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Chapter 1

Introduction

The dramatic growth of the Internet, the popularity of PCs and the emergence of mobile communi-
cations have boosted the development of a wide variety of Web-based services. Typical examples of
such services that are offered today are PC banking, on-line gaming applications and airline ticket
reservations. And in the near future a variety of new on-line services will be offered including, for
example, E-Health applications that enable doctors to access medical data of their patient at any
time and any place, and on-line access to Video-on-Demand services that enable the consumer
to watch any movie at any time. A typical feature of this type of on-line applications is that a
single transaction initiated by the end user induces a sequence of server and database transactions.
Therefore, a key factor for the success of this type of services is that the response times observed
by the end user are not prohibitively long. This raises the need for the development of quantitative
models to analyze and predict the response times experienced by the end-user under anticipated
load scenarios.

1.1 Background

Today’s service offerings are increasingly based upon combining and integrating information from
multiple logically and geographically distributed servers, interconnected by communication net-
works. Typical examples are location-based information services, where first the geographical
location is determined, and subsequently, the information corresponding to this location is re-
trieved (e.g., restaurants, hotels, weather forecasts). To realize this type of transaction-based
services, the service provider (SP) needs to make agreements with other parties involved, includ-
ing access network operators to provide wireless access, location service provider to give the user’s
location, and content providers to deliver the requested local information. From the end-user’s
perspective, the SP is responsible for the billing and the proper functioning of the service. In this
environment, the service is offered via a multitude of administrative domains each owned by dif-
ferent parties. This raises the need for SPs to control for guarantee end-to-end Quality of Service
(QoS) perceived by the paying customer. Such an end-to-end QoS depends on the per-domain
QoS. So, since domains are owned by different parties, typically bilateral Service Level Agreements
(SLAs) are negotiated. From the perspective of the SP, the key question during such negotiations
is: "What combination of SLAs with other domains leads to desired end-to-end QoS perceived by
the end-user?”. Currently, no satisfactory answers exist for this question. In current practice,
the main focus is often on the short time-to-market, i.e., to make the service operational as fast
as possible, while performance-related issues are tackled on an ad-hoc basis. However, to avoid
customer dissatisfaction, potential performance problems, for example, caused by strong growth
of usage, should be anticipated on, in order to timely take appropriate measures (server upgrades,
bandwidth upgrades, and modifications to SLAs). This motivates the development of models and
techniques to address what-if questions regarding performance under different evolution scenarios,
explicitly incorporating the effect of particular parameter choices in the SLAs on the end-to-end
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8 CHAPTER 1. INTRODUCTION
performance in terms of end-user perceived QoS.

1.1.1 Running Example

Throughout the report we consider the Location-based Restaurant Service (LRS) given in [19] as
a running example. We use this LRS since it includes the relevant aspects of transaction-based
services running in a multi-domain environment. The LRS provides a mobile end user with a list
of restaurants in the neighbourhood that meets the user’s personal preferences. An LRS service
request proceeds along the following steps:

1. The end user uses a mobile device to request suitable restaurants. This typically generates
an HTTP request from the mobile device to the application server over the access network.

2. The application server processes the request and sends a location request to the location
server. The location server determines the location of the end user and returns the location
coordinates to the application server.

3. The application server processes this response and sends a request for restaurants that meet
the user’s preferences in the neighbourhood of the end user’s location to the restaurant
server. The restaurant server uses this information to identify a list of suitable restaurants
and returns this list to the application server.

4. The application server processes this response, builds an HTML page and sends it to the
user as the reply to the HTTP request.

access
.‘_l > 1 . .
| | .

end user ' -

terminal o=

location
server

restaurant
server

Figure 1.1: Location-based Restaurant Service.

A graphical interpretation of these steps is given in Figure 1.1. An important characteristic of the
LRS is that it crosses multiple administrative domains and that multiple parties are involved, each
with their own business incentives. The parties involved are the LRS service provider, typically
the owner of the application server, the different network providers, the location service provider
and the restaurant service provider as presented by Figure 1.2.

It is important to note that in practice each of the stakeholders may be companies with their
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end user
terminal
[}

e ————

location
server restaurant

server

Figure 1.2: Multiple domains involved in the LRS.

own complex and possibly distributed infrastructures. In the running example discussed above,
the LRS service provider negotiates SLAs with the other stakeholders without being concerned
with how these stakeholders realize the service levels in the negotiated SLAs. Thus, it is the re-
sponsibility of the domain owners to realize the service levels agreed upon (e.g., which equipment,
over-dimensioning or not, which service contracts, which sub-contractors).

This observation allows a hierarchical modelling framework that can be recursively applied at each
abstraction level, consisting of a business party with its direct sub-contractors. Figure 1.3 shows
an example tree structure of domain owners (parents in the tree) with SLA relations to their
sub-contractors (children in the tree).

If a domain owner is involved in realizing the service, then it can meet the SLAs with its cus-
tomers - which may be either end users or business customers - by properly operating its own
domain in combination with negotiating the right SLAs with its sub-contractors. This raises the
need for quantitative models and solution techniques that allow a domain owner to identify the
relation between (a) the requirements on the performance of its own domain, (b) the SLAs with
its sub-contractors, and (c) the service level offered to its own customers.

We distinguish between two types of SLAs: (a) SLAs with network domains, and (b) SLAs with
service domains. Although several parameters can be considered in network SLAs (e.g., availabil-
ity, network bandwidth, network latency, and packet delay, loss and jitter), in current practice
network techniques have developed so well that almost no restrictions are required in the network
domain. So we just focus on the performance of server domains. A typical example of such a
service domain SLA has the following structure. On the one hand, the client application limits
the request rate, and in return the service domain provides a statistical QoS guarantee. The
request rate may be limited, for example, by putting a cap on the number of simultaneous TCP
connections, or on the average (or maximum) number of requests over a given time interval. In
return, the service domain may provide statistical QoS guarantees on ,for example, response times,
download times, and availability.
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1 2

sub-sub- sub-sub-
contractor 1 contracter 2

3

+——— = SLA relation

Q = domain owner

Figure 1.3: Example tree structure of domain owners with SLA relations to their sub-contractors.

1.1.2 Model Formulation

To capture the multi-domain infrastructure in a modelling framework, we map the infrastructure
into a queueing network according to [19]. The main entities in such a network are jobs, queueing
nodes, service time distributions of jobs per queueing node, and routing schemes. In our approach,
a job represents a request and a domain consists of one or more queueing nodes of which the pa-
rameters are determined by the SLAs. It is obvious that many specific networks fit this general
model. However, to illustrate this general framework, we discuss it for the specific LRS case. It
consists of a network of three nodes, representing the application server, the location service and
the restaurant service, see Figure 1.4.

Customers represent transactions and arrive at the application server (AS) with arrival rate Aag.
Let us follow the processing steps experienced by a tagged customer T'. First T requires service
time Bag1 at the AS with mean Sag1. Then, T is forwarded to the LS, requiring service time
Bpgs at the LS with mean frs. Upon departure from the LS node, T returns to the AS, and
requires service time Bgo at the AS with mean S452. Subsequently, T' is routed to the RS,
requiring service time Brg at the RS with mean Sgg. Next, T returns again to the AS, where
it requires service time Bag 3 at the AS with mean f4s 3 before departing from the system. The
AS is typically CPU-bound, and is therefore modelled as a Processor Sharing (PS) server; that
is, when the server is handling k£ > 0 requests simultaneously, each of these k requests receives a
fair share 1/k of the total processing capacity. The LS is modelled as a multi-server First Come
First Serve (FCFS) node, where the number of servers, ¢y g, represents the maximum number of
simultaneous location lookup requests and the service times represent the response time negoti-
ated in SLALg. Similarly, the RS is also modelled as a multi-server FCFS node with cgg parallel
servers with service times representing the response time negotiated in SLAgg. In this model, the
total sojourn time represents the end-to-end response time experienced by an end user of the LRS
service, excluding the access network delay.
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Figure 1.4: End-to-end queueing network model for the service domains.

1.2 Related Work

Much research to sojourn times is already done. Coffman et al. [5] obtain the Laplace-Stieltjes
Transform (LST) of the sojourn time distribution for the M/M/1-PS node. Morrison derives
in [14] an integral representation for this distribution and Ott derives in [15] the sojourn time
distribution for the M/G/1-PS case where a representation of the probability distribution of the
service time is needed. For FCFS nodes the main results which we will use are given by Takacs in
[17] where he obtains the LST and the first two moments of the total sojourn time in an M/G/1-
FCFS queue with Bernouilli feedback. The first important results for calculating sojourn times
in a queueing network are given by Jackson in [9] where he proposes the so-called product-form
networks. To be a product-form network, a network has to fulfill the following conditions: (a)
The arrival process is a Poisson process, the arrival rate has to be independent of the number of
customers at the nodes in the network. (b) The service times are exponentially distributed, the
service rate at a node may only depend on the number of customers in that particular node. (c)
The next node visited may depend on the present node, but has to be otherwise independent of
the state of the system. Within such Jackson networks, different subclasses are distinguished of
which we will use some. An overview of results on sojourn times in queueing networks is given
by Boxma and Daduna in [1]. They also give an expression for the LST of the joint probability
distribution at the nodes of a customer that traverses a predefined path of nodes in a product-form
network. Boxma et al. study in [3] response times in a two-node network with feedback. This
work is an extension of the work done in [2]. They propose some solid approximations for the
sojourn times with iterative requests. In [3] they show that these approximations perform very
well for the first moment of the sojourn times. Gijssen et al. give in [8] exact results for the
mean sojourn times and derive approximations for the variances of the sojourn times for a net-
work with an M /G /1-PS node and several multi-server FCFS nodes with exponential service times.

Despite their business relevance, surprisingly few papers focus on the QoS via SLA-based so-
lutions. For a recent survey on the state-of-the-art on SLA-based solutions for end-to-end QoS
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problems, we refer to the work done by Sorteber and Kure in [16]. Applied to military purposes
they distinguish the following two main solutions for SLA-management: an end-to-end solution,
where the SLAs are directly negotiated with all parties involved, and a cascaded solution, where
the SP only negotiates SLAs with its neighbouring domains. Van der Mei and Meeuwissen make
in [19] the definition of SLAs for server domains more explicit by developing performance models
to quantify the complex relation between SLAs and end-to-end QoS. They have implemented these
models in a simulation tool, but it is obvious that queueing methods are preferred.

1.3 Goal and Structure of the Thesis

In view of the problems described above, the main goal of the thesis is to answer the following
question:

"What combination of SLAs with other domains leads to desired QoS of the response time?”

In other words: What is the SLA negotiation space? To this end, we analyze the sojourn times
in a variety of queueing networks. In cases where it is possible exact analyses are given, in other
cases approximations are made.

The remainder of this thesis is organized as follows. In Chapter 2 we consider approximations
for variances of sojourn times for a two-node network with as less as possible restrictions. In
Chapter 3 we obtain exact expressions for the mean sojourn time, and we derive approximations
of the variance of sojourn times in queueing networks with deterministic routing. In Chapter 4 we
obtain expressions for mean sojourn times in a network with finite capacity, and with or without a
buffer in front of the network. To come back to our running example and to make the investigated
models less abstract, in Chapter 5 we apply some mathematical results to the running example
given in Section 1.1.2 by calculating some negotiation spaces.



Chapter 2

Two-Node Queueing Networks

In this chapter we analyze the performance of a two-node queueing network with one processor
sharing (PS) node and one single-server first-come first-served (FCFS) node. External customers
arrive at the PS node according to a Poisson process with rate A. A departing customer subse-
quently enters the FCFS node with probability p, and leaves the network with probability 1 — p.
Upon departure from the FCFS node, a customer always returns to the PS node. A graphi-
cal representation of the network is given in Figure 2.1. All service times at all visits to both

Figure 2.1: The two-node open queueing network with probabilistic routing.

nodes are independent random variables. The service time Spg at the PS node has distribution
function Bpg(-) and the service time S at the FCFS node has distribution function Bp(-) with

first moment [r, second moment 61(;2), and third moment 5%3). The PS node has first moment
E[Sps] = Bps and squared coefficient of variation C%S which is defined by
02 _ Var[Sps]
PS E[SPS]2
Since, next to the external arrivals, there are also internal arrivals due to jobs that are fed back
with probability p, the mean arrival rate at the PS node is given by

(2.1)

A
Aps = A+PA+P A+ = ——.
I—p
The total load at the PS node is thus given by
_ ABps
pPPS = .
I-p
The arrival rate at the FCFS node can be expressed by
PA
Ap = ——
F 1_ p:

13



14 CHAPTER 2. TWO-NODE QUEUEING NETWORKS

so the total load at the FCFS node is given by

pABF
1_

PF =

It is hard to obtain exact results for sojourn times in queueing networks if some form of overtaking
occurs. Both the processor sharing and the feedback mechanism induce such overtaking. If
the service times at the FCFS node are exponentially distributed, then the joint queue length
distribution has a product form, and the mean queue length is easily obtained, yielding the mean
sojourn times via Little’s formula; but otherwise, even the mean sojourn times are not known.
Analytically, the complexity of the problem of obtaining sojourn time results in queues with non-
instantaneous feedback was discussed by Foley and Disney in [6].

The network we investigate is related to the work of Boxma et al. in [2, 3]. This work resulted
in approximations for the Laplace-Stieltjes transform (LST) of the joint distribution of the total
sojourn times. To assess the accuracy of these approximations the authors ran some experiments
to compare the mean sojourn times of the simulations with the approximated mean sojourn times.
In this chapter we extend these results by deriving the second moment of the total sojourn time.

2.1 Approximation Methods

To express the distribution of the total sojourn time, we want to approximate the Laplace-Stieltjes
Transform (LST) of the joint distribution of the total sojourn time Spg in the PS node and Sg
in the FCFS node. Denote by S 5 the total sojourn time of the first j visits to the PS node and

denote by Sl(;] the total sojourn tlme of the first j visits to the FCFS node with Sl(,O) = 0. We can
write for Re wy, Re ws > 0:

o0
(w1, wp) = Ble e Srs—2Sr) = 37 (1 - ppF e SedenSi), (2.2)
k=0

Note that taking w; = ws yields an expression for the total sojourn time S of a customer in the
system. We saw already that due to overtaking it is extremely hard to obtain exact solutions, so
we present three different approximation methods.

2.1.1 Method I: Independence Assumption (IA)

This approximation method is based on the following assumptions:

Assumption 1 SI(DICSH) and Sl(;k) are independent for k =0,1,2,... .

Assumption 2a S (k+1) ig distributed as the sum of & + 1 independent, identically distributed

terms. The 1nd1v1dua1 terms are distributed as opg; the stationary sojourn time in an M/G/1PS
node with arrival rate A\/(1 —p) and service time distribution Bpg(+). Similarly, S ") is distributed
as the sum of k£ independent, identically distributed terms, where each 1nd1v1dual term is distrib-
uted as or; the stationary sojourn time in an M/G/1 FCFS node with arrival rate Ap/(1 — p) and
service time distribution Bp(-).

