
VU University Amsterdam
Faculty of Sciences

Master Thesis

Tomá² Marada

Quantitative Credit Risk Modeling:
Ratings under Stochastic Time

Supervisor: dr. Sandjai Bhulai

2008



I would like to thank my supervisor dr. Sandjai Bhulai for hisnever�ending encouragement
and enthusiasm about chosen topic, valuable advices and willingness to help me every time

I needed.

I would also like to thank dr. Michael Schöder for introducing me to the theory of Lévy
processes. That motivated me to investigate Lévy subordinator's usage in Markov chains.

I would also like to thank dr. Petr Fran¥k for willingnes to lead me through my �rst steps in
the credit risk topic and his valuable notes from practice.

Amsterdam August 8, 2008



Abstract

In presented work we extensively studied Markov chains, especially homogeneous continuous�
time Markov chains. We described methods how to estimate thegenerator in the case of
partially observed data from Inamura (2006). Further we addminor extension to these meth-
ods. Then we moved to the stochastic time and modeled the continuous�time Markov chain
under the stochastic time. In the case when the stochastic time evolution is modeled via Lévy
subordination we derived conditions under which the original system, which is now subordi-
nated, follows again the continuous�time Markov chain, but with di�erent generator. This
result appears useful in the situation when we have some model of the time evolution. We
also gave an overview about current credit risk models. In the end of the thesis we suggested
some directions of further research.
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1
Introduction

The credit risk became a big issue in the last few decades, butthe need for credit risk mea-
surement is here since people have started borrowing any goods that they needed (not just
money). In our context the subject of debt is money and the lender is the bank, but the
principle is same in any situation when the subject of debt iswhatever else than money.

When the bank borrows some amount of money to a debtor, the debtor is obliged to return
the full amount plus some compensation for borrowing the money. Of course, there always
exists a danger that the debtor will fail to ful�ll this oblig ation. Reasons for the failure can be
�nancial distress of the debtor, fraud or something else. Inthose case the lender loses some
fraction of his money or all of it. How big fraction he lose depend on the debtor's �nancial
situation, willingness of returning money, bankruptcy costs, the obligation of debtor to other
counterparty and on many other circumstances. The lender should be aware of the risk. If he
acts rationally, he will lend money only in the case when the pro�t from lending the money
is higher than the expected loss from the provided loan plus some risk premium for bearing
the risk. Therefore he needs to estimate the probability distribution of the credit loss for the
entire portfolio of loans.

After estimation of the credit loss distribution the bank would like to hedge against the
risk. Here comes into play the rich variety of credit risk derivatives which transfer the credit
risk to third counterparty. Since these credit derivatives provide some protection against the
credit risk, the bank is obliged to pay for it. Hence the pro�t from providing loans is smaller
but without a credit risk.

There are two points of view on credit risk models that are closely connected. The �rst
point of view is estimating the expected loss under a real world probability measure that is
useful for a bank asset�liability management. The second one is estimating the loss under a
risk�neutral probability measure, 1 that is useful for a risk neutral pricing of credit derivatives.

The �rst approach to credit risk modelling is important for b ank manager who should be
interested in the following questions. What is the expectedloss from a loan portfolio in next
�ve years? What is the probability of default of a particular debtor? What is the correlation
between particular loans? What is the VaR (CVaR)2 of the loan portfolio? How the bank's
loan portfolio dependents on the evolution of the economy? We will try to answer some of
these questions in the presented work. We will refer to the this approach as to the portfolio
models (the second approach are pricing models).

A di�erent point of view is adapted by the trader who wants to enter into a contract with
the bank and sell a protection against the credit risk. His main issue is, what price he should
charge for the protection. Of course, the bank, as a protection buyer, is also interested in fair
valuation of the derivative. Many models for the credit derivatives pricing are known. These
models can be divided into two groups � structural models and reduced�form models. There
also exist some hybrid models that try to integrate both, thestructural and the reduced�form
approach. Pricing models see the debt as a defaultable zero�coupon bond or as some structure

1For a de�nition of a risk�neutral measure and conditions for existence see Delbaen and Schachermayer
(2006).

2Var � Value at Risk, CVaR - Conditional Value at Risk, for de�n ition see Chapter 3.
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build from it. Hence the main issue is how to price a defaultable zero�coupon bond. Roots
of structural models go down to the work of Black and Scholes (1973) and Merton (1974),
later extended by Black and Cox (1976) and by many others. Reduced�form models were
introduced mainly by Jarrow and Turnbull (1995), Jarrow et al. (1997), and Lando (1998)
and were extended by many others. One of the most widespread approach integrating both
approaches together is the incomplete information approach started with Du�e and Lando
(2001). A nice short introduction to pricing models is given in Giesecke (2004). All these
pricing models try to explain spreads of defaultable zero�coupon bonds. For more details about
credit risk derivative pricing we refer to Bielecki and Rutkowski (2002), Du�e and Singleton
(2003), Schönbucher (2003), and Lando (2004). The pricing modeling and portfolio modeling
can not be separated apart, but we are going to study mainly portfolio modeling issues and
the pricing of credit derivatives will be mentioned just marginally. For portfolio models there
is much less available literature. One of the most recent books is for example Bluhm et al.
(2002).

There is a lot of problematic issues in the credit risk modeling. First of all, one needs
to de�ne a default. For many purposes a di�erent de�nition is used. One possibility is the
random time when a �rm's value will drop bellow some default barrier; then we are dealing
with a hitting time theory. A di�erent possibility is a time w hen obliger is delayed in ful�lling
his obligations for some given amount of time. Even if we havesome de�nition of a default one
needs to estimate the exposition at default3 and the recovery at default.4 For these estimations
banks have very little data history. The lack of data is one the biggest problem in the credit
risk modeling.

This work has the following structure. In the second chapterwe give a necessary math-
ematical theory about tools used in the credit risk modeling, especially Markov chains. We
study the behavior of the continuous�time Markov chain under a stochastic time, where the
stochastic time evolution is modelled via a Lévy subordinator. We derived some maximum
likelihood estimators in two cases, either if stochastic time is part of the model, or is given by
parameters. The maximum likelihood estimator can be used only in the case of continuously
observed data which is often not the case in the credit risk. Hence we study few methods
which can be used in the situation of partial data and we extend one of them into stochastic
time. In the third chapter we give an overview about common used models in the portfolio
management and in the last forth chapter we do a real data study where we show the perfor-
mance of our method. Introducing stochastic time evolutioninto the Markov chain modeling
gives us a 35 % better �t to data. We think it is a very nice improvement. In the end of forth
chapter we give an overview about future directions of our research.

3The height of the debt at time of default.
4The fraction of the debt which will be covered at default.
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Preliminary Theory

In this chapter we recall known results from the theory of stochastic processes which we will
need later. Nevertheless, some elementary probability concepts will be used implicitly and
can be found in every introduction to probability such as Feller (1968), Karlin and Taylor
(1975), Karlin and Taylor (1981), Shiryaev (1995), Kallenberg (1997), Chung (2001), and
many others.

