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Problémes de routage optimal et multimodularité

Résumé : Dans cet article, nous étudions I’attribution statique des paquets a M serveurs
paralleles hétérogenes sans files d’attente. Les paquets bloqués sont perdus et 'objectif est
de minimiser le nombre moyen de paquets perdus. Cet article est divisé en trois parties.
Dans la premiére partie nous formulons le probléeme comme une chaine de Markov
contrblée avec observation partielle. Ensuite nous décrivons un probléme équivalent avec
observation complet. De ce probleme d’observation complet nous obtenons quelques
résultats structurels. Nous montrons en particulier Iexistence d’une politique optimale
périodique. La deuxiéme partie de cet article traite les aspects numériques du probléme.
Nous employons la multimodularité pour obtenir un algorithme qui calcule des stratégies
optimales et nous montrons que la fonction de coit est multimodulaire pour le cas
de deux serveurs. Dans la troisieme partie nous considérons le méme probléme avec
quelques processus d’arrivée bien connus,tels que le processus de Poisson, le processus
Poisson modulé et le processus d’arrivée Markovien.

Mots-clés : Multimodularité, controle optimal, chaine de Markov controlée avec obser-
vation partielle, routage statique.
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1 Introduction

In this paper we study the problem of optimal routing of arriving packets into a system
having a fixed number of servers and no queues. The objective is to maximize the through-
put, or equivalently to minimize the losses, when the controller has no information on
the state of the servers. This problem can be classified as an open-loop optimal control
problem. Similar problems have already been studied by Combé and Boxma [5], Rosberg
and Towsley [18] and Koole [11]. However, exact results derived using these models de-
pend on the assumption that the interarrival times of the arrival process are independent
identically distributed and on the assumption that the service times are exponentially
distributed.

Hajek [8] introduced a novel approach to solve such problems in the context of queue-
ing systems, based on multimodularity. Elementary properties of multimodular functions
and their relations with open-loop optimal control problems are further developed in Alt-
man, Gaujal and Hordijk [1]. In Altman, Gaujal, Hordijk and Koole [2] a problem related
to the one in this paper has been solved. Some multimodular and Schur convexity prop-
erties of the costs were obtained, which enabled to give some characterizations of optimal
policies.

In this paper we obtain new insight on the structure of optimal policies using tech-
niques from Markov decision processes. We show that our problem has a remarkable
and surprising Markovian structure, even though the arrival process is a general stationary
process. This allows us to establish the existence of optimal periodic policies. This implies
in fact that only a finite number of states are needed in the Markov Decision Process for
solving the problem.

We further obtain in this paper new multimodular properties as well as analytical
expressions for the costs under general types of arrival processes (Poisson Process, Markov
Modulated Poisson Process, Markovian Arrival Processes). We also study approaches for
efficient numerical solutions of the control problem.

2 Optimal Routing to Servers

In this section we consider the problem of optimal routing of arriving packets into a system
with a fixed number of servers having no waiting room. The servers work independently
of each other and have service times, with general service distributions, independent of
the arrival process. We assume that the process of interarrival times is stationary and that
the controller has no information on the state of the servers. The objective in this setting
is to maximize the expected throughput or equivalently to minimize the loss rate.
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4 Altman, Bhulai, Gawjal, Hordijk

2.1 Problem Formulation

Consider a system, to which packets arrive according to an arrival process (7, )nen , Wwhere
T,, represents the arrival epoch. We use the convention that 77 = 0 and we assume that
the process (7, )nen of interarrival times 7,, = 15,1 — T, 1s stationary, thus (7, - . ., Trnin)
and (7, ..., Th.p) are equal in distribution for all m, n and h.

Assume that the system has M parallel servers with no waiting room and independent
service times, independent of the arrival process. Upon arrival each packet must be routed
to one of the M servers in the system and is served with a service time, which has a general
service distribution Gy, when routed to server m € {1, ..., M}. If there is still a packet
present at the server, where the packet is routed to, then the packet in service is lost (we
call this the preemptive discipline). In the special case of an exponential distribution,
one can consider instead the case of the non-preemptive discipline in which the arriving
packet is lost; the results below will still hold. The model is illustrated in Figure 1.

arrivals 7 Q
-( m

Figure 1: Optimal routing to servers

A routing policy is a sequence m = (71,72, ...), where m, € {1, ..., M} means that the
nth packet is sent to server 7,. The actions are taken without any knowledge of the state of
the servers, which means that the routing is szatic. The routing problem is to find a routing
policy that maximizes the expected throughput of the packets in the system. Since the
loss rate is the initial given input rate minus the actual throughput, this is equivalent to
minimizing the average number of lost packets in the system. Note that whenever an
actual arrival finds a packet at the server there is a loss, thus the cost function can depend
on the interarrival times exclusively.

Let the random variable L,,(7) denote the number of losses just after the n action
is taken under a policy 7. Then the mathematical formulation of the previously stated
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Optimal Routing Problems and Multimodularity 5

objective is to minimize the following quantity over the set of all routing policies.

1 n
lim sup - Z E™L;(). (1)
el =

2.2 Markov Decision Problem with Partial Information

Using an approach similar to Koole [11], we formulate the model under consideration as
a Markov decision problem with partially observed states. This will allow us to show that
there exists an optimal periodic policy in our general setting of stationary arrival process
and general independent service times.