From (2.2) and Assumption 1 and 2a we obtain for Re w;, Re wy > 0:

o0
Wl,(AJQ Z kE —wlo'Ps]k-‘rlE[ —LL)20'F]I€ (23)
k=0
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In particular,

we find from (2.3) the expressions we need to compute the variance of the total

sojourn time. The second moment of the sojourn time in the PS node can be obtained by

E[Sps]

We derive the
Ott [15]. We
given by Van

- ~ i(l —10)10]“8—2(IE[@_‘“‘”’S]k“)]E[e_wwp]'C

aw% (0,0) k=0 aw% (0,0)

- 0 —w10 —w1i0 —w20o
= D=k + 1) (Bt or PRl —apse™ orsBe™ o7 ]

k=0 ! (0,0)
= > (- Ptk + DB 7 Bopse 7P

k=0
+ Ele™7"s]"Elopge 7S] Ee”“27r ]

(0,0)

= Y (1—p)p*(k+ 1) (kE[ops]’ + Eops])

k=0

2p < Bps >2+ chg <1+ 2+pps> ( Bps )2
(1-p)?2 \1-pps 1-p 2—-pps) \1—pps
1 _C%Ds < 261235 261235 pps )
- ePrs —1 — .
1—p \(1-pps)* phs(l—pps) ( prs)

last term using the insensitivity result of sojourn times at the PS node proved by
also use the approximation for the variance of the sojourn time at the PS node
der Berg and Boxma [18] with c%g as the squared coefficient of variation of one

service time. The approach of these authors is based on a linear interpolation between the cases

of exponential

oo

and deterministic service times. Further we obtain the totals of the sums by

d-ppfk+Dk = (1-ppd (k+ Dkt~ =(1 —p)p%; > ptt
=0 k=0

k=0
R 2 1 2p
= (1-pp-— F=01-pp— = , 2.4
(I-pp 7 kizop ( p)pdp2 T~ 0-p? (2.4)
and, similarly,
= d < d 1 1
— k = — —_— k = — —_——
kEZO(l pp (k+1) =(1 p)dp kEZOP (1 p)dp1 "1 (255)

The second moment of the sojourn time in the FCFS node can be obtained by

msil = 28~ >a-pptmeerspn Loy
= — ~ —p)plile 7 o e
r Ow3 0,0)  1—p Ows (0,0)
= 0

= Y (1—ppEle 7Pk (Ble 7" |* 'E[—ope 277])

prrs Ows (0,0)

o0

D MR L B (e e e

_+_ E[ewzo—F]klE[U%‘ew2aF]>

k=0

(0,0)

= S - ppk((k — DEor]® +Elo}])

k=0

1—pr 26F

2
_ 2p? (/BF+ PF @)

(1-p)?
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2
L 6(2)4_2 prE @ + PE @
1—p [7F 1—pr 26F 1—pr 36F

We derive the last term by using the Pollaczek-Khintchine formula, as for example given in [20],
and differentiate this once in s = 0 to derive the mean waiting time, and differentiate this twice
in s = 0 to obtain the second moment of the waiting time. These derivatives can be obtained
easily by rewriting the Pollaczek-Khintchine formula in such a way that it contains the LST of
the residual service time. Note that the third moment of the service time is needed. We compute
the total of the sums by

Y (—ppf -1k = Zp’” (k= 1Dk =p"(1-p Z
k=0 k=
d2 1 2p?
_ 201 _ ) —
and
Y (-pp'k = (1-p) pr’“ 'k =p(1-p) Zp
k=0 k=0
d 1
= p(l-p)o— =" (2.7)

dpl—p 1-p

The expectation of Spg times Sr can be obtained by

E[SpsSr] = 627@ ~ i(l —p)pki(E[67w10’ps]k+1)i(E[e,wZaF]k)
Owy Ows (0,00  1—o Owr D 00)
= Z(l — p)p*(k + D)E[e 1775 " E[—gpge “17F5]
k=0

kE[e™ 2 r [* ' E[—ope 277])

(0,0)

= > (L=pp*(k+ DrEops]|Elor]
k=0

_ 2p  PBps PF @
T TP T-prs (BF+1—pF2BF '

Expressions for E[Sps] and E[SF] are derived in a similar way as the previous results and are
given in (2.3) and (2.4) of [3]. Combining these expressions with the previous formulas results in
an approximation for the variance of the total sojourn time:
Var[Sps + SF] = E[(Sps + SF)2] - (E[Sps + SF])2
= E[Sps]+2E[SpsSr] + E[S:] — (E[Sps] + E[SF])?

2p ( Bps >2+ Chs <1+2+PPS>< Bps )2
(1-p)? \1-pps 1-p 2—pps 1—-pps

X

1 —chsg < 2% _ 20%s ops _ 1 _ )
Ty \Topesl  Psl—pee) @ 1T PPS)
2p Bps pPF ﬂ@)
* 2((1—10)21—PP5 (6 +1—PF25F
2
2p° pr Br
Bk (5 T r wF)
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)\ 2 (3)
L _P 61(:2)+2< PF BF>+ pr Bp

1-p 1—pr 2Br 1—pr 3Br
2

_ Bprs P pPF @
<(1—P)(1—PPS) e (B” =i ))

2.1.2 Method II: Short-Circuit Assumption (SC)

This approximation method is based on the following assumptions:

Assumption 1 Sl(fgl) and Sl(;k) are independent for k =0,1,2,... .

Assumption 2b Sl(gkgl) has the same distribution as agg; the total sojourn time after k visits

in the PS node short-circuited (i.e., with the FCFS node removed). Similarly, Sl(f) has the same

distribution as agc); the total sojourn time after k visits in the FCFS nodes short-circuited (i.e.,

with the PS node removed).
From (2.2) and Assumptions 1 and 2b we obtain for Re wy, Re wy > 0:

o0
(k+1) (k)
U(wr,ws) & 3 (1 p)pFEle17r3  Efe2F ], (2.8)
k=0
Using (2.8) we obtain the expressions we need tot compute the variance of the total sojourn time
by

0%

8?2 (k1) ()
ElSts] = =5 ~ Y (1—pp*5—=(Ee“17rs |)E[e 27 ]
Ps 8&]% (0,0) kZZO 8&]% (0,0)
— . O 1 oD e (B
= Z(l - p)pka—(E[—aggl)e 1ps "] )Ele”“27F ]
k=0 wi (0,0)
> . : B o S I (5
= > (- Ellopg ) e JEle 2 r
k=0 (0,0)
= Y (- ppE BT
k=0
= . C2 2+ pps\ ((k+1)8ps\>
~ ooty (e 220) ()
192:;){( p)pk+1 2—pps 1—pps
c? 2((k+1)ﬁp5)2 2((k+l)ﬂp5)2
)
e D T @~ s—prs) ops)
[e%s) 2 2
= Y (1—ppk+)cps (1 +2F pPS) ( Ors )
P 2-pps 1—-pps
= 232 22,4
+ l_ppkk+12< PS _ P epps_l_p
kz::o( W ) (1—pps)*  pps(l—pps) ( Ps)
- : 265 265
— 1—p)p*(k+1)c2 ( — efrs —1—
192:;)( e+ s (L=pps)?  pps(l— /)PS)( prs)

_ Cps <1 2 +PPS> ( Bps )2
= +
1—p 2—pps) \1-pprs
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2 2 2

1+p—(1—-p)cpg < 2ps 2B%s (ePPs — 1 — pps)) . (2.9)
(1-p)? (1—-pps)®>  pps(l—pps)

Here we use the approximation of the second moment of the sojourn time in an M /G/1-PS node

given by Boxma and Van den Berg in [18] where we see the k + 1 visits together as a convolution

of k + 1 sojourn times. So the service time is k£ + 1 times longer and the squared coefficient of

variation must be divided by k + 1. This can easily be shown by adapting (2.1):

(k + I)Var[Spg] o 1 9
(k+ DE[Sps])?  k+1FS

for k =0,1,... . The total sums are calculated using (2.4) and (2.5), which also can be used to
calculate the following sum:

(2.10)

S A=-ppfk+1)? = Y (1-ppfk(k+1)+k+1)
k=0 =0
—p)p*k(k+ 1)+ ) (1—p)p*(k+1)
k=0 =0

2p 1 1+p

T (1-p? e (1-p)*

The second moment of the total sojourn time in the FCFS node can be obtained as follows:

Il
7

02T > (k1) 9?2 *)
BS2] = 25| &> (- pptEer (Ble=>7%"))
" 0w3 | (0,0 g w3 (0.0)
= > (- P Ee ) E ol
prt Ows (0,0)
= (- pp e T B o) e
k=0 (0,0)
= Y (- ptE))
k=0
— pz k IE (”)2]
- (1-p)? —2(1—p)
=) = PABE)R((1 = p)% — (1 — p)(2 + pABr) + pABr)
{2 P)(6PABE — 652 — 6pABEA2 + 382 + pASE)

— (12pAB% — 128% — 6pABEBY) + 2(p\)?Br Y — (pA)Q(,BE?))Z)]-

The used expression of the second moment of the sojourn time in an FCFS node with direct
feedback is given by Takacs in formula (36) of [17]. An expression for E[SpsSr] can be derived
as follows:

02 > i) k1), O (*)
ESpsSp] = ——o0 ~ 1—p)p* E[e “17ps ])—— (E[e “2°F
5055¢) = Gt 0n = 200 <PV 5y gy e |
= Y- P Eofg e R o e
k=0 (0,0)

o0

= S (- BTV 0]

k=0
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2p Brs Br A2
= p + 568 — 268 =)
(1-p)?1l—pps \1—pr 2 — pF
Expressions for E[Sps] and E[SFr] are obtained in a similar way as the previous results and are

given in (2.6) and (2.7) of [3]. Combining these expressions with the previous formulas results in
an approximation for the variance of the total sojourn time:

Val"[SPS + SF] = E[(SPS + SF)Z] - (E[Sps + SF])2
= E[Sps]+ 2E[SpsSr] + E[SE] — (E[Sps] + E[SF])°

Chg (1 2+ pps) ( Brs )2
_+_
1—p 2—pps) \1-pps

1+p—(1—p)chg 28ps 28%s oPs
T Sorsl sl o @ 1= pes))
L9 2p Bps ( Br LA ( @ _ g ) p >
(1-p)?1—-pps \1—pr 2 71— pr
(1-p?-2(1-p)

X

T ) = NP (L=p)® — (1 —p)(2  pABr) + PABr)
{ P)(6pAGE — 652 — 6pABEA2 + 382 + pAS®)

—  (12pAB% — 128% — 6pABr Y + 2(p\)? BB — (AW?))%]

_ BPS p BF A (2)_ :|>2
<(1—p)(1—PPS)+1—p l_PF+2( BF) —prl)

2.1.3 Method III: Weighted Average Approximation (WA)

A third approximation method is set up as follows: replace the LSTs in the righthand side of (2.2)
by weighted sums of LSTs that correspond to the two extremes of short-circuiting (i.e., immediate
feedback to the same queue) and independence of successive sojourn times of a customer at the
same queue (i.e., feedback after an infinite amount of time):

o0

W(wn,we) ~ (1= p)pt (wBle b ] 4 (1 - w) Bl rs])
k=0
((1—w)1E[e*WF ] + w[e WF]’“), (2.11)

with Re wy, Re wy > 0. In the same way as we did with the two other methods, we compute the
second moment of the sojourn time at the PS node by

0w = 0? (k+1) 02
E[S2 = — ~ 1—pp’c (w— Ele “1%Ps + (1 —w)=—= (E[le"“17Ps k“)
[Sps] 87 0.0 kz_o( ) &J%( [ D+ ( )&d%( [ ")
(1= w)Blem2"] + wie 277 ]F)
(0,0
= 300 -t (e (B )
- k=0 P Ouwn rs

9
8w1

(- wpBte=' 1 wBle =)

+ (L—w)(k+1) (E[e‘“’l”PS]kE[—apge_“’“’Ps])>

(0,0)
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oo

S (- ) (m[@%” et

k=0
(1 - w)(k: + ].)(k‘(E[e—un aPs]k—lE[_UPSe—wlaps]Q

Ble o Elrhse 7)) (L= wiBle +o¥] + wble=7]")

(0,0)

S (- pp* (wBl(of )]+ (1= w)(k + D(kE[ops]* + Blos]))

k=0

2 2 2
w[cps <1+ +pps> < Bps >
1-p 2 —pps 1—pps

L+p— (L= p)cps < 28ps  2Bps Ps _1_ )]
(1=p)? (1=pps)>  pps(l—pps) (ef 1= pps)

(l—w){ 2p ( Bps >2+ Chg <1+2+PPS>< Bps >2
(1-p)2 \1~-pps 1-p 2—-pps) \1-pps

1—c2 2/3% 2/3%
PS < /BPS = — = /BPS (epps — 1= PPS)) :| .
1-p \(1-pps) pps(l —pps)

The second moment of the sojourn time in the FCFS node can be obtained by

E[S7]

o> > (k1)
P Y=t (Bl (1 = et ne et
&U% (0,0) kz::[) ( )

((1 — ) L e ) + wa—<E[e—“m1’“>)

Owy Ows (0,0)
Z(l _ p)pk (’U}E[eiwl O—(k;rl)] I (1 . U})E[67W1 Jps]k+1)
k=0
_ i _ (k) —W20 i —waoplk—1 —woo R
<( w)(9 (E[—of’e D+ wkan (Ele ¥ 'E—ope D o0

E[eWFV“1E[<ap>2ewwn)

(0,0)
oo

> (= pp* (1= w)Elo 2]+ wh((k — VE[r]? + Elo}]))

k=0
(1-p)*—-2(1-p)
6((1 —p) —pABr)*((1 —p)? — (1 = p)(2 + pABr) + PABF)

{2(1 — p)(6pABE — 687 — 6pABrAY) + 38 + pAsl)

(1—w)p

(12pAB3 — 1282 — 6pABrAY + 2(pA)2BrBY) — 3(pA)2(6§3>)2)]

2p? pF 5(2)
w<(1_p)2 (ﬂ” 1 pr 26r
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2
pr_Bp pr_Br
+ 1— [BF (1—pF2,3F +1—PF3ﬂF ’

An expression for E[SpsSF] can be derived as follows:

E[SpsSr] =

X

0%
8w1 8w2

(0,0)

S (1 - ppt (wa%m[ew”“””b F(1- w)aim(me“m]k“))

k=0

a 70.;20'( 6 —wooplk
(- wg Ee =) rwg @) |
= —nlD
>0t (wB-ofh e
k=0

(1 —w)(k 4+ 1)E[e™ aPs]kE[_UPSe—mes]>

(1= w)E-ofP e =] + whkBle >o7]* 1B[-ope=7r])

(0,0)

> (= pp* (wEo V] + (1= w)(k + DEps]) (1 - w)Elo ] + whBlor])
k=0

S (1 - (wa — w)Ep & Ee®] + Bt kB
k=0
(1= w)’(k + DEopsIEL®] + (1 — wywk + 1>kE[aps1E[aF])

o0

S -ppt (w(l — w)(k + D)Eops]Elo}”] + w?(k + 1)kE[ops]Eor]

k=0

(1= w)(k+ DBl ps]Bo)] + (1 - whulh + DEEopsTElor]

S (1 - ppt ((1 — W)k + DEo s Ee ] + w(k + 1>kE[aps1E[oF1)

k=0
B 2p  Bps Br Arae) p
(1 w)(l—p)Ql—PPs (1—PF+2(BF 2/812?)1—/)1?)