2.1 Stochastic Processes

Let us assume a �ltered probability space(
 ; F ; fF t gt � 0 ; P). A stochastic process(X t ; t 2 T)
is a family of random variables where index setT � R+ := [0 ; 1 ). In the case whenT = N0,
we rather talk about a random sequence denoted byf X ngn2 N0

. An adapted processX t with
E jX t j < 1 , for every t 2 T, is called

� submartingale if for every s < t holds

E[X t jF s] � X s;

� supermartingale if for every s < t holds

E[X t jF s] � X s;

� martingale if for every s < t holds

E[X t jF s] = X s:

Let N t be a nonnegative right�continuous submartingale with N0 = 0 . Then from the
Doob�Mayer decomposition (see Karatzas and Shreve (1991, Theorem 1.4.10) or Kallenberg
(1997, Theorem 22.5)) there exists a unique right�continuous martingale M t and a right�
continuous nondecreasing predictable processA t such that

N t = M t + A t ; t � 0;

with A0 = 0 . The processA t is called thecompensatorof the processN t . If A t is di�erentiable
it can be written in form

A t =
Z t

0
� s ds;

where � s is a nonnegative right continuous predictable process. This form will be useful later.
If N t has independent increments, thenA t is a deterministic function equal to expected

value of N t

A t = EN t ; t � 0: (2.1)
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2.1.1 Counting Processes

Let f Tn gn2 N be an increasing sequence of random times with values in(0; 1 ) and

P[Tn
n!1���! 1 ] = 1 :

Then we can de�ne anassociated counting processN t as

N t =
1X

n=1

1f Tn � tg:

The counting processN t is process that counts some events which have arrived up to time t.
It starts at 0 and is nondecreasing with jumps of size 1 (the possibility of two events arrived
at the same time is excluded). From that follows that it can take values only fromN0.

Random times between event arrivals are called aninter�arrival times and are denoted by

� 1 = T1;

� i = Ti � Ti � 1; i > 1;

If inter�arrival times � 1; � 2; : : : are independent identically distributed random variableswith
an exponential distribution with parameter � , then N t is called aPoisson processwith inten-
sity � . Since inter�arrival times � 1; � 2; : : : are independent exponentially distributed, N t has
independent stationary increments with the Poisson distribution

P[N t � Ns = k] = P[N t � s = k] =

�
� (t � s)

� k

k!
e� � (t � s) ; s < t:

Since a Poisson process has independent increments and the mean value is

EN t = �t;

we conclude from (2.1) that the compensator of the processN t is

A t = �t:

In a matter of fact it is not hard to prove that the only countin g process with stationary
independent increments is the Poisson process.

In general, the intensity parameter � does not need to be constant. In the case when
intensity is a time dependent function, we denote it by� t and speak about aninhomogeneous
Poisson process. Increments of inhomogeneous Poisson process are not stationary anymore
and their Poisson distribution is time dependent in following way

P[N t � Ns = k] =

� Rt
s � u du

� k

k!
e�

Rt
s � u du ; s < t:

We can go even further and allow� t to be a stochastic nonnegative process such that if
we condition on a particular ! 2 
 , the counting processN t with intensity � t (! ) becomes
an inhomogeneous Poisson process. The process is called aCox processor a doubly stochastic
Poisson process. Then for s < t holds

P[N t � Ns = k] = E

2

6
4

� Rt
s � u du

� k

k!
e�

Rt
s � u du

3

7
5 :

For more technical details about the Cox process see Grandell (1976) or Kallenberg (1997,
Chapter 10).
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2.1.2 Survival Analysis

Let us assume a nonnegative random variable� : 
 ! R which has an interpretation of a
random time before some particular event will happen. For convenience we can assume that
P[� > 0] = 1. In context of a survival analysis � is often called asurvival time.

Let us denote a cumulative distribution function of � by F (t). Then we can de�ne a
survival function S(t) as

S(t) = 1 � F (t) = P[� > t ]:

The survival function shows what is the probability that the survival time � will be bigger
than t. Furthermore, we assume that there exists a density function f (t) that is a derivative
of F (t). Then let us de�ne a hazard rate � t as

� t = lim
h! 0+

P[t � T < t + hjT > t ]
h

= lim
h! 0+

F (t + h) � F (t)
h

1
1 � F (t)

=
f (t)

1 � F (t)
:

The hazard rate � t shows the conditional intensity with which the random eventwill occur in
an in�nitesimal time increment after t, conditioned that the random event has not occurred
yet. For � t hold following identities

� t =
f (t)
S(t)

= �
S0(t)
S(t)

= �
@logS(t)

@t
: (2.2)

If we know the hazard rate, we can easily recover the cumulative distribution function and
the survival function from (2.2) as

S(t) = exp
�

�
Z t

0
� s ds

�
:

It is clear that if and only if the hazard rate is constant, the random time T has an exponential
distribution with intensity � .

In the survival analysis there is often used more general Weibull distribution with the
cumulative distribution function

F (t) = 1 � e� (ct)k
:

The exponential distribution is a special type of the Weibull distribution for k = 1 . The
hazard rate for the Weibull distribution is

� t = ck(ct)k� 1:

Let us de�ne the counting processesN t associated with the random time� as

N t = 1f � � tg:

It is obvious, that the counting processN t is a right�continuous nonnegative submartingale
with N0 = 0 , hence there exists a nondecreasing compensatorA t of the processN t . Let us
assume that� t is the hazard rate of the random time� , then

A t =
Z t^ �

0
� s ds =

Z t

0
� s1f s� � g ds:



2.2 Markov Processes 6

The compensatorA t describes a cumulative conditional likelihood of default.It is obvious that
the counting processN t is a Poisson process (resp. time inhomogeneous Poisson process, resp.
Cox process) stopped at random time� if the hazard rate � t is constant (resp. deterministic,
resp. random). Stochastic dynamics of the counting processis then

dN t = (1 � N t )� t dt + dM t ;

where M t is a martingale.

2.2 Markov Processes

A stochastic processX t is Markov if and only if for every 0 � s < t holds

P[X t � xjF s] = P[X t � xj� (X s)]; (2.3)

where Fs is a � -algebra generated by the processX t up to time s and � (X s) is a � -algebra
generated byX s. If the processX t satis�es (2.3) we say thatX t satis�es the Markov property.
The Markov property does not say anything di�erent then that the conditional probability
distribution of the process X t conditioned on the whole past till time s is same as the condi-
tional probability distribution of the process X t conditioned by knowledge of the value of the
process at times. The special case of a Markov process is aMarkov chain which is a Markov
process with a countably large state spaceE.

Markov chains are very useful processes in �nance and a lot ofresults are well-known.
We recall basic de�nitions and some results which we will need later. For a deeper Markov
chain theory see Karlin and Taylor (1975), Karlin and Taylor (1981), Resnick (1992), Kijima
(1997), or Stroock (2005).

2.2.1 Discrete�time Markov Chains

We call a random sequencef X n gn2 N0
with values in a countable state spaceE a discrete�time

Markov chain if and only if it satis�es the Markov Property, i.e.,

P[X n+ m = j jX n = i; X n� 1 = in� 1; : : : ; X 0 = i0] = P[X n+ m = j jX n = i ];

for all n; m 2 N and for all i; j; i 0; : : : ; in� 1 2 E such that

P[X n = i; X n� 1 = in� 1; : : : ; X 0 = i0] > 0:

Let us denote the transition probabilities

P[X n+ m = j jX n = in ] = pij (n; n + m):

If the state spaceE is �nite, we call X n a �nite discrete�time Markov chain. If E is countably
in�nite it can be labeled by natural numbers. Hence we can work with E = N. In the credit
risk management we are interested mainly in �nite Markov chains, therefore in the following
we will assumeE = f 1; 2; : : : ; K g.