Let X = N}/ denote the state space. Let T = (F1, ...,Ty) € X. Then Zp, = 0
indicates that there is no packet at server m before the next decision. If Z,,, > 0 then
there is a packet present at server m and T, is the total number of arrivals that occurred
at other servers since this packet arrived. We assume that the system is initially empty,
thus the initial state is given by (0, ...,0). Let A = {1, ..., M} denote the action set,
where action @ € A corresponds to sending the packet to server @. Let S,, be a random
variable with distribution G, , then define f,,(n) by

fm(n) =P (S > 71+ - +7Tp). 2)

Note that f,,,(n) represents the probability that a packet did not leave server m during n
arrivals. Now the transition probabilities for the state components are given by

1, ifTy,=0,a#mandZ,, =0
fm (1), T, =0,a=mandz, =1

B Em AT ) = 1 - fi(1), %f?m:O,dzin and 7, =0
fm(n+1), ifZ, =nand7@, =n+1forneN
1-fmn+1), ifTy, =nandZ,, =0forneN
0, otherwise.

The direct costs are given by

0, Tz=0
E(E,E):{ n

1, Tg > 0.

The set of histories at epoch ¢ of this Markov decision process is defined as the set
H; = (X x A)¥! x X. For a full state information Markov decision process, a policy

RR n° 3727



6 Altman, Bhulai, Gawjal, Hordijk

7 is defined as a set of decision rules (71,79, ...) with 7; : H; — A. Since we cannot
observe the state of the servers in the above problem formulation, we restrict the policies
to decision rules with 7; : At LA

For each fixed policy 7 and each realization h; of a history, the random variable A; is
given by @; = 7;(h¢). The random variable X;,; takes values T;,; ¢ X with probability

P(Ty, @y, Ty 1). With these definitions the expected average cost criterion function C(7)
is defined by

T
o 1o~ —
C(m) :hmsupETtglc(Xt,At). (3)

T—o0

Let IT denote the set of all policies. The Markov decision problem is to find a policy
7*, if it exists, such that C(7*) = min{C(7) |7 € II}. This Markov decision model is
characterized by the tuple (X, A, p, ).

Note that when the interarrival times are 1.1.d. and the service times are exponential,
the transition probabilities only depend on the presence of a packet at the server, whereas
in our model we have to record the time a packet spends at the server. Therefore the
model in Koole [11] uses the reduced state space {0, 1}M.

2.3 Markov Decision Problem with Full Information

The standard approach to solve Markov decision problems with partial information is to
transform these problems into equivalent Markov decision problems with full informa-
tion. However, in general this transformation results in very big state spaces. Therefore
algorithms which solve such Markov decision problems are often of limited use, since
their complexity is very large and numerical results are difficult to obtain. In this section
we formulate a Markov decision model (X, A, p, c) with full state information, which
has the property that it is equivalent to the partial information model and yet allows for
numerical computation.

Let ¥ = (NU {oo})M be the state space. The m™ component z,, of z € X denotes
the number of arrivals that occurred since the last arrival to server m. We assume that the
initial state in this case is (0o, ...,00). Let A = A be the corresponding action space.
The transition probabilities are now given by

1, ifz),=1landa), =x, +1forallm#a

0, otherwise.

p(r,a,7") = {

Let the direct cost ¢(z,a) = fu(z,), where f,(00) equals zero. Note that the policies in
IT are allowed to depend on X, since these random variables do not refer to the state
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Optimal Routing Problems and Multimodularity 7

of the servers. The expected average cost criterion C' defines the full state information
Markov decision problem. The next theorem shows that the previously defined models
are equivalent.

Theorem 2.1: The models (X, A,p,¢) and (X, A, p,c) are equivalent in the sense that
policies in the two models can be transformed into each other leading to the same per-
formances. Furthermore optimal policies exist for both models and the expected average
cost of the optimal policies are equal.

Proof: Let 7 e II be an arbitrary policy. Define the string of actions (a1, as, ...) by
@, = 71, ag = m2(ay), .... Now define the function I" : II — II such that 7 = I'(7) is
the constant policy given by 7(h;) = @, for all h.

From the definition of z; it follows that the m™ component of ; is equal to (), =
t — maxgs{as = m} if such an s exists and infinity otherwise. Now it follows that
P((Yt)m = n) is non-zero only if @;_,, = m. Therefore IP((Yt)m = n) = fm((:pt)m)
for n = (2¢)m and zero otherwise. Note that the expected cost only depends on the
marginal probabilities. From the structure of the cost function and the transition proba-
bilities it follows that E€(Xy,@) = fa((z¢)a) = E ¢(Xy, @). From this fact it follows that
C(m) = C(T(7)).

Let m ¢ II be an arbitrary policy. Note that there is only one sample path h;, which
occurs with non-zero probability, since the initial state is known and the transition prob-
abilities are zero or one. Now define the equivalence relation ~ on II such that 7 ~ 7’ if
mt(he) = m,(ht). Now it directly follows that policies in the same class have the same cost.
Furthermore it follows that the constant policy 7} for each ¢ is a representative element
in the class, which is the image of a policy in II.

At this point we know that if there exists an optimal policy for the full observation
problem, then there is also an optimal policy for the partially observed problem with the
same value. In order to prove the existence of an optimal policy for our expected average
cost problem, we first introduce the discounted cost:

V(m,x)=E" {Zatl C(Xy, At)} :
t=1
The optimal discounted cost is defined as
V¥ z) = min{V*(mr,z)|m e II}.

