ) - futta) G i

- _/OL (%(ﬁ,w) +f(u(t,:c))) %(t,w)dw

This rules out the possibility of time-periodic solutionsamy other kind of persistent be-
haviour for Which% is notidentically zero. So only steady states are potdyntstractors.
Note that local minima of/ arestablesteady states. It appears that non-constant steady
states are saddle points 6t

The functionV is also a Lyapunov function when we impose Dirichlet rathemt no-
flux boundary conditions. Moreover, using one of Green’srfglas, the proof is easily
extended to the case of higher space dimensionpi.ex, 1.

We now know that non-uniform steady states cannot be stabenw = 1, m = 1,
) = [0, L] and we impose no-flux boundary conditions. But do they exist?

In Sectior 5.2 we found that in tHmear case the diagram in Figure 6.3 summarizes the
situation: if we consider the growth rateas fixed and the length of the domdinas a
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parameter, then a non-uniform steady state only exists if
km
L=Ly=—, k=12...
k \/7_"7 )

and it is then, modulo a multiplicative constant, given by

u(x) = ag(x) = cos (l%x)

The physicists jargon is that; is thek-th modeand that this mode turns unstabldifis
increased beyonfl;.

In this section we replace the linear functien— ru by the nonlinear functiom — f(u)
and next investigate how Figure b.3 deforms as a result afidméinearity. We shall find
Figure[6.4, which we call hifurcationdiagram (cf. Appendix) with bifurcation parameter
L. The choice ofL as the key parameter is somewhat arbitrary: it is easy tclatn
Figure[6.4 into a bifurcation diagram with parameter eitherdiffusion constant or the
derivativef’(0). Indeed, by scaling we can transform the equation

Up = Uge + f(u) x €][0,L],
into

Luee + f(u) (taking€ = /L, € € [0,1))

Ut = —
L2

and next into

ur = uge + L*f(u) (takingT =t/L?, £ € [0,1])
To investigate the steady state problem, we first rewritestoond order equation,., +
f(u) = 0 as afirst-order system of ODEs:

Uy =V (6.3.5)
vy = —f(u) (6.3.6)

The point is that we can analyse this first order system byepkse methods (so we are
going to look at[(6.3]5)£(6.3.6) from a dynamical systemiafaf view, but note that this is
just an auxiliary tool and that it hamthingto do with the infinite dimensional dynamical
system generated by the diffusion equatlon (6.1.1) withr@giate boundary conditions!)

With, as defined in(6.312),
F(u):= / flo)do
0
we find that this first order system has a conserved quantity,

H(u,v) := %1}2 + F(u), (6.3.7)



6.3 SCALAR REACTION-DIFFUSION EQUATIONS 53

also called a Hamiltonian. Sineé = (—v)?, the phase portrait is symmetric with respect
to reflection in theu-axis. Orbits are mapped Ky, v) — (u, —v) to orbits, which, how-
ever, are traversed in the opposite directionf Hiappens to be antisymmetric in(i.e.,
f(=u) = —f(u)), thenF(—u) = F(u), and we also have symmetry of the phase plane
with respect to reflection in the-axis. Orbits are now also mapped by, v) — (—u,v)

to orbits.

We now first show that there are no bifurcations frostable(with respect to well-stirred
dynamics) uniform steady state. Assume th@) = 0, ands’(0) < 0. ThenF has a max-
imum inu = 0, and consequently the origin in phase space is a saddle(pagnire6.5) in
the sense of dynamical systems (and also a saddle point @&al goint of the function
H).

A

v

N\
pz

FIGURE 6.5.

v

Therefore, there are locally near the origin neither cotioas from thev-axis to thev-axis
nor connections from the-axis to theu-axis. So for both the boundary value problem with
no-flux conditions and for the zero Dirichlet boundary vatueblem we can conclude that
bifurcations from such a steady state are impossible.

Exercise 6.3.1.Use the principle of linearised stability, to show that tiebte uniform
state 0 remains stable if we add diffusion and add eitheruwoBICs or compatible (i.e.,
zero in this case) Dirichlet BCs. In particular, show tha&t éigenvalues are just the eigen-
values of the Laplacian shifted ov¢f(0), so in the negative direction, making the new
solution even more stable.

Our next aim is to use phase plane analysis to derive thedaifion diagram depicted in
Figure[6.% for the no-flux nonlinear boundary value problem

Uge + f(u) =0
uw(o) =0= ux(L)

with bifurcation parametef.. We assume that the graphsoand F' (recall [6.3.2)) have
the form shown in Figure6.6.

Note thatu = 0 andu = K are stable as steady states for the dynamical systems ggghera
by the ODEw = f(u), while the unstable steady state= S separates their domains of
attraction. Also note that we assumed thgt<) > 0 (in other words, that the area below
the u-axis and above the graph ¢fis less than the area above thexis and below that
graph off, if we consider the intervdD, K]). The consequence is that the phase portrait
is as depicted in Figufe 8.7.

In particular: the family of closed orbits surroundifii, 0) “ends” in a homoclinic loop
issuing from the saddl€0,0). In an ecological contexty represents the density of a
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FIGURE 6.6.

FIGURE6.7.

population subject to an Allee effect (meaning that it isfdto go extinct for low densities
but that, due to positive density dependence, it grows todihrying capacityx if abundant
enough; the underlying mechanism may be sexual reprodystiathe difficulty of finding
a mate when the species is rare in the considered area).

We parameterise the family of closed orbits by the minimuhueahatu takes and we
shall denote this minimum value by Note that the corresponding value Hf equals
F(p). We denote

e the corresponding maximum valuewby g(p)
o the corresponding period (p)

Note that
g(p) du

p V2(F(p) - F(u)
Exercise 6.3.2.(i) Derive this identity
(i) Show thatlim, o T'(p) = oo

. T
(iii) Show thatlim,+s T'(p) = o

T(p)=2

(6.3.8)

The question whether or n@t is a monotone function o is, in general, not easy to
answer (see e.g1(]). But in any case, we know that the rangelofncludes the interval

27
(T

Now suppose tha?L belongs to the range @f. Because of the symmetry of the phase
portrait with respect to reflection in the-axis, we know that it takes “as long” far to
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FIGURE 6.8.

increase fronp to g(p) as it takesu to decrease subsequently again frgp) to p. So if
T(p) = 2L, each of these changes happens during a stietsfithe independent variable.
The corresponding solutions are indicated¥yand they are sketched in Figlirel6.8. The
index specifies the number for intervals on which the solutsomonotone. If we denote
one solution by and the other by._, then

uy(z) =u_(L —x)

or, in other words, one solution is obtained from the othealvgflection in the midpoint
of the interval.

The solutions indicated bi¥, correspond te such thatl'(p) = L, so they correspond to

a full turn. The midpoint of the:-interval is reached after half a turn, so these solutions
are themselves symmetric with respect to reflection in thdpwint. Both solutions have
exactly one interval of increase and one of decrease, bueifitst decrease and then
increase the maximum is at the boundary and the minimum imtbeeor, while with the
other order it is the other way around (see Fiduré 6.8).

The solutions indicated bivs; correspond t@ such that%T(p) =L, so tol% turns. In
general we consides such thath(p) = L and solutions that mak§ turndl For
even these are symmetric, while foodd the two solutions are related to each other by a
symmetry.

Assuminghatp — T(p) is monotone we can now draw a more detailed version of Fig-
ure[6.4, shown in Figufed.9.

If T is notmonotone, there are wiggles in these branches.

How should we interpret this diagram in the context of thenitd-dimensional dynamical
system generated Hy (6.8.3)—(613.4)? The constant steatdy.s= S is now asaddle point
(recall [6.3.1) and note that the term involviAchas the opposite sign as the term involving

1Above we used: to denote the number of components of a system of equaticglswBve shall use the
symbolk to specify a mode number, i.e., to indicate the number ofmerand maxima of a steady state solution.
The aim of this warning is to avoid that you get confused.
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F in the formula [[6.317) for the Hamiltoniaf). For smallL it has a one-dimensional
unstable manifold, but ag increases the dimension of this manifold increases (or, in
more physical jargon, more and more modes turn unstablesuRrably, the domains of
attraction of the stable constant (i.e., spatially unifpsteady stateg = 0 andu = K are
separated by the union of the stable manifolds af S and all the existing non-constant
steady states “around” it. So the bifurcations change thetsire of the flow within this
separatrix.

Consider once more the zero-flux nonlinear boundary valablpm

Uge + f(u) =0, (6.3.9)
uz(0) =0 = uy (L), (6.3.10)

with parameter.. We now want to derive relations between solutions by uskigresion
and symmetry arguments instead of phase plane analysi® Kgjhadvantage of such
arguments is that they also work for systems.)

Exercise 6.3.3.Show that ifu is a solution of[(6.319)E(6.3.1.0), sois defined byw(z) =
u(L — x). We callu symmetridf w = . What symmetry does this amount to?

Exercise 6.3.4.Assumef(0) = 0, f’(0) > 0. Show that then bifurcations occur if

L = —k2_ . Considerk = 1. Give arguments in favour of the claim that the bifurcating

V0N

solutions arenot symmetric. Show that, consequently, the bifurcation mest pitchfork.

Exercise 6.3.5.Whenever is a solution, extend it to aL-periodic function by

u(—z) = u(z), 0<z<L,
u(z + 2L) := u(x).
Show that the extension is a solution for parameter valugk = 1,2,3,.... Conclude

that the branch bifurcating fér = 1 repeats itself for every higher value lof

Exercise 6.3.6.Show thatu is symmetric if and only if the extension has peribdShow
that all branches corresponding to eveoonsist of symmetric solutions. How are in that
case the two solutions (one for each subbranch) relatecctoather?

Exercise 6.3.7.Show thatsomebranches for the problem witbirichlet boundary condi-
tionsu(0) = S = u(L) can be obtained from extended solutions of the zero flux baynd
value problem.
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FIGURE6.10.

Next, let us look at the situation where there is a big morettére boundary, so where we
replace the no-flux boundary conditions by the zero-Digthbnditions

u(0) =0=wu(L) (6.3.11)

In terms of the phase portrait Figure 6.7 this means thateamch for steady states, we
look for pieces of orbits that start and end at thaxis.

A glance at Figure 617 shows that we can parameterise caedidzits by the maximunp
of u, with

9(0) <g< K
and that the corresponding steady state solutions of thedaoy value problem are sym-
metric with respect to reflection in the midpoint= g where the maximum is assumed.
Let us denote by'(¢) the “time” it takes to arrive at the negativeaxis when starting at
the positivev-axis. Then

5 q du
=2 [ NCAOETA0)

and, as movement slows down near saddle points, necessarily

lim T =00
q49(0) (@)

lim T =00

lim (9)

SoT assumes a minimum and the equatitfy) = L has for
L <minT no solution

L >minT atleast two solutions

If there areexactlytwo solutions of7’(q) = L for L larger than the minimum of’, then
the bifurcation diagram has the form shown in Figure 6.10.

So there is a saddle-node bifurcation for= min 7 at which a stable steady state and
an unstable (saddle) steady state are born. Presumabliatiiétys character of these two
steady states does not change wheis further increased. The stable manifold of the
saddle steady state serves again as a separatrix (note thal is a stable steady state
for all ). By using Maximum Principle arguments, df, [5,[4Q, or more precisely, by
constructing sub- and supersolutions, one can get somalpaidrmation about the initial
conditions for[6.313) and{6.3.111) that yield solutionswerging to either. = 0 or to the
stable non-uniform steady state. Note that for very ldtgbe values that the latter takes
are very close td< on most of the interval.
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Our main conclusion is that the population can persist, itkeeie big monster at the bound-
ary, providedthe domain is large enough.
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6.4 Travelling waves for mono- and bistable scalar
Reaction-Diffusion

Diffusion, as a mechanism to generate signals used in ftanes development, is a very
slow process, and doesn’t work efficiently over large distsmn As we already saw in Sec-
tion[5.3, augmenting diffusion with some kind of reactioa,ibmultiplication of a species

or the interaction between different species or chemicals,lead to patterns that travel
much faster viz. with constant speed. It may therefore cosneoasurprise that reaction-
diffusion is a mechanism that abounds in all kinds of biatagjareas. In this section we
are going to study the existence of travelling wave profitgsnfonlinear scalar reaction-
diffusion equations, determine at what speeds these caal,teand in what direction.