We call X n a homogeneous Markov chainif transition probabilities pij (n; n + m) do not
depend onn but only on m, i.e.,

P[X n+ m = j jX n = i ] = P[X m = j jX 0 = i ] = p(m)
ij ; (2.4)
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for all i; j 2 E , n 2 N0 and m 2 N. If (2.4) does not hold we speak about aninhomogeneous
Markov chain. In the following we assumeX n to be homogeneous. The matrix

P (m) =
�

p(m)
ij

� K

i;j =1
;

is called them-step transition probability matrix of the chain. It is easy to verify the so�called
Chapman�Kolmogorov equations

P (n)P (m) = P (n+ m) : (2.5)

Equation (2.5) gives us a way to compute then-step transition probability matrix P (n) from
the one�step transition probability matrix P as

P (n) = Pn :

We call the probability distribution of X 0, the initial distribution of the process and denote
it by

pi = P[X 0 = i ]:

Then it follows that

P[X 0 = i0; X 1 = i1; : : : ; X n� 1 = in� 1; X n = in ] = pi 0 pi 0 i 1 : : : pi n � 1 i n : (2.6)

Maximum Likelihood Estimation

We see that the one�step transition probability matrix is a b uilding stone for a discrete�
time Markov chain modeling. However, in many practical situations we have observations
x0; x1; : : : ; xm of a processX n and we would like to estimate the transition probability mat rix
P from these observations. Let us denote byn ij the frequency of transitions fromi to j that
occurred in observationx0; x1; : : : ; xm and de�ne

n i: =
KX

j =1

n ij :

SinceP is a probability matrix, its row�sums must be 1 and hence we can write

piK = 1 �
K � 1X

k=1

pik : (2.7)

Using (2.6) and (2.7) the log�likelihood function is given by

l(P) = log P[X 0 = i0; : : : ; X m = im ]

= log

0

@pi 0

Y

i;j

pn ij
ij

1

A

= log( pi 0 ) +
KX

i =1

0

@
K � 1X

j =1

n ij log(pij ) + n iK log

 

1 �
K � 1X

k=1

pik

! 1

A :
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After di�erentiation of l (P) and setting the derivatives to 0, we get the following equations

@
@pij

l (P) =
n ij

pij
�

n iK

1 �
P K � 1

k=1 pik
= 0 ; (2.8)

for i = 1 ; 2; : : : ; K and j = 1 ; 2; : : : ; K � 1. By solving (2.8) together with (2.7) we get the
maximum likelihood estimator of the one�step transition probability matrix

P̂ =
�

n ij

n i :

� K

i;j =1
: (2.9)

The estimator of the transition probability matrix P̂ is often called the cohort estimator or
the estimation by the cohort method.

2.2.2 Continuous�time Markov Chains

A continuous�time Markov chain can be seen as a generalization of a discrete�time Markov
chain. In the discrete�time setting the Markov chain can change the state only in some natural
multiples of time unit. If we replace these discrete�times by random exponentially distributed
variables we get a continuous�time Markov chain, where change of the state can happen any
time.

Let T = [0 ; 1 ) and let the stochastic process(X t ; t 2 T) with values in a countable state
spaceE satis�es the Markov property, i.e., for every s � 0 and t � 0,

P[X t+ s = i jX u ; 0 � u � s] = P[X t+ s = i jX s];

then we say that X t is a continuous�time Markov chain. Let us denote transition probabilities
by

P[X t+ s = i jX s] = pij (s; s + t):

Similar as in the case of a discrete�time Markov chain we talk about a homogeneous
continuous�time Markov chain if transition probabilities pij (s; s + t) do not depend on s,
but only on t. In that case we write pij (t) for short. In the following we assume a �nite
homogeneous chain (E = f 1; : : : ; K g) if not stated otherwise.

One can see, that we need a whole family of transition probability matrices

P(t) =
�

pij (t)
� K

i;j =1
;

that depend on time t. It is convenient to de�ne

P(0) = I ;

where I is the identity matrix. Let us denote the probability distri bution of X t at time t by

p(t) =
�

pi (t)
� K

i =1
;
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where pi (t) = P[X t = i ]. Then p(0) is the initial distribution of the process and for every
0 < t 1 < : : : < t n and i0; i1; : : : ; in 2 E we have

P[X 0 = i0; X t1 = i1; : : : ; X tn = in ] = pi 0 (0)pi 0 i 1 (t1)pi 1 i 2 (t2 � t1) : : : pi n � 1 i n (tn � tn� 1):

Also for a continuous�time Markov chain is easy to verify the Chapman�Kolomogorov equa-
tions

P(s)P(t) = P(s + t):

The transition probability matrix P(t) is di�erentiable with respect to t (see Kijima (1997,
Theorem 4.4)) and sinceP(0) = I , we can compute the matrixQ as the right�side derivative
of P(t) at point 0, i.e.,

Q = lim
t ! 0+

P(t) � I
t

:

The matrix Q = ( qij )K
i;j =1 is called the in�nitesimal generator , or generator for short, of a

�nite continuous�time Markov chain. The generator matrix Q satis�es for every i 2 E

qij � 0; i 6= j;

qii � 0;

qi = � qii =
X

j 6= i

qij ;

whereqij are calledintensities and qi is often called thetotal intensity. If we have the generator
Q we can get the transition probability matrix P(t) as the unique solution of the backward
Kolmogorov di�erential equation

dP(t) = QP (t) dt; t � 0;

or the forward Kolmogorov di�erential equation

dP(t) = P(t)Q dt; t � 0;

with the initial condition P(0) = I . The unique solution is given by

P(t) = exp( tQ ) =
1X

n=0

tnQn

n!
; t � 0:

Let us denote a random time, when the processX t changes the state for thei -th time, by Ti .
We get an increasing sequence of stopping timesT1 < T 2 < : : : . Times between jumps (changes
of state) are random variables with exponential distribution (see Kijima (1997, Theorem 4.6)).
The intensity of the exponential distribution depends on the state in which the processX t is.
If the processX t is in the state i , the random sojourn time before the next jump will occur is
an exponential random variable� i with intensity qi ,

P[� i � t ] = 1 � e� qi t ; t � 0: (2.10)
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In the case of the zero intensityqi the sojourn time is 1 and the state i is absorbing, i.e.,
once the processX t enters the statei it will stay there forever.5

When the processX t is in state i and a jump occurred, the probability that the next state
will be state j is (for proof see Kijima (1997, Theorem 4.7))

P[X t = j jX t � = i; X t 6= i ] =
qij

qi
: (2.11)

Probabilities (2.11) are transition probabilities of the embedded discrete�time Markov chain.
The continuous�time Markov chain can be de�ned through the embedded Markov chain

and specifying intensitiesqi for the distribution of sojourn times. This de�nition will b e handy
for extending Markov chains to semi�Markov chains in Section 2.2.3.