A sufficient condition for the existence of optimal stationary policy for the expected
average cost is that ’VO‘ (x) - Vo‘(z)‘ is uniformly bounded in v and z for some z, where
V<(x) represents the minimal a-discounted costs (Theorem 2.2, Chapter 5 of Ross [19]).
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8 Altman, Bhulai, Gawjal, Hordijk

Note that using the same policy for different initial states can only lead to a difference
in cost when a packet is sent to a server for the first time. Since 0 < af ¢(z, a) < 1 it follows
that the difference in cost cannot be larger than M. Now let 7, denote the a-optimal
policy for initial state z and V*(7r,, ) the value for the assignment done for initial state
x using 7,. Then

V) -VYz) < V¥my,z) - VUz) =V, x) = V(7 2) < M.
The proof is completed by repeating the argument for V*(z) — V*(z) with 7. O

Instead of describing a policy using a sequence 7, it will sometimes be more helpful to
consider an equivalent description using time distances between packets routed to each
server. More precisely, define for server m

§"(0) =0 and "(j) = minfi > y"(j - 1) |m = m},
for j € N. Define the distance sequence §™ by
0" = (07", 05", ...), with & =n"(j) -n"(j - 1),

for j € N. In order to show that these quantities are well defined, we show that each
optimal policy uses every server infinitely many times. In the sequel we drop the bar in
the notation, since we already established equivalence between the partial and full state
information model.

Theorem 2.2: Every optimal policy m = (7, w2, ...) has the property that every server
is used infinitely many times, thus sup{j |7; = m} = co form e {1, ..., M}.

Proof: Assume that there is a server m, which is not used infinitely many times. Then
there is an NV such that m; # m forall j > N. Let 7’ = (nn, N1, -..). It follows
that the difference of the total expected costs until any time n with n > N between the
policies 7 and 7’ is at most M. Since the criterion function looks at the expected average
cost both policies have the same cost C'(7) = C(x').

Now choose n such that f,,,(n) < C(n’). Note that this is possible since the cost
incurred using an arbitrary policy is positive and since for all m, lim,_,o fim(n) = 0.
Define the policy 7" by

F,, {m, if 7 is a multiple of n

, .
T i) otherwise.
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Optimal Routing Problems and Multimodularity 9

Note that the assignments for all j, which are not a multiple of n, are equal under
both ' and 7", but occur later under 7 and therefore ¢(X;, ;) ("), Aj, | /n) (7))
< c(X;(n"), Aj(n")) for all j which are not a multiple of n. It follows that C(x”) <
L (n) + =1C (7). By definition of n it follows that C(n”) < C(x'), thus 7’ is not

optimal. This leads to a contradiction, because it follows that 7 is not optimal either. O

Theorem 2.3: Let f,,(n) be strictly positive and decreasing to zero in n for all m. Then
there exists an optimal periodic policy.

Proof: Let 7 be an arbitrary policy and m be an arbitrary server. Suppose that the distance
sequence § = ¢" for this server has the property that sup{d; | j € N} = co. We shall
construct a policy 7’ with distance sequence 6™ such that sup{&?l | j € N} is finite and
C (') < C(n).

Let p = min{fm(k) - fm(k+1)|m =1, ...,M, k =1, ..., M}. Note that p is
positive, since f is positive and decreasing. Now choose n such that 2¢ = 2f,,(n) < p.
Note that this is possible, since f,,,(n) goes to zero as n goes to infinity. Since the
supremum of the distance sequence is infinity, there is a 0; > 2n + 2M + 1. Consider
the 2M + 1 consecutive assignments starting n units after a packet is routed to server m
for the j™ time. Since there are M servers, it follows that there is at least one server, to
which a packet is assigned three times, say m’. Replace the second assignment to m’ in
this sequence by an assignment to server m. The situation is depicted in Figure 2.

9,
\ \
T ————+] |
m m' m' m m
L
01 0o
Ly o7
\ T \
T ———+—— |
m m  m m' m
51-&-(52

Figure 2: Cost reduction
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10 Altman, Bhulai, Gawjal, Hordijk

We consider the decrease in the total expected cost until the ith instant, where [ is an
arbitrary integer larger than the time at which a packet is routed to server m for the j + 1st
time. This decrease is given by

[fm(65) + Fa (81) + for(02)] = [fn(05) + fin(85) + forr (81 + J2)] >
[fn(05) + for (01) + fa (82)] = [2fm(n) + fr (51 + 1)] =
fm(5y) + fa (62) + [fonr (61) = forr (81 + 1)] = [2fm(n)] >

Jm(85) + for (82) +p — 29 > 0.

The first inequality follows from the fact that n < 5;, n < (5}’ ,01+02 > 01+ 1and [ is
decreasing. The second inequality follows from the definition of p. Since f is positive it
follows by construction of n that the last inequality holds.

Repeating this procedure for every §; > 2n + 2M + 1 provides us a policy 7’ such
that C(n") < C(w) and Sup{é}r/ |j € N} < 2n 4 2M + 1. By repeating this procedure for
every server, we get an optimal policy that visits a finite number of states. By Chapter 8 of
Puterman [17] we know that the optimal policy can be chosen stationary. It follows that
7n(hn) = mo(xy,). Since the state transitions are deterministic it follows that the optimal
policy is periodic. O

From (2) it follows that f,,(n) satisfies the conditions in the previous theorem, since
the random variables 7,, are positive. Therefore we know that the optimal policies are
periodic. In the next section we will show how we can use this result in order to use
multimodularity to find optimal routing policies.