Two prototype equations will be studied: the monostablethadistable case. The first is
also known as the Fisher-Kolmogorov equation, and is giwen b

ur = dugy + ku(l —u), z€R (6.4.1)
which, using the rescaled variablés= kt andz* = z1/k/d becomes
Ut = Uz + u(l — u). (6.4.2)

Here the stars have immediately been dropped. It is a modsitiesqp which was orig-
inally devised by Fisher to model the spread of a favourableegn a populatioriZQ].

It was simultaneously (and presumably independently)istldy, as Aronsord put it,
the famous troika of Kolmogorov, Petrovskii and Piscuri®g][ The bistable equation in
non-dimensional form is given by

Ut = Uz +u(u—a)(l —u), z€R (6.4.3)

where0 < a < 1. As we will see, both these equations admit travelling waediles, but
the range of speeds with which such waves progress is qtfiéeatit.

Let us first consider the monostable case. If we ignore spadbdé moment, the equation
reduces to

w =u(l—u).
This is the standard model for logistic growth, having= 0 andu = 1 as steady states,
the first of which is unstable, and the second stable. Thigestg it might be possible to
find travelling wave profilesv(z) = u(z — ct) that connect and1 and which travel at
speede. Let us try to find these. Substituting the travelling wavesatz, taking also into
consideration the choice of behaviourato, we obtain

—cw' =w" +w(l —w) (6.4.4)
Zgrjloow(z) =1, Zhﬂnolo w(z) =0 (6.4.5)
Writing (6.4.4) in phase plane form,
w = (6.4.6)
v =—cv—w(l —w) (6.4.7)
we again find two equilibriaiw, v) = (0,0) and(1,0). The Jacobian of this system is
0 1
(" 1) 649

and hence we find the following eigenvalues for the two stestalyes. Fof0, 0),

1
Ai:—gi§\/0274
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FIGUREG6.11.

t large

FIGURE6.12.

whereas fo(1,0),
c 1 —~

Ay = 5 + 5 cc+4
Hence, ifc? > 4, the origin is a stable node, anc:#f < 4, it is a stable spiral, giving rise to
physically unrealistic solutions since the solutions thenome negative. The other steady
state,(1,0), is always a saddle. The phase plane [for (6.4.6) for the €ase4, see Fig-
ure[6.11, now strongly suggests that the relevant part afriseable manifold1, 0) always
has to connect to the stable origin, and thus form a het@ioadrbit connectingy = 1
andw = 0. Since we can perform this construction for afly> 4, we find a continuum
of possible wave speeds for travelling waves of the Fist@mriggorov equatiorid6, 2€).

Having argued that travelling waves do exist for a continunfmvave speeds, we may
wonder for which initial conditions the solution in time t&nto a travelling wave (or a
combination of two travelling waves, one moving to the laftid one to the right)? Kol-
mogorov, Petrovskii and Piscund8d] already showed in 1937 that initial conditions of
the form

w=1forx<p
w=0forz>p

for somep € R do indeed tend to travelling wave profiles which travel witmimum
speedc = 2. But also a localized initial condition, relevant for ingtz in models of
introduced species, grows out to form an expanding block twb fronts, one travelling
to the left and the other to the right (see Figure 5.12).

Let us now turn to the bistable equation and repeat the listsdnility analysis. For a
general scalar reaction diffusion equation
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the equation for the travelling wave profild z) = u(z — ct) is
w” + cw' + f(w) = 0.

Writing this as a two-dimensional system

w = (6.4.9)

v = —cv+ f(w) (6.4.10)
we have the Jacobian

1

(f’(w) C) (6.4.11)
with eigenvalues

c 1

— _ - 2 _ /
At 5 + 5 V¢ 4f"(w).

For our particular probleny,(u) = u(u—a)(1—u), so there are three equilibria, which for
the 2D system are written &s), v) = (0, 0), (a,0), or (1,0). Computing the eigenvalues
at each of these steady states, we find thal) and(1,0) are always saddle points, and
(a,0) is a stable node i#> > 4f'(a) and a stable spiral if* < 4f/(a). Finding travelling
wave solutiongv with speed: connecting a stable and unstable equilibrium, such as from
w=0tow = aorfromw = atow = 1is possible for many choices of essentially
by the reasoning outlined above for the monostable case.w@aalso find heteroclinic
orbits connecting the unstable manifoldwf= 0 to the stable manifold oiv = 1? Itis
not likely that this is going to be possible: for most speetise solution coming from the
unstable manifold will converge to the stable node or sgi#ad), or will overshoot (the
unstable direction &fl, 0) then converges t(u, 0)) . However, the phase planes for small
and for large: (see Figur€ 6.13, top row), together with continuity argntagdo suggest
that for some exceptional intermediatea heteroclinic from 1 to 0 exists (see Figlre 6.13,
bottom). This can indeed be made rigorous.

There is a more general rule: if a reaction tefifn) has a number of roots, they gener-
ically come alternatingly as saddle points and stable nodagpirals. Most (in terms of
¢) heteroclinic orbits connect stable and saddle steadgsstahd only a few connect two
saddle equilibria.
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FIGURE 6.14.

Let us now turn to the question of tligrection of the wave. After all, within biological
contexts it may be all important to know if a wave of some digear introduced species
retreats or advances. A simple argument gives the direofitite speed, i.e., the sign of
Recall that travelling wave profilas(z) solve

w” +cw’ + f(w) = 0. (6.4.12)

Equation[[6.4.12) is invariant under— —z, ¢ — —c, SO we need to choose the behaviour
of solutions forz — +o0o to be able to determine the true direction of travelling wave
solutions. We focus on solutions which tend tol for z — —oo and to0 for z — oo. In
particular, then alsa’(z) — 0 for = — +oco. Multiplying (6:412) byw’ and integrating
overR, we find

0= /00 W + cw’ + f(w)w'dz (6.4.13)

=0+ c/m w'? dz + /OO f(w)w'dz (6.4.14)
oo 0

= 2d d 6.4.15

o wras [ (6.4.15)

where we have used partial integration and the above livitsthus conclude that the sign
of cis given byfo1 f(w)dw, since

LT
N ffooo w2 dz

In the monostable casf(,1 u(1—wu)du = 1/6, so the wave is always describing an increase

of u (for x fixed, u(x — ct) increases frond to 1). In the bistable casqo1 u(u —a)(l —
u)du = (1 — 2a). So for0 < a < 1, the unique wave speed is positive, fora = 1

2
we find a standing wave-{ = 0), while for 1 < a < 1, the wave speed is negative.

Let us consider a well-known example from scalar reactiifiaglon equations, the spread
of the spruce budworm, which is a pest in North American fisrtéBhe equation, in nondi-
mensional form, reads

u U2
Ut = Uggy + TU 1*5 71—{——11,2

The reaction term is sketched in Figlire 6.14. Depending oanpeter values, there are
up to four equilibria, and if we ignore space dependence thtbase are stable, and two
unstable. As before, including space again and lookingriretling wave profiles, the
time-stable steady states become saddle points, and thaitistable steady states become
stable nodes or spirals. There exist travelling wave pfilennecting the two saddles,
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which have a certain unique speed. By adjusting the (sca@ladying capacityy (for
instance, by limiting the amount of food available to the Wwadns), the direction of the
wave may be controlled, and thus the outbreak of these pestdmcontained. Sedf)
for a detailed discussion of this much-studied problem.

6.5 The non-existence of patterns for scalar equa-
tions

We will now show that non-trivial equilibrium solutions @fterns’) to scalar RD equa-
tions subject to Neumann boundary conditions can neverdidest This is often loosely
summarised with the phrase in the title of this section.

Consider

Uz (t,0) = ug(t,L) =0 (6.5.1)

Let U(z) be a non-trivial equilibrium solution, i.elJ(z) # Uy. The eigenvalue problem
for V, which describes the linear stability &, is given by

{ Voo + 8L (U(z)) =NV =0 on0, L]
Ve (0) = V(L) =0

{ Ut = Ugg + f(u) on [05 L]

(6.5.2)

This is a standard Sturm-Liouville problem. The eigenvajuenoted with\Y to signify
that they belong to the Neumann problem, are again all redlsample,—co0 < ... <
AY < MY < A\, and the eigenfunction corresponding withhasi zeroes. We need to
show that\)" > 0, thus showing that/(x) is unstable. Note that a similar ordering of
eigenvalues exists for the Dirichlet problem. Also now it Dirichlet eigenvaluep?”
has an eigenfunction withzeroes.

Now observe that, by differentiating the steady state egudor U with respect tar, we
know thatiW = U,, solves

{ Wao + 2L(U2)W =0 on|o, L],
W(0) = W(L) = 0.

Therefore, probleni{6.5.2) with homogeneous Dirichletrmary conditions instead of
homogeneous Neumann boundary conditions has 0 as eigenvalue. Denoting the
eigenvalues of the Dirichlet problem by’, i = 0,1,..., we thus know thah” = 0
for a certain.

We can now use the following Lemma, stating that we can ofieretgenvalues of two
solutions, if we can order the solutions in some manner.
Lemma 6.5.1. Letg(z) be given. Le® and ¥ satisfy

with eigenvalues\ and . respectively. Assum&(0) = ®(L) = 0, and®(x) > 0 on
(0,L),and¥(z) > 00on[0, L]. Then < p.

PrROOF Multiplying the eigenvalue equation fdr by ¥ and vice versa, and subtract-
ing these two, we find

SV — "V + (1 — \)®¥ = 0.
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Hence, integrating ove0, L], and using partial integration yields

L L L
' — o +(u7/\)/ PV = 0.

0 0 0
The last integral is strictly positive by the assumptionsboand V. Since® is a Dirichlet
solution, the second term vanishes. The first term is a poioly non-positive, which
would yield A < p. Note, however, that i®’(0) = 0 or (L) = 0, then® = 0, and
hence by uniqueness of the boundary value problem wedfi@) > 0 and®’(L) < 0.

Therefore\ < p. O

Recall that the smallest eigenvalig, which is the one we are actually interested in,
corresponds to an eigenfunction without zeroes. Thergtioiefunction solved(6.5.2) and
has the properties oF in the lemma. So from the lemma we conclude thiit > \Y >

AP =0, and that indeed (z) is unstable.

This argument also works in higher space dimensions, peaMidat the domaif is con-
vex. As we discussed in Sectionl.2, stable non-unifornugtetates do exist if we choose
a bistable functiorf on a halter-shaped domain (recall Figurg 6.2).

Now we turn to the scalar Dirichlet problem
Ut = Ugy + f(u) on|0, L]
{ w(0) = u(L) = 0 (6.5.3)

Let againU (x) be an equilibrium solution and assume thdt:) changes sign of0, L).
ThenU (z) is again unstable!

To see this, we again study = U,.. SinceU changes sign, there exi3t< z; < 2 < L
such thatV (z1) = W(a2) = 0. SOW solves

Wy + f/(U)w=0 on]0, L],

w(z1) = w(ze) = 0.
Applying Lemmd 6511 again t& = +1V (choose the sign so thdt > 0), with A = 0,
and¥ = &2 with = AP, restricted tdz1, z2], we conclude: = A} > A = 0, and that
U is unstable.