Maximum Likelihood Estimation

Same as in the case of a discrete�time Markov chain we are interested in the maximum
likelihood estimator of the generator matrix Q from observed data. If we have a continuous
observation of the processX t up to the present time T and we know, that exactly m jumps
occurred, we can denote the jump times of the process byJ1; J2; : : : ; Jm . It means that the
processX t has started in some initial state i0 2 E, at time J1 it has changed the statei0 to
state i1 and so on until at time Jm it has jumped to state im , where it resides. Assuming
we are given by initial distribution we use (2.10) and (2.11)and get the maximum likelihood
equation in form

L(Q) = � i 0 exp(� � i 0 J1)

�
m� 1Y

k=1

� i k � 1 i k

� i k � 1

� i k exp
�

� � i k (Jk � Jk� 1)
�

�
� i m � 1 i m

� i m � 1

exp
�

� � i m (T � � Jm )
�

= exp( � qi 0 J1)
m� 1Y

k=1

qi k � 1 i k exp
�

� qi k (Jk � Jk� 1)
�
qi m � 1 i m exp

�
� qi m (T � Jm )

�

=
KY

i =1

exp
�

� qi Ri (T)
� KY

j =1
j 6= i

qn ij (T )
ij

=
KY

i =1

exp
�

�
X

k6= i

qik Ri (T)
� KY

j =1
j 6= i

qn ij (T )
ij

=
KY

i =1

KY

j =1
j 6= i

qn ij (T )
ij exp

�
� qij Ri (T)

�
;

where n ij (T) is the total number of transitions from state i to state j up to time T, Ri (T) =
RT

0 1f x(t )= i g dt is the total time spend by the process in statei up to time T and term exp
�

�

5 If the state i is absorbing, i -th row of the generator matrix is just zero vector.
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qi m (T � Jm )
�

is the probability that the last sojourn time is bigger than T � Jm . The log�
likelihood function is given by

l(Q) = log L(Q) =
KX

i =1

KX

j =1
j 6= i

�
n ij (T) log qij � Ri (T)qij

�
:

Let us di�erentiate l(Q) with respect to qij and set the derivative equal to 0. We get

@
@qij

l (Q) =
1

qij
n ij (T) � Ri = 0 ; i 6= j:

The maximum likelihood estimator of the generator matrix Q is then

q̂ij =
n ij (T)
Ri (T)

; i 6= j;

q̂ii = �
KX

j =1
j 6= i

q̂ij :
(2.12)

If we observe data continuously, the estimator (2.12) is useful. But if we observe the state of
the process just in discrete equidistant times there is a problem to estimate the generatorQ.
The way to deal with it, is in Section 2.5.

Inhomogeneous Continuous�time Markov Chains

In the case of an inhomogeneous continuous�time Markov chain the generatorQ is not constant
anymore and it depends on time. For0 � s < t we have

Q(t) = lim
h! 0+

P(t; t + h) � I
h

;

P(s; t) = exp
� Z t

s
Q(u) du

�
=

1X

n=0

� Rt
s Q(u) du

� n

n!
;

where the integral from a matrix is assumed to be componentwise, i.e.,

Z t

s
Q(u) du =

0

B
B
B
@

Rt
s q1;1(u) du

Rt
s q1;2(u) du � � �

Rt
s q1;K (u) duRt

s q2;1(u) du
Rt

s q2;2(u) du � � �
Rt

s q2;K (u) du
...

...
. . .

...Rt
s qK; 1(u) du

Rt
s qK; 2(u) du � � �

Rt
s qK;K (u) du

1

C
C
C
A

:

For every t � 0 and i 2 E it holds

qij (t) � 0; j 6= i;

qii (t) � 0;

qi (t) = � qii (t) =
X

j 6= i

qij (t):
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2.2.3 Semi�Markov Chains

The continuous�time Markov chain is an extension of the discrete�time Markov chain when
sojourn times are not a natural multiples of time unit anymore, but they are replaced with
an exponential random variable with a constant intensity. If we go further and replace the
exponential distribution by any general distribution we will get a semi�Markov chain and if
we allow a dependency of the distribution on timet we get an inhomogeneous semi�Markov
chain. In this section we describe basic properties of �niteinhomogeneous semi�Markov chains.
Properties for homogeneous semi�Markov chains can be derived by relaxing the dependency
on time t. Semi�Markov chains are often used in the renewal theory andthe reliability theory.
For the general theory of semi�Markov chains we refer to Janssen and Manca (2006).

Similar as in the case of a �nite continuous�time Markov chain we have an embedded
discrete�time Markov chain f Jngn2 N0

with the state space f 1; : : : ; K g and an increasing se-
quence of stopping timesf Tngn2 N. A semi�Markov chain X t is fully described by (Jn ; Tn ) in
following way:

X t = J0; t 2 [0; T1);

X t = J1; t 2 [T1; T2);
...

X t = Jn ; t 2 [Tn ; Tn+1 );
...

Let us de�ne a kernel associated to the semi�Markov chainX t as

H (s; t) =
�

hij (s; t)
� K

i;j =1
;

where

hij (s; t) = P[Jn+1 = j; T n+1 � t jJn = i; Tn = s]:

Next, let us de�ne

Si (s; t) =
KX

j =1

hij (s; t) = P[Tn+1 � t jJn = i; Tn = s];

that is, the probability distribution of the sojourn time in state i conditioned that the last jump
occurred at time s. Finally, we can compute the transition probabilities P(s; t) = ( pij (s; t))K

i;j
of the processX t from evolution equations

pij (s; t) = � ij
�
1 � Si (s; t)

�
+

KX

k=1

Z t

s
pkj (u; t )hik (s; du); (2.13)

where � ij = 1f i = j g is Kronecker symbol. The general integral equations of form(2.13) are
called Volterra integral equations. The equations (2.13) are extended Kolmogorov di�erential
equations and can not be solved without any further speci�cation of sojourn time distribution
and inhomogeneity structure. If we assume some distribution, we can use maximum likelihood
estimation. If we do not want to assume any particular distribution we can use a nonparametric
estimation for which see Lucas et al. (2006). Work with a nonparametric estimation is harder
than with a parametric estimation.
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2.3 Lévy Processes

Classical references for Lévy processes theory are Bertoin (1996) and Sato (1999). An overview
of most common Lévy processes with references to original papers can be found in Schoutens
(2003, Chapter 5).

Let (
 ; F ; fF t gt � 0 ; P) be the probability space equipped by �ltration F t ; t � 0 that satis�es
the �usual hypothesis�, i.e., is right�continuous and for every t � 0 � -algebra F t contains all
null sets of � -algebra F . We will describe a one�dimensional Lévy processes properties. For
multidimensional properties see literature above.

A stochastic cadlag6 processX t adapted to �ltration F t with values in R is a Lévy process
if and only if it has following properties:

(L1) X 0 = 0 a.s.
(L2) For every sequence of timest0 < t 1 < : : : < t n the random variables X t0 ; X t1 �

X t0 ; : : : ; X tn � X tn � 1 are independent.
(L3) The processX t has stationary increments, i.e., for everyt > 0 and s > 0

L (X t+ s � X t ) = L (X s):

(L4) The processX t is continuous in probability, i.e., for every " > 0 holds

lim
h! 0

P[jX t+ h � X t j > " ] = 0 :

The cadlag property is not necessary in the de�nition of the Lévy process, but as we will
see later, the Lévy process is a semimartingale7 and every semimartingale admits the unique
modi�cation that is cadlag. Therefore we have included the cadlag property in the de�nition.

We say that the distribution � is in�nitely divisible if for every n 2 N there existY1+ : : :+ Yn

i.i.d. random variables such that has the probability distribution � . If � n is the probability
distribution of random variables Y1; : : : ; Yn then � is the n-th convolution of � n .

There exists a close connection between in�nitely divisible distributions and Lévy pro-
cesses. In fact for every Lévy processX t exists an in�nitely divisible distribution � such that
L (X 1) = � . Conversely for any in�nitely divisible distribution � exists a Lévy process with
L (X 1) = � . Indeed, for everyn 2 N we can write X 1 as

X 1 = X 1
n

+
�

X 2
n

� X 1
n

�
+ : : : +

�
X n

n
� X n � 1

n

�
;

and sinceX t has independent stationary increments it follows that

L (X 1) = L
�

X 1
n

+
�

X 2
n

� X 1
n

�
+ : : : +

�
X n

n
� X n � 1

n

��

= L
�

X 1
n

�
� : : : � L

�
X 1

n

�
;

hence the distribution of X 1 is the n-th convolution of the distribution of X 1
n

and therefore
the distribution of X 1 is in�nitely divisible. The converse implication can be proved by the

6The cadlag process is a process which has every sample path right�continuous and admits left limit.
7We say that a process X t is a semimartingale if and only if

X t = X 0 + M t + Ct ;

where M t is a local martingale and Ct is a cadlag adapted process of a locally bounded variation.
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construction of the process using the Kolmogorov theorem and verifying that the constructed
process is a Lévy process. Details of the construction can befound in Sato (1999, Theorem
7.10).