2p Bps Br A (a2 op2 D >
A= P T-prs (1—pp+2(/3F ) T A=)

2p Brs Br AL p 3 w
(l—p)zl—pps<1—pp+2( QBF) pF<1 w+1—p>>'

An expression for E[Spg] and E[SF] is obtained in a similar way as previous results and is given in
(2.9) and (2.10) of [3]. Combining these expressions results in an approximation for the variance
of the total sojourn time:

Val"[Sps + SF]

El(Sps + Sr)*] — (E[Sps + Sr])?
= [E[Sps]+ 2E[SpsSr] + E[S7] — (E[Sps] + E[SF])?

g < 2+pps>< Bps >2
w[l—p 1+2_PPS 1—pps
1—+—p—(1—p)c2 262 262 PSs
T—p? (( e mpem il ‘l‘pPS)ﬂ

1—pps)*  pps(l—pps

X
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+ (l—w){ 2p ( Bps >2+ Chs <1+2+PPS>< Brs >2
(1-p)2 \1-pps 1-p 2—-pps) \1-pps

1—chg < 232 3 2B%.4 pps 1 ) }
T oy \G=prer Pps(l—pps) (e L=prs)
2p Bps  Br A (a2 502 p _ v
" 2(1—17)2 (1_pP51_PF+2(6F 2BF)l_PF (1 w+1_p>>
+ (1—wp (1-p)?*-2(1-p)

60— p) — pABr)2 (1= p — (1= )@+ pABr) T pABr)
{2(1 D) (6pABE — 682 — 6pM3EBE) + 382 + pABY)

—  (12pAB% — 128% — 6pABr Y + 2(p\)? BB — 3<pA)2<ﬂ§?>)2)]
2p? PF @ :
! w((l—pP <BF+1—pF2BF

2\ 2 (3)
I Bg>+2<P_F/3L> L _Pr Br )

1-p 1—pr 26F 1—pr 36r
[ Bps
(1-p)(1 - pps)

2
P [ Br A gy P _ w
+ 1—p[1—pp+2(F 2ﬂp)1_pF 1 w+1_p .

2.2 Numerical Results

To assess the accuracy of the previously derived approximations, we have performed numerical
experiments, comparing the approximations with simulations. We have checked the accuracy of
the approximations for many parameter combinations, by varying the arrival rate A, the loads ppg
and pp, the variability in the service-time distributions ¢4 ¢ and ¢%. and the feedback probability
p. Denoting the point estimations of the variance based on simulations by Var[S], and denoting
the calculated values of the variance by Var,[S], the relative error of the variance is defined as

_ Var,[S] — Vars[S]

A% Var,[S]

- 100%. (2.12)

Each configuration is ran ten times where the runs are taken long enough to ensure that all the
confidence intervals were at most 15% of the point estimator value. In Table 2.1 we give numerical
results for different cases with exponentially distributed service times at both nodes.

From Table 2.1 it becomes clear that if both nodes are highly asymmetrically loaded, WA performs
very well for exponentially distributed service times. However, when the loads are nearly equal, the
performance of the approximations is less accurate. In Table 2.2 we present numerical results for
different cases with uniformly distributed service times at both nodes over the interval [0; 25pg]
for the PS node and [0; 28] for the FCFS node. When the service times are uniformly distributed,
Table 2.2 shows that even for equally loaded nodes WA performs very well. This indicates that for
c%s below one WA performs better than for ¢%s above one. We will investigate this further using
Gamma distributed service times.

The results in Table 2.3 show that when unequal loads are used, WA performs very well for several
c®s. But when the nodes are symmetrically loaded, the results are even worse than the results
given in Table 2.1, in which we use exponentially distributed service times.

In Table 2.4 we investigate te influence of several squared coefficients of variation. This table
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[ p ] X JTeps]pr]chg [ & ] VarSim IA | A% | sC | A% | WA [ A%

0.2 | 0.72 0.9 0.1 1 1 415.38 364.87 | -12.16 418.74 0.81 415.60 0.05

0.5 | 0.45 0.9 0.1 1066.37 737.33 | -30.86 1082.07 1.47 1073.76 0.69

0.8 | 0.18 0.9 0.1 6724.48 3380.48 | -49.73 6827.83 1.54 6775.40 0.76

0.2 | 0.08 0.1 0.9 129966.23 | 114220.84 | -12.11 | 136555.45 5.07 | 136500.39 5.03

0.5 | 0.05 | 0.1 0.9 158946.82 98005.20 | -38.34 | 153548.40 | -3.40 | 153207.30 -3.61

0.8 | 0.04 | 0.1 0.9 161109.20 77195.38 | -52.09 | 161571.23 0.29 | 160745.20 -0.23

0.2 | 0.64 0.8 0.8 576.70 510.42 | -11.49 581.98 0.92 562.41 -2.48

0.5 | 0.40 0.8 0.8 870.61 666.67 | -23.43 885.52 1.71 788.10 -9.48

[l e e e el e e
[l el el e e Bl e

0.8 | 0.16 0.8 0.8 4481.16 2979.17 | -33.52 4575.27 2.10 3784.33 | -15.55

Table 2.1: Sojourn time variances of a network with exponentially distributed service times,
compared with three approximations.

[ [ X Jops[pr s | & | VarSim | IA] A% | SC[ A% | WA [ A%

0.2 | 0.72 0.9 0.1 | 0.33 | 0.33 265.93 216.79 | -18.48 270.69 1.79 267.62 0.64

0.5 | 0.45 | 0.9 0.1 | 0.33 | 0.33 807.64 500.35 | -38.05 845.26 4.66 837.03 3.64

0.8 | 0.18 | 0.9 0.1 | 0.33 | 0.33 5804.96 2786.82 | -51.99 6235.84 7.42 6183.34 6.52

0.2 | 0.08 | 0.1 0.9 | 0.33 | 0.33 75006.54 | 52658.84 | -29.79 74960.68 | -0.06 74887.98 | -0.16

0.5 | 0.05 0.1 0.9 | 0.33 | 0.33 | 103771.71 | 46031.49 | -55.64 | 107954.83 4.03 | 107505.39 3.60

0.8 | 0.04 0.1 0.9 | 0.33 | 0.33 | 146747.27 | 37247.44 | -74.62 | 141428.54 | -3.62 | 140347.16 | -4.36

0.2 | 0.64 0.8 0.8 | 0.33 | 0.33 335.08 272.93 | -18.55 351.05 4.77 328.29 | -2.02

0.5 | 0.40 | 0.8 0.8 | 0.33 | 0.33 570.83 408.02 | -28.52 676.50 | 18.51 558.11 | -2.23

0.8 | 0.16 | 0.8 0.8 | 0.33 | 0.33 3195.89 2058.39 | -35.59 4156.17 | 30.05 3133.58 | -1.95

Table 2.2: Sojourn time variances of a network with uniformly distributed service times, compared
with three approximations.

shows it is hard to say that for larger squared coefficients of variation the error is also larger.
Then, the question arises why the results of Table 2.2 are a little more precise. We did some
other experiments with uniformly distributed service times which also show that the results are a
little more exact than the same experiments with Gamma distributed service times and a squared
variance of variation of 1/3. A reason for this is a different skewness of the distributions whereby
the third moments differ. That can explain the better results of Table 2.2.

Comparing the tables shows that even with advanced approximation methods it is not easy to
obtain precise approximations for a network with two generally distributed nodes. However,
in Tables 2.1-2.3 approximation methods SC and WA perform very well for low p-values, and
performs quite well for high p-values. Since from an application point-of-view high p-values are
less relevant, these results can be useful in some cases. Together with the results in Table 2.4
we can conclude that the approximation methods SC and WA at least can be used to obtain an
indication for variances of the sojourn times.
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[p ] X JTops]pr | cEg ] & | VarSim | IA] A% ] SC] A% ] WA | A%
0.2 0.72 0.9 0.1 1.67 1.67 583.39 513.69 -11.95 567.53 -2.72 564.33 -3.27
0.5 0.45 0.9 0.1 1.67 1.67 1223.67 975.50 -20.28 1320.07 7.88 1311.67 7.19
0.8 0.18 0.9 0.1 1.00 4.56 7154.76 3392.08 -52.59 6830.41 -4.53 6778.41 -5.26
0.2 | 0.08 0.1 0.9 1.00 | 4.56 | 764243.17 | 833931.86 9.12 | 772466.96 1.08 | 772533.82 1.08
0.5 | 0.05 0.1 0.9 | 4.56 | 4.56 | 505953.86 | 699811.37 38.32 | 533439.90 5.43 | 534051.49 5.55
0.8 0.04 0.1 0.9 1.67 | 4.56 301897.28 532870.33 76.51 292326.06 -3.17 | 294513.48 -2.45
0.2 0.64 0.8 0.8 1.67 1.67 853.39 812.53 -4.79 863.88 1.23 848.44 -0.58
0.5 0.40 0.8 0.8 1.67 1.67 1163.54 977.95 -15.95 1117.26 -3.98 1046.49 -10.06
0.8 | 0.16 0.8 0.8 1.67 | 4.56 10294.56 9816.29 -4.65 6483.60 | -37.02 7593.79 | -26.23

Table 2.3: Sojourn time variances of a network with Gamma distributed service times, compared

with three approximations.

[ p [ X Jops ]| pr | chg Var Sim IA] A% | sC] A% | WA A% |
0.50 | 0.50 | 0.80 | 0.80 0.10 0.10 285.99 197.67 | -30.88 390.21 36.44 305.33 6.76
0.50 | 0.50 | 0.80 | 0.80 0.30 0.30 348.77 235.45 | -32.49 427.19 22.48 343.80 -1.43
0.50 | 0.50 | 0.80 | 0.80 0.50 0.50 410.59 275.69 | -32.86 465.45 13.36 383.91 -6.50
0.50 0.50 0.80 0.80 1.00 1.00 566.13 387.04 | -31.63 566.74 0.11 491.18 -13.24
0.50 0.50 0.80 0.80 1.50 1.50 713.37 513.75 -27.98 676.05 -5.23 608.11 -14.75
0.50 0.50 0.80 0.80 2.00 2.00 844.06 655.82 -22.30 793.39 -6.00 734.40 -12.99
0.50 | 0.50 | 0.80 | 0.80 4.00 4.00 1525.55 1377.69 -9.69 1343.05 | -11.96 1329.05 | -12.88
0.50 | 0.50 | 0.80 | 0.80 8.00 8.00 3224.03 3558.72 10.38 | 2827.76 | -12.29 | 2927.11 -9.21
0.50 | 0.50 | 0.80 | 0.80 16.00 16.00 8186.87 | 10869.90 32.77 | 7338.76 | -10.36 | 7698.12 -5.97

Table 2.4: Sojourn time variances of a network with equally loaded nodes with Gamma distributed

service times where ¢

2

increases, compared with three approximations.




Chapter 3

Queueing Networks with
Deterministic Routing

Although there are many applications where a model with one PS node and one FCFS node with
Bernoulli feedback, as considered in previous chapter, is very useful, it is the smallest network
that is possible. So in this chapter we investigate more extended networks. Van der Mei et al.
give in [8] exact expressions for the mean sojourn times and approximations for the variances
in a queueing network with one PS node and several FCFS nodes with Markovian routing. We
will adapt some of these results to a network with deterministic routing. Note that the running
example given in Section 1.1.2 is one of such networks. A graphical representation of a general
network with deterministic routing is given in Figure 3.1.

Cy

0

Ol

[O

C2

0]

IO

Figure 3.1: Network with deterministic routing which consists of one PS node and several multi-
server FCFS nodes.

25
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3.1 Sojourn Times with an M/G/1 PS Node and M/M/c
FCFS Nodes

We assume that customers arrive at the network according to a Poisson process with rate A\. The
service time Spg at the PS node is represented as a generally distributed random variable with
distribution Bpg(-) and with first moment Spg. The load at the PS node is given by

pPPS = (M + 1)/\/BPS;

where M € N represents the number of FCFS nodes in the network. For an FCFS node k with
exponentially distributed service time distribution By (-) and S as first moment of the service
time, the load is given by
ABk
o = 2 (3.1)
C
with ¢ € N the number of servers at the FCFS node for £k = 1,..., M. Then, as we define Sl(gi?g
as the sojourn time of the i-th visit to the PS node, for i = 1,..., M + 1, and also define S}, as
the sojourn time of the only visit to the FCFS node k, for k = 1,..., M, the total sojourn time is
given by

M+1 ) M
S=3 80+ Sk (3.2)
i=1 k=1

3.1.1 Expectation of the Sojourn Times

Since the network with deterministic routing fulfils each of the conditions of a product-form net-
work, we may use the properties of such a network. So, by defining Lpg and Ly, to be the stationary
number of customers at the PS node and at the k-th FCFS node, respectively, we have

M
P(Lps =1;L1 =11,...,Ly =1ly) =P(Lps =1) H P(Li = ),
k=1

with [ > 0 and Iy > 0 for k = 1,...,M . For the PS node we get the equilibrium distribution
P(Lps =1) = (1 — pps)plg, whereby it follows that

PPS

Hlrsl =12 pPS

Then, using Little’s law we get

()1 _ pPs _ Bps
ElSps] = (M + A1 = pps)  1—pps’

fori=1,...,M + 1. For the FCFS nodes we derive P(Ly = l}) from the equilibrium probabilities

(3.3)

)\H’D(Lk = lk — 1) = mln(lk,Ck)]P(Lk = lk)/ﬁka

fork=1,...,M and [, =0,1,2,.... Iterating gives
I
P(Ly = lg) = (C’“l’z D p(Le=0),  L=0,....c (3.4)
and
[+ [+ Ck
B(Ly = e +1) = o L2 pp 0y 01,2, (3.5)
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for k=1,..., M and where P(L;, = 0) follows from normalization, yielding
) | (o 1\
P(Ly =0) = .
( k ) ZO: l! + Ck! 1-— Pk

From the probabilities in (3.4) and (3.5) we can derive the probability 7, that a customer has to
wait at FCFS queue k:

e = P(Lp=cp)+PLr=cpe+1)+P(Lr=cr+2)+...
P(L; =c
= P(Lp=cy)[l+pp+pi+...]= 7(1’“ )
~ Pk
-1

(ckpr)™ < (crpr) | (crpr)™

—— [ (1 - . .
) ( Pk)lgo: T + o] (3.6)

If a customer enters an FCFS M /M /c; queue with mean service time [, then the conditional
number of customers in the system, given that the customer has to wait, equals the number of
customers in an FCFS M /M /1 queue with service time f, /ci. Thereby we can derive the following
expression of the waiting time for an FCFS M /M /c; queue:

E[S)] = L f”ﬁ’“ (3.7)

(1= pr)c

for k = 1,..., M. Combining (3.2), (3.3) and (3.7) we obtain the following expression for the
mean total sojourn time of an arbitrary customer:

ES] = E

M+1 ) M
Sosi+ Y skl
i=1 k=1

M
(M + DE[Sp3] + > E[Si]
k=1
(M +1)Bps N i ( Br

1—pps (1 = pr)ck et Bk) ’ (3:8)

k=1

where 7y, is given in (3.6).

3.1.2 Variance of the Sojourn Times

In this section an approximation for the variance of the sojourn times in a queueing network with
deterministic routing will be derived. To start, we write the variance of the sojourn times in the
following general form:

M+1 ) M
Var[$] = Var | 3 S0+ Sk] (3.9)
=1 k=1

Then we need the following assumptions to limit the complexity of the problem:

Assumption 1: The total sojourn time of a customer in the PS node can be approximated by
the sum of M + 1 independent identically distributed sojourn times.

Assumption 2: The total arrival process at the PS node is a Poisson process with rate (M +1)A.
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Assumption 3: The sojourn times S; and S; are uncorrelated, with ¢ # j. So, Cov[S;, S;] ~ 0.
The sojourn times 51(3125' and S; are uncorrelated for all i, 5. So, Cov[SI(Jl)S, S;] = 0.