6.6 Pattern formation: The Turing instability

A key aim of developmental biology is to understand morpmegés: how can, starting
from a uniform state, spatial structure, i.e., pattern,eflgy? Localised differentiation
of cells is certainly an essential component. But how dosdefiow which differentia-
tion pathway to follow? If this hinges on positional infortita, then how do these cells
know “where” they are? Genetic information needs physicergical mechanisms to be
expressed, to be translated into form.

Earlier we observed that for scalar quantitythat diffuses and reacts, spatial structure
disappears (rather than originates), unless we force in tipe system by the boundary
conditions or the shape of the domain (recall the halter fFagore[6.2). What if there are
severalquantities that interact and diffuse?

Here we focus on the system of reaction-diffusion equaf@Bsl fork = 2 (two com-
ponents) anan = 1 (one-dimensional spatial domain) and establish conditgrch that
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a uniform steady state, that is stable as a steady state pliiedy kinetic system, turns
unstable if we allow both components to diffuse, but wittheatdifferent diffusion con-
stants. So differences in the time scale of spatial tranggdhe various components can
interfere with the interaction and localised instabiligncmanifest itself as spontaneous
pattern formation (to show this in mathematical detail oreds to go beyond linearised
instability and apply bifurcation methods to construct noriform steady states).

It is most efficient to first consider

8u1 82u1

W = le +f1(U1,U2) (661)

8u2 82U2

W = dQW + f2(U1,U2) (662)
for x € R and only later consider the effect of no-flux boundary cdodi on a bounded
domain.
Let

= ()

be such thaf (z) = 0, and assume that all eigenvalues of the Jacobi matrix

of  Of1
M=Dfw)= 41 Gz

B’LL1 auz

=u

with entriesm;; have negative real part.

Exercise 6.6.1.Repeat the steps leading to equatfon (6]2.13) and shownttitén out in
detail, this equation reads

NN (—mgg—miy+dop® +dip?)+{(ma1—di p?) (mag —dap?) —mizma } = 0 (6.6.3)
Exercise 6.6.2.By assumption the inequalities
my1 4 mag < 0, (6.6.4)
mi1Maz — Mi1ama > 0
hold (why?). Verify that if we write[(6.613) as
M4 0A+6,=0 (6.6.5)

thend; > 0. Explain why we may conclude from this that destabilizai®never by way
of Hopf bifurcation.

Exercise 6.6.3.A transcritical bifurcation occurs when= 0 is a root of [6.6.5) (or, more
precisely, if a real root of (6.6.5) changes sign when patarsare varied). Evidently, this
requires

0 = 0y := dido(u?)? — (dymas + doma1)p? + mirmas — migmay (6.6.6)

Check that, as a function @f, 6, describes a parabola with a minimum at

1 /m m
9 11 22
=—-|—+—— 6.6.7
=3 ( & d ) (6.6.7)
Compute that the minimum value equals
i 1(d d 2
07 — myimas — magmay — — M2zt damn) (6.6.8)
4 dyds

Show thap™" < 0 iff

m11d2 + ’I’I’L22d1 > 2\/d1d2(m11m22 — ’I’I’L12m21) >0 (669)



66 REACTION-DIFFUSION EQUATIONS

Check that the right hand side 6f(6.6.7) is positiveif (8)6olds (why is this important?).
Show that under our assumptionis, (6.6.9) cannot hold,if= D,. Show that[(6.6]9)
requires (under our assumptions) that; andms, have opposite signs. Show that then
alsomi, andmsy; should have opposite signs.

Exercise 6.6.4.If the sign structure o/ is

=3

we call species/substance 1acativatorand species/substance 2iahibitor. Explain the
rationale of this terminology.

Exercise 6.6.5.Without loss of generality we may assume that the sign strads as
assumed in the preceding exercise. Substantiate this.claim

Hint: the other possibilities are

(C 5 1) )

It is, of course, rather arbitrary how we number the spedieaddition one might do the
bookkeeping in terms of u; rather than, (but note carefully that often the interpretation
requires quantities to heositive yet deviationsfrom a strictly positive steady state value
may assume both signs. The message is that “without lossefglity” is a subtle notion
when the interpretation leads to constraints on mathealatansformations).

Exercise 6.6.6.0ne often encounters statements like “Diffusive instabiequires long
range inhibition and short range activation”. With the sijructure ofM as in Exer-
cise[6.6.14 we can rewrite (6.6.9), with the middle part osittas

T1dy < T2da (6.6.10)

with 7 = ml_ll andr, = |maz|~1. Explain the relation between this inequality and the
statement between the quotation marks.

Exercise 6.6.7.Assume thatd/ — u2d has eigenvalue zero and th&f has activator-
inhibitor sign structure, cf. Exerci§e 6.6.4. Liebe the eigenvector corresponding to this
eigenvalue zero. Show that sign = signo,. Explain in a hand-waiving manner that
accordingly the two components of a bifurcating non-umifesteady state are in-phase,
meaning that one increases as a function ibfand only the other does too. What changes

if the sign pattern of\/ is (+ +)?

Exercise 6.6.8.Assume thatM has activator-inhibitor sign structure and thidt has a
positive determinant. Show that the local phase portraihefkinetic system is as shown
in Figure[6.1b. Hint: solvg; = 0 for us as a function:; by way of the Implicit Function

Theorem. How does the phase portrait Ioo{iJ_f —_F) ?
Exercise 6.6.9.Show that byscaling of the spatial variable we may arrive araio of
diffusion coefficients and that this, for a particular cleoaf scaling, amounts to replacing
u? by 2 /Dy so that[[6.616) transforms into

d d
0= 92 = d—j(ﬂ2)2 - (—jmll + m22> ,LLQ + mi11Mog — M12M21 (6611)

or, if we solve fords /d; as a function ofi?,
dy Maoapt? — M11Mag + MizMmay

= 6.6.12
dy w2 (p? —may) ( )
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mi1 'u2 "
FIGURE 6.16. The graph of the right hand side[of (6.6.12) as a functio
of 12 in Exercisd 6.6]9.

Show that under the conditiorls (6)6.4) ahd (8.6.9) the gadphe right hand side, as a
function of 42, is as depicted in Figufe 6.116.

Thus we have determined the stability boundary in the twaipater plane formed by the
ratio d» /d; of the diffusion constants and the mode parametewhich is a continuous
guantity when the spatial domain is the lireo < z < oo). This graph is an essential
ingredient for the stability analysis for finite intervalitivno-flux boundary conditions, as
we shall see in the next exercise.

Exercise 6.6.10.Now restrict the spatial domain to
0<z<L
and impose the no-flux boundary conditions
uz(0) =0 = uy(L)

km
—  k=1,2,...
/’LE{L )~ }

By consideringl as a parameter we regain continuity (i.e., we eliminate ertam extent
the imposed discreteness), but we obtain denumerably memgs; one for each mode (see
Figure[6.1V). Describe the instability domain(igif, L)-space and its boundary. Describe
what happens when we considkeras a free parameter fek /d; fixed at a value just
slightly aboved'e (you may find it useful to think in terms of “resonance” betwebe
“natural” wave length associated with the instability oe ttime hand, and the size of the

domain on the other).

Derive that necessarily
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FIGUREG6.17.

Exercise 6.6.11If we cross the curve corresponding to a particiélahe nonlinear system
undergoes a pitchfork bifurcation. How can we be so sure @ipitahfork” without doing
any calculations? Also, formulate that there is a certabiti@riness in the pattern that
arises in a real experiment.

Exercise 6.6.12.(builds on the Appendix on Bifurcation Methods) Derive anfila for
the direction of the pitchfork bifurcation, i.e., deterraiwhether it is is subcritical or su-
percritical. Formulate the Principle of Exchange of Stapfor this particular case.

Exercise 6.6.13.Reflect on the patterns that one expects to see on a two-dionahs

rectangular spatial domain, depending on the ratio of tleelénwgths (so when we enlarge
the domain but keep this ratio fixed). Next, go to the zoo anod for spotted bodies and

striped tails!

We now consider a concrete example which is rather debdftainiea modelling point of
view (in particular because of thié in the denominator) but which has the great advantage
that the calculations are not too cumbersome. Itis oftded#the Gierer-Meinhardt model,
seelfi?).

The system of reaction diffusion equations

4 _1irE_as 24 (6.6.13)
%_Ij = QA - H)+ P% (6.6.14)
provided with no-flux boundary conditions
Lo =0=2,1), (6.6.15)
o toy=0=4.1) (6.6.16)

describes the interaction between an autocatalytic aotivhand an inhibitor/ in a one-
dimensional spatial domain, theinterval [0, L]. The systen{{6.6.14) is already in a scaled
form and only three parametet®, @, and P remain. In particular, the spatial variabte
has been scaled to make the diffusion constanfiafqual to 1. In the terniR A%/ H,
the denominato#f is an approximation to (constant #) and accordingly, predictions
based on{6.6.14) should not be trusted when they involvdl salaes of H. The greatest
advantage of this approximation is that it makes the cafituiia below far simpler, which

is why it is made.

Exercise 6.6.14.



6.6 ATTERN FORMATION: THE TURING INSTABILITY 69

(i) Find the uniform (inx) steady (int) state.
(i) Compute the Jacobi matrix of the reaction part.
(i) Show that the constant steady statestablewith respect to homogeneous (i.e.,
z-independent) perturbations, provided the parameteuizldg

R—1
Al 6.6.17
Ri1 ¢ ( )

holds.
Exercise 6.6.15.

(i) Show thatthe:-th mode, characterised by dependence ofithe formcos (’”T”“)
is stable when

4 2
P (k%) + (Q - Pﬁ—ﬁ) (%ﬂ) +Q>0 (6.6.18)

but unstable when the reverse inequality holds.
(i) Deduce from[(6.6.18) that a necessary condition fotahiity is
R—-1
Q<Pp— (6.6.19)
(iii) Deduce, by comparind (6.6.117) arld (6.6.19), that aessary condition for pat-
tern forming instability is
P>1

and interpret this condition.

Exercise 6.6.16.Show that the quadratic polynomialdn

R—-1
Pao? - p=—
o +(Q R+1)a+Q
has minimum value )
1. (R-1 Q
1P<R—+1§) e

and check that it is attained forpmsitivevalue ofa when [6.6.1B) holds.

Exercise 6.6.17.(Re)formulate the results in biological terms and draw dasions.



Chapter 7

Chemotaxis

7.1 Introduction

Organisms often direct their movement by external cuespegss called taxis. Depend-
ing on the cue in question, we may term such directed movethennotaxis (warmth),
phototaxis (light), chemotaxis (chemical substances), smon, and this may be both
an attracting or repelling movement. Several kinds of comipacteria, such as. coli,
Salmonellaor the slime mouldictyosteliumhave been shown to form intricate patterns
when grown in semi-solid or liquid media in the laboratoryn &xample pattern showing
spirals of the chemoattractant cyclic AMPictyosteliumis presented in Figufe 4.1.

Some of the ingredients at play are clear:

o the cells move in a biased random walk due to both random merreamd mov-
ing up (or down) the gradient of a chemoattractant

e the chemoattractant is produced, with two different cagse®hsider. Either an
external source produces chemical attractants, such asletleocytes track the
signal molecules produced by bacteria that have enteredaalies, or the cells
sensitive to the chemoattractant produce it themselves.

e the bacteria consume nutrients, such as succinate.

Itis not at all clear, however, how these different partskitogether to induce patterns, or
how we may be able to predict the time and length scales tlzmtcterize these patterns.
The shear variety of these patterns also indicates that wen@ed to look for different
kinds of explanations in different situations. Experinteah these model species, such
as the one shown in Figufe 7.1, have yielded some insighisnihy patterns are formed,
but it has proved difficult to get good intuition that explawhy one sees the particular
observed pattern. This is thus a clear case in which matheahatodelling may help to
understand what causes pattern formation.