Let us de�ne the characteristic function of X t as

� X t (z) = E[eizX t ]; z 2 R:

For the characteristic function � X t + s (z), where t; s > 0 it holds

� X t + s (z) = E[eizX t + s ]

= E[eiz (X t + s � X s + X s ) ]

= E[eiz (X t + s � X s ) ] E[eizX s ]

= E[eizX t ] E[eizX s ]

= � X t (z)� X s (z); ;

(2.14)

since Lévy process has independent stationary increments.Now let t 2 Q+ , then there exists
m; n 2 N such that t = m

n and from (2.14) follows

� X m (z) =
�

� X m
n

(z)
� n

;

and

� X t (z) = � X m
n

(z)

=
�
� X m (z)

� 1
n

=
�
� X 1 (z)

� m
n :

Then from the continuity in probability it follows that for e very t � 0

� X t (z) =
�
� X 1 (z)

� t = et (z) ;

where the exponential form is implied by the property (2.14)and  is called thecharacteristic
exponent.

2.3.1 Examples of Lévy Processes

We mention just few examples of Lévy processes. For more see (Schoutens, 2003, Chapter 5).

Brownian motion

A standard Brownian motion B t is a Lévy process such that

1. B t � N (0; t) for each t � 0.
2. B t has continuous sample path.

From property 1 follows that the characteristic function of the Brownian motion is

� B t (z) =
1

p
2�

Z 1

1
eizx e� x 2

2 dx = exp
�

�
1
2

tz2
�

:
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The Brownian motion is a very useful construction used in manydi�erent areas for modeling
various phenomenas. Letb 2 R and � > 0 then the process

X t = bt + �B t ;

is called the Brownian motion with drift . The processX t is a Gaussian Lévy process with
X t � N (bt; � 2t). Its characteristic function is given by

� X t (z) = exp
�

ibtz �
1
2

t� 2z2
�

:

Poisson Process

We have already de�ned a Poisson processN t in Section 2.1.1. The Poisson process is a Lévy
process such thatN t has a Poisson distribution with parameter �t , i.e.,

P[N t = k] =
(�t )k

k!
e� �t ; for k = 0 ; 1; : : : :

Therefore the characteristic function of the Poisson process is

� N t (z) =
1X

k=0

eizk (�t )k

k!
e� �t = exp

�
�t (eiz � 1)

�
:

Recall that the Poisson process is the only counting processwith independent stationary
increments.

From Section 2.1.1 we know that the Poisson process has the compensator �t . Therefore
we can de�ne the compensated Poisson process~N t as

~N t = N t � �t;

which is a martingale.

Compounded Poisson process

A Poisson process is a process with positive jumps of size 1. If we generalise a Poisson process
and allow a random size of jumps we will get thecompounded Poisson process. More precisely
let N t be the Poisson process andY1; Y2; : : : are i.i.d. random variables with probability
distribution F independent with the Poisson processN t . Then the process

X t =
N tX

i =1

Yi ; t � 0;

is the compounded Poisson process.8 The compounded Poisson process jumps at same times
as the original Poisson processN t , but has random size of jumps. The characteristic function

8We assume
P 0

1 � = 0 .
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of the compounded Poisson process is

� X t (z) = EeizX t

= E
h
E[eiz

P N t
i =1 Yi jN t ]

i

= E
h�

E[eizY1 ]
� N t

i

=
1X

k=0

�
E[eizY1 ]

� k (�t )k

k!
e� �t

= exp
�

t
Z

(eizy � 1)� dF (y)
�

:

� -stable distribution

An important subclass of in�nitely divisible distribution s are so calledstable distributions.
We say that distribution � is stable if and only if for all n > 1 there exist constantscn > 0

and dn 2 R such that

L (X 1 + X 2 + : : : + X n ) = L (cnX + dn );

where X; X 1; X 2; : : : ; X n are i.i.d. random variables with distribution � . Distribution � is
called strictly stable if and only if dn = 0 for all n. It can be proved that the only possibility
of choosingcn is

cn = n
1
� ;

where � 2 (0; 2] is called the index of stability. If X has the index of stability � we say that
X is � -stable.

The random variable X is stable if and only if

X = aY + b;

where a > 0, b 2 R and Y is random variable with the characteristic function

EeizY =
�

exp
�
� j zj �

�
1 � i� (sgnz) tan ��

2

��
; � 6= 1 ;

exp
�
� j zj

�
1 � i� (sgnz)( � �

2 log jzj)
��

; � = 1 ;

where � 1 � � � 1. For proof see Sato (1999, Theorem 14.15). Ifb = 0 and � = 0 then X is
symmetric around zero and characteristic function ofX = aZ is simply

EeizaY = exp( � a� jzj � ):

Some special cases of� -stable distributions are:

Normal distribution N (�; � 2)

� = 2 ; a =
�

p
2

;

� = 0 ; b = �;
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Cauchy distribution with parameters 
 and �

� = 1 ; a = 
;

� = 0 ; b = �;

Lévy distribution with parameters 
 and �

� =
1
2

; a = 
;

� = 1 ; b = �;

One of interesting thing is that the stable distribution has �nite second moment only for � = 2
and �nite �rst moment for 1 < � � 2.

2.3.2 Lévy�Ito Decomposition and Lévy�Khintchin Formula

First, we will mention few properties of in�nitely divisibl e distributions which are also prop-
erties of Lévy processes since their straightforward connection. It is obvious that if � and �
are independent in�nitely divisible distributions then al so convolution � � � is in�nitely divis-
ible. If � k is a sequence of in�nity divisible distributions and � k ! � then also � is in�nitely
divisible.

It can be even proved that every in�nitely divisible distrib ution � is a limit of the sequence
of compounded Poisson processes with the distribution� n , even if � is not a compounded
Poisson process.

If every in�nitely divisible distribution can be written as a limit of the sequence of com-
pounded Poisson distributions one can ask, if there exists some general form for the charac-
teristic function of a Lévy process. The answer is the Lévy�Khintchin formula. For better
understanding of the formula we will present few ideas whichare behind it, but we will not
prove it. The Lévy�Khintchin formula can be proved directly , see Sato (1999, Theorem 8.1), or
�rstly proving the Lévy�Ito decomposition and then as an easy corollary, see Cont and Tankov
(2003, Theorem 3.1).

Let us de�ne the jump process� X t associated to the Lévy processX t as

� X = X t � X t � :

Since the Lévy processX t is continuous in probability it follows that for �xed t, � X t = 0
a.s.. Some di�culties in Lévy processes modeling come from the fact that it is possible for
any t > 0 have

X

0� s� t

� jX sj = 1 ; a.s.;

but we always have
X

0� s� t

� jX sj2 < 1 ; a.s.