To approximate the variance of the sojourn times in the PS node we use the expression of Van
den Berg and Boxma in [18] for the second moment of the sojourn time of an M/G/1-PS node.
Similar as in (2.9), we adapt the expression of Van den Berg and Boxma by considering the M + 1
visits together resulting in a convolution of M +1 sojourn times. Thus, also the squared coefficient
of variation must be divided by M + 1, which can be proved using (2.10) and substituting &k = M.
Using this for the total arrival time at the PS node in our model, we derive for the second moment
of the sojourn times

02 2+pP5‘ (M + l)ﬁps 2
st~ (12 2 (M)
5ps] M+1 2—pps 1—pps

(1 _ Chs > (2((M + 1)8ps)? 2((M + 1)Bps)?
M+1 (1—pps)? pbs(l = pps)
2 2+ pps Brs \?
(M L)cps (1 = PPS) (1 - PPS)
20ps 28ps
(1= pps)? pps(l = pps)

+

(e”7s —1— pPs)>

+ (M 4+1)? = (M +1)chg) ( (efPs —1— ppg)) .

The variance of the sojourn time with general service times at the PS node can now be obtained
by

M+1 .
r 25595] = E[Shs] - (M + 1)E[SPS))2. (3.10)

Using assumption 2, c¢% 4 can be derived from real data or depends on which distribution is used. By
following assumption 3, the variance of the total sojourn time in an FCFS node with exponentially
distributed service times can be expressed as follows:

Zsk] = ZVarsk]HZ Z Cov[S;, Sj]
k=1

i=1 j=i+1

Var

Q
Mz T

(EW?] - (B[Wi])® + 5) -

M 2
= 3 () 311

where Wj, represents the waiting time at queue £ = 1,..., M. Using the assumptions and by
substituting (3.11) and (3.10) in (3.9), an explicit expression is derived for the variance of the
total sojourn time in a queueing network with general service times at the PS node:

2+ pps Brs \?
Var[S] ~ (M +1)c? (1 + ) ( )
ar[S] ( )eps 3= pps ) \T= pps

28%s 28%s
(1- pps)2 Pps(1—pps)
<(M + ]. BPS) + Z (/Bk 7rpkk))/b;l%> . (312)

1—pps

b1 — (M 1 Dhg) ( (errs —1— pps>)
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Numerical Results

In this section the accuracy of (3.12) is assessed. We have performed numerous numerical experi-
ments and checked the accuracy of approximations for many parameter combinations, by varying
the arrival rate, the service time distributions, the asymmetry in the loads of the nodes and the
numbers of servers at the FCFS nodes. All simulations are run ten times where the lengths of
the runs are taken long enough to ensure reliable results. The relative error is obtained by using
(2.12). In all tables the variance obtained by (3.12) is compared with simulation results. To illus-
trate the rate of accuracy, we compare the simulation results also with a simple, straightforward
approximation, which completely ignores dependencies between sojourn times in the PS node.
This simple approximation is given by

2+ pps Brs \
Vargimple|S] = M+1 02 (1 + > ( >
wlS] = (40| (14 35228 ) (L EE0
232 232
+ 1—02 ( PS pPS ePPs _1_PPS
(1=cps) (1= pps)? ppg(l = PPS)( )

- ()] +,ﬁ@”%) (3.13)

Single-Server Case: In Table 3.1 the results of the variance are given for a queueing network
with deterministic routing, exponential service times at the PS node and exponential service times
at the two identical single-server FCFS nodes.

Bps | Br | Vars[S] | Var,[S] | AVar% | Varg[S] | AVar%

(simple) | (simple)
0.1 0.2 0.24 0.24 -1.11 0.17 -30.26
0.1 0.5 2.15 2.11 -1.74 2.04 -4.97
0.1 0.8 32.82 32.11 -2.17 32.04 -2.38
0.2 0.2 2.22 2.28 2.65 0.35 -84.04
0.2 0.5 4.21 4.15 -1.27 2.23 -47.00
0.2 0.8 34.26 34.15 -0.33 32.23 -5.94
0.3 0.2 119.51 117.85 -1.39 0.87 -99.27
0.3 0.5 122.82 119.72 -2.52 2.75 -97.76
0.3 0.8 145.34 149.72 3.01 32.75 -77.47

Table 3.1: Sojourn time variances of a queueing network with exponential service times and two
identical single-server FCFS nodes.

We see that our approximation for the variance performs very well. As expected, the simple ap-
proximation as given in (3.13) consistently and strongly underestimates the variance of the total
sojourn time; it appears to be an inaccurate lower bound. To investigate the impact of asymmetry
of the loads on the accuracy of the approximations, we have also considered a variety of parameter
combinations with unequal loads of the two FCFS node. Table 3.2 presents the results for this
case where we have the same network as in Table 3.1, except instead of using two identically single
server nodes, the loads of the two FCFS nodes are taken asymmetrically.

We see that the results in Table 3.2 demonstrate that for asymmetric cases the relative error is still
very low. Again the estimate is sometimes higher and sometimes lower than the simulated value.
It does not seem to make any difference whether the loads of the nodes are very different or close
to each other. Asymmetric loads do not cause the approximation to perform significantly worse.
This could be expected since the approximation contains no covariance terms. Consequently the
formula given in (3.12) can be applied to asymmetric loads as well.

To validate our approximation for a network with more than two FCFS nodes, we also include the
results for a case with five FCFS nodes in Table 3.3. For the PS node as for the FCFS nodes we
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Bps Br Vars[S] | Var,[S] | AVar% | Var,[S] AVar%

(simple) | (simple)
0.1 0.2 | 0.8 15.87 16.17 1.93 16.10 1.49
0.1 0.3 | 0.7 5.54 5.74 3.56 5.67 2.31
0.1 0.4 | 0.6 2.87 2.8 -2.29 2.74 -4.71
0.2 0.2 | 0.8 18.24 18.21 -0.12 16.29 -10.66
0.2 0.3 | 0.7 7.85 7.78 -0.83 5.86 -25.34
0.2 0.4 | 0.6 4.97 4.85 -2.42 2.92 -41.14
0.3 0.2 | 0.8 142.08 133.78 -5.84 16.81 -88.17
0.3 0.3 | 0.7 129.34 123.35 -4.63 6.37 -95.07
0.3 0.4 | 0.6 122.14 120.41 -1.42 3.44 -97.18

Table 3.2: Sojourn time variances of a queueing network with exponential service times and two
asymmetrically loaded single-server FCFS nodes.

use exponential service times with several service rates. As we can see, even for very high loads
the approximation is still accurate. And as expected, the simple approximations again underes-
timate the variance of the total sojourn time in the case with five FCFS nodes. Since the more
advanced approximations behave very well in systems with five FCFS nodes, we expect that the
approximation will also behave well in systems with an arbitrary number of FCFS nodes, because
a larger number of FCFS nodes will reduce the cross-correlations.

Bps Br Varg[S] | Varg[S] | AVar% | Varg[S] | AVar%

(simple) | (simple)
0.05 | 02|02 02]02] 0.2 0.41 0.39 -5.65 0.60 44.87
0.05 | 0.5 | 0.5 | 0.5 | 0.5 | 0.5 5.16 5.08 -1.70 5.28 2.32
0.05 | 0.8 | 0.8 | 0.8 | 0.8 | 0.8 82.82 80.08 -3.31 80.28 -3.06
0.05 | 0.1 | 0.3 | 0.5 | 0.7 | 0.9 87.37 87.72 0.39 87.92 0.63
0.05 | 0.9 | 0.7 | 0.5 | 0.3 | 0.1 89.57 87.72 -2.07 87.92 -1.83
0.05 | 0.5 | 0.1 | 0.7 | 0.3 | 0.9 92.83 87.72 -5.51 87.92 -5.28
0.05 | 08| 08| 08| 08| 0.8 79.61 80.08 0.59 80.28 0.85
0.15 | 0.1 | 0.3 | 0.5 | 0.7 | 0.9 171.74 181.40 5.63 87.92 -48.80
0.15 | 0.9 | 0.7 | 0.5 | 0.3 | 0.1 186.44 181.40 -2.70 87.92 -52.84
0.15 | 0.5 | 0.1 | 0.7 | 0.3 | 0.9 183.25 181.40 -1.01 87.92 -52.02
0.15 | 0.1 | 0.3 | 0.5 | 0.7 | 0.9 173.06 181.40 4.82 87.92 -49.20

Table 3.3: Sojourn time variances of a queueing network with exponential service times and five
single-server FCFS nodes.

Multi-Server Case: Now that we have seen that our approximation given in (3.12) is very
accurate for all different configurations in networks with A/M/1 FCFS nodes, we evaluate the
accuracy of our approximation for multi-server FCFS nodes. We first consider the model with three
symmetric M /M /c queues. As before, the PS node and FCFS nodes have exponentially distributed
service times. As shown in Table 3.4, also for symmetric multi-server queues our approximation
performs well. To extend these results we consider in Table 3.5 the case of asymmetric multi-server
nodes. As expected the relative error of this case is still very good. So for the case of exponential
service times at the PS node and at the FCFS nodes we can say that even in the worst case
our approximation as given in (3.12) performs very well and can be used for every scenario in a
queueing network with deterministic routing to obtain the variance of the sojourn time.

Now that we are convinced that our approximation performs well for exponential service times at
the PS node, the question arises how this formula performs for other service time distributions.
Table 3.6 shows the results of the simulated and approximated values of Var[S] for a variety
of parameters, where the service times of the FCFS node are exponentially distributed and the
squared coefficient of variation ¢%¢ of the service time distribution at the PS node is varied as 0,
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Bps | Br | ¢ | Vars[S] | Varg[S] | AVar% | Var,[S] AVar%

(simple) | (simple)
0.05 0.4 | 2 0.53 0.53 -0.05 0.52 -2.73
0.10 1.0 | 2 5.03 4.94 -1.86 4.72 -6.15
0.20 1.6 | 2 67.82 69.82 2.95 51.98 -23.35
0.05 1.6 | 2 53.91 51.70 -4.11 51.69 -4.13
0.20 0.2 | 2 17.64 18.26 3.51 0.43 -97.58
0.05 0.8 | 4 1.94 1.95 0.61 1.94 -0.12
0.10 2.0 | 4 13.22 13.22 0.04 13.01 -1.59
0.20 3.6 | 4 284.82 289.07 1.49 271.24 -4.77
0.05 72 | 8 373.58 376.90 0.89 376.88 0.88
0.10 1.6 | 8 7.85 7.95 1.24 7.73 -1.51
0.20 | 4.0 | 8 62.89 66.49 5.72 48.65 -22.64

Table 3.4: Sojourn time variances with three symmetric multi-server FCFS nodes.

Bps BF c Vars[S] | Varg[S] | AVar% | Var,[S] | AVar%

(simple) | (simple)
0.05 0.1 0.4 | 0.9 1 213 1.04 1.04 0.25 1.03 -1.12
0.10 0.4 1.2 | 3.2 1 213 24.21 23.49 -2.98 23.28 -3.87
0.20 0.6 0.8 | 0.6 1 213 20.71 21.57 4.18 3.74 -81.95
0.05 3.2 1.8 108 (4] 3|2 28.68 29.03 1.23 29.02 1.18
0.10 1.6 25102 | 2 5 1 23.62 24.05 1.82 23.84 0.91
0.20 27132353 |4]|5 148.02 142.94 -3.43 125.11 -15.48

Table 3.5: Sojourn time expectations and variances with three asymmetric multi-server FCFS
nodes.

4, and 16. These last service times are deterministic for the case ¢5g = 0 and Gamma distributed
for the cases ¢3¢ = 4 and ¢hg = 16. To obtain ¢}, = 4, we use a Gamma distribution with shape
parameter I' = 1/4 and scale parameter A\* = 5/2 for fps = I'/A* = 0.1, and we use a Gamma
distribution with I' = 1/4 and A\* = 5/6 for Bps = I'/A\* = 0.3. To obtain c%g = 16, we use a
Gamma distribution with I' = 1/16 and A\* = 5/8 for fps = I'/A* = 0.1, and we use a Gamma
distribution with I' = 1/16 and A* = 5/24 for Bps = T'/\* =0.3.

We see in Table 3.6 that our approximation also holds for general service times at the PS node.
To extend these results Table 3.7 presents the results of almost exactly the same network, with
as exception that both FCFS nodes become M /M /c nodes. The first FCFS node has two servers
and the second FCFS node has three servers, so ¢; = 2 and ¢z = 3. And if we look at the results,
also for these cases the approximation given in (3.12) is still accurate. So we can conclude that
our approximation covers a wide range of different configurations of the PS node and FCFS nodes
and therefore is a reliable formula to obtain the variance in a network with deterministic routing
with just two restrictions: a Poisson distributed arrival rate and exponentially distributed FCFS
service times.

3.2 Sojourn Times with an M/G/1 PS Node and M/G/co
FCFS Nodes

Although it is very hard to obtain an expression for the expectation and variance of the sojourn
time in a network which consists of multi-server FCFS nodes with general service times, using the
assumption that there are infinitely servers available, an exact result of the mean sojourn time
and a good approximation of the variance of the sojourn times can be determined. The mean and
variance of the sojourn time of an FCFS node in any M /G /oo node equals the mean and variance

of the service time. So, if we denote the first moment with £; and second moment with B,(f) of
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Bps | chg Br Vars[S] | Varg[S] | AVar% | Varg[S] | AVar%

(simple) | (simple)
0.1 0 0.1 0.9 82.15 81.05 -1.33 81.01 -1.38
0.3 0 0.8 0.5 85.89 86.81 1.06 17.12 -80.06
0.1 0 0.5 0.3 1.25 1.22 -1.76 1.19 -4.87
0.3 0 0.9 0.1 147.49 150.82 2.25 81.14 -44.99
0.1 41 0.1 0.9 80.83 81.33 0.62 81.17 0.42
0.3 41 0.8 0.5 274.00 278.46 1.63 19.61 -92.84
0.1 41 0.5 0.3 1.54 1.50 -2.68 1.34 -13.15
0.3 4109 0.1 331.30 342.47 3.37 83.62 -74.76
0.1 16 | 0.1 | 0.9 81.55 82.16 0.75 81.63 0.10
0.3 16 | 0.8 | 0.5 831.15 853.41 2.68 27.07 -96.74
0.1 16 0.5 0.3 2.37 2.33 -1.86 1.80 -24.19
0.3 16 0.9 0.1 871.49 917.42 5.27 91.09 -89.55

Table 3.6: Sojourn time variances for a queuing network with general service times at the PS node
and with two asymmetrically loaded M /M /1 nodes.

Bps | cbg Br Vars[S] | Varg[S] | AVar% | Var,[S] | AVar%

(simple) | (simple)
0.1 0| 02| 27 80.82 85.66 5.99 85.62 5.94
0.3 0 1.6 1.5 88.82 89.70 0.99 20.02 -77.46
0.1 0 1.0 | 0.9 2.43 2.43 -0.02 2.39 -1.61
0.3 0 1.8 | 0.3 149.31 152.38 2.05 82.69 -44.62
0.1 4102 | 2.7 88.50 85.94 -2.90 85.78 -3.08
0.3 41 1.6 1.5 272.00 281.35 3.44 22.50 -91.73
0.1 41 1.0 0.9 2.71 2.71 -0.23 2.55 -6.18
0.3 4|18 0.3 330.14 344.03 4.21 85.18 -74.20
0.1 16 | 0.2 | 2.7 89.60 86.77 -3.16 86.24 -3.76
0.3 16 | 1.6 | 1.5 820.26 856.30 4.39 29.97 -96.35
0.1 16 | 1.0 | 0.9 3.57 3.54 -0.79 3.01 -15.66
0.3 16 1.8 | 0.3 920.45 918.98 -0.16 92.64 -89.93

Table 3.7: Sojourn time variances for a queueing network with general service times at the PS
node and with two asymmetrical multi-server FCFS nodes.

the generally distributed random service time distribution By(-) of the k-th FCFS node, the mean
and variance of the sojourn times can be obtained for £ = 1,..., M. Note that p; has no meaning
anymore since ¢y — 0o. Further, we still use the three assumptions as given before.