2.4 Optimal Routing to Two Servers

In the previous section we showed that the optimal policy for all stationary arrival processes
is periodic. In the case that there are only two servers in the system, we can say more
about the structure of the optimal policy, using the fact that there is a full state information
Markov decision process for this model.

In Liu and Towsley [13] it is pointed out that when the system has identical servers,
thus the service distributions of the servers are equal, then the round robin policy is optimal,
which means that sending a packet to each server alternatively is optimal. The next theorem
shows that for two servers with exponential service times the optimal periodic policy is
sending the first packet to the slowest server and then several packets to the fastest server.

Theorem 2.4: Suppose that the two servers have service times, which are exponentially

distributed with rates 1 and ps respectively such that p1 < po. Then the optimal policy
has the form (1,2, ..., 2)%.

INRIA
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Proof: By Theorem 2.2 we know that all the servers are used infinitely many times. Thus
the assignment to server 1 and consecutively to server 2 occurs infinitely many times.
By Theorem 2.1 we know that the state after these occurrences are equal. Therefore the
assignments between these occurrences must equal too. Now it immediately follows that
there is an optimal policy of the form 7 = (1, ...,1,2, ...,2).

Now suppose that the number of 1’s and 2’s in such a policy are given by a and b
respectively. Let n = a + b, then C(r) is given by nC(w) = (a — 1) f1(1) + f1(b+ 1) +
(b—1)f2(1) + fa(a + 1). Let the policy 7’ be the policy where the first 1 is interchanged
with the last 2. Then n C(7') = (a—2) f1(1) + f1(b) + f1(2) + (b—2) f2(1) + fa(a) + f2(2).
Now n[C(r) - C(x)] = { [fi(b+1) - i(5)] - [1(2) ~ (D]} +{[fala+ 1)~ fola)] -
[f2(2) - f2(1)] }. From the convexity of fn,(n) in n it follows that the previous quantity is
positive. Therefore the form of the optimal policy is either (1,2, ...,2) or (2,1, ...,1).
Since p1 < p2 and therefore fi(n) > fa(n) for all n € N, it follows that (1,2, ...,2) is
the optimal policy. O

3 Multimodularity

Multimodularity was introduced by Hajek [8] for the study of admission control in queue-
ing systems. The study focused on the assignment of a sequence of arrivals at a controller,
who has to assign a certain fraction to an infinite queue. Hajek proved, by using multi-
modularity, that the optimal assignment has some regular structure, where the objective
is to minimize the expected number of customers in the queue.

In this section we define multimodularity and study some properties of this concept.
Furthermore we show that multimodularity provides us with a method to compute optimal
routing policies. In particular we shall prove that in case we have two servers in the system,
the cost function is multimodular.

3.1 General Properties

Let Z be the set of integers. Let ¢; € Z™ fori = 1, ...,n denote the vector having
all entries zero except for a 1 in the jth entry. Let d; be given by d; = e;_.1 — ¢; for
i = 2, ...,n. Then the base of vectors for multimodularity is defined as the collection
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12 Altman, Bhulai, Gawjal, Hordijk

B={by=—-e1,by =da, ..., b1 =dp,b, = e, }. Thus we have

bp = (-1, 0O, 0, --- 0, 0, 0 )
b = (1, -1, o0, 0, 0, 0)
b2 = ( 07 1> _17 07 07 0 )
bpo = ( 0, 0, 0O, 1, -1, 0 )
b1 = ( 0, 0, 0, ) I, -1 )
by = (0, 0, 0, 0, 0, 1)

Following Hajek, a function g defined on Z" is called multimodular if for all € 7™ and
bi,bj GBWIch#]

g(x +b;) + g(x +b;) > g(x) + g(z + b + bj). )

Let g be a function on Z". Define A.,g(x) = g(x+e;)—g(z) forall z € Z". Since the unit
vectors form a basis of 7™, every vector v is a linear combination of the unit vectors and
can be written like v = Y | A;e;. Then A, is defined as Ayg(z) = >0 A Ag,g().
These definitions provide a useful characterization for multimodularity.

Lemma 3.1: ([1], Lemma 2.2) A function g is multimodular if and only if
AyAypg <0,
for all v, w € B with v # w.

In future discussions we need more than multimodularity with respect to a base B only.
It is often needed that the same function is also multimodular with respect to the base
—B. From the linearity of the operator A and Lemma 3.1 it immediately follows that g is
also multimodular with respect to —B.

3.2 Convexity

We define the notion of an atom in order to study some properties of multimodularity.
In R™ the convex hull of n + 1 affine independent points in Z" forms a simplex. This

simplex, defined on x, ..., x, is called an afom if for some permutation o of (0, ..., n)
Ty = o + bo‘(O)a
T2 = rr o+ bo‘(l)a
Tn = Tp-1 + ba(nfl)v
o = Iy + bg(n).

INRIA



Optimal Routing Problems and Multimodularity 13

This atom is referred to as A(z, o) and the points zy, ..., x, are called the extreme points
of this atom. Each unit cube is partitioned into n! atoms and all atoms together tile R".
We can use this to extend the function g : Z™ — R to the function g : R™ — R as
follows. If x € Z™ then define the function by g(z) = g(x). Thus g agrees with g on
Z". 1f x 1s not an extreme point of an atom, then x is contained in some atom A. The
value of g on such a point z € R" is obtained as the corresponding linear interpolation
of the values of g on the extreme points of A. The following theorem shows the relation
between multimodularity and convexity.