Let A � R be any Borel set such that 0 does not belong toA, 0 =2 A. Then we can de�ne
for ! 2 
 a counting measure

N t (A)( ! ) =
X

0� s� t

1f � X s (! )2 Ag;



2.3 Lévy Processes 18

which assign to the setA a number of jumps with size inA which has happened before timet.
Since for any �xed ! 2 
 and t � 0 N t (A)( ! ) is a counting measure onR, N t (A) is a counting
process.

It is easy to verify that N t (A) � Ns(A) is independent ofFs. From stationarity of Lévy
processX t also follows that

L
�
N t (A) � Ns(A)

�
= L

�
N t � s(A)

�
:

Let A be bounded from 0, i.e.,0 =2 �A, then N t (A) < 1 a.s.. From the fact that the counting
processN t (A) has independent stationary increments follows thatN t (A) is the Poisson process
with intensity

� (A) = EN1(A);

where � (A) is a � -�nite measure called the Lévy measure. Further, let us de�ne the compen-
sated Poisson measure~N t (A) as

~N t (A) = N t (A) � t� (A);

which is martingale valued, i.e., fors < t

E[ ~N t (A)jF s] = ~Ns(A):

If A is not bounded from 0 then EN t (A) and also E ~N t (A) can be possibly in�nite for any
t > 0.

Now we would like to study the jump part of the Lévy processX t , which should be
intuitively equal to the sum of all jumps up to time t

X

0� s� t

� X s:

We must be careful here, since the Lévy process can have in�nitely many small jumps in an
arbitrary small time interval. That is reason why we divide jumps of the Lévy processX t into
two groups � jumps which are in absolute value smaller than some arbitrary constant c > 0
and the rest that are bigger or equal toc. It is irrelevant which c we choose since there might
be in�nitely many jumps smaller than any constant c > 0. The common choice for constant
c is 1. Then

Z

jx j� 1
xN t ( dx) =

X

0� s� t

� X s1fj � X s j� 1g;

is sum of jumps of size bigger or equal to 1. This sum is a �nite random variable since there
is just �nitely many jumps bigger then 1, but it does not need to have �nite moments. On
the other side

X t �
Z

jx j� 1
xN t ( dx); t � 0;

is a Lévy process with all moments �nite. It can be shown that integral
Z

" n �j x j< 1
x ~N t ( dx);
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converges almost surly and uniformly as"n # 0 (see Sato (1999, Lemma 20.6)). Hence the
sum of compensated small jumps

Z

jx j< 1
x ~N t ( dx);

is a martingale. Finally it can be proved that

B t = X t � bt �
Z

jx j< 1
x ~N t ( dx) �

Z

jx j� 1
xN t ( dx); t � 0;

with

b = E

 

X 1 �
Z

jx j� 1
xN 1( dx)

!

;

is a martingale with continuous paths starting at 0 and a variance t� 2, where � > 0. From
the Lévy theorem follows that the processB t is a Brownian motion.

We get the Lévy�Ito decomposition which says that if X t is a Lévy process then there
exists a Brownian motion B t with drift b 2 R, variance � > 0 and a random Poisson measure
N t such that

X t = bt + B t +
Z

jx j< 1
x ~N t ( dx) +

Z

jx j� 1
xN t ( dx); t � 0;

where all terms are independent.
Recall that a processX t is a semimartingale if and only if

X t = X 0 + M t + Ct ;

where M t is a local martingale andCt is an adapted process of �nite variation. We see that
a Lévy process is a semimartingale where

M t = B t +
Z

jx j< 1
x ~N t ( dx);

Ct = bt +
Z

jx j� 1
xN t ( dx):

Now if we compute the characteristic function of a general Lévy process using the Lévy�Ito
decomposition we will get the Lévy�Khintchine formula

EeizX t = Eet (z)

= exp
�

t
�

ibz �
1
2

� 2z2 +
Z

R

�
eizx � 1 � izx 1fj x j< 1g

�
� ( dx)

��
; z 2 R;

where the Lévy measure� satis�es following two properties

� (f 0g) = 0 ;
Z

R
(jxj2 ^ 1) � ( dx) < 1 :
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The triplet (b; �; � ) is called the characteristic triplet of the in�nitely divis ible distribution
of X 1. This triplet uniquely de�ne the distribution of X 1. The characteristic triplet of the
distribution of X t is then (tb; t�; t� ).

The jump part of the Lévy processX t is of �nite variation if and only if the Lévy measure
� satis�es

Z

jx j< 1
jxj � ( dx) < 1 :

In that case we can rewrite the characteristic exponent in the Lévy�Khintchin formula in form

 (z) = ib0z �
1
2

� 2z2 +
Z

R

�
eizx � 1

�
� ( dx);

where

b0 = b�
Z

jx j< 1
izx � ( dx):

And we see that it is a convolution of a Brownian motion with drift b0 and a compounded
Poisson process with unit intensity and jumps size distribution � .

2.3.3 Subordinators

A subordinator is a real one�dimensional Lévy process whichis almost surely increasing and
can be interpret as a random time evolution. It is clear that if a subordinator Tt is almost
surely increasing then the Brownian part of the process has tobe zero, drift b has to be
nonnegative and the process can have only positive jumps. A subordinator has �nite variation
and hence the characteristic exponent in the Lévy�Khintchin formula takes the form

 (z) = ibz +
Z 1

0

�
eizx � 1

�
� ( dx); z 2 R;

where

b � 0;

�
�
(�1 ; 0)

�
= 0 ;

Z 1

0
(1 ^ x)� ( dx) < 1 :

In the case ofTt is a subordinator, it is more convenient to work instead of the characteristic
exponent  with the Laplace exponent � , which is de�ned as

� (u) = �  (iu ) = bu+
Z 1

0

�
1 � e� ux �

� ( dx); u 2 C; < (u) � 0;

Then it holds

Ee� uT t = e� t� (u) :
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Sometimes it is useful to work with the Laplace exponent� (u) for u such that < (u) < 0.
According to Sato (1999, Theorem 25.17),Ee� uT t < 1 if and only if

Z 1

1
e� ux � ( dx) < 1 :

The Laplace exponent is de�ned on the interval (�u; 1 ) or [�u; 1 ). The left endpoint �u may
or may not belong into the interval on which the Laplace exponent is de�ned, but every time
�u � 0.

Note that since a subordinatorTt has only positive jumps� (( �1 ; 0)) = 0 , and nonnegative
drift b it is clear that

Tt � bt:

The line bt is a lower bound for the processTt . We need to consider if we should allow all
values from interval [0; 1 ) for Tt , that is do not have any lower bound, or there is some lower
bound which can be equipped by termbt. In most cases there is not such a bound and we
should set the drift term equal to zerob = 0 .

Some authors mean by the term subordinator a more general processT0
t which is a sub-

ordinator Tt killed with rate � . More precisely, let Tt be a subordinator and� is a random
variable with exponential distribution with intensity � independent ofTt . Then the process

T0
t =

�
Tt ; t < �;
1 ; t � �

is a subordinator killed with rate � . As a special case when� = 0 we get a classical subordi-
nator Tt . We will not need killed subordinators in the presented workbut we mention it just
to be clear what we mean by the term subordinator. For more about (killed) subordinators
we refer to Bertoin (1999).