3.2.1 Expectation of the Sojourn Times

Since a network with deterministic routing, general service times and infinite servers at the FCFS
nodes fulfills the conditions of a product-form network we can write the closed-form expression for
the expectation of the sojourn time as follows:

M+1

M
Z +ZS = 7M+1)’6P5 + ) B (3.14)

— PPS 1

3.2.2 Variance of the Sojourn Times

If we use the approximation in (3.10) for the sojourn time in the PS node with general distributed
service times, the following approximation can be used to determine the variance of the sojourn
time in a deterministic routing network with general service times at the PS node and FCFS nodes
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with infinitely many servers:

2+ pps Brs \’
Var[S] ~ (M +1)c (1-!— )( >
] ( )eps 2—pps) \1-pps

28%s 28ps
(1= pps)? pps(l = pps)

((M+16ps> +Z(6k B ) (3.15)

1—-pps

+

(01 + 1 = (M + k) (@ ~1- prs))

Numerical Results

In Table 3.8 the accuracy of (3.15) is assessed. It presents the results of the variance for a queueing
network with deterministic routing, general service times at the PS node and general service times
at the five infinite-server FCFS nodes. The service time of the PS node is Gamma distributed with
parameters shape I' = 1/16 and scale \* = 5/4 for fpgs = 0.05 and with parameters I' = 1/16 and
A* =12/5 for Bps = 0.15. The service times of the k-th FCFS node are uniformly distributed over
the interval [0; 28;]. From now on we do not compare the results with a simple approximation
anymore, since it is obvious that even with a lowly loaded PS node, leaving out covariances cannot
result in accurate approximations. Table 3.8 makes clear that the approximation of variances of
the sojourn times given by (3.15) performs very well.

| Bps | Br | Var,[S] | Var,[S] | AVar% |
0.05 0.2 0.2 0.2 0.2 0.2 0.65 0.66 1.46
0.05 0.5 0.5 0.5 0.5 0.5 1.00 1.01 1.25
0.05 0.8 0.8 0.8 0.8 0.8 1.65 1.66 0.95
0.05 0.1 0.3 0.5 0.7 | 0.9 1.13 1.14 1.21
0.05 | 0.7 1] 0.5 ] 09| 03] 0.1 1.13 1.14 1.53
0.15 0.2 0.2 0.2 0.2 0.2 483.25 453.17 -6.22
0.15 0.5 0.5 0.5 0.5 0.5 439.28 453.52 3.24
0.15 0.8 0.8 0.8 0.8 0.8 443.70 454.17 2.36
0.15 0.1 0.3 0.5 0.7 | 0.9 443.68 453.66 2.25
0.15 | 0.7 | 0.5 | 0.9 | 0.3 | 0.1 444.46 453.66 2.07

Table 3.8: Sojourn time variances of a queueing network with Gamma distributed service times
at the PS node and five uniformly distributed M /G /oo nodes.

3.2.3 Variance of the Sojourn Times with ¢, < oo

Since ¢, = oo with k = 1,..., M is not a realistic assumption in many cases, the question arises for
which ¢, the approximation given in (3.15) is still valid. One answer to this question can be given
by determining the smallest ¢; for which the probability that all servers are busy approaches zero,
or in other words, determining the smallest ¢, for which 7 remains very small, with 7 given in
(3.6). In Figure 3.2 the decline of 7y, is given for several Sps with A = 1. We see that just a few
extra servers are needed to let 7 go from 1 to 0. The question that has to be answered now is
for which 7, the approximation of the variance of the sojourn times are still accurate. We found
this answer with trial and error and can conclude that for m;, < 0.05 the approximation given in
(3.15) performs very well. This value of 7, seems extreme low, but we can see in Figure 3.2, with
m, = 0.05, still a plausible number of servers are given.

Configurations of the FCFS nodes are given in Table 3.9 where we use M/G/c, FCFS servers in
the network with the highest ¢, for 7, < 0.05. As in Table 3.8, the service time of the PS node
is Gamma distributed with shape I' = 1/16 and scale A* = 5/4 for Sps = 0.05. Since we want to
study the number of servers at the FCFS nodes, we keep the service time of the PS node constant
at Bps = 0.05. And the service times of the k-th FCFS node are uniformly distributed over the
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Figure 3.2: The decline of m, for several fis with A = 1 shows that just a few extra servers are
needed to let 7w go from 1 to 0.

interval [0; 20k]. These are very interesting results since the number of servers is not extremely

| Bps | Br | c | Vars[S] | Var,[5] | AVar% |
0.05 2 2 2 2 2 6 6 6 6 6 7.27 7.26 -0.10
0.05 5 5 5 5 5 10 10 10 10 10 42.49 42.26 -0.54
0.05 10 | 10 | 10 | 10 | 10 | 17 | 17 | 17 | 17 | 17 168.17 167.26 -0.54
0.05 2 5 10 2 5 6 10 | 17 6 10 53.47 53.26 -0.40
0.05 10 2 5 2 10 | 17 6 10 6 17 78.31 78.26 -0.06

Table 3.9: Sojourn time variances of a queueing network with Gamma distributed service times
at the PS node and five uniformly distributed M /G/c nodes.

high compared to the service rate. Now the question arises what happens if the number of servers
are taken more smaller. We found that it is hard to maintain accurate results for variances of the
sojourn time if ¢ is reduced, so we conclude that for ¢ for which 7 = 0.05 the approximation
given in (3.15) is very useful. This usefulness can be illustrated by the fact that the restriction
m, < 0.05 will become more and more a weak restriction when the number of servers increases. If
we keep [ constant for £k = 1,..., M, and we vary the number of servers, we can calculate the
load p as given in (3.1) for a calculated A\ whereby 7 = 0.05 using the formula given in (3.6).
Table 3.10 shows that for an example for several values of ¢; and with constant 8 = 1, A and py,
increase when ¢y, increases.

Leael X[ o]
1 0.05 0.05
51 1.90 | 0.38
0] 520 | 053
15 | 9.04 | 0.60
20 13.00 0.65
30 21.25 0.71
0 [ 207 [ 074
50 | 38.47 | 0.77

100 | 83.37 | 0.83

Table 3.10: When c¢; increases, the load needed to keep m, at 0.05 increases too when Sy is a
constant.
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3.3 Comparison with Markovian Routing

To assess the differences between deterministic routing and Markovian routing, we compare the
variances of two different sets of runs where we once use deterministic routing and once use
Markovian routing. The network consists of one PS node with Gamma distributed service times
which has ¢%,¢ = 4, one M /M /2 FCFS node and one M /M /3 FCFS node. All nodes have the same
load. We compare the approximation given in (3.12) for a network with deterministic routing, with
a variant of the formula given in (29) of Van der Mei et al. in [8] for a network with Markovian
routing. By substituting the expression for the variance of the sojourn time at the PS node already
used in (2.9), we propose the following improvement of the approximation given by Van der Mei
et al. in [8] for the variance of the total sojourn time in a network with Markovian routing:

c 2+ pps Brs \°
\Y% S ~ —£5 (1
arlS] 1—p< +2—pps> (1—pps>
L+p—(1=p)chs ( 28ps 28%s
(1-p)? (1-pps)?  phg(l—pps)

_ (Lﬂy
1-pl—-pps
M
qx o, mk(2—m) By
! z::l_qk (BkJr i (L= py)? )

if: 2q;mi B (1= pr)cq + m(2 — 1))
(1—qe)2(1 — qrpr + qr) (1 — pr)2E2

qk (BPS n Tk B )2

(e”7s —1— pPs)>

k=1

+
M=

e (T—g)? \T=pps " a(l—pr)
PePm Brs Tk Bk
i D (1—PPS o ck(l—pk)>
Bps TmBm
<1_pPS+ﬂm+0m(l—pm)>’ (3.16)

where p = Eklepk and g, = pr/(1 —p+pg) for k=1,...,M, and pps = \3ps(1 — p)~!. This
approximation differs from the expression given in [8] since there is no explicit covariance term for
the sojourn times in the PS node. If we define N =0,1,2,... as the number of returns to the PS
node then, because N is geometrically distributed, we know that the expectation of total visits to
the PS node equals

p 1

Fl=—.

E[N] +1=——

To get the same mean number of customers at each node as with deterministic routing, we have
to set the expectation of the number of visits to the PS node at M + 1, so p= M /(M + 1). With
pr = 1/(M + 1) we can obtain g, = 1/2. Since the expectation of the number of visits to the
PS node equals (1 — p)~! = M + 1, we approximate the sojourn times in the PS node by using a
convolution of M + 1 independent identically distributed service times. This makes clear that we
only review the first three terms of (3.16) which represent the variances of the PS node according
to (3.12). The other variance and covariance terms still remain as derived in [8].

In Table 3.11 the simulation results of the variance of the sojourn times are given by Varps[S] and
Varss[S] for the network with deterministic routing and the network with Markovian routing,
respectively. The approximated values are given by Varp,[S] and Var,[S] for the network with
deterministic routing and the network with Markovian routing, respectively. It becomes clear that
both approximations perform very well, even for high loads. To show the differences between the
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[ Bps | Br [ Varps[S] | Varp,[S] | AVarp% [ Varas[S] | Varar[S] | AVarn% |
0.033 J 0203 0.15 0.15 -0.15 0.65 0.65 -0.41
0.067 [ 0.4 [ 06 0.63 0.63 0.04 2.78 2.78 -0.09
0.100 [ 0.6 [ 0.9 1.57 1.56 -0.34 6.92 6.98 0.85
0.133 [ 0.8 [ 1.2 3.22 3.22 -0.07 14.47 14.63 111
0.167 [ 1.0 [ 15 6.38 6.31 -1.02 28.43 28.85 1.50
0200 [ 1.2 [ 1.8 12.86 12.75 -0.79 57.36 57.70 0.59
0233 | 14 [ 21 29.16 28.84 -1.10 126.34 126.05 -0.23
0.267 [ 1.6 [ 2.4 86.06 82.86 -3.72 349.65 341.05 -2.46
0.300 | 1.8 [ 2.7 433.76 429.52 -0.98 | 1695.63 1631.09 -3.81

Table 3.11: Sojourn time variances of two queueing network with deterministic routing and
Markovian routing, respectively. Both networks have symmetrically loaded nodes where the PS
node has Gamma distributed service times and the two multi-server FCFS nodes have exponen-
tially distributed service times.

variances of both networks, Figure 3.3 presents the same results in a graphical way.
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Figure 3.3: Variances of sojourn times of a queueing network with deterministic routing and a
queueing network with Markovian routing.

Figure 3.3 also shows that the variance in a network with Markovian routing grows faster than
the variance in a network with deterministic routing. In general, we can prove that the variance in
a network with Markovian routing is larger than when the customers are deterministically routed
for E[N] = M. With the approximation of the variance in a queueing network with deterministic
routing given in (3.12) and the expressions for p, pr and g as given before we get

2+ pps Brs \’
\% Sl =~ (M+1)c <1+ >< >
ary[S] ( )Cps 2~ prs 1— pps

232 232
b(@M A1) A1) — (M + 1)cdg) ( . _3;155)2 - fﬁSpPS) (errs —1— PPS))
_ < (M +1) 3PS>
1—pps

M
1) Bi
" ,;( Pk)2>
+ §:2Wk6k ]-_pk) +7rk(2—7rk))
k=1

(3/2— 1/29k)(1 = pr)*e}




3.3. COMPARISON WITH MARKOVIAN ROUTING

M 2

1( Bps B, )

+ > > + Bk +
k:12<1—PPS K

n Z( Bps - B, )

Pt 1—pps cr(1 = pr)
Bps T Bm )

+ +—

<1 — PPS O cm(l = pm)

20ps
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2fps

= Varp[S]+ (M? + M) <

M

(1—prs)?  pos(l—pps)

+ 2m B3 (1= pi)* el + me(2 — mi))

k=1 (3/2—1/2p1)(1 — pi)%c;

M1/ Bps T Bk 2
" 25 <1—PPS et Ck(l—/)k)>

n Z( Bps - B, )

1-pprs ck(1— pr)

Bps TmBm
<1_pPS + B ¥ Cm(l_pm)> -

(7P —1— /JPS)>

(3.17)

Since the term of the second moment of an PS node with deterministic service times is larger than
zero and since covariance terms in the last part of (3.17) are larger than zero, we can say that for
a network with E[N] = M, the approximated variance is larger when Markovian routing is applied

than when deterministic routing is used.
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Chapter 4

Queueing Network with
Admission Control

It is not hard to imagine that when many customers arrive in a short time, it will have high
impact on the total service time in a network. To guarantee a certain quality of service, admission
control can be used to make sure that the system keeps functioning in a correct way. Admission
control is the simple practice of discriminating which traffic is admitted into a network in the first
place. Admission control can be applied to computer networks, call center networks and many
other networks where some restrictions are defined to guarantee a quality of service. A special
case is web admission control. In [7], Gijsen et al. give a solid control scheme to apply admission
control at web-based services. A more mathematically founded control scheme for predictable
service response times for web access is given by Chen et al. in [4].

In this chapter we derive exact expressions for some performance measures in a queueing network
with exponentially distributed FCFS nodes and generally distributed PS nodes where a maximum
number of customers is allowed. When a customer arrives and the network is full, this customer
is blocked and disappears. Beside these exact expressions we also derive some approximations for
performance measures when an arriving customer is kept in a buffer for the case the network is
full. An example of such a network with buffer is given in Figure 4.1. We will use such a network
to obtain some simulation results.

4.1 Network Without Buffer

Consider an arbitrary open queueing network which can hold at most K customers. The network
may consist of PS nodes with generally distributed service times. Further, the network may
consist of multi-server FCFS nodes with exponentially distributed service times. In total the
network consists of M nodes with service times B; which has first moment §; fori =1,..., M. A
routing matrix can be constructed for which we define for 4,5 = 1,..., M p; ; as the probability
that a customer moves from node ¢ to node j, with py ; the probability that an external arrival
enters node i, and with p; ps4+1 the probability that a customers leaves the network from node i.
Customers arrive according a Poisson process with rate A\. The load of node i is given by

_AB;
pPi = i 3

with A; the mean number of visits to node i of an arbitrary customer which is given by the unique
solution of

M

Ai=poi+ > pril,
k=1

39
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Figure 4.1: A queueing network with admission control in which customers can wait in a finite
buffer if the network is full.

for A; > 0. Due to insensitivity results for the first moment of the sojourn time at an PS node as
proved by Ott in [15], we consider an PS node as a node with one server. Some extra proofs for
the PS node are given in Appendix A. Note that in that case the load at an PS node i is given
by p; = AA;B;. Then, as we define Sl(]) as the sojourn time of the j-th visit to the i-th node, the
total sojourn time is given by

M N
s=3"5"s.
i=1 j=1

To obtain the probability distribution of the number of customers in the system we first define

the function g over the number of customers n; at node k =1,...,M:
_—
%, ng=0,...,c
g(ng) = (4.1)
p:k C;k

ol ng =cg,cr+1,....

4.1.1 Steady-state Probability Distribution

Consider an open network where at maximum K customers are allowed. Jackson proved in [10]
that the equilibrium state joint probability function is given by

I1,2, 9(ny) _ [Tjea9(ny) : (4.2)

B Zfio Doy bmag=i H;\il g9(n;) Zfio E#i HjeQ g9(n;)

where we define # as the sum being taken over each combination where ny +ns +---+ny =k
for k € N and where ) represents the set of the M nodes: Q@ = {1,..., M}. The probability that
[ customers are in the network is thus given by

P(L=1)= Kz#z Hjeag(my)
Ei:o Z#i HjeQ g(nj)

p(ni,...,nar)
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For the M /G/1-PS node, and thus also for an M/M/1 queueing node, we prove this result in an
alternative way in Appendix A.1.