Mathematically, the description of the evolution of conttations of organisms in some
domain{2 begins with a general conservation law. This states thatdta amount of
organisms inQ2 at time¢ + d¢ must be equal to the total amount at timelus the net
concentration of particles which either flows out@for is created insidé) within the

70
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FIGURE 7.1. Spiraling waves of cyclic AMP, the chemoattractantduse
by colonies oDictyosteliumbacteria

timespant. If we denote this net flow out d by a flux.J (¢, z) then we can write

/Qu(t—{-&, x)dr = /Qu(t, x)dx — 5t/ J(t, z)dS (7.1.2)

o
Since this argument holds for any domélnand [, J(t,z)dS = [,V - Jdz, we have
the general evolution equation
u+V-J=0. (7.1.2)
This flux J may be due to different kinds of motion, such as diffusionasigd. We could
also easily take creation of particles(iinto account. If we leff (¢, 2) denote the creation
of organisms at time and positionz, then the above equation becomes simply

u+V-J—-f=0

Phenomenologically, we may pose the following equatiomfganisms whose movements
are described as stochastic random walks with a bias tovehetaoattractant concentra-
tions:

up + V- (dVu —ux(S)VS) (7.1.3)
known as a Keller-Segel equatidB?]. Here the chemotactic fluX. due to attraction by
the chemical is

J. =ux(S)VS

where x(5) is termed thechemotactic sensitivity The Keller-Segel equatiof (7.1.3) is
often coupled to an equation for the chemoattracganthich usually diffuses and is pro-
duced either by the cells itself or by an external source. @fnthe main obstacles to
use [ZIB) directly is that one has to spegify5). There is no general theory which al-
lows us to translate the bacteria’s perception of the chémacsant and their subsequent
change of behaviour (moving towards higher chemoattractamcentrations) to a macro-
scopic chemotactic sensitivity function.

7.2 Derivation of chemotaxis models

In this section we will show how one can obtain Keller-Segglations, or other evolution
equations for chemotactic bacteria, using the dynamicsna¢soscopiscale as starting
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point. The main point is that it is often easier to describaailyics on a level at which
pattern isnot observed, and then lift these equations to the level at wihishobserved.
In the current context, it is easy to specify how individuaftitles change their direction
due to external cues or random motion. This gives us evalgguations for a density
u(t, z, v), say, which thus depends on velocitiesThe mathematical goal is then to derive
an evolution equation for a function say, which does not depend omanymore, but only
on time and space (which is the quantity one observes whenleseaibes the bacterial
patterns such as in FigureT.1).

The simplest example in which we can derive a parabolic égudtom a mesoscopic
one is in one space dimension. Let particles move accordiagsb-called velocity-jump
process. In this process, the particles move at a certagugpere assumed to be a constant
s), and reorient at random instants in time according to ag@oiprocess with intensity.

In one space dimension, the particles can only move in twectons. Letu ™ (¢, z) be the
density of particles att, ) and moving to the right (+) or left (-) respectively. The#
satisfy the hyperbolic equations

+ +
% + sagx =t 4 (7.2.1)
8;—; - sag—g; — w4+t (7.2.2)

The density of particles att, z), u(t, ), is the sum ofu™(¢,z) andu™(¢,z), and the
particle flux;j equalss(ut — u™). These satisfy

ou 0j

— 4+ = = 7.2.3
ot Ox 0 ( )
0j ) 5 0u

Ly oni= —g2 22 7.2.4
5 T 2N s ( )

Differentiating the first of these equations with respecat &md the second to and com-
bining both equations leads to the telegraph equation

Pu |y Ou_ o0

o2 ot 7 0a?
The diffusion equation follows formally in the limX — oo, s — oo, while keeping

+ 2

— =:d

T (7.2.5)

constant.

To understand pattern formation in bacteria or other cheatiatorganisms such as ants,
we need to derive continuum models in higher dimensions. Naticles can travel in
an infinity of directions, and we denote byt, z, v) the density of particles at timeand
positionz € R™ moving in the directiony € V := sS™~1 (still with constant speed).
This density now satisfies the transport equation

—Au + )\/ T(v,v")u(t, z,v")dv'

ou (vu)
1%

5 + V.
which resembles the Boltzmann equation, but it is linear rather than quadratic. It is
nothing but a conservation equation like (711.2), but noardlie domairR™ x V rather
than a domairf? C R™. Within the current context[’(v,v’) is a turning kernel, and
signifies the probability of changing direction from to v if a switch is made, which
happens with probabilitp\. It has a number of obvious properties. Most importantly,

T >0and
/ T(v,v")dv" =1
v
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The main goal here is to find an evolution equationfét, z) := [ u(t,z,v)dv such as
a diffusion equation or a Keller-Segel equation. The metiadtes crucial use of a small
parameter which has to be identified in the mesoscopic m@d#iin the current context,
this parameteg, is usually the ratia L/T', whereL is a typical length scale of the pattern
and7 a measure of the typical time scale. The method now condigiisa® steps

(1) introduce a scaling which reflects the type of model yountwa find using a
small parameter

(2) write v as an asymptotic expansion in this small parameter

(3) find out what equations the different parts of this expaméave to satisfy in
order for the problem to be solvable. In many cases, thesalsitity conditions
give rise to the evolution equations you are after

In our case, we will study a parabolic scaling, i¢e= x andr = ¢%t. Hyperbolic scalings
are also often useful, and give rise to chemotaxis models guite different properties.
The rescaled transport equation now becomes

52? +eVe- (vu) = —Au+ )\/ T (v, v )u(r, & 0")dv' (7.2.6)
T %

The second step is two writeas an asymptotic expansion

k
u(r,§0) =Y 'ui(7, &, 0) + O (7.2.7)
=0

Let us denote
£6(0) = ~20(0) + ) [ T(w,0)o(r,6 ')’
14
for functionsv € L?(V). Note that the natural choice of function space here would be
LY(V), but choosing.? makes the exposition more straightforward, since the duafo
is againL?.

Plugging this expansioh{7.2.7) info (7.2.6) and groupimegterms in the resulting equation
by orders of, we find

O(eY) : Lug =0 (7.2.8)

ICRE Luy =v-Vug (7.2.9)

(9(52) : Lug = % +v-Vuy (7.2.10)
i aui,g .

O(e") : Lu; = 5 +v-V(iu—1) 3<i<k (7.2.11)

The properties of"imply that0 is a simple eigenvalue dfu = —Xu+ |, T'(., v/ )u(v')dv’
with eigenfunction: = 1. We can hence conclude that, sinte, = 0, uo does not depend
onwv! This means that, only depends om and¢ and is the dependent variable for which
we are trying to derive an evolution equation.

Were L invertible, we could simply proceed by first setting
up = L7 (v - Vo)

and then
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and so on. But is singular, and is only invertible on the orthogonal compdatinLZ?(V)
of the eigenspace at eigenvalue(1)-. This is nothing but those functiose L? such

that _
/ p(v)dv =0
1%

Hence, to be able to expresas in ug, we have to make sure that the right hand side
of (Z.2.9) satisfies this orthogonality condition, whiclhde

/. (v Vug)dv = 0. (7.2.12)
v

Thenu; = F(v - Vuyg), whereF is the pseudoinverse df (i.e., the inverse of where it
is well-defined).

To solve [Z.2.70) we similarly have to require that
/V%—l—v-Vuldv:O
Usingu; = F(v - Vuyg) this becomes
0
ZN 4. V(F(v-Vug))dv =0
v Ot

Sinceuwy is independent of), the integrand vanishes, and we find the desired evolution
equation foruy,

% v V(Fv-Vug)) =0 (7.2.13)
which can be written in the more familiar form
% — V- (dVug) =0 (7.2.14)

where

1
d:f—/ vFvdv
|Sm= y

Fortunately, in many cases this pseudoinvérsman be computed explicitly. In the simplest
case, whefl'(v,v') = 1/|S"~!| andV = sS"~1, we find

52

Y
This is a straighforward generalisation of the diffusiomsm@nt [7.2J5) we found in the
one-dimensional telegraph equation.

This technique of scaling, substituting an asymptotic esgan and finding an evolution
equation as a solvability condition, is a very general orgeagturs in many applied math-
ematics problems. Let us here extend this idea to incorpsmatsing of a chemoattractant,
with a Keller-Segel model as the final result.

The main ingredient we need to add to include chemotaxisébamge the turning kernel
T. We suppose that this is now a function of an external sigfialz). Intuitively, if a
bacterium senses the signal it should swim in the directfdrighest concentration. The
probability of choosing a new direction should thus dependh® concentration around
the positionz, in other words orv.S. We will make this assumption at the very end.

We continue the above technique at the rescaled transpmatieq, which now reads

52% +eVe - (vu) = —Au + )\/ T(v,v', S)u(r, &, v")dv’
- v
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Next to the asymptotic expansidn (7]2.7)ygfwe also introduce an expansion fbr Let
us assume that the influence®bnly occurs in the order term:

T(v,0',S8) = To(v,v") + eT1(v,0', S) (7.2.15)
Substituting this gives

du

2
€
or

+¢eVe - (vu) = Lou + 5)\/ Ty (v, v, S)u(r, &, v")dv'
1%

where
Lou = —Au + )\/ To(., v ) u(v")dv'
1%

We continue by substituting the expansion for The u; again satisfy a coupled set of
equations analogous {o (7.P.8)—(7.2.11), which can onkobe=d under certain solvability
conditions. The lowest order contributiag is still independent of,, and the solvability
condition forug at orders? is now

/v(% + (- V) Folv- Vo) — Av - V) F (/v Tl(vwl)dv,uO)) o

f)\o/ /Tl(v,v/,S)ul(v/)dv/dv:() (7.2.16)
vJv

Here 7y is the pseudoinverse df,. If we define

vczf%//vfoTl(v,v’,S)dv/dv
[S™=H v Jv

as the chemotactic velocity, theg satisfies an equation which starts to resemble a Keller-
Segel equation

10)

% =V - (dVug — veup)
If we moreover make the same simplifying assumptions asrbgfg = 1/|S™ 1|, then

82

1
d:m7 UC:W/V/V’UTl(U,U/,S)d’UdUI

Finally, to obtain the classical Keller-Segel model, we m#ie additional assumption that
T, depends linearly oW .S to which we hinted at the beginning of this derivation. Then
is of the formy(S)V.S, with

AE(S)
Note, however, that we are effectively not very much furtfRather than having to choose
an arbitrary functiorny(S), we now have to choose an equally arbitra(y).

There are many variations and extensions on this theme. Weafsa introduce depen-
dence of the turning rate on the chemoattractant, and again find that the this depeaden
has to be of ordes to give us a Keller-Segel equation. Starting either withraifng kernel

T or a turning rate\ in which thisS-dependence is already present indh@ ) term (I or

o) does not result in a Keller-Segel equation, but reducesvbkition equation to simple
diffusion.

One of the most exciting extensions in this field has been didé&ianal modelling of the
signal transduction pathways by which bacteria sense temohttractant. Rather than
modelling directly how the turning angle depends$ifwhich resulted in our having to
choosek(.S) in the chemotactic sensitivity(S)), we let it depend on some internal state
of the bacterium. This pathway is known to be very complexeed] and mathematical
models of its reaction dynamics often contain 30 or more depaet variables. Fortunately,
it has been shown convincingly that this system may be apmated well using two
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FIGURE 7.2. Typical dynamics of the internal excitation variableas
the bacterium passes a sudden increase of chemoattrabtatd.that
the bacterium is first more excitable, but that this excitigtslowly de-
creases back to a rest state. Adapted fraB [

phenomenologically chosen variables, a fast excitatioialibe y; changing at time scale
7., and a slow adaptation variablg varying at time scale,,. See Figuré 712 for the
kind of dynamics this creates. These two ingredients oftation and adaptation are very
commonly found in many sensory systems following an exiezroacentration. We now
introduce an internal staie= (y1, y=) for each individual particle, evolving according to

dy
== h(y.9) (7.2.17)
or more specifically,
d
Te% =9(S(x)) = (51 +12) (7.2.18)
d
Ta% =9(S(z)) — ya (7.2.19)

We may resort to the conservation equation (7.1.2) agaimda the flux is not in space
or in velocity space, but in internal state space. The eimiuf particle densities and their
internal states can be given by

ou
So rather than treating as an dependent variable, we can treat it as an independent
variable. This is entirely analogous to the situation inebhiz/d¢ = v andu solves

u + V- (vu) = 0.