Examples of Subordinators

Compounded Poisson process One of the simplest subordinator is a Poisson process or a
compounded Poisson process. A compounded Poisson process is a subordinator if the
probability distribution of jumps is nonnegative. If � is an intensity of a Poisson process
and F is the nonnegative probability distribution of jumps then t he Lévy measure of
subordinator Tt is

� ( dx) = �F ( dx):

� -stable subordinator An � -stable subordinator Tt is a subordinator with the Laplace ex-
ponent

� (u) = u� ;

where 0 < � � 1. If we want to get a Lévy measure of the subordinator we need to
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notice that

u� =
u�

�(1 � � )

Z 1

0
e� ss� � ds

=
�

�(1 � � )

Z 1

0
ue� uy 1

�
y� � dy (s = uy)

=
�

�(1 � � )

Z 1

0
ue� uy

Z 1

y
x � � � 1 dx dy

=
�

�(1 � � )

Z 1

0

Z x

0
ue� uy dyx � � � 1 dx

=
�

�(1 � � )

Z 1

0
(1 � e� ux )x � � � 1 dx:

We see that the Lévy measure� is

� ( dx) =
�x � � � 1

�(1 � � )
dx:

The case when� = 1 , is degenerate and in that case we get deterministicTt = t.
Note that an � -stable subordinator is a special case of an� -stable process for choice of
parameters � = 1 , b = 0 and a� = cos(��= 2).

Gamma subordinator Let Tt be a Lévy process with increments which are gamma dis-
tributed. We say Tt is a Gamma processwith the density function

f Tt (x) =
abt

�( bt)
e� ax xbt� 1; x > 0;

where a; b > 0. It follows

Ee� uT t =
Z 1

0
e� ux abt

�( bt)
e� ax xbt� 1 dx

=
abt

(a + u)bt

Z 1

0

(a + u)bt

�( bt)
e� (a+ u)x xbt� 1 dx

=
�

a
a + u

� bt

= exp
�

bt log
�

a
a + u

��

= exp

 

bt
Z 1

0

e� (a+ u)x � e� ax

x
dx

!

= exp
�

� t
Z 1

0
b(1 � e� ux )x � 1e� ax dx

�
;

where we used the Frullani's integral.9 We see that the Lévy measure is

� ( dx) = bx� 1e� ax dx:

9R1
0

f ( ax ) � f ( bx )
x dx =

�
f (0) � f (1 )

�
log b

a .
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2.3.4 Time�Inhomogeneous Lévy Processes

Lévy processes has stationary independent increments, which is very useful for computations.
We can extend the class of Lévy processes further to the time�inhomogeneous Lévy processes
setting, where the most of nice properties of Lévy processesremains, but we get a more
general class of stochastic processes which still have independent increments, but increments
are no longer stationary. Time�inhomogeneous Lévy processes are also called processes with
independent increments and absolutely continuous characteristics. For more about processes
with independent increments and their characteristics seeJacod and Shiryaev (2003, Chapter
2).

Let T � be some �nite time horizon. A stochastic cadlag processX t adapted to �ltration F t

with values in R is an inhomogeneous Lévy process if and only if it has following properties:

(L1) X 0 = 0 a.s.
(L2) For every sequence of timest0 < t 1 < : : : < t n random variablesX t0 ; X t1 � X t0 ; : : : ; X tn �

X tn � 1 are independent.
(L3) For all 0 � t � T � , X t has time dependent characteristic exponent

 t (z) =
Z t

0

�
ibsz �

1
2

� 2
sz2 +

Z

R

�
eizx � 1 � iux 1fj x j< 1g

�
� s( dx)

�
ds; z 2 R;

where bs 2 R, � s > 0 and � s is a measure onR that integrate (jxj2 ^ 1) and satisfying
� f 0g = 0 . Furthermore, we assume that

Z T �

0

�
jbsj + � 2

s +
Z

R

�
jxj2 ^ 1

�
� s( dx)

�
ds < 1 :

Random variable X t has the in�nitely divisible distribution with the characte ristic triplet
(bt ; � t ; � t ). If the characteristic triplet depends on time linearly, i.e., (bt ; A t ; � t ) = ( tb; tA; t� ),
the processX t is a time�homogeneous Lévy process.

From the de�nition we see that for the characteristic function � X t (z) holds

� X t (z) = e t (z) ;

and only in the case of a time�homogeneous Lévy processes holds

� X t (z) = e t (z) = et (z) :

Similar, in the case of a Lévy time�inhomogeneous subordinator, the Laplace exponent � t is
now time dependent.

Time�inhomogeneous Lévy processes are not very common usedprocesses. Some examples
can be found in Cont and Tankov (2003, Chapter 14). Sometimesthe time interval (0; T � ) is
divided into subpartions on which the processX t is modeled via a time�homogeneous Lévy
processes with di�erent parameters on each subpartition. On the whole interval (0; T � ) is
then the processX t a time�inhomogeneous process. More about time�inhomogeneous Lévy
processes can be found for example in Kluge (2005).

2.4 Time�changed Continuous�time Markov Chain

In this section we recall few known results from matrix algebra, which we will need later. Then
we will try model time evolution with a stochastic process and show how a continuous�time
Markov chain evolves under the stochastic time.
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2.4.1 Matrix Exponential

Let us begin with known fact that for any given n � n matrix A , over an algebraically closed
�eld, 10 there exists invertible matrix B such that

A = BDB � 1; (2.15)

where D is a block diagonal matrix given by

D =

0

B
B
B
@

Jn1 (� 1) 0
Jn2 (� 2)

. . .
0 Jnk (� k )

1

C
C
C
A

;

and the block Jn i (� i ) is n i � n i square matrix given in form

Jn i (� i ) =

0

B
B
B
B
@

� i 1 : : : 0

0 � i
. . .

...
...

. . . 1
0 : : : 0 � i

1

C
C
C
C
A

;

such that n1 + n2 + : : : + nk = n. Values � 1; : : : ; � k are eigenvalues of the matrixA . Form
(2.15) is called theJordan canonical representationand Jn i (� i ) a Jordan block belonging to
eigenvalue� i . In the casen = k, that is, the block Jn i (� i ) is 1-dimensional for everyi , we
say, that the matrix A is diagonalizable.

Let Jn (� ) be an arbitrary Jordan block. It can be decomposed into

Jn (� ) = � I + N ;

where I is the identity matrix and N is a nilpotent matrix 11 in form

N =

0

B
B
B
B
B
B
@

0 1 0 : : : 0
0 0 1 : : : 0

. . .
...

...
. . . 1

0 0 0

1

C
C
C
C
C
C
A

:

10 R is not closed, but C is.
11 We say that the matrix N is nilpotent of order a 2 N if N k 6= 0 for k < a and N a = 0.
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By easy multiplication we see that

N 2 =

0

B
B
B
B
B
B
B
B
@

0 0 1 : : : 0
0 0 0 : : : 0

. . .
...
1

...
...

. . . 0
0 0 0

1

C
C
C
C
C
C
C
C
A

...

N n� 1 =

0

B
B
B
B
B
B
@

0 0 0 : : : 1
0 0 0 : : : 0

. . .
...

...
. . . 0

0 0 0

1

C
C
C
C
C
C
A

;

i.e., with higher power of the matrix N the line of ones shifts one element to the right. Hence
the order of nilpotency of the matrix N is n � 1.

It is easy to verify that matrices � I and N commute. Then it holds

e� I + N =
1X

i =0

(� I + N ) i

i !

=
1X

i =0

P i
j =0

� i
j

�
(� I ) j N i � j

i !

=
1X

i =0

iX

j =0

� j N i � j

j !(i � j )!

=
1X

j =0

� j

j !

1X

i = j

N i � j

(i � j )!

= e� eN :

Since the matrix N is nilpotent of order n � 1, the Taylor expansion of eN is a �nite sum
consisting ofn terms. The �rst term of the expansion is identity matrix and e very other term
shifts ones on the diagonal one item to the right as describedabove. We see that

eJ n (� ) = e� I + N = e�

0

B
B
B
B
B
B
@

1 1 1
2 : : : 1

(n� 1)!
0 1 1 : : : 1

(n� 2)!