4.1.2 Blocking Probability

By PASTA, the probability that when an arriving customer is blocked because there are already
K customers in the network, equals the probability that there are K customers in the network.
So, the blocking probability can be derived as follows:
P(customer is blocked) = P(L =K)
Z#K HjEQ g(n])
= .
>i=o Z#i HjeQ g(n;)

4.1.3 Mean Number of Customers in the Network

Now that we have derived the steady-state distribution we can obtain the mean number of cus-
tomers in the network by

K
EL] = Y IP(L=1)
[=0

K
Z#, HjeQ g(n;)
= [
lg(; Efio E#i HjeQ g(n;)
_ 3 Zalt et mo Henon)
1=0 Zfio E#i HjeQ g9(nj)
K
_ 2 ™0 [jeq 9(ny)
Z Yico Zi [jea 9(ns)

s E#l ny HjeQ g9(n;)

+ o+ 2
=0 2_i0 E#i HjeQ g(n;)
= E[Lo]+---+E[Ln], (4.4)
where E[L;], for i = 1..., M, represents the mean number of customers at node i.

4.1.4 Expectation of the Sojourn Times

As a variant of the arrival theorem given by Lavenberg and Reiser in [13] and conform the PASTA
property, we can say that when a customer leaves a station in the network, the joint distribution
of the numbers of customers in all stations at this jump epoch equals the steady-state distribution
of customers in the same network but with one customer less. So, with exponentially distributed
service times we define the probability that an arriving customer has to wait at station k =
1,...,M by

K-1

=0 E#,:nkzck HjeQ g(n;)
K-1
=0 2 jen 9(n))

and we define the number of customers already in the queue when an arbitrary customer arrives
by

T =

)

K-1
1=0 E#l:nkZ(:k (ne — cx) HjEQ g(n;)

E[L{] =
bl lligl E#, Hjng(”j)
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Since a customer always asks for service time f},, and a customer by average 7, of the time finds all
servers busy and thus has to wait 5, /¢y, till a server is ready, and has to wait till all the customers
already in the queue are served, we obtain the mean sojourn time at the k-th station by

E[Sk] = Bk + nk@ + E[Lg*]@. (4.5)
Ck Ck
With (4.5) we can write for the total mean sojourn time at a given station:
AkE[Sk] = Ak,Bk + Ak’frk& + AkE[Lz*]&
Cp Ck
— q* /Bk /Bk
= ApfBr(1 —mp) + ApBrmi + ALE[L] ]a +Ak77ka
— q* Bk Bk
= Akﬁk(l—ﬂ'k)-i-/\k(E[Lk ]+7chk)a +Akﬂ'ka

K—1
=0 E#l:nk<ck HjEQ g(n])
K1
=0 2 Ljeq 9(n))
K—1
ArBr 2i=0 2pingser Mk e 9(nj)

= Apb

ol Y jea 9(my)
o M8 ES Tz [lien 9()

Ck lligl Z#, H]‘GQ g(”j)
_ ap B0 Zmcon ien o)

1=0 Z#l HjeQ g(nj)

o AT Dnze (e + D Tiea o)

Ck lligl E#, HjeQ g(”j)
O S ce 1+ D) 225 T 9(n0)
- lligl E#, HjEQ g(n;j)
+ I Timze k0 + Dy Ticay o)

=o' Zp [jea 9(ny)
ot Y X0 + Dglng + 1) [Ticqns 9(m)
- .
l:o1 > jeq 9(n))

In the last two steps we use the definition of g given in (4.1) for ny < ¢ and ny > ¢g. Using this

result we get an explicit expression for the total mean sojourn time of a customer in the network
by

E[S] = AoE[So]+ -+ AME[Su]
o' Y, £(no + gm0 + 1) [Ticano 9(m)
o' Y jeq 9(n))
ot Y 3 + Dg(nas + 1) [Ticq ar 9(n0)
fiEl E#, HjeQ g9(n;)
S A o+ ) T eq 9(n))
Y Yy Meq 9(ny)
Ellil % E#l HjeQ g(nj)
S Y e o)
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4.2 Network With Buffer

Consider the same open network as considered in the previous section where a maximum of
K customers are allowed. The only difference is that if a customer is blocked, he waits in a
buffer with space for N customers. An exact expression for the mean sojourn time is hard to
obtain since the second moment of the state-dependent sojourn time in the network is needed.
Therefore, we approximate the probability distribution by obtaining the equilibrium equations as
if the probabilities are memoryless like a queue with exponentially distributed service times. So,
the equilibrium equations for the network can by approximation be written as:

P(L=0)Y, [Lears 1=0,....K,

P(L=1)~ (4.7)
®-KP(L = K), l=K,...,N,
with
L E[S]
® = /\—K , (4.8)

where E,.[S] represents the sojourn time of one cycle, in other words: the time till a customer
returns to the node where he is started, in a closed network which depends on K. To obtain this
expression, we calculate the expectation of the sojourn time at a given station in a closed network
with constant K customers with the same argumentation as done in (4.5): using the steady state
distribution of a closed network as proved by Jackson in [10] given by

n n _ HieQ g(nz)
Pt ) = 5 e 910

for ng,...,ny € N. We can derive the probability that an arriving customer has to wait at station
k=1,...,M by

or = E#K—l;nkzck HiEQ g(ni)
- >ty e 9(n4)

The number of customers already waiting for service if a customer arrives is given by

Dittre vy s, M~ Ck) [Ticq 9(ni)

Ee[Lj] = :
b Z#K_l HieQ g(n;)
for k =1,...,M. Then the mean sojourn time at station k& can be obtained by
E (5] = B + 622 + B Li 2k, (49)
Ck Cp
for k=1,..., M. With (4.9) we can write for the total sojourn time at a given station:
— Bk q* Bk
AkEc[Sk] = Akﬂk +Ak¢ka +AkEc[Lk a
= ApBr(l— o) +Ak(Ec[LZ*]+¢ka)f—: +Ak¢kf_:

Z;ééz@l:nk@,c HjeQ g(nj)
E#K—l HjEQ g9(nj)
ARBr 2ot v >en W e 9(n)
C e [ jen 9(n))
Ay B Z#K_lznkzck HjeQ g(nj)
Ck E#K,l HjeQ g(nj)

= ApBi
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Z#Kflznk<ck HjeQ g(n;)
Dopres jea 9(nj)
ArBr 2ot rmi>ep (M + 1)

= Apb

HjeQ g(nj)

S e e 9(ny)
T vmcon S+ D) 225 g 9(n0)
a Z#K_l HjEQ g9(n;)
. Yt vemesen x T+ 1)g(0) ok [licor, 9(n1)
E#K_l HjEQ g(n;)
B Db (g + 1)g(ng + 1) [Licovr 9(n:)
B Z#K,l H]'GQ g(n;) ’
for k = 1,..., M. Using this result we get an explicit expression for the total sojourn time of a
customer in one cycle of a closed network with K =1,2,... customers by
E[S] = AoEc[So] + -+ ApEe[Sn]

E#K_l %(no +1)g(no + 1) Hieg\k g(n;)
E#K_l H]’EQ g(n;j)
E#K,l %(nM +1)g(nar +1) HieQ\k g(n;)
Z#K,l H]‘eQ g(nj)
3 g Mo+ ) [Tieq 9(ny)
Yot e 9(nj)
K Z#K HjeQ g(nj)

= = : (4.10)
A E#K,l HjeQ g(”j)
Substituting (4.10) into (4.8) gives
o= 2tx e s(n) (4.11)

N Z#K,l H]‘GQ g(nj)'

This expression makes clear that for ® < 1 the system is stable and lim;_,., P(L = 1) = 0 for
N — oo. In other words the buffer will not always be full when the network is in steady state. On
the other hand, if ® > 1, then the probability that [ customers are in the system will increase.
Using previous results we rewrite (4.7) as

]P(L:O)E#l Hjng(nj)) [=0,...,K,

)l—K+1 (4.12)

(S ey Myen ot I=K,...,N.

(S Miea o)

As a result we get the probability that no customers are in the system, or in other words the
normalization factor, by

P(L = 0)

—1

- j—K+1
K LS DY K Hj g9(nj)
P(L=0) ~ [> > [T+ > ( A S ) K
| 1=0 #: jen J=K+1 (Z#K,l [Tjca g(nj))
[k N !
= DY o +> 2> [[omp]| - (4.13)
LI=0 # jEQ j=1 #K JEQ

For the M /G/1-PS node, and thus also for an M /M /1 queueing node, we prove this result in an
alternative way in Appendix A.2.
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4.2.1 Blocking Probability

The probability that an arriving customer is blocked because there are already K customers in
the network and N customers in the buffer, equals the probability that there are K + NV customers
in the entire system. So, by PASTA, the blocking probability P(customer is blocked) can be
approximated as follows:

P(customer is blocked) = P(L=K + N)
(S Myca 9(ns)
N
(Z4i. Miea(ny)
V(L =0) S ] 9(ny), (4.14)

#K JEQ

)N—‘rl

L=0)

X

with @ given in (4.11).

Numerical Results

To check the accuracy of (4.14), several experiments are done with a queueing network that consists
of one PS node and two multi-server FCFS nodes. So for low as well high values of K and for low
as well high values of p, the probability is derived by the formula given in (4.14) and is obtained
by several simulations. The two FCFS nodes have 2 and 3 servers, respectively. The number of
runs is taken large enough to ensure reliable results.

Table 4.1 shows that the computations correspond very well with the simulations. We simulated
the same situation again, but with five back-end M /M /c nodes. The five FCFS nodes have 2, 3,
1, 4 and 2 servers, respectively. We see in Table 4.2 that for low loads as well for high loads our
proposed expressions seem to be accurate approximations.

4.2.2 Mean Number of Customers

Since we have derived the steady-state distribution we can obtain the mean number of customers
in the entire system by

K+N
EL] = > IP(L=1), (4.15)
=0

with P(L = 1) given in (4.12). If we exclude customers in the buffer, we get the mean number of
customers which are just in the network by

K+N
E[Lyeww] = Y min{l, K}P(L =1). (4.16)
[=0

The mean number of customers that are in the buffer can be computed by

N
B[ Liut] = Z IP(L =K +1). (4.17)
=0

Extending (4.16) we can write for the mean number of customers at node k =1,2,...:

K N
BlLil= (3 n [T otny) + 307 i [] 9(ny) | B(L =0).

1=0 #I  jEQ j=1  #x  jeQ
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[Bps | Br [ K[ N]P(L=K+N) [Pa(L=K+N) |
1.0 J20 [ 10 1 [ 1 0.88 0.88
1.0 20 101 0.88 0.88
10 [20[10] 1 [20 0.88 0.88
10 [20[10 ]2 [1 0.79 0.79
10 [20[10] 2 0.79 0.79
1.0 [20 [10] 2 [20 0.79 0.79
1.0 20 105 [ 1 0.70 0.70
1.0 20105 0.69 0.69
1.0 [20[10] 5 [20 0.69 0.69
10 [20 10101 0.67 0.67
10 [20[10][10] 5 0.67 0.67
1.0 [ 20 [ 1.0 [ 10 [20 0.67 0.67
1.0 [20 [10[15 [ 1 0.67 0.67
1.0 20 10[15] 5 0.67 0.67
1.0 [20 [ 10 [ 15[ 20 0.67 0.67
02 Jo6 041 [1 0.55 0.52
02 |06 [04] 1 0.47 0.46
02 [06]04] 1 |20 0.46 0.46
02 [o6Jo4a] 21 0.26 0.24
02 [06 04 2 0.10 0.08
02 |06 04 ] 2 [20 0.02 0.01
02 |06 04[5 [1 0.02 0.02
02 [06]04]5 0.00 0.00
02 [06 04[5 [20 0.00 0.00
02 [o6]04a]10] 1 0.00 0.00
02 J06]04]10][ 5 0.00 0.00
02 [ 0.6 041020 0.00 0.00
02 |06 04151 0.00 0.00
02 |06 04 15[ 5 0.00 0.00
02 [ 0.6 [04]15]20 0.00 0.00

Table 4.1: Probability that an arriving customer will be blocked by a queueing network with space
for K customers, with a buffer for N customers and with two back-end nodes.

Numerical Results

To validate the approximation for the mean number of customers as given in (4.15), experiments
are done in the same way as the previous simulations with a queueing network which consist of one
PS node and two multi-server FCFS nodes which have 2 and 3 servers, respectively. The number
of runs is taken large enough to ensure reliable results and the relative error is computed by

E.[S] - K, [S]

AE% = E,[S]

-100%, (4.18)

with E, [S] the approximated value and E,[S] the simulated value of the expectation.

Table 4.3 shows very promising results. To be sure these results can be generalized we simulated
the same situation again, but with five back-end M /M /c nodes. The five FCFS nodes have each
2, 3, 1, 4 and 2 servers, respectively. The result we see in Table 4.4 is that for low loads as well for
high loads our proposed expression seems to be an accurate approximation for the mean number
of customers in a system with a buffer.

4.2.3 Expectation of the Sojourn Time

With the approximations for the expectation of the number of customers in a network with capacity
for K customers with a buffer for maximum N customers, we get the expectation of the sojourn
time in the entire system by the sum of the mean time spend in the buffer plus the mean time
spend in the network. By looking at the system as if it has an exponentially distributed total



4.2. NETWORK WITH BUFFER

[ Bps | Br K| N[Ps(L=K+N)[Po(L=K+N) |
10 2010201020 11 0.85 0.85
1.0 J20]10]20]10[20] 1[5 0.85 0.85
10 [20 10201020 1 [20 0.85 0.85
10 [20 1020102021 0.71 0.71
10 [ 20102010 [20] 2 0.70 0.70
1.0 [20[1.0[20[1.0[20] 2 [20 0.70 0.70
1.0 20102010 [20] 5 [1 0.42 0.41
1.0 J20]10[20]10[20] 5 0.37 0.37
1.0 [20[10]20[10[20] 5 [20 0.37 0.36
1.0 [20 1020 10 20101 0.22 0.22
1.0 [20[10]20]10]20]10 0.18 0.18
1.0 [20 [ 1.0[20]1.0[20]10]20 0.15 0.15
1.0 20102010 [20]15] 1 0.15 0.14
1.0 201020102015 0.12 0.11
1.0 [ 20 [ 102010201520 0.09 0.10
02 {0604 0201 ]04] 1 |1 0.60 0.57
02 [06[04]02][01][04]1 0.55 0.55
02 o6 [0402]01[04] 1 |20 0.55 0.54
02 o6 [0402]01]04a] 2 |1 0.35 0.33
02 [06[04[02]01]04] 2 0.22 0.20
02 [06[04]02]01]04] 220 0.17 0.17
02 [06[04]02]01]04]5 |1 0.07 0.07
02 [06[04]02][01]04]5 0.01 0.01
02 [o06[0402]01[04] 5 |20 0.00 0.00
02 |06 [04]02]01]04a]10] 1 0.01 0.01
02 [06]04[02][01][04]10 0.00 0.00
02 [ 06 ][04 [02][01]04]10]20 0.00 0.00
02 [06[04]02]01]04]15] 1 0.00 0.00
02 |06 [04][02]01][04]15 0.00 0.00
02 o6 [04]02]01[04]15]20 0.00 0.00
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Table 4.2: Probability that an arriving customer will be blocked by a queueing network with space

for K customers, with a buffer for NV customers and with five back-end nodes.

service time and with usage of (4.17), we approximate the sojourn time in the buffer by

IE[Sbuf]

~
~

E[Lbuf]%
2px e 9(n))

N

(S Micnotm)

E#K . H]eQ g(n;j)

Zl

1=0

Zl@lﬂz Hg (n;)P

#x JEQ

(Z#K 1 HjeQ g("j))l

=0).