Theorem 3.2: ([8],[1], Theorem 2.1, [4]) A function g is multimodular if and only if the
function g is convex.

We defined multimodularity on the set of integers. Remark 2.1 of Altman, Gaujal and
Hordijk [1] points out that for any convex subset .S, which is a union of a set of atoms,
multimodularity of g and convexity of g still holds when restricted to S. Multimodularity
on this convex subset means that (4) must hold for all z € S and b;, b; € B with i # j,
such that x+b;, z+b; and z+b;+b; € S. We will see that this is essential for the application
in the next sections, where we use the set S = N, with No = NU {0} = {0,1,2, ...}.

From the previous discussion it follows that multimodularity has a relation with con-
vexity. In the next section we show how we can exploit this relation in order to minimize
convex functions on the lattice.

3.3 Local Search

Let g : Z™ — R be an objective function in a mathematical model which has to be
minimized. In general this is a hard problem to solve. In this section we show that if the
function g is multimodular, then we can use a local search algorithm, which converges to
the globally optimal solution. In Koole and Van der Sluis [12] the local search algorithm
has been proven for the search space Z". The following theorem shows that it also holds
for any convex subset, which is a union of a set of atoms.

Theorem 3.3: Let g be a multimodular function on S, a convex subset which is a union
of atoms. A point x € S is a global minimum if g(x) < g(y) for all y # x such that z
and y are both extreme points of an atom in S.

Proof: Let z € S be a fixed point. Now suppose that thereisa z € R™ such thatz +z € S
and g(z + z) < g(z) = g(z). We show that there is an atom A(z, o) in S with an extreme
point y such that g(y) < g(x).

RR n° 3727



14 Altman, Bhulai, Gawjal, Hordijk

Since any n vectors of B form a basis of R", we can write z as z = > ., (; b;.
Furthermore, this can be done such that 3; > 0, since any (3; b; with 5; < 0 can be
replaced by —3; > " . bj.

Now reorder the elements of B as (bf, ...,b},) and the elements (8o, ...,03) as
(Bhs -, B,) such that ) > --- > 3, > 0and z = """ ;3. b;. Note that this notation
is equivalent to the notation z = Gj b, + 7 (by + b)) + -+ + B (b + - - - + b)) with all
B! > 0 and with b + --- + b}, = 0. Now fix a non-zero point 2’ = a z with a < 1 such
that o (B + --- + B ;) < 1. The set S is convex with x, z + z € S, hence z + 2’ € S.
Since by Theorem 3.2 § is convex and g(z + z) < g(x), it follows that g(x + 2') < g(z).

Let o be the permutation induced by (5, ..., 3). Now consider the atom A(x,0),
then by construction = + 2’ € A(x, o). Since x is an extreme point and g is linear, there
must be another extreme point, say y, such that g(y) < g(x). O

This theorem shows that to check whether z is a globally optimal solution, it is sufficient
to consider all extreme points of all atoms with x as an extreme point. When a particular
extreme point of such an atom has a lower value than z, then we repeat the same algorithm
with that point. Repeating this procedure is guaranteed to lead to the globally optimal
solution.

Every multimodular function is also integer convex (see Theorem 2.2 in [1]). One
could wonder if local search also works with integer convexity instead of multimodularity,
which is a stronger property. The next counter-example in ({0, 1,2})? shows that this is
not true and that multimodularity is indeed the property needed for using local search.
Define the function g such that

9(07 2) =-1, 9(172) =2, g(2, 2) =5,
9(07 1) = 2, 9(17 1) =1, 9(27 1) =0,
9(0,0)= 5, ¢(1,0)=4, ¢(2,0)=3.

One can easily check that g is an integer convex function, but not multimodular since
g((1,2) +bo) +9((1,2) +b2) =0 < 4 = g((1,2)) + g((1,2) + bo + bz). Starting the
local search algorithm at coordinate (2, 1) shows that all neighbors have values, which are
greater than 0. However, the global minimum is ¢((0,2)) = -1.

Since all the extreme points of all atoms with x as an extreme point can be written
as x + y gy b with oy € {0,1}, b; € B, the neighborhood of a point x consists of
27+l _ 2 points (we subtract 2 because when a; = 0 or when «; = 1 for all 4, then the
points coincide).

Although the complexity of the local search algorithm is big for large n, the algorithm
is worthwhile studying. First of all, comparing to minimizing a convex function on the
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lattice, this algorithm gives a reasonable improvement. Secondly, the algorithm can serve
as a basis for heuristic methods.

In the next section we show that the cost function in the model with only two servers
is multimodular.

3.4 Optimal Routing to Two Servers

In the previous section we showed that the optimal policy for all stationary arrival processes
is periodic. In this case the notation of the distance sequence can be beneficially used
to approach the decision problem. After the first assigment to server m, the distance
sequence 0" for server m is periodic, say with period d(m). Since the servers are idle
initially, the first assignment does not lead to a loss of a packet. Therefore in future

discussions we will write 7 = (71, ..., 7m,) for the periodic assignment sequence with
period n and with a slight abuse of notation we denote the periodic distance sequence for
server m by 6" = (07", ... ,(53”(‘m)).