Putting this new ingredient into the transport equationraighforward. Nowu(t, z, y, v)
satisfies

B Ve (o) + V- () = A+ A) / (0,0, y)ult,e, v, y)dv’ (7.2.20)

14
The three-step technique works also for this more elab@aenple. Assuming that the
turning rate depends linearly on the excitation variablei¢lv detects the signal and thus

influences when to change direction) we wrlg)) = Ao — by; for Ao > 0,5 > 0. A
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macroscopic evolution equation fof(xz, ) = [ [ u(t, z,y, v)dydv, can now be derived,
and is indeed a classical Keller-Segel equation for largedi

2 2 /
oy bs*1a9'(S(x))

A v )
Ao [)\0(1 + 2)\0Ta)(1 + 2)\07’6)

ot

ou ( ]Uvs). (7.2.21)

Not only have we understood under what circumstances megizsdynamics give rise

to Keller-Segel equations, we have also obtained insight the parameters specifying
the individual bacteria’s behaviour influence the diffusar aggregation parts of the final
macroscopic equatioh (7.2]21).

This is but one way to derive Keller-Segel models from lovexel dynamics. One may
also start from a stochastic description, see &6,/55. For more information and much
detail on recent developments on velocity-jump processddteir relation to chemotaxis
models, se€l],[47,[48] 15 16, §2 The analysis of the resulting chemotaxis models has
become a large field. The interested reader may consult idarst [B0] for a detailed
review of many mathematical aspects of chemotaxis.

7.3 Understanding pattern formationin  E. coli bacte-
ria

Bacteria are by far the best studied type of organism whighogs chemotaxis. A sche-
matic model that takes into account cell densiti€s x), chemoattractant(¢,«) and a
nutrientn (¢, ) could include the following. The cell density diffuses, ssgemotaxis
and proliferates; the chemoattractant diffuses, is predamd/or taken up by the bacteria;
the nutrient might diffuse and is taken up by bacteria.

Apart from modelling the chemotactic sensitivity we disser in the previous section,
quantifying the other contributions to the evolution eduag for «, .S andn is a real
challenge. We here introduce one concrete model fié8n 57, and outline the kind of
analysis one can perform to understand pattern formation.

For the chemotactic sensitivity we take a commonly emplaezice,

ke
(k2 +9)?

For cell growth and death, we choose a kind of logistic grospendent on the amount

of nutrient
n2
k ky——— —
3U ( 4k39 T n2 u)

For the production of chemoattractant, we choose a Hollipg tll response,

ux(S) = u

u2

kenp——
5nl€6 + U2

Chemoattractant consumption is assumed to be just lindsaotinu and.S, but for nutrient
consumption we choose again a Holling type IIl functionab@nse,

n2

kety ———
8ul€9 +n2
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All parameterdg:y, . . ., kg need to be measured experimentally. In all, we consider
kiu kyn?
=d,Au—V.|—+——"-=5VS k —_— - 7.3.1
" ! ((k2+5)2 )+ o <k9+n2 u) (73
2
u
=dgsA ksn—— — k 7.3.2
St SAS + 5n/€6+u2 7S ( )
2
ny = d,An — ksu (7.3.3)

kg + n?

These equations are to be solved on a finite dorfiaicorresponding to the finite dish in
which the bacteria grow and move. At time= 0 we specify initial concentrations, (x),
So(z) andng(z).

Let us try to see what kind of analysis is required to undedsattern formatiori (7.3.1)—
(Z33). If we include both diffusion and consumption of tingrientn, the only long
term behaviour of this nutrient concentration is ineviyatol vanish everywhere. But then
growth of cells must halt, and death of cells prevail. We ¢ode that the full model only
has one steady state: the trivial equilibrium. This facthalenakes it clear that linear
stability analysis of this steady state will not give us tmgight in pattern formation. An
analysis of intermediate-time solutions is necessaryckid much more involved, as this
is a fully nonlinear problem. However, the linear stabilityalysis does give us an idea
which perturbations are linearly unstable, and how theilgitabf certain modes depends
on the parameters in the system.

7.3.1 Experiments in liquid media

Experiments on bacterial chemotaxis are often done in tfferdnt kinds of media, each
with their own kinds of patterns. In liquid media, dynamics aomparatively fast. This
allows us safely to neglect cell proliferation, and the iutrn is not considered the main
food source. The model above now simplifies to

klu
=d,Au—V | —"—= 7.3.4
Uy u—V <(k52 ySp Vc) ( )
dsAS + ksn—"L 7.35
St =das S+ 5nm ( .. )
ng = d,An (7.3.6)

In this more simplified liquid model{7.3.4J=(7.B.6), thetment does approach a nontrivial
uniform steady state ast — oo, sincef2 is finite. By inspection we also find a nontrivial
steady statéu, 0,0). Perturbing slightly from this steady state, the chemaatant will
grow without bound, which saturates the chemotactic respomherefore, the movement
of bacteria will eventually be dominated by diffusion, anel again find a uniform equilib-
rium to which the system converges. So also in this systeimciear that linear stability
analysis will not give much information on pattern formatidnstead we need to look at
what the solutions look like after some time has elapsednbuenough for the influence
of chemotaxis to have waned entirely.
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The equation for the nutrient(¢, z) is now decoupled. We therefore assume th&ias
spread out to become uniformly constagt say. We assume furthermore tifais one-
dimensional. We nondimensionalise the two remaining égusiby setting

u S k5n0 k/’5no du k/’l kﬁ
v w w = T , &= =1/ dskzg& s’ @ dsky’ iz 2 ( )

Note thato contains the orlglnal parameters involved in the chemimaensitivity x (.5).
Using thatn/ny = 1 is the new rescaled nutrient concentration, we obtain

0 v ow
Ve = (SUII — Oé@ (m %) (738)
U2

where we have dropped the stars on the rescaled time and spaakles for clarity of
presentation. In this scaling, the steady state5) = (u, 0) is (v, w) = (1, 0).

Which solutionsu(t, z), w(t, z) that are heterogeneous in space initially grow and then
decay in time? Let us introduce ord@(¢) perturbations of the steady stdte0),

v(t,x) =1+ efi(t Zake (7.3.10)
w(t,z) = —t+€ bre® 7.3.11
(t,x) ot gr(t Z k ( )

The choice of the factor/(1 + u) for w stems from the fact that initially(¢, z) is nearl
for all z, sow; is close tol / (1+ ) for all z. Combining this withw(0, ) = 0 everywhere,
w(t, z) is hence approximated well Ry (1 + p)¢ for all z.

The domairf is finite and one-dimensional, so as before we only find integedesm,
related tok by

m2n?

K =
12
where! is the dimensionless length of the domain. SubstitutingAheatz [7.3.70)—
(Z.3.11), we need to avoid coupling of modes to keep the prolitactable. These are
all of O(¢?), so we need to consider only the contributions u@fe). For eachk, we get

T 2
dljl—i) = —Sk?F(7) + alp + 1)2f_—2G(T) (7.3.12)
%f) = —k*G(T) + 7 i“l)QF(T) (7.3.13)

where F(7) = f(t), G(1) = g(t) andT = ¢t + p + 1. From these equations it is
immediately clear that if — oo, thent — oo andk?/7% — 0 for fixed k. HenceF’(7)
approaches-dk*F(7), so for large timeg" is a decaying exponential. Buti — 0, then
alsoG’ (1) — —k2G andG also decays exponentially.

The second derivative df satisfies
&2F dF d (G(7)
— = —dk? = 1)2k%2—
dr? dr +a(u+1) dr < T2 )

Hence, using tha may be written as a function df and F’, we find a second order
equation with non-constant coefficients,

2 2 2
Py (k2(5 +1)+ —) F 4 k2 (5/<:2 e #) F=0 (7.3.14)
T T T

It is possible to find a solution in terms of so-called conflugypergeometric functions,
but this teaches us little about the solution’s behaviowm& headway may be made by
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assuming that these coefficients do not change as quickiyedasr’ and its derivates do.
We write the last equation in the form

F"+D(T)F'+ N(1)F =0
with

2 26 2ap
D(T) =K+ 1)+ =, N(r)=k*(6k*+= - —-
)=+ 2 Ve = (a2 22

The influence of the dimensionless chemotactic parametsrconfined toN (7). Note
that D(r) > 0 for all = > 0, and thatN(7) > 0 for = sufficiently large. If we for the
moment assume th& and N are constant, theR' is given by

F(r) = 1M 4 o T,

wherely = — D;T) + 1,/D?(r) — 4N(7). The characteristic equation is given by +
DX+ N =0, so we know thah  has positive real part k. if V < 0. The tipping point
is exactly whenV = 0.

Let us now focus how chemotaxis changes the sigiV6f) through the influence of.

As « increases)N decreases for fixed, and N (7) < 0 for 7 small. As7 then increases,
N changes sign and the eigenvalues both have negative real pithich modesn or
wavenumberg are unstable? The form &7 () suggests that the lowest frequencies are
the most unstable. At= 0, 7 = 79 := 1 + u. Solving N (7y) = 0 for k, we get

2 ap 2
— | — - ) =K
M1+u)(1+u )
So fork? > K2 modes are stable for atl > .

If we now choose a fixed mode and compute solutions over smaitervals in which
D and N change little, we can piece together an approximation ofeatthe solution
to (Z.3.1%), and we expect this to be an increasing functiarvehile A, remains positive,
and a decreasing function thereafter. In other wof@sncreases untilV(7) changes
from negative to positive, after which the solution decayzé¢ro. See Figure_4.3 for
an example solutiod’(7). If we compare different solution8(7) computed for different
wavenumbers (see again Figufe4.3), we notice that first higher modesapphich also
decay fast. There is a wavenumber which has highest amelitud this also disappears
quite soon. After this has reached its peak, modes with smalivenumber are dominant.
This gives a nice indication of the behaviour of smaller aggtes joining into larger ones
over time, as observed experimentally.

7.3.2 Experiments in semi-solid media

In experiments wittSalmonellaor E. coli bacteria growing in a semi-solid medium, so-
called swarm rings are often observed. These are rings @im@rigom the inocculated
center. Over time new concentric rings are formed. The iningss slowly break up into
small regions. See Figufe V.4 for some striking examplesthéise experiments food
is often available in excess, so we can assume that food egrign is neglible in our
model. This reduces the model{7]3.1)=(7.3.3), and thismedel does have a nontrivial
steady state, and we perform linear stability analysisudysit.

Experimental observation indicates that after the incatioh event in the center of the
petri dish, the bacteria first produce a homogeneous digimitb over the entire dish, after
which the pattern is formed on top of this distribution.
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FIGURE 7.3. Left: Example solutio’(7) for a given mode: = 1.6.
Right: comparison of solution8'(7) for variousk. The functions that
decay the fastest have highest wavenumber, and vice vehss.illlis-
trates the coalescence of smaller aggregates over timeth&e¢ext for
more detail. From3§].