P(L = 0)

(4.19)

According to the method used in Section 4.1.4 we approximate the probability that a customer

has to wait at node kK =1,...
K
with the normalization constant for a network without the arriving customer given by

P(L* =

1=0 #lin>cr jJEQ

, M by

N—1
M om)+ > @

j=1

>

IT 9(n))

# K nE>cr JEQ

-1

iz Hg("j) +Nz_f‘1’jz Hg(n]-)

1=0 #; jEQ

j=1

#x JEQ

L =0),
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[(Bes | Br [ K N[B[0 [ Elll [ AHD% |
1.0 2.0 1.0 1 1 1.87 1.88 -0.47
1.0 2.0 1.0 1 5 5.87 5.88 -0.22
1.0 2.0 1.0 1 20 20.87 20.87 -0.01
1.0 2.0 1.0 2 1 2.75 2.77 -0.81
1.0 2.0 1.0 2 5 6.74 6.77 -0.48
1.0 2.0 1.0 2 20 21.74 21.76 -0.10
1.0 2.0 | 1.0 5 1 5.57 5.60 -0.53
1.0 2.0 | 1.0 5 5 9.56 9.60 -0.44
1.0 2.0 1.0 5 20 24.56 24.59 -0.12
1.0 2.0 1.0 10 1 10.51 10.53 -0.18
1.0 2.0 1.0 10 5 14.51 14.54 -0.21
1.0 2.0 1.0 10 20 29.51 29.52 -0.04
1.0 2.0 1.0 15 1 15.50 15.51 -0.04
1.0 2.0 1.0 15 5 19.50 19.51 -0.04
1.0 2.0 1.0 15 20 34.50 34.49 0.03
0.2 0.6 0.4 1 1 1.39 1.40 -1.18
0.2 0.6 0.4 1 5 4.92 5.11 -3.76
0.2 0.6 0.4 1 20 19.82 20.08 -1.27
0.2 0.6 0.4 2 1 1.64 1.65 -0.62
0.2 0.6 0.4 2 5 3.39 3.39 0.20
0.2 0.6 0.4 2 20 8.35 7.59 9.88
0.2 0.6 0.4 5 1 1.98 1.99 -0.38
0.2 0.6 | 0.4 5 5 2.08 2.08 0.20
0.2 0.6 | 0.4 5 20 2.09 2.08 0.45
0.2 0.6 0.4 10 1 2.06 2.06 -0.12
0.2 0.6 0.4 10 5 2.06 2.05 0.21
0.2 0.6 0.4 10 20 2.06 2.06 -0.26
0.2 0.6 0.4 15 1 2.06 2.06 0.06
0.2 0.6 | 0.4 | 15 5 2.06 2.06 0.13
0.2 0.6 0.4 15 20 2.06 2.06 0.04

Table 4.3: Expectation of the number of customers in a queueing network with space for K
customers, with a buffer for N customers and with two back-end nodes.

We define the number of customers which are already in the queue when an arbitrary customer
arrives by

E[LY] ~ Z Z (n —c Hgn] +Zq>7 Z (nk—ck)Hg(nj) P(L* = 0),

[=0 #ling>cp JEQ # K Np>Cr JEQ
for k =1,..., M. By assuming Poisson arrivals at each node we can approximate, according to
(4.5), the mean sojourn time at the k-th station by

E[S]] ~ B +7rkf—: +1E[Lg*]f—:,

(4.20)
for k =1,...,M. Note that this is just a naive approximation since (4.20) uses PASTA which is
not correct. But we can use this expression to get another expression which will help us to get a
nice approximation. With (4.20) we can write for the total sojourn time at a given station:

Br

ALE[ST] A8y + Amf—: + AkIE[LZ*]C—k

= ApBr(l—mp) + Ap(E[LT] + ﬂck)i—k + Apmy, f:

K N-—1
8B Y Y [[emp+ S Y [[ot) | B =0

1=0 #l;np<cp jEQ j=1 #rine<cr JEQ

X
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[ Bps | Br |
1.0 2.0 1.0 2.0 1.0 | 2.0
1.0 2.0 1.0 2.0 1.0 | 2.0

[ N [EJ[L] | E[L] | AE[L]% |
1 1.83 | 1.85 -0.77
5 5.82 | 5.84 -0.39

K

1

1
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 1 20 | 20.82 | 20.83 -0.06
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 2 1 2.63 2.66 -1.04
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 2 6.57 6.64 -1.01
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 2 20 | 21.57 | 21.63 -0.26
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 5 1 4.89 4.92 -0.70
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 5 8.44 8.66 -2.61
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 5 20 | 23.26 | 23.58 -1.36
1.0 20| 10| 20| 1.0 | 2.0 | 10 1 8.47 8.48 -0.21
1.0 20| 10| 20| 1.0 | 2.0 | 10 5 11.49 | 11.66 -1.50
1.0 20| 10| 20| 1.0 | 2.0 | 10 | 20 | 24.80 | 25.50 -2.74
1.0 20| 10| 20| 1.0 | 20| 15 1 11.93 | 11.90 0.25
1.0 20| 10| 20| 1.0 | 20| 15 5 14.77 | 14.82 -0.35
1.0 20 | 1.0 | 20 | 1.0 | 2.0 | 15 | 20 | 26.77 | 27.52 -2.70
0.2 0.6 | 04 |02 01]| 04 1 1 1.48 1.51 -1.84
0.2 0.6 | 04 |02 01]| 04 1 5.19 5.41 -4.04
0.2 06 | 04| 02 ] 0.1 ] 0.4 1 20 | 20.17 | 20.40 -1.13
0.2 06 | 04| 02 ] 0.1 ] 0.4 2 1 1.89 1.92 -1.81
0.2 0.6 | 04 |02 01]| 04 2 4.56 4.81 -5.20
0.2 0.6 | 04 | 02| 01] 04 2 20 | 17.42 | 18.72 -6.97
0.2 0.6 | 04 |02 01]| 04 5 1 2.74 2.74 -0.23
0.2 06 | 04| 02 ] 0.1 ] 0.4 5 3.31 3.28 1.06
0.2 06 | 04| 02 ] 0.1 ] 0.4 5 20 3.61 3.41 6.09
0.2 06|04 | 02] 01|04/ 10 1 3.21 3.22 -0.24
0.2 0.6 | 04| 02]01]|04] 10 3.28 3.28 0.02
0.2 0.6 | 04| 02| 01]|04]| 10 |20 3.29 3.30 -0.24
0.2 0.6 | 04| 02]01]|04] 15 1 3.28 3.29 -0.21
0.2 06|04 | 02] 01| 04]| 15 3.29 3.30 -0.24
0.2 06 |04 | 02] 01| 04| 15|20 3.29 3.30 -0.22
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Table 4.4: Expectation of the number of customers in a queueing network with space for K

customers, with a buffer for N customers and with five back-end nodes.

K N-—1
T (Z S o Jlee)+ o Y w ]| BE=0)
Ck 1=0 #Il;np>cy JEQ j=1 H K MR >Ce JEQ
A B K N-—-1 )
+ 2'“(2 S Mo+ Yo S Lo ] 2 =o)
ko \i=0 #ting>cy jeQ J=1 #xme>er JEQ
K N-—1 )
= Akﬂk( Yo JTomp+> @ > J[eny) | BL=0)

1=0 #linp<cp jJEQ j=1 #rnp<cy JEQ

Akﬂk X = j *
+ o Z Z (nk +1) H g(n;) + Z o7 Z (nk +1) H g(nj) | P(L

1=0 #;n>cp JEQ HK N> Ck

Il
I

> 3o+ Vgt 22 T o) | Pt =0
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n Z 3 nk-l-l g)pr [[ 9(ni) | P(L* = 0)

=0 #l,nk>5k ieQ\k

N-1
X Y S+ g [T o) | P =0

#KNE>Cr ieQ\k
1
= ZZA ne + Vgl +1) I 9(ni) | B(L* =0)
=0 #; i€eQ\k
1
+ Z‘I’]ZA ne + Vgl +1) [ 9(ni) | P(L* =0),
Jj= 1€Q\k
for k =1,..., M. Using this result we get an explicit expression for the total sojourn time of a
customer in the network by
E[Shetw] ~ > AxE[S]]
keQ
K1
= sz(no—i—...-{—nM)Hg(nj) P(L* = 0) (4.21)
=1 #, JEQ
K *
+ (@) N I 9(ny) | B(L* =0) (4.22)
#K JjEQ
N-1 K
+ . Y e H g(nj) | P(L* = 0) (4.23)
Jj=1 #K JjEQ
M K
= Z XHQ(”J)“"I’ZTHQ(”J) P(L* =0)
=1 # JEQ #K JEQ
al K
+ [ > @ N II 9(ny) | P(L* =0)
Jj=2 #x JEQ
M al K
= 3 [T o) + >y N I 9(ny) | B(Z* = 0). (4.24)
=1 #; jeQ Jj=1 #K JEQ

The result of (4.24) is obtained by the fact that although it is mathematically correct in (4.21) to
take the sum over #x 41 instead of #p, the fact that no more than K customers are allowed in
the network implies that the (K + 1)-th customer has to wait in the buffer as expressed by (4.22).
The same holds for (4.23). In this expression it is also mathematically correct to take the sum
over # k41 instead of #k, but since this is practically impossible, the (K + 1)-th customer has to
wait. For more clarity, compare these expressions with the probability function given by (4.12).
For completeness, we can derive approximations for the mean sojourn times at a given node by

K N
S Y Momn+ X @ S I otny) | BL* = 0).

I=1 #: VSY j=1 #K JjeQ

Combining (4.19) and (4.24) gives an approximation for the total sojourn time:

Zl@lJrlZHgn] )

#x JEQ
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K N
N ZZ% Lo+ @ Z§ 1 9ns) ) B(Z = 0). (4.25)

I=1 #1  jeQ Jj=1 #K JjeQ

Numerical Results

To validate the expression for the total sojourn time as given in (4.25), experiments are again done
in the same way as previous simulations with a queueing network that consist of one PS node and
two multi-server FCFS nodes. The two FCFS nodes still have 2 and 3 servers, respectively. Table
4.5 shows that the approximation for the mean sojourn time in the system performs very well for
different, configurations of the system.

[Brs | Br [ K] NJ E[S][ E[S] [ AES]% |
1.0 2.0 1.0 1 1 16.01 16.05 -0.25
1.0 2.0 1.0 1 5 49.87 49.78 0.18
1.0 2.0 1.0 1 20 177.37 175.73 0.93
1.0 2.0 1.0 2 1 13.34 12.91 3.28
1.0 2.0 1.0 2 32.19 32.05 0.43
1.0 2.0 1.0 2 20 103.88 103.40 0.47
1.0 2.0 1.0 5 1 18.27 18.19 0.49
1.0 2.0 1.0 5 31.11 30.59 1.70
1.0 2.0 1.0 5 20 79.93 79.23 0.89
1.0 2.0 1.0 10 1 31.85 32.10 -0.77
1.0 2.0 1.0 10 43.92 43.25 1.54
1.0 2.0 1.0 10 20 89.33 89.06 0.31
1.0 2.0 1.0 15 1 46.56 46.81 -0.53
1.0 2.0 1.0 15 58.57 57.92 1.12
1.0 2.0 1.0 15 20 103.62 102.62 0.97
0.2 0.6 0.4 1 1 2.86 2.96 -3.28
0.2 0.6 0.4 1 9.12 9.47 -3.66
0.2 0.6 0.4 1 20 36.67 37.23 -1.51
0.2 0.6 0.4 2 1 2.10 2.18 -3.57
0.2 0.6 0.4 2 3.47 3.44 0.82
0.2 0.6 0.4 2 20 7.93 7.20 10.10
0.2 0.6 0.4 5 1 2.01 2.02 -0.63
0.2 0.6 0.4 5 2.05 2.06 -0.32
0.2 0.6 0.4 5 20 2.05 2.06 -0.09
0.2 0.6 0.4 10 1 2.06 2.06 -0.03
0.2 0.6 0.4 10 2.06 2.06 0.11
0.2 0.6 0.4 10 20 2.06 2.07 -0.40
0.2 0.6 0.4 15 1 2.06 2.07 -0.35
0.2 0.6 0.4 15 2.06 2.06 0.13
0.2 0.6 0.4 15 20 2.06 2.06 -0.01

Table 4.5: Expectation of the sojourn times in a queueing network with space for K customers,
with a buffer for NV customers and with two back-end nodes.

To check if it is allowed to generalize these results, we simulated the same situation again but with
five back-end M /M /c nodes. The five FCFS nodes have each 2, 3, 1, 4 and 2 servers, respectively.
We see in Table 4.6 that for low loads as well for high loads our proposed expressions seem to be
accurate approximations for the mean sojourn time in the system.

Since it seems that the given approximations perform very well, we did some extra experiments to
search for a worst case scenario. We found that for each configuration the approximations perform
very well except for one situation: we found in a network with one PS node and two single-server
FCFS nodes for N large, for K = 1 and for low loads, that the approximation performs worse
with a maximum error up to 30%. But since this is not a realistic situation, we may conclude that
the proposed approximations can be used as a forecasting tool which can be used in SLAs.
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[ Bps | Br |
1.0 2.0 1.0 | 2.0 1.0 | 2.0
1.0 2.0 1.0 | 2.0 1.0 | 2.0 5 38.42 38.49 -0.17
1.0 2.0 1.0 | 2.0 1.0 | 2.0 20 137.42 137.18 0.17

K | N[ Es[S] | E.[S] [ AE[S]% |
1
1
1

1.0 [20[10]20]10[20] 2 [ 1 9.02 8.79 2.67
2
2
5
5

1 12.22 12.21 0.05

1.0 20| 1.0 | 2.0 | 1.0 | 2.0 21.87 21.73 0.64
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 20 71.79 71.53 0.36
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 1 8.35 8.38 -0.38

1.0 20| 1.0 | 2.0 | 1.0 | 2.0 13.39 13.35 0.28
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 5 20 36.64 36.72 -0.21
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 | 10 1 10.85 10.96 -1.04
1.0 20| 1.0 | 2.0 | 1.0 | 2.0 | 10 5 13.95 14.01 -0.45
1.0 20| 10| 20| 10| 20| 10| 20 29.31 29.89 -1.95
1.0 20| 1.0 | 20| 1.0 | 20| 15 1 13.95 13.99 -0.27
1.0 20| 1.0 | 20| 1.0 | 20| 15 5 16.74 16.66 0.48
1.0 20| 1.0 | 20| 1.0 |20 | 15| 20 29.49 30.14 -2.15
0.2 0.6 | 0.4 | 02|01 04 1 1 3.52 3.54 -0.42
0.2 0.6 | 0.4 | 02|01 04 1 11.44 11.88 -3.74
0.2 06 | 04 | 02| 0.1 | 0.4 1 20 44.37 44.82 -1.01
0.2 06 | 04 | 02| 0.1 | 0.4 2 1 2.79 2.84 -1.48
0.2 0.6 | 0.4 | 02|01 04 2 5.64 5.76 -2.15
0.2 0.6 | 0.4 | 02|01 ]| 04 2 20 20.95 22.34 -6.24
0.2 0.6 | 0.4 | 02|01 04 5 1 2.92 2.94 -0.92
0.2 06 | 04 | 02| 0.1 | 0.4 5 3.23 3.22 0.28
0.2 06 | 04 | 02| 0.1 | 0.4 5 20 3.42 3.29 3.84
0.2 06 | 04 | 02| 01|04 ]| 10 1 3.22 3.22 0.01
0.2 0.6 | 0.4 |02 ]01|04] 10 5 3.27 3.28 -0.28
0.2 0.6 | 0.4 |02 ] 01| 04| 10| 20 3.28 3.29 -0.47
0.2 0.6 | 0.4 |02]01]|04] 15 1 3.28 3.28 0.09
0.2 06 | 04| 02] 01|04/ 15 5 3.29 3.28 0.12
0.2 06 | 04|02 ] 01|04/ 15| 20 3.29 3.29 -0.17

Table 4.6: Expectation of the sojourn times in a queueing network with space for K customers,
with a buffer for N customers and with five back-end nodes.