The periodicity reduces the cost function in complexity. Since we use the expected
average number of lost packets as the cost function, we only have to consider the costs
incurred during one period. The cost function for server m is given by

d(m)
1 m
Im(m) = n Z fm(5] )- ©)
7=1
The expected average number of lost packets in the total system is then given by
M 1M d(m)
g(m) =3 gm(m)=—2> > fml0]). ©6)
m=1 m=1 j=1

Note that equation (1) or equivalently (3) are exactly given by equation (6). It is tempting to
formulate that g,, (7) is multimodular in 7 for all m. Note that this is not necessarily true,
since an operation v € B applied to 7 leads to different changes in the distance sequences
for different servers. In the case where we have two servers, we can prove multimodularity
however, since an operation applied to the first server, leads to an opposite operation
applied to the second server.

In the next discussion we assume that we have two servers and that 7 is a periodic
sequence with period n. We will show that (6) is multimodular in 7. After establishing
multimodularity of the cost function for two servers, we can use the local search algorithm
to find optimal policies for different server rates. In order to prove the multimodularity
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16 Altman, Bhulai, Gawjal, Hordijk

we do not use (5), but instead we use ¢/, () defined by

1 d(1)
I(m) = — > fm(5)). (7)
j=1

This function only looks at the distance sequence assigned to the first queue. Note that
g(m) can now be expressed as g(w) = gj(7) + g5(3 — 7). We first prove that ¢/, (7) is
multimodular in 7.

Lemma 3.4: Let 7 be a fixed periodic policy with period n. Let ¢/, (7) be defined as in
(7). Then g}, () is a multimodular function in 7.

Proof: Since 7 is a periodic sequence, the distance sequence § = &' is also a periodic
function, say with period p = d(1). Now, define the function h; for j = 1, ...,p by
h;j(m) = fm(d;). The function h; represents the cost of the (j + 1)* assignment by
looking at the j ™ interarrival time. We will first prove that this function is multimodular
forV ={b1,...,bn 1}

Let v, w € V with v # w. If none of these elements changes the length of the
§ % interarrival time then h;(m) = hj(m + v) = h;(7 + w) = hj(m + v + w). Suppose
that only one of the elements changes the length of the interarrival time, say v, then
hj(m +v) = hj(m + v+ w) and hj(m) = hj(m + w). In both cases the function h;(m)
satisfies the conditions for multimodularity.

Now suppose that v adds and w decreases the length of the 5™ interarrival time by
one. Then hj(m +v) < hj(m) = hj(m + v+ w) < hj(m + w). Since h; is a convex
decreasing function, it follows that h;(m + w) — hj(7m + v +w) > hj(mw) — hj(m +v). Now
the multimodularity condition in equation (4) directly follows by rearranging the terms.
Since g, () 1s a sum of h; () it follows that g, () is multimodular for V.

Now consider the elements by and b,, and note that the application of by and b,, to 7
splits an interarrival period and merges two interarrival periods respectively. Therefore

1 G (T +00) = 1 gy, (7) = fin(01) = fm(0p) + fin (1 + 6p),
N G (T + bn) = 0G0 () = frn(0p) + fin(0p — 1) + (1),
1 Gy (T + b0 + b)) = 1 gy () = firn(01) = fin(0p) + fm (01 + 1) + frm(3p = 1)
Now 12[g),, (7+b0) + G (T+bn ) = gy () = G (7 +00+b1) | = [ fin(01+6p) + frn (1)] = [ fin 61+

1) + fm(dp)]. Let k = &1 + 6, + 1. Since the function f,(z) + fn(y) withz +y =k isa
symmetric and convex function, it follows from Proposition C2 of Chapter 3 of Marshall
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and Olkin [15], that f,,(z) + fmm(y) is also Schur-convex. Since (61 +1,9,) < (01 +0p,1),
the quantity above is non-negative.

In the case that we use w = by and v € V such that v does not alter 1, then it follows
that g/, (7 + v+ w) = g}, (7 +v) + g),,(7 + w) — g}, (7). The same holds for w = b,
and v € V such that v does not alter §,. Suppose that v does alter d;, then we have
n[gh, (T + bo) + g (7 + v) = gy (7) = g (m + bo + )] = [fr(01 + 0p) + (61 — 1)] -
[fm(61+0p — 1)+ f(61)]. When v alters &, we have n[g],, (7 +by,) + g}, (7 +v) — g, () —
G (T + by + V)] = [fm(p + 1) + frn(D)] = [fm(6p) + fin(l + 1)] for some | < ,. Now
by applying the same argument as in the case of by and b,, we derive multimodularity of
gr, () for the base B. O

Now we will prove that g(r), which is given by g(7) = ¢/ (7) + g (3 - 7) is multimodular.
The proof is based on the fact that if a function is multimodular with respect to a base B,
then it is also multimodular with respect to —B.

Theorem 3.5: Let ¢} and ¢, be multimodular functions. Then the function g() given
by g(7) = ¢1 ¢} (7) + c2 g5(3 — ) for positive constants ¢; and ¢g is multimodular in 7.

Proof: Let v, w e B, such that v # w. Then
g(m+v) + g(7m + w)
—cgi(m+v)+egh(B-m-v)+er1 gl (m+w) + cagh(3— 7T —w)
= c1[gl(m +v) + gl (7 + w)] + e2[gh (B3 — 7 —v) + Gh(3 - 7 — w)]
> e [gy(7) + g (m+ v+ w)] + c2[gh(B-7) + gh(B -7 — v —w)]
—cgi(mM) +eghB-m) +erdi(mrv+w) +eagh(3—m—v—w)
=g(m) +g(m+v+w).