First we nondimensionalise the full model again. Usingglgly different scaling than for
the liquid model, we now find

v 22
vy = 0Av —aV - (me> + pv <01—|—z2 v> (7.3.15)
2
wy = Aw + ﬂzu i (7.3.16)
2

We neglect food consumption, so we get= 0 and the nondimensional nutrieato be
uniformly constant. The reduced model now becomes

v z
v = 0Av —aV - (me) + pv (01+22 —v) (7.3.18)
2

v

which has a steady state

y . 22 v*
(U , W )_ (01+22’6zﬂ+v*)

We write this reduced model in the following more generahfor

vy = 0Av — aV - (vx(w)Vw) + f(v,w) (7.3.20)
wy = Aw + g(v,w) (7.3.21)

We linearise by setting

v=v"4+ev, w=w"+ew;

and find
% = 0Av; — av*x(w*)Awy + fiv1 + fawr (7.3.22)
O _ Ay + gion + ghan (7.3.23)

ot
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FIGURE 7.4. Top row: typicaBalmonellachemotaxis patterns in semi-
solid medium. Taken fron9]. After an initial inocculation with about
10* bacteria in the center, the left figure shows solid ringsraf&h, the
right broken rings after 70h. The bottom four images aredsiit. coli
patterns in semi-solid medium, also frofj.[
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Dispersion Relation

FIGURE 7.5. The dispersion relatioh(k?) (here denoted by on the
y-axis) for varyingu. Higher p gives higher curves, and thus a wider
range of\'s where the dispersion relation is positive. FrdB8][

wheref; denotesp (v*,w*), etc. In short,

% ( 5111 ) = (a+ DA) ( 5111 ) (7.3.24)
where
. ( rnof ) b ( dy —ovy(w) )
9 9w )’ 0 1

Note thatD is non-diagonal, so this is a cross-diffusion problem. Wk for solutions by

setting
RO I R PR
w1 C2

Subtituting this into[(7.3.24) leads to

AL+ DIk|? — A] ( n ) - ( X )

So we study when the determinantXaf + D|k|?> — A becomes zero. Setting = |k?|
we get
M b(E2)N + c(k?) =0,
and )
Ay = 5(—b(k2) + +/b2(k2) — 4c(k2))
for suitable function$(k?) andc(k?). We are as usual only interested in the largest eigen-
value, )\, and its behaviour for varying?.

To study pattern formation, we need to require that the h@negus steady state is stable.
In other words, ifk = (0, 0), thenv; andw; are exponential functions only of time, and we
require these to be decreasing functions. So we demand f{a} < 0, which translates
into
b(0) = f5 + 9, <0 (7.3.25)
c(0)=det A >0 (7.3.26)
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Pattern/no pattern boundary

e

Be

FIGURE 7.6. The boundary between the stable and unstable perturba-
tions in the(k., «)-plane, for various values gf. (The parametek.

is here called3..) Points above such a boundary give rise to patterns,
points below do not. Ag increases, the region where patterns are pos-
sible increases. Frora§].

In the end we find thak, > 0 only in some rangé < k? < k? < k3, and increasing
makes the interval of values where\, is positive larger (see Figute¥.5). The first mode
k. which becomes unstable has the property thais the only real root o, (k). An-
alytically, this allows us to find a condition on the nondiramal chemotaxis parameter
aa
(009t + f2) + 24/6, det A 12— det A

v x(w*)g; Ce Ou
This allows us to draw the boundary between stable and uespasturbations in the
(ke, a)-plane, see Figuie1.6.

This analysis does not tell us what patterns are formed, whigh perturbations are un-
stable. The full nonlinear problem is much more involved] aequires the study of the
Ginzburg-Landau equations.



Chapter 8

Adaptive Dynamics

8.1 Introduction

How does natural selection shape the life history of a sg@depopular, but naive, view is
that survival of the fittest leads to optimal adaptation ®e¢hvironment. The complication
is that often part of the environmental conditions (in partar food availability and preda-
tion pressure) are, in turn, influenced by the populatiaifitéAnd if indeed the ecological
feedback loop mediates the selection, we cannot pretehththanvironmentis unaffected
while evolution takes its course.

Adaptive Dynamics is a theory/approach that focuses on teogsses:

e ecological interaction via environmental variables
e mutation

While doing so, it ignores that phenotypes are determineddmotypes and that sexual
reproduction shakes up genotypes. In other words: no gemes@sex. The phenotypes
are characterised by “traits” (which are sometimes alsteddktrategies”) and in prin-
ciple clonal reproduction leads to offspring with exactig tsame trait. But occasionally
offspring may carry a slightly mutated trait, i.e., varatis created by rare and small muta-
tions. Can we predict how the interplay of selection and timrtdeads to the evolutionary
dynamics of the trait?

The aim of this chapter is

e to explain concepts, like unbeatable strategy (often d&i8S, for Evolutionar-
ily Stable Strategy), invasion exponent, selection graidéed trait substitution
sequence

e to describe results, like the pessimization principle, phiaciple of indiffer-
ence and the classification of singular points (introdu@ingarticular branching
points, where populations turn dimorphic)

We shall do so by way of the example of consumer-resourcerdipsa In fact, we first
consider competition for one resource and then continuemvestigate how the repertoire
of possibilities increases when the environmental coodiffrom the point of view of

85
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D (volftime) D

So

FIGURE 8.1. The chemostat

the consumer) is two-dimensional, simply since there ae (substitutable) resources.
The trait concerns the up-take rate. When dealing with oseuree, we shall introduce
a trade-off that relates the up-take rate to the converdfisiency. When dealing with
two resources, the trait determines the relative up-taleeaad hence we can analyse the
(dis)advantages of being a specialist or a generalist.

8.2 The pessimization principle

The chemostat (see Figlirel8.1) is a laboratory device tareuthicro-organisms like algae
or bacteria. In a vessel of volumé = 1 all they need to grow is provided in excess, ex-
cept for one substance (e.g., phosphate) which accordimghlled the limiting substrate
(or, resource). We refer t&f)] for a systematic exposition of the insights about chemo-
stat dynamics that can be obtained by modelling, with duenttin for the mathematical
methods that are used to derive these insights.

We denote byS and X the concentrations of, respectively, the substrate ananibeo-
organisms. The substrate in the fresh medium is denotes,land is assumed to be a
given constant. By choosing the time unit appropriately,cae achieve that the rafe,

at which fluid is pumped in and out of the vessel, equals 1. As/#ssel is continuously
stirred, the concentrations in the outflowing medium arectixavhat they are inside the
vessel.

We assume that up-take of substrate by the micro-organsmeverned by the Law of
Mass Action. The proportionality constant we calland it thisu that we consider as
the trait. In other words, our aim is to understand the eiwhairy dynamics of. due

to the combined effect of selection and mutation. The idethas by fine-tuning their
biochemical machinery, the micro-organisms may improedr tfficiency for binding the
substrate molecules to the cell surface and next swallom thBut of course this may
come at a physiological cost. Letdenote the conversion efficiency, i.e., to produce one
unit of micro-organisny~! units of substrate are needed. Then one can imagine that to
build chemical pathways that increaggthe micro-organism needs to sacrifice chemical
pathways involved in conversion, so thatdecreases. At first we shall neglect such a
constraint, but later on we will investigate the trade-bttit generates.
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The consumer-resource dynamics are described by

d

d—f =5 —-S—-uSX (8.2.1)
dX

o= X +nuSX = (—1+nuS)X

We require thatju.Sy > 1, which amounts to assuming that the growth rafe+ nu.S is
positive when micro-organisms are introduced in the viggimironment characterised by
S = Sp. By consumption the growing population of micro-organisetuces the substrate
concentration to the steady state level

S (8.2.2)
nu

Exercise 8.2.1.Show that[(8.2]1) has a globally stable steady state. Hintotreduce the
dimension by a conservation law fSiy, the free substrate plus the substrate incorporated
in X.

Note that, of course, the growth ratd + nuS equals zero in the steady state.

Now imagine that in this steady situation, by mutation, argvicrganism arises that has
a slightly different up-take coefficient, i.e., a slightliffdrent trait. Of course, it may be
unlucky and be washed out right away, in which case nothingpéas. In other words,
strictly speaking we should deal with the demographic sastibity pertinent to low num-
bers and, for instance, adopt a description in terms of Iiaggrocesses. But if we only
want to know whether the mutant has any chance at all of Sagin an environment set
by the resident, we might as well adopt a deterministic detion and pretend that the
mutant constitutes a small fraction of the population ofnmiorganisms. So we want to
know whether it has a positive growth rate.

As there are now two types of micro-organisms, we need lgbalsstinguish them from
one another. We shall usg.s to denote the trait of the resident ang, to denote the trait
of the mutant, where inv stands for invader. Tiheasion exponens, by definition, the
population growth rate of the invader in the environmentalditions as set by the resident.
So in this particular case,

:_1+@

res Ures

invasion exponent —1 + nujny

(More generally, it makes sense to define “fitness” as thetemg population growth rate
as a function of two variables, the trait and the environ@lesdndition, se€43].)

Clearly the invasion exponent is positiveuf,, > wures €xactly as common sense pre-
dicts. We can embody this graphically in a PIP, a Pairwisedihility Plot, see Figurie 8.2.
Next we observe that for this trait and this ecological iattion, there is never mutual
invasibility: if uo can invade successfully (meaning that its growth rate igtigeyin the
environment set by, , thenu; cannotinvade in the environment set lag. It is a folk the-
orem that this implies that a successful invader outconsperesident, i.e., drives it to
extinction (and by doing so becomes the new resident). Wedhy that drait substitution
took place. For small mutation the folk theorem has beerfigdriseel22).
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Uinv

>

Ures

FIGURE 8.2. PIP showing the sign of the invasion exponent. Note that
there is necessarily neutrality at the diagonal.

A

Uinv

'

Ures

FIGURE 8.3. A trait substitution sequence: note that the heighhef t
jumps is a stochastic facet of mutation, but that the dioactf evolu-
tionary change (i.e. the fact thatincreases) is a consequence of natural
selection.

To verify the folk theorem for the present situation, we neestudy the three-dimensional
system

0 505 uesSX —uniSY
dX
dY
E = -Y +77UinvSY

Exercise 8.2.2.Use reduction to a two-dimensional system and next PoirBar&lixson
theory (see Appendix) to prove the folk theorem for sysierd.@®.

Note that in our analysis we exclude the possibility of a neutation during the period
of ecological interaction between resident and invaderati$, we assuméme scale
separationin the sense that the time scale of ecological interactioreig short relative
to the time scale at which mutation yields candidates fohgiamary change. The upshot
is that the combined effect of mutation and selection matsfiself as drait substitution
sequencesee Figurg 8l13.
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>
Umin 1 Umax u ) ]
FIGURE 8.4. Graphical reptesentation of the way to find the interval

wheren(u)uSy > 1.

If we write
invasion exponent s, (uinv)
we can determine the direction in whistmallmutational steps and selection will drive the
trait, by computing theelection gradient
—— Su\U
81) U( ) v=u
In the present case the selection gradient eq%a&md, in particular, it is positive for
everyu. We conclude once more that, given our assumptions, ewvollgiads to an ever
increasing up-take rate

Realizing that nothing comes for free, we change the assangpt

Indeed, let us assume thatis a linearly decreasing function af More precisely, we
assume that all variables are already dimensionless ahd tha

n=nu)=1-—u (8.2.4)
and thatSy, > 4. The functionu — n(u)u assumes its maximurh for u = 1. There
exists an intervalumin, umax) such that)(u)uSp > 1 for w in this interval (see Figuife8.4).
The invasion exponentis given by
1-v)v  (v—u)(l—v—u)
(1 —u)u (1 —u)u
and we see that, in addition to the diagonal neutrality cumwe have a neutrality curve
v = 1 —u (Figure[8.5). The two neutrality curves intersect at $iregular pointu, = %
where the selection gradieﬁt%% vanishes. The PIP (see Figlirel8.5) clearly shows that
small mutations lead to increasingvhenuyes < % but to decreasing whenuyes > % In
other words, evolutionary change bringgs ever closer to%. One says that the singular
pointu = % is convergence stabldloreover, the vertical line through= % lies entirely
in the — region. Sou = % is unbeatableor, as it is often calledgvolutionarily stablgthe
word “stable” is actually a misnomer; it would be better tpleee it by “steady”, but the
standard meaning of ESS is probably itself evolutionatidpk in the sense that attempts
to change it are doomed to fail). A singular point that is 685 and convergence stable

is often called a CSS for Continuously Stable Strategy.dt(i®cal)attractor with respect
to the adaptive dynamics.

su(v) = -1+ (8.2.5)

Now recal[8.2.P: the steady state substrate level is giyen b

~ 1
§=—
nu
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Umin 1 Umax
2 —_

FIGURE 8.5. The PIP whep is given by I(B:Z]4)?L

Sincen(u)u is maximal foru = 1, we conclude tha$ is minimal foru = 1. This is the
pessimization principteif the population growth rate is a monotone increasing fiomc
of a one-dimensional variable that fully describes the remrnental condition, then the
evolutionary winner is the trait that minimises this vat@ab

Exercise 8.2.3.Suppose that a population of individuals with traigrows under constant
environmental conditions characterised by a varidbike

er(w,])t.