4.3 Buffer Size Comparisons

By usage of the promising results for admission control networks with and without a buffer given
in previous two sections, we can make some comparisons. To show what the influence is of the
buffer size, the left graph of Figure 4.2 gives some iso-loss curves for several blocking probabilities
p. We use the same network as used in Table 4.3. So the model consists of one M /M/1-PS
node, an M/M/2 FCFS node and an M/M /3 FCFS node with deterministic routing. Further,
the following static parameters are used: arrival rate A = 1, service time at the PS node #; = 0.3,
service time at the M/M/2 node > = 1.6 and service time at the M /M /3 node B3 = 0.9. For
a certain blocking probability the values of K and N are calculated. As an example, it becomes
clear that to obtain a blocking probality of 0.5 just three customers are allowed in the network
when the buffer size is less than two and that just two customers are allowed when the buffer size
is larger than two. Consequently, to guarantee that the blocking probability is less than 0.5, K
must be higher than three when N is less than two, and K must be higher than two when NV is
higher than two. Since differences in buffer size and network space must influence total sojourn
times, the right graph of Figure 4.2 gives the delay curves belonging to the values of the iso-loss
curves. For given N we obtain the value of K in the left graph where in the right graph for this K
and this NV the sojourn time is given by the curve with the same p-value as in the left graph. So,
for example, the right graph of Figure 4.2 shows that for a blocking probability of 0.5 the sojourn
time increases linearly when the buffer size increases.

The graphs of Figure 4.2 show the importance of determining right buffer sizes and blocking
probabilities. When the blocking probability is taken too high, the number of allowed customers
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in the network will be too small so waiting occurs mainly in the buffer.
probability is taken too small, the buffer size of the network hardly influences the total sojourn
time, so the number of allowed customers in the network will be too high with as result that

waiting occurs mainly in the network.

T =001
——-p=005

--p=05

Figure 4.2: Iso-loss curves for several blocking probabilities (left) with associated delay curves

(right).

T =001
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When the blocking
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Chapter 5

Application to Service Level
Agreements

In this chapter we give an example how to compute some performance measures which can be
used in SLAs. We apply some results obtained at networks with deterministic routing in Chapter
3, but of course results from other chapters can be used as well.

Consider the running example as given in Subsection 1.1.2. Suppose the Location-based Restau-
rant Service (LRS) has a Service Level Agreement (SLA) with its mobile end-users that the mean
waiting time till they get a list of restaurants is less than 5 seconds with a maximum standard devi-
ation of 2 seconds. Suppose the customers arrive according to a Poisson process at the application
server (AS) with Aas = 1, and that the service times Bags1 and Bagso of AS are exponentially
distributed with mean service time S451 = Bas2 = 0.1 seconds. With these variables we are able
to answer the key question given in Chapter 1: "What combination of SLAs with other domains
leads to desired QoS of the response time?” Or more specifically: What is the SLA negotiation
space of the LRS?

Mean Response Times: Since the total response time can be split up in the sojourn times of
AS, the sojourn time of the Location Server (LS) and the sojourn time of the Restaurant Server
(RS), we compute, using the first part of equation (3.8), that the total mean sojourn time in the
AS equals 0.43 seconds. Since the mean response time must be less than 5 seconds, by average
a tagged customer T can spend with a maximum of 4.57 seconds in the other servers. We know

CJes) =5 CIsois)=2
09F 1 L

0.8| 1 08
0.7] 1 0.7
0.6] 1 0.6
0.5/ 7 EHS 0.5
0.4 4 0.4
0.3] 1 03
0.2 1 0.2

0.1 1 0.1

Figure 5.1: The SLA negotiation space with the range of all combinations of Srs and Srs where
E[S] < 5 (left) and the range of all combinations of Srs and Srs for which SD[S] < 2 (right).
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that the LS and the RS handle just one request a time. If there are more requests, T has to wait
and will be served according to a First Come First Served (FCFS) discipline. With the second
part of (3.8) we can compute all combinations of the mean service time S1s of the LS and the
mean service time Sgrg of the RS, where the total sojourn time of 7" in both databases equals or is
smaller than 4.57 seconds. With naive intuition we would expect the range of these service times
is bounded by a linear curve since the higher the service time in one server, the lower it must be
in the other server. But in the left graph of Figure 5.1 is to see that this range is non-linear. This
will be explained the last part of this chapter. Using this negotation space and depending on the
costs of a certain service time of a database, the LRS can minimize the total costs by making an
SLA with LS using the optimal s and making an SLA with RS using the optimal Sgs.

Standard Deviation of Response Times: By applying the same procedure as done in pre-
vious paragraph, we can determine the negotiation space of the LRS with the restriction that the
standard deviation of the total sojourn time is smaller than or equals 2 seconds. By substituting
the given parameters in (3.10), we obtain the total variance of the sojourn time in AS. Using this
result in (3.9), we can compute all combinations of 81,5 and Srs where the standard deviation is
smaller than or equals 2 seconds. The second graph of Figure 5.1 gives the range of these service
times. If we need the two restrictions that the expectation of the sojourn time of T is at maximum
5 seconds and the sojourn times have a maximum standard deviation of 2 second, we keep just
the smallest range of the combinations of frs and Srg. It is obvious this range is given in the
right graph of Figure 5.1.

In Figure 5.2 examples are given for some upper bounds of E[S] in the left graph and for some
upper bounds of Var[S] in the right graph, where (M + 1)B4s = 0.1, ¢ s = 4 and crs = 2 with
M = 2. When the AS has the restriction that it must keep the expectation and the standard
deviation below a certain level, the intersection of both value sets must be taken. In Figure 5.2,
for example, an intersection of the values has to be taken if the expectation of the sojourn time
may not exceed 2 seconds and the standard deviation may not exceed 1 second. Figure 5.2 shows
also that the lower E[S], the "more linear” the border of the negotiation space. This can be
explained by the fact that for low E[S] the service times must be low with as result that sojourn
times almost equal service times, so almost no queueing exists. The case that for an high upper
bound of the sojourn time the negotiation space has almost the form of a square can be explained
by the fact that the longer customers have to wait in one queue of a network with deterministic
routing, the shorter they have to wait in the other queue as long as the service time of the second
queue is less than the first queue.

—Es)=32 j j j j ' ' ' " —sp[s]=8
---E[S]= 16 ---sD[s] =4
-~ E[S]=8 --sD[s]= 2
R I E[S]=4 25 SD[S] =1

B 2 T
—Els]=1

ﬁRsl,S* 1 BRsl s

Figure 5.2: SLA negotiation spaces in terms of upper bounds for combinations of 51s and Sgg for
several values of E[S] (left) and upper bounds for combinations of frs and Brg for several values
of SD[S] (right).



Chapter 6

Summary and Further Research

6.1 Summary

In this thesis we have considered the key question ”What combination of Service Level Agreements
(SLAs) with other domains leads to desired QoS of the response time?” To this end, we analyzed
the response time performance of several queueing networks.

In Chapter 2 we derived approximations for the second moment of the sojourn time in a network
with one generally distributed PS node and one generally distributed FCFS node with Bernouilli
feedback. Therefore we used approximations for the Laplace-Stieltjes Transforms (LSTs) of the
total sojourn time. This probability distribution is approximated in three ways; by seeing the
nodes as independent nodes, by seeing the nodes as short-circuited nodes and by an approxima-
tion which gives a weight to the previous two approximation methods. Although it is possible
to obtain explicit approximations for the second moment of the sojourn time, simulation results
show that they are more accurate for some configurations than for others. But from an application
point-of-view it is the question if that matters.

For a network with deterministic routing which consists of one M/G/1-PS node and several
M/M/c FCFS back-end nodes, we derived in Chapter 3 exact expressions for the mean sojourn
time and obtained accurate approximations for the variance of the sojourn times. Beside these
results we obtained an improvement of an expression for the variance of the sojourn times in a
network with Markovian routing as given in [8].

In Chapter 4 we investigated a network with a given routing matrix that may consist of sev-
eral M/G/1-PS nodes and M/M/c FCFS nodes. When K customers are in the network, new
arriving customers will be blocked and disappear. For this network we derive exact expressions
for the blocking probability, mean number of customers in the network and mean sojourn time
in the network. As a variant of this network we investigated the availability of a buffer where
customers can wait if they are blocked by the system. For this network accurate approximations
are obtained for several performance measures.

In Chapter 5 we implemented some obtained results to answer the key question as given before.
This resulted in several SLA negotiation spaces.

6.2 Further Research

There are many ways to extend the research described in this thesis. First, it seems to be possible
to get accurate approximations for the mean sojourn time in a network which consists of multiple
generally distributed back-end nodes using the LSTs of Chapter 2. Second, from an application
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point-of-view it is interesting to investigate not only networks with Markovian or deterministic
routing, but also networks with fork-join or fork-or types of construction. And networks with load
balancing are also very challenging to investigate. Third, extending the results of networks with
admission control by deriving approximations for networks with generally distributed FCFS nodes
is also a way to develop founded results. Fourth, investigating the possibility to apply Buzen’s
convolution algorithm for computing efficiently the normalization constants of a network with
finite capacity as explained in [11] and [12], is also very interesting.



Appendix A

Admission Control Results

In this appendix we prove some major results of Section 4.1 in an alternative way for networks
that consist of M /G /1-PS nodes. For these computations we need some results of closed networks
where the number of customers in the network is constant at K. Jackson proved in [10] that the
steady-state distribution of the customers in the network is given by

o ieqAiB)™
p(ng,m .. .,nM) = E#K HZEQ(Alﬂl)nl 5 (Al)

where we use the same notation as used in Chapter 4. From (A.1) we can derive the mean number
of customers at each node by
Yo Mk [Licq(AiBi)™
B [Li](K) = VAR (A.2)
Z#K HzGQ( iBi)™

for k = 1,..., M. According to PASTA, by using the fact that the sojourn time at a node of
an arriving customer equals the sum of service times of all customers already at the node plus
the service time of the new customer self, we can derive from (A.2) the mean sojourn times of a
customer at each PS node by

E[Sk)(K) = Br(Ee[Lg](K —1)+1)

— E#K—l Nk HzeQ(Atﬂz)nl
- (1 ! E#Kﬂ [Ticq(AiBi)™ ) ' (A.3)

With usage of (A.3) we can write for ALE.[Si](K):
ME[SI(K) = Auby (1 + Zg;:_ "HH(A(A;;) )
AiBr gy, Tlica(AiBi)™ N AkBr 2y, ik [ica (AiBi)™
Yt Licq(NiBi)m Dt Licq(NiBi)m
E#K,l (ng + 1)(Akﬂk)nk+1 HieQ\k (AiBy)™
E#K_l [Lico(AiBi)™ -

With this result we can derive the mean total cycle time by

E[SIE) = Y AxE.[Si](K)
ke

>, (o + 1)(AofBp)mo L HiEQ\O(Aiﬂi)m
Z#K—l HZEQ(AlBZ)m
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ey (ar + D) (A Bar)™ ! Ticon ar (AiBi)™
E#K_l [Ticq(AiBi)m
dop (mt ) [Tieq(AiBi)™
E#K,l [Licq(AiBi)™
2 sin Hicq(NiBi)™
Psre i ica(AiBi)™

K

(A.5)

A.1 Network without Buffer

With the previous results we can prove the probability distribution for a network in which at
maximum K customers are allowed and which consists of several M/G/1-PS nodes. Consider
an open network in which at maximum K customers are allowed and all remaining customers
are blocked. Generalizing the insensitivity results given by Ott in [15] for the PS node to the
network we consider, it is allowed to reason in the following way: if the network is in a state with
[ customers, the network will come in state [ + 1 with mean arrival rate A and the network will
come in state | — 1 with mean service rate [/E.[S](l) where E.[S](I) represents the mean sojourn
time of one cycle in a closed network with [ customers. So we propose the following equilibrium
equations:

)
AP(L=1-1)= P(L=1), 1=0,....,K
( =EEm =

K

Y PL=l)=1

[=0
Iteration gives

)\l
P(L=1) = P(L = 0)

AL
= I H E.[S](i)P(L = 0)
_ A_l ﬁz > op: [icq(AiB)™
! i=1 E#i—l HieQ(Ai/Bi)ni
\ Hi’:1 o [ica(MiBi)™
Hi:l >op Hiea(Aifi)™
- (E#z HieQ(Aiﬂi)m) Hi: >op [Licq(AiBi)™ P(L = 0)
ITio X Tico (AiBi)™
= MY JI@is)™P(L =0)

P(L = 0)

P(L = 0)

#1 1€Q
- S Ilaee=o)
#1 1€Q
for{ =0,..., K. This in combination with the second equilibrium equation gives the steady-state

distribution of the number of customers in an open network with finite capacity:

P(L=1)= E#l HiEQ pg“
=)= —& -
Ei:o Z#i HieQ Pi

: (A.6)
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forl =0,...,K. It is easy to see that the joint probability function of the number of customers
in each queue is given by

[Lico Pi"
K i
Yico g Hica PP

which equals expression (4.2). So we have proved the expression given by Jackson in [9] in an
alternative way using other results of that paper.

p(no,m1,...,np) =

A.2 Network with Buffer

Using the results of the previous section, we can approximate the probability distribution of a
network in which at maximum K customers are allowed, but in which remaining customers can
wait in a buffer of size N. We derive this approximation by obtaining the equilibrium equations
as if the probabilities are memoryless like a queue with exponentially distributed service times.
So, the equilibrium equations for the network can by approximation be written as:

min{l, K'}

AP(L=1-1)= EC[S](min{l,K})]P(L =1), I=1,...,K+N,
K
dP(L=0)=1
1=0
Iteration gives
P(L =1) X P(L =0)
Hi | ST
= =0)> []» (A7)
#1 1€Q
for!=0,...,K, and
!
P(L=K+1) = < 2 ) P(L = K) (A.8)
E.[S](K)
AZ#K HzeQ nl]P)
<E#K—l HzEQ( ) #zlzglp
Al(l K) E K Hze 1
= ( # 2 fi )l S I ree
(Z#K—l [Ticq(AiBi)m ) #x 1€Q
(o M)
_ #x Llica Pi Z]P’(L _0)
(W15 TiealAit™)
(Soa Mart)
e llieli ) pp =), (A.9)

1
(Z#K—l HiEQ p?l)
forl =0,...,N. If we define

E#K HieQ P:L
Z#K,l HieQ pi ’

¢ =
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then by combining (A.7) and (A.9) we get the probability that no customers are in the system, or

in other words the normalization factor:
[ & KN (S, TLeq p" s
+ ( i
. #K 1EQ Pi )
pe=0 = [YY [+ >

\J
I=0 #; i€Q J=K+1 (E#K,l [Lica P?)

SIS e S I

1=0 #; i€Q j=1  #x i€Q

—1

These results can also explicitly be found in Section 4.2 for M /M /¢ queues, but previous results
prove that they are also valid for M/G/1-PS nodes which shows that it is allowed to generalize
the results of Section 4.2 to M/G/1-PS nodes.
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