The inequality in the fourth line holds, since ¢} is multimodular with respect to B and g5
is multimodular with respect to —B. O

4  Arrival Processes

In the previous sections we derived an expression for the structure of the optimal policy,
provided that the arrival process has stationary interarrival times. However, we were not
able to explicitly formulate an expression for the period of this policy. In this section we
assume that the service times are exponentionally distributed with service rate j,, and we
look at some special cases of stationary arrival processes. We derive an explicit expression
for the cost function, which will enable us to compute the optimal policy analytically
when all parameters are specified.
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4.1 Poisson Process

Consider a Poisson process with rate A. The process of interarrival times of this Poisson
process is independent identically distributed with probability density f(¢) = A exp (- A¢t).
Therefore it follows that (2) is given by

n

fm(n) = Eexp <—,um ZTk> = [IE exp (—fmT1)
k=1

Note that the fact that the process of interarrival times is 1.1.d. simplifies the cost function.
Using the probability density of the interarrival times, the quantity between the brackets
in the right-hand side is given by

o0 A

Eexp (—ptm71) = /0 exp (—pmt) A exp (=At) dt = -

Now it follows that the cost function is given by

A1
[Aﬂmj '

By choosing the Poisson process as the arrival process for our model, it becomes relatively
simple to calculate the optimal policies analytically. For example: suppose that we have
a Poisson process with rate A = 1 and suppose that the rate of the first server is pu; = 1.
We can study the behavior of the period of the optimal policy as we increase the rate of
the second server pa > 11 as follows. Since the optimal policy is of the form (1,2, ..., 2)
we can parameterize the cost function by the period n and the server speed ps given by

( ) 1/1\" 1 1 \? n-2/ 1
n =—|=z — .
g\ K2 n\ 2 +n 1+ po - n 1+ po

By solving the equations g(n, u2) = g(n + 1, u2) for n > 2 we can compute the server
rates y12 where the optimal policy changes. For example: the optimal policy changes from
(1,2) to (1,2,2) when pg > 1++/2. The results of the computation are depicted in Figure
3.

4.2 Markov Modulated Poisson Process

The MMPP [9] is constructed by varying the arrival rate of a Poisson process according
to an underlying continuous time Markov process, which is independent of the arrival
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Figure 3: Relationship between n and po

process. Therefore let { X, |n > 0} be a continuous time irreducible Markov process with
m states. When the Markov process is in state 4, arrivals occur according to a Poisson
process with rate \;. Let p;; denote the transition probability to go from state i to state j.
Then the infinitesimal generator @ is given by

—P1 P12 - Pim
P21 —P2 cc Pm . m
Q= : . , with p; = pij.
: : . P
Pm1i Pm2 - —DPm g
Let A = diag(\1, ..., An) be the matrix with the arrival rates on the diagonal and A =
(M1, - .., A\m) the vector of arrival rates. With this notation, we can use the matrix analytic

approach to derive a formula for (2).

Define the matrix F'(¢) is as follows. The elements F;;(t) are given by the conditional
probabilities P(X,,.1 = j, 71 < t]| X, = i) for n > 1. It follows that F'(co) given by
(A - Q) 'A is a stochastic matrix.
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Theorem 4.1: (Section 5.3 in [16]) The sequence {(X,,, 7,) | n > 0} is a Markov renewal
sequence with transition probability matrix F'(¢) given by

t

_mw:/e@AW@A:U’AQMﬂmQ)M.
0

The MMPP is fully parameterized by specifying the initial probability vector ¢, the in-

finitesimal generator Q of the Markov process and the vector A of arrival rates. Let the row

vector s be the steady state vector of the Markov process. Then s satisfies the equations

sQ = 0and se = 1, where e = (1, ..., 1). Define the row vector ¢ by

_1
S\

Then by Fisher and Meier-Hellstern [7] we know that ¢ is the stationary vector of F'(c0)
and makes the MMPP interarrival process stationary. We can then use (2) to express the
cost function for the MMPP. By Theorem 2.3 we know that the optimal policy is periodic.
Therefore the cost is completely characterized by equations (5) and (6). If we assume that
the underlying Markov chain of the MMPP is ergodic, it converges to the stationary
regime as t — oo, and then the average cost is the same for any initial distribution.

In order to find an explicit expression for the cost function, we compute the Laplace-
Stieltjes transform f*(u) of the matrix F. Since F' is a matrix, we use matrix operations
in order to derive f*(u), which will also be a matrix. The interpretation of the elements

+i(u) are given by E[e ™ 11y, ,—j | X, = i] forn > 1, where 1 is the indicator

function. Let I denote the identity matrix, then f*(u) is given by

£ = [ertrn = [Tente@draga - ) tade
0

0

q - sA.

= / e QM qE A = (ul — Q + A) A,
0

In order to find an explicit expression for the cost function, we have to compute (2)
first. This is done in the next lemma. Note that we do not need the assumption of
independence of the interarrival times to derive this result.