Assume that both: and I are real numbers. Assume thais monotone in/ and that
the equation(z, I) = 0 has, for given, a unique solutior (z). Assume that population
dynamics always leads to steady state and that the folkeéheapplies. Show that adaptive
dynamics leads to a trait substitution sequence for wii{ah) is monotone. Show that if
the sequence converges, thenecessarily has an extremum at the limit and interpret this
result in terms of local evolutionary stability (i.e., urdbability).

We conclude that adaptive dynamics is rather predictalileeifecological feedback loop
that drives the selection just involves a one-dimensiomalenmental condition. Will the
repertoire become richer if we change to a higher dimensemaronmental condition?

8.3 The principle of indifference

Assume that the fresh medium contains not one, but two reesuin concentration$;
and .Sy, respectively. We assume that these are substitutable ingetvat they both pro-
vide the one substance that is not available in excess. Weaalgime (in order to make
the algebra as simple as possible) that the conversionesfig) for both equals one. So
we consider the system

dsS

d—tl = 510—51 — u15’1X

d

% = SQQ—SQ — UQSQX (831)
dX

E = —X +u1S1 X + 1Sy X = (—1 +u1S1 + UQSQ)X



8.3 THE PRINCIPLE OF INDIFFERENCE 91

F:rovidedul S10+u2S20 > 1there exists a unique steady state. Itis found by first cimgosi
X as the unique solution of
u1S10 u2520 _
1 + UlX 1 + UQX
and next defining; andS, by the explicit formulas
- S - S.
S, = é, N —C -
1 —|— ulX 1 —|— UQX
Exercise 8.3.1.Show that this steady state is globally asymptotically Istablint: first
show thatS; + S2 + X — S19 + S for ¢ — oo, next perform a standard phase plane

analysis of the two dimensional system obtained by putling: S19 + S20 — S1 — Sz in
the equations fof; and.S;.

1+

0 (8.3.2)

(8.3.3)

Now that we understand the population dynamics, we can supese the adaptive dy-
namics. We introduce a one-dimensional traétnd assume that both andus depend on

x. More specifically, we assume that is an increasing function af andus a decreasing
function. The idea is the same as before: the micro-organ@mimprove the chemi-
cal pathways involved in uptake 6f;, but only at the expense of the chemical pathways
involved in uptake of5;.

The invasion exponent is now given by
s:(y) = =1+ u1(y)Si(z) + u2(y) Sz (x) (8.3.4)
and consequently,
selection gradient= u} ()5 (x) + ub(x)S2(z) (8.3.5)

Singular points are, by definition, characterised by a Vangs selection gradient. The
condition

uy (2)S1(x) + ub(x)S2(z) =0 (8.3.6)
can be interpreted as follows: an infinitesimal change i@ads to an infinitesimal gain or
loss in uptake of; and to an infinitesimal loss or gain in uptake%f and singular points
are exactly those for which the two cancel, i.e., for whiokrénis no net change.

This is the marginal value theorem of economic optimisatioder constraints and it is the
mechanism behind the ideal free distribution in populagonlogy. We like to call it the
Principle of Indifference: a population of individuals emthe environmental conditions
such that the various options that are open become equatigtate, so that infinitesimal
re-allocations don’t make any difference.

Let us consider the special case thag > 1, Sy > 1 and

up(z) =z, us(zx)=1-=x (8.3.7)
in some detail. In this case (8.B.6) reduces to
Sy = Ss. (8.3.8)

Let us denote the common value By Since in steady state we should have (note that
uy + ug = 1 forall z!)

0=—-14+uS+uS=-1+8
it follows that necessarihy = 1. Next, if we solve forX in both identities in[(8.3]3) we
find

Sio—S8 S-S
uls' B Ugg
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Tsingular €

FIGURE 8.6. The PIP for the special cage (813.7).

which, using[(8.317) and = 1, after a few manipulations leads to the expression

S10—1
ZLsingular = S -2 (8.3.9)

10+ S20 — 2

Much more important than this explicit expression, howgigathe following observation.

From [8.3.4),[(8.318) and(8.3.7) we see that
stingu\ar(y) = 0 for a” y' (8310)

or, in words, the second neutrality curve, that intersdwgdiagonal at the singular point,
is a vertical line (see Figufe 8.6). Clearly small mutatiafl lring the resident trait to a
small neighbourhood of the singular point. But once we arg wear, an overshoot may
occur. The key point of the overshoot is that, in the pres&mon, it brings us in a region
of mutual invasibility(implying that successful invasion et followed by extinction of
the former resident—instead we firmbexistence the monomorphism is replaced by a
dimorphism).

Exercise 8.3.2.Check that a dimorphic population with traits at oppositeesiofzsinguiar
sets the environmental conditiong&t = S> = 1, after which there is complete neutrality.

The key point abouf(8.3.7) is that it makes the invasion eeps,(y) linear iny, such
that the local indifference condition that characteribessingular point has a global effect.
Indeed, the vertical neutrality curve is a very strong mestition of the Principle of Indif-
ference and as such it is not robust (the local charactenisat the singular point persists
under perturbation, but the global features of the seconttaiéy curve do not). We will
now changel(8.317) and investigate the effects. But befoirmgdany algebra, we consider
the geometry. From Figufe 8.7 it appears that under petiorbthe singular point may
or may not turn into a (local) ESS. In the first case, overshowy, by mutual invasibil-
ity, still lead to dimorphisms but one can show that thesecarezerging meaning that a
mutant in between the two resident traits can successfuligde, resulting in extinction
of one of the two resident traits. So after the trait subtituthe two resident traits are
closer together, whence the nanwnverging dimorphismn the second case,diverging
dimorphismarises. So then the dimorphic population structure isrgdtinaybe not ever-
lasting, as later on (i.e., far away from the singular poitiier things may happen) rather
than transient.
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+ +
+ +
Tilted to the left: Tilted to the right:
convergence stable and ESS convergence stable bobt ESS

FIGURE8.7. The two generic perturbations of a vertical neutralityve
(with the key local features extended globally, eventhathgih need not
be the case).

So let us look at dimorphic populations. These are deschilgetie system

dsS
d—tl = S10 =51 —u1(x)S1 X1 — ui(y)S1X2
dS
d—t2 = S90 —S2 — uz(x)S2 X1 — uz(y)S2 X2
dX
d—tl = —Xl +u1($)S1X1 +u2($)52X1 (8311)
dX
d—t2 = —Xo 4+ u1(y)S1 X2 + u2(y)S2 X2
Exercise 8.3.3.Show that the corresponding steady states are given by
Sl> 1 (w(y) - m(ﬂﬂ))
= 8.3.12
(SQ uy(x)ua(y) — ui(y)uz(x) uy(x) —uy(y) ( )
and
X u2(y)S10 _wi(y)S20 w1 (y)—u2(y)
<X1> — [ v2@-uz(@)  ui(e)—ui(y) udz)uzéyg—ulgyguz(w) (8.3.13)
—u2(x)S10 u1(x)S20 U2(r)—ui(x
2 Gy —uz(@) T w@ ) T @ ua(y)—u(y)ua)

Show that whenever the expressions at the right hand si@&31f) are positive (as they
should be in order to be meaningful) then< S; < S, for i = 1,2 with S; defined
by (8.3.12). The global stability of this steady state imblshed in[f].

The invasion exponent in such a dimorphism is given by
Spy(2) = =1+ u1(2)S1 + u2(2)S2 (8.3.14)

with S; given by [8.3.1R). Choosing rather general function&) andus(z) once more,
the situation of a diverging dimorphism is depicted in F&f88.
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u2

/ —14+u1S1 +uaS2 =0

s

>

Ui
FIGURE 8.8. Plot of the curve — (u1(z),u2(z)) and of the straight
line —1 + u151 + u2S2 = 0. Intersections correspond to the dimor-
phism. The invasibility conditios,, ,(z) > 0 means that the point on
the curve corresponding to traitshould be above the straight line. So
in the depicted situation we have a diverging dimorphism.
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FIGURE 8.9. Classification of singular points...



Chapter 9

Appendix

9.1 Bifurcation theory

9.1.1 Structural (in)stability by way of example

The phase portrait of the Volterra-Lotka systém (3. 1[I isstructurally unstableBy
this we mean that arbitrarily small perturbations of thetoefield yield phase portraits
which are truly different. Indeed, the family of closed dslian either develop into inward
spiralling orbits (Section 313) or into outward spiralliaghits (Sectioh 3]4), depending on
how we perturb.

For the Rosenzweig-MacArthur systeim (316.1) there are slations among parameters
that mark transitions in the essential features of the ppadeait. When

a C

e d—bcpB
the predator isocline hits the prey-only steady state onsthgris. One can think of this
relation as defining a 5-dimensional surface in the 6-dinoerad parameter space. On the
side of the surface where

(9.1.1)

@ _c
e d—bep
the predator goes extinct and all orbits convergete) = (£,0). On the other side of the
surface, the system has a positive (non-trivial) steady steghich is stable for parameter
values near to the surface. In fact, the second relation
ga__2 _ 1
e d—bcf b8
characterises the loss of stability of the positive steadteqindeed, wheri (9.1.2) holds
the predator isocline hits the top of the parabola formirggtey isocline).

(9.1.2)

There are both technical and physiological/psychologezsons to prefer two-dimensional
pictures. So we shall consider four of the six parameterxad ind only two as variable.
The relations[(9.1]11) anf(9.1.2) then define curves in theeglwhich we can sketch.

We choose the dimensionless compound paramétarsdb as our variable parameters.
The first is the carrying capacity of the prey, the second asomeafor predator efficiency.

95
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a __ 2c 1
e — d—pbc + Bb

b
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d
c

FIGURE 9.1. The phase portrait of the Rosenzweig-MacArthur system

Considering‘(—f as fixed, we then represeni (9]1.1), (9.1.2) and the restiBection[3.6
graphically in Figur€9]1.

Each of the regions 1, 2 and 3 is characterised by a certaisepbartrait. If we pick a
parameter point inside a region, the phase portraitriscturally stablg(in the sense that
small changes of the vector field do not change it). In cohtthe regions are separated
from one another by boundary curves corresponding to paeamelues for which the
phase portrait is structurally unstable. The curve define(@HL.2) is called thetability
boundaryin the parameter space, as it separates region 2, whereghigg@eteady state is
stable, from region 3, where this steady state is unstable.

9.1.2 Topological equivalence and structural (in)stabity

What exactly do we mean when we say that two phase portraitwgdalynamical systems)
are the same? How do we translate the intuitive idea of twtupgs that look the same
into a precise formal definition?

A homeomorphisris a one-to-one map that is continuous and has a continugessi
Two dynamical systems are calléabologically equivalentf there exists a homeomor-
phism between their state spaces that maps orbits ontes owdifle preserving the order
in which orbits are traversed in the course of time. One themspeaks (as we did above)
about the topological equivalence of the two phase postrait

The aim of the qualitative theory of dynamical systems isive @ catalogue of all equiv-
alence classes and, in addition, to be able to derive froommdtion about the generating
vector field what is the phase portrait in a particular cagd@s & too ambitious. A more
pragmatic approach is to concentrate on special orbits{gatircles) or, more generally,
invariant subsets (tori, chaotic attractors) and desdhbestructure of the phase portrait
in a neighbourhood (thiecal phase portrait) as well as the behaviour within the invdrian
subset.

The (local) phase portrait is callestructurally stableif the topological equivalence class
does not change when we perturb the vector field a little. Tkenthis precise, we need
to specify how we measure perturbations of the vector field.dé/this by means of the
C'-topology, which basically means that the values of bothftimetion itself and of its
derivative should be close in order to call the perturbasiomll.
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We emphasise that often it makes sense to require that thelpations preserve a certain
structure (like invariance of the- andp-axes for prey-predator systems, or Hamiltonian
structure for mechanical systems).

Structurally unstable systems might be called degeneastpical, non-generic. Degen-
eracy, however, occurs in degrees. The relatibns {9.1d J®@A4.2) describe degeneracies
that occur naturally in one-parameter families of vectdd§igin the sense that they cannot
be eliminated by a small perturbation of the one-paramataily (if you visualise the one-
parameter family as a curve crossing the two curves correpg to [9.1.1) and (9.1.2),
you see that small perturbation in the curve cannot elimitta¢ crossings). Higher degen-
eracies require more parameters to be a natural phenomenon.

A bifurcation diagramis a (local) partitioning of the parameter space in regidr{tozal)
topological equivalence of the dynamical system, togettitr a representative picture
of the flow for each region (and each boundary). A boundarptpisi called abifurca-
tion point(and thecodimensions the difference between the dimension of the parameter
space and the dimension of the boundary; equivalently, tdénension is defined as the
number of independent conditions determining the bifiocatin other words, the degree
of degeneracy is measured by the codimension and the twioredd9.1.1) and(9.1.2)
each determine a codimension one bifurcation; incident#le bifurcation corresponding
to (@.1.2) is called &opf bifurcationand is characterised by the appearance of a limit
cycle when a steady state changes stability character du@adr of complex conjugated
eigenvalues crossing the imaginary axis, see the nexbsgcti

9.1.3 Bifurcations associated with steady states

The local phase portrait near a steady state is structigtalble when none of the eigenval-
ues of the linearisation iwitical. The meaning of “critical” depends on the structure of the
time variable: in the discrete time case it means “havinguhesil”, and in the continuous
time case it means “having real part zero”.

So bifurcations are characterised by critical eigenvalesdistinguish three cases:

(i) eigenvalue 1 (discrete time) or O (continuous time)
(i) two complex conjugate roots on the unit circle (disergtne) or on the imaginary
axis (continuous time)
(iii) eigenvalue -1 in the discrete time case

For each case, we describe a simple example displaying pieatybifurcation diagram.
For case (i) we describe several additional examples tloat #e effect of special struc-
ture. A much more detailed discussion on bifurcation theaty be found in37].

(ia) fold (also called saddle-node, limit point, turning point): tet state variable be
x € R and the parameter € R. With the differential equation

& =a+ 2’ (9.1.3)
we associate the bifurcation diagram in Figuré 9.2.
Exercise 9.1.1.Construct the diagram far = o — 22.

Exercise 9.1.2.Analyse the discrete time system
r(n+1) = a+x(n) £ (z(n))>
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r=—v—a

FIGURE 9.2. Bifurcation diagram for a fold bifurcation correspamgl
to equation[(9.1]13). Note that there are no solutionsofas 0. Bold
lines signify stable ) solution branches, thin lines unstabig 6nes.

FIGURE 9.3. Bifurcation diagram for a transcritical bifurcatiotog).
Bifurcation diagrams of perturbed systems can be seen hieldwthe
left case there are no bifurcations, in the right there aceftdds. Bold
lines signify stableq) solution branches, thin lines unstabig fnes.

(ib) transcritical bifurcation The top part of Figure 813 corresponds to
& =z(a—2x),

and illustrates th@rinciple of Exchange of Stabilityit is typical for systems of
the formz = xg(x, ) but if one allows perturbations that destroy this structure
one can get the bifurcation diagrams shown in the bottomgidfigure[9.3.
(ic) pitchfork bifurcation(from which the name “bifurcation” originated):
For
i =x(a —2?) (9.1.4)
we have the diagram shown in the left part of Figuré 9.4. Toktppart shows
the bifurcation structure of

i = x(a+ 2?). (9.1.5)

This form of bifurcation is typical for systems with reflemti symmetry.
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FIGURE 9.4. Bifurcation diagrams for a pitchfork bifurcation. Tledt
figure corresponds to equatidn (9]1.4), the rightfo (9.1B)Id lines
signify stable §) solution branches, thin lines unstablg 6nes.

In the — case we speak abousapercriticalbifurcation since the nontrivial
steady states exist for parameter values for which theatrsteady state is no
longer stable. The nontrivial steady states inherit thbikita character of the
trivial steady state and for parameter values near thecatiparameter value
they are close to the trivial steady state. When we increasearametet
we notice a change when we pass the critical value 0, but not a dramatic
change. The bifurcation is calledft In contrast, thsubcritical+ case exhibits
ahard/catastrophidifurcation since, when the trivial steady state losesiktgb
no nearby attractor takes over (for the present caricasysiém, orbits approach
infinity).

Exercise 9.1.3.When perturbations destroy the symmetry, the diagram may
break into two components. Draw the various components.

(iiy Hopf bifurcation The system

T = axy — 2o + 21 (22 + 22) (9.1.6)
To =12 —aTe :cg(x% + xg) (9.1.7)
takes in polar coordinates the form
7 =r(a+7r?) (9.1.8)
d=1 (9.1.9)

There are two different bifurcation diagrams, for theand — cases, shown in
Figure[9.b. The- case is called a supercritical Hopf bifurcation, and-thease
a subcritical Hopf bifurcation.

The discrete time version of the Hopf bifurcation is oftetlezhtheNeimark-
Sacker bifurcationlt is characterised, like the continuous time case, by thg o
ination of an invariant circle. But it is somewhat more saliilan the continuous
time case in that there are various possibilities for theadlyics on this circle:
there may or may not be an attracting periodic orbit.

(iii) flip (or period doubling) bifurcationThe typical example is

z(n+1) = —(14+ a)z(n) £ (z(n))>.

What happens is that at = 0 the fixed pointz = 0 loses its stability by an
eigenvalue that leaves the unit circle-at, and that two points of period two
originate. There is again a subcritical and a supercritiaaé.

Exercise 9.1.4.The discrete time logistic equation
z(n+1) =azx(n)(1 —xz(n))



100 APPENDIX

FIGURE 9.5. Supercritical (left) and subcritical Hopf bifurcatialia-
grams. Bold lines signify stable)solution branches, thin lines unstable
(u) ones.

has a nontrivial fixed point

T=1-

QI+

Show that atv = 3 a supercritical period doubling occurs. Hint: defifiec) =
az(1—2) and computg ? (z) = f(f(x)). The equatiom = £ (z) is a fourth
order polynomial equation, but we know the solutions: 0 andxz = 1 — é SO
we can reduce it to a quadratic equation.

Determine the stability of the period two solution. Hintnsider a periodic
point of period two as a fixed point of the iteratiofn. 4+ 1) = £ (z(n)).

Show that I'histoire se répéte: at= 1 + /6 the period two solution loses
stability (and a period four solution arises; it is not pdrthe exercise to prove
this last part of the statement).

Hysteresigefers to the phenomenon that the state in which we find araystay depend
on the history, viz. how parameters attained their currahies. A dynamical system
may have several attractors (at the same parameter valueg)ich case we speak about
bistability or multistability. The domain of attraction of an attractor may enlarge omghri
as parameters are varied. For fixed parameter values thremsysay be brought from (the
domain of attraction of) one attractor to another by a swfitly large disturbance. The
same transition may alternatively be achieved by paramvatétions that are sufficiently
large, in which case we may come across hysteresis. Comnsncltanges in parameters
may not be reversible. Coexistence of attractors implies Iiloth chance and necessity
play a role: we can predict on the basis of deterministidieia between cause and effect,
yet initial conditions and parameter histories may have@sile influence on what will
actually happen.

Figur[9.6 shows a typical bifurcation plot exhibiting er&tsis. As a parameter is changed
from low to high, the system first follows the lower branch tilde steady states, until
a saddle-node bifurcation occurs. It then jumps to the higinanch. By lowering the
parameter again, the system now first follows the higherdiraand after another saddle-
node bifurcation drops down to the lower branch again.

Exercise 9.1.5.Consider the consumer-resource interaction in the chetnastdescribed
in Section[[8.11), but now in the form

d
éizD&)—DS—MﬁX (9.1.10)
ax

=  —DX+ng(S)X (9.1.11)

dt
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FIGURE 9.6. A typical hysteresis diagram, with two saddle-node bi-
furcations at the turning points. Bold lines signify stal¢ solution
branches, thin lines unstable)(ones.

with up-take functiory that we don’t know and that we like to determine experiméigtal
The dilution rateD can be easily tuned by the experimenter by just turning the(aé
courseSy can also be adjusted, but this requires more work, so heresawares, is
fixed once and for all). For any particular value Bf the steady state valugsand X
can be measured in the outflowing fluid. As a first check on thdahave can compute
X (8o — S)~! for all measuredS, X) combinates withf < Sy, to see whether this yields
(approximately) the same number. Explain the rationalestigiohg this test.

Next we can plot the points

(&IN%ZSU

in the plane. Convince yourself that the result should loakeror less like Figur@?
wheng is of the Michaelis-Menten/Holling type. The dashed linedi¢ate unobserved
unstable (and possibly unphysical) steady states. Howdwoau classify the bifurcation
in the terminology introduced in this section?

Some substrates are toxic at high concentrations. In sueBeatbe graph of may look

like Figure??. Assume that, exceeds the value ¢f for which g is maximal. Following

the experimental procedure described above, what do yoerabdsvhen increasing?

(The answer should be a picture!) And what do you observaiifsequently, you repeat
the experiment while decreasihig? (You may assume that the algae are never washed out
completely, or that every now and then re-seeding with aaimpunt of algae is carried
out.) Combine the two pictures now into one, add unobserwtahle steady states and
interpret the result in terms of hysteresis.

9.1.4 Poincaré-Bendixson theory

For dynamical systems on the plaRé&, much information on the existence of steady states
or of periodic orbits may be obtained using topological anguats. So let us consider the
system

= f(u), uecR? (9.1.12)

where continuously differentiablewill suffice for our purposes. In Sectifn 8.3 we briefly
encountered the notion of thelimit set of an orbit of systen{{9.1.112): a poiptc R?
belongs to thev-limit set of an orbitu(t) if there exists a sequenee — oo such that
u(t,) — p ast, — oo. Different points on the same orbit have the sawkmit set, so
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we can speak of the-limit set of an orbit too. Thes-limit set of a positive orbity (taking
only ¢t > 0) will be denoted byu(~).

The Poincaré-Bendixson Theorem now states that boundéd either converge to peri-
odic orbits (or are periodic already), or converge towardteady state.

Theorem 9.1.1(Poincaré-Bendixson)Consider a bounded positive orbjt of (3.1.12)
with w-limit setw(+y). Then one of the following possibilities holds:

(1) w(~) is an equilibrium

(2) w(7) is a perdiodic orbit

(3) w(7) consists of equilibria and orbits having these equilibria their «- and
w-limit sets (heteroclinic orbits or one homoclinic orbit).

Of course, analogous results hold for bounded negativeésoftaikingt < 0 only) too.
These either come from steady states or from limit cyclesrersteady states or periodic
themselves. For a proof of this important result, see 82[%9.
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