Lemma 4.2: Let f*(u) be the Laplace-Stieltjes transform of F', where F is a transition
probability matrix of a stationary arrival process. Then

fn(n) = B exp (—ué@ )
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Proof: Define a matrix ),, with entries @, (i, j) given by

Qn(i,j) = E[exp (—uZTk> Lix, =5}

k=1

Xo=i|

Note that Q)1 is given by f*(u). By using the stationarity of the arrival process it follows
that Q,,(i, 7) is recursively defined by

Qn 1(4,1) exp(f/,m'n) Lix,—jy | Xn1= l]

NE HMS

Qn-1(1,1) Bl exp(-pm1) Lix,—jy | Xo =1]

-
I

1

Qn—l(i7 l) : Ql(l7])

I
NE

o~
Il

1

Note that the last line exactly denotes the matrix product, thus @, = @, 1 - Q1. B
induction it follows that @, = QY. Then it follows that

fm(n) = B exp <u;k) =33 P(Xo = i) Qulin ) =4 [F()] "

i=1 j=1

The last equation holds since the row vector ¢ is the initial state of the Markov process
and summing over all j is the same as right multiplying by e. O

The previous lemma enables us to express the cost function (6) explicitly for the MMPP.
The cost is now given by

d(m)

1Y
:gz 3 q(hml - Q+A) A]Y e

m=1 j=1

Note that although we know the structure of the optimal policy, it is not intuitively
clear that it is optimal in the case of the MMPP. The following example will clarify this
statement. Suppose that one has an MMPP with two states. Choose the rates \; and
A2 of the Poisson processes such that the policies would have period 2 and 3 respectively
if the MMPP is not allowed to change state. One could expect that if the transition
probabilities to go to another state are very small, the optimal policy should be a mixture
of both policies. But this is not the case as Theorem 2.4 shows.
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4.3 Markovian Arrival Process

The Markovian arrival process model (MAP) is a broad subclass of models for arrival
processes. It has the special property that every marked point process is the weak limit
of a sequence of Markovian arrival processes (see Asmussen and Koole [3]). In practice
this means that very general point processes can be approximated by appropriate MAP’s.
The utility of the MAP follows from the fact that it is a versatile, yet tractable, family of
models, which captures both bursty inputs and regular inputs.

Markovian arrival processes can be modeled in a variety of ways. The model for the
MAP described in Koole [10] has the advantage that the model is parameterized with few
parameters. In Chapter 10 of Dshalalow [6] it is shown that the MAP can be modeled
such that it is a natural generalization of the Poisson process. Furthermore it is shown
that there is an analogous description for discrete PH-distributions. In this section we use
the model formulation described in Lucantoni, Meier-Hellstern and Neuts [14], which
reduces the computational complexity by using a matrix analytic approach. From this
model it also easily follows that the MMPP is a special case of the MAP.

Model Formulation

Let {X,,|n > 0} be a continuous time irreducible Markov process with m states. As-
sume that the Markov process is in state 7. The sojourn time in this state is exponentially
distributed with parameter ;. After this time has elapsed, there are two transition possi-
bilities. Either the Markov process moves to state j with probability p;; with generating
an arrival or the process moves to state j # i with probability ¢;; without generating an
arrival. With this definition it follows that

m m

Z%’j + sz'j =1,

j=1 j=1

J#
for all 1 < i < m. This definition also gives rise to a natural description of the model
in terms of matrix algebra. Define the matrix D with elements D;; = ; ¢;; for i # j.
Set the elements D;; equal to —v;. Define the matrix E with elements E;; = ~; p;j. The
interpretation of these matrices is given as follows. The elementary probability that there
is no arrival in an infinitesimal interval of length d¢ when the Markov process moves from
state ¢ to state j is given by D;; dt. A similar interpretation holds for £, but in this case it
represents the elementary probability that an arrival occurs. The infinitesimal generator
of the Markov process is then given by D + E. Note that the MMPP can be derived by
choosing D = Q - A and E = A.

In order to derive an explicit expression for the cost function, we use the same approach

as in the case of the MMPP. The transition probability matrix F'(¢) of the Markov renewal
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process {(X,,, 7,) | n > 0}, given in Lucantoni, Meier-Hellstern and Neuts [14], is of the
form

Ft) - /Ut Pudu— [~ e (- DE),

where again the elements Fj;(t) of the matrix F'(t) are given by P(X,, .1 = j, 71 <
t| X, = i) for n > 1. It also follows that F'(c0) defined by — D! E is a stochastic matrix.
Let the row vector s be the steady state vector of the Markov process. Then s satisfies the
equations s(D + F) = 0 and se = 1. Define the vector row vector g by

1
1= e sk.
Then g is the stationary vector of F'(co). This fact can be easily seen upon noting that
sE =s(D+FE-D)=s(D+EFE)-sD = —sD. With this observation it follows that
qF(0) = (sEe)'sDD'E = q. The MAP defined by ¢, D and E has stationary
interarrival times. In this case we know that the optimal policy is periodic and the cost is
thus completely determined by equations (5) and (6).
The Laplace-Stieltjes transform f*(u) of the matrix F is given by

() = /Oooe“ItF(dt) = /Ooe“IteDt (-D)(-D"Edt

0

o0
= / e W=Dt qt B = (ul - D) 'E.
0

The interpretation of f* is given by the elements f/;(11), which represent the expectation
E [erTn: Lix, =} | Xn = i]. By Lemma 4.2 we know that (2) is given by the product of
f*. Therefore the cost function, when using the MAP as arrival process, is given by

1 M d(m) ——
g(m)=—~> > al(uml - D)'E]V e
m=1 j—1
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