0 0 1 : : : 1
(n� 3)!

...
...

...
. . .

...
0 0 0 : : : 1

1

C
C
C
C
C
C
A

: (2.16)
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Now we can compute the exponential of an arbitrary matrixA . Notice that

eA =
1X

i =0

�
BDB � 1

� i

i !

= B
1X

i =0

D i

i !
B � 1

= B eD B � 1:

We need to compute the exponential of the block diagonal matrix D . Since the exponent of
a block diagonal matrix is a block diagonal matrix with exponentials of original blocks on the
diagonal, we have

eD = exp

2

6
6
6
4

0

B
B
B
@

Jn1 (� 1) 0
Jn2 (� 2)

. . .
0 Jnk (� k )

1

C
C
C
A

3

7
7
7
5

=

0

B
B
B
@

eJ n 1 (� 1 ) 0
eJ n 2 (� 2 )

. . .
0 eJ n k (� k )

1

C
C
C
A

;

where exponentials of Jordan blocks are given by (2.16).

2.4.2 Continuous�time Markov Chain under Stochastic Time

Recall that transition probabilities of a homogeneous continuous�time Markov chain are given
by

P(t) = exp ( tQ) :

Let us try to move to the stochastic time, where the time evolution is modeled through a
time�inhomogeneous Lévy subordinatorTt .

Conditioned on the realization Tt the transition probability matrix is

PTt (t) = exp ( Tt Q) :

The unconditioned transition probability matrix is then

P(t) = E[exp (Tt Q)]:

Let Q = BDB � 1 be the Jordan decomposition of the matrixQ, then we have from previous
subsection

P(t) = E [exp (TtQ)]

= B E [exp (Tt D )] B � 1:
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We need to compute the expectation

E [exp (TtD )] = E

2

6
6
6
4

0

B
B
B
@

exp (Tt Jn1 (� 1)) 0 � � � 0
0 exp (Tt Jn2 (� 2)) � � � 0
...

...
. . .

...
0 0 � � � exp (TtJnk (� k ))

1

C
C
C
A

3

7
7
7
5

:

Now, we need to investigate what have changed in the computation of the exponential of a
Jordan block by moving to the stochastic time in comparison with (2.16),

eTt J n (� ) = eTt � I + Tt N = eTt �

0

B
B
B
B
B
B
B
@

1 Tt
T 2

t
2 : : : T n � 1

t
(n� 1)!

0 1 Tt : : : T n � 2
t

(n� 2)!

0 0 1 : : : T n � 3
t

(n� 3)!
...

...
...

. . .
...

0 0 0 : : : 1

1

C
C
C
C
C
C
C
A

:

Note that powers of Tt in the exponential matrix eTt N came from the Taylor series. We see
that we need to compute

E[T i
t eTt � ]; i = 0 ; : : : ; n � 1;

if expectations exist. For i = 0 the expectation exists since� is nonpositive12 and we get the
Laplace transform. For i > 0 we need to now particular distribution of Lévy process.

In the special case when the Lévy subordinatorTt is time�homogeneous and the matrix
A is diagonalizable (matrix D is diagonal), Jordan blocks are one�dimensional and equal to

E[eTt J n (� ) ] = E[eTt � ]

= et� (� ) :

where � (u) is the Laplace exponent of the subordinatorTt . Let E be

E =

0

B
B
B
@

� (D11) 0 � � � 0
0 � (D22) � � � 0
...

...
. . .

...
0 0 � � � � (DKK )

1

C
C
C
A

;

then it holds

E [exp (Tt D )] = exp ( tE) ;

and transition probabilities are then given by

P(t) = B exp (tE) B � 1

= exp
�
tBEB � 1�

= exp( t ~Q);

12 The eigenvalue of the generator matrix Q with the biggest real part, is only one and equals to 0. The rest
of eigenvalues have negative real part. Proof can be found for example in Dupa£ and Dupa£ová (1980, Page
43).
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where ~Q = BEB � 1. We see that we get a homogeneous continuous�time Markov chain
with a di�erent generator matrix. However, it is only the special case, if we have a time
inhomogeneous subordinator or at least one Jordan block with dimension higher than 1 we
can get a time�inhomogeneous continuous�time Markov chain(the generator Q t will depend
on time t.

2.4.3 Maximum Likelihood Estimation

Firstly we will derive the maximum likelihood of a time�chan ged exponentially distributed
random variable and later on we will extend it to the generator matrix estimator.

Time�changed Exponential Maximum Likelihood

Let � be a sojourn time, such that its time�changed probability distribution (changed with
Lévy subordinator) has the exponential distribution with parameter � . That is for �xed
realization Tt

P[� � Tt ] = 1 � e� Tt � :

The probability distribution of the time�unchanged � , which we denote by�� , is then

P[�� � t ] = E
�
1f �� � tg

�

= E
�
E[1f � � Tt gjTt ]

�

= 1 � E[e� Tt � ]

= 1 � e� � t (� ) ; (2.17)

where � t (� ) is the Laplace exponent of the Lévy subordinator. By di�erentiating (2.17) we
get the density function of ��

f �� (t) = e� � t (� ) � 0
t (� );

where � 0
t (� ) is the derivative of the Laplace exponent with respect to time t, that is

� 0
t (� ) = bt u +

Z 1

0

�
1 � e� ux �

� t ( dx)

Let t1; : : : ; tn be independent realizations of the sojourn time�� . Further let � be the p-
dimensional vector of parameters of the probability distribution of the subordinator with
p + 1 < n . The maximum likelihood is then

L(�; � ) =
nY

i =1

e� � t i (� ;� ) � 0
t i

(� ; � );

and the log�likelihood is

l(�; � ) =
nX

i =1

log
�
� 0

t i
(� ; � )

�
�

nX

i =1

� t i (� ; � ):

Let us di�erentiate the log�likelihood with respect to � and components of� , and set deriva-
tives equal to 0. We getp + 1 equations.
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Note that in the conditioned distribution function of the ex ponential distribution we have
term

e� Tt � ;

where we can take anyc > 0 and do the following

e� Tt � = e� cTt
�
c = e� ~Tt ~� : (2.18)

The positive multiple of the subordinator Tt is also the subordinator and the positive multiple
of the intensity � is also the intensity. We see that the solution of log�likelihood derivative
equations will not be unique. Therefore we need to add some additional condition on an
arbitrary parameter.

As an example let us compute the estimator if we use the� -stable subordinator. The
Laplace exponent of the� -stable subordinator is

� t (� ; � ) = t� � :

The log�likelihood is

l(�; � ) =
nX

i =1

log
�
� 0

t i
(� ; � )

�
�

nX

i =1

� t i (� ; � )

= n� log(� ) � � �
nX

i =1

t i :

By di�erentiating with respect to � and setting equal to 0 we get

0 =
@l(�; � )

@�
=

n�
�

� �� � � 1
nX

i =1

t i

0 = n � � �
nX

i =1

t i

� � =
n

P n
i =1 t i

:

By di�erentiating the log�likelihood with respect to � we get exactly same equation. As we
remarked above, the solution is not unique. Note that� 2 (0; 1] and � = 1 is the degenerate
case when the time evolution is deterministic. Hence let us choose� equal to an arbitrary
0 < c < 1. Then the maximum likelihood estimator is

�̂ = c;

�̂ =
�

n
P n

i =1 t i

� 1
c

:

For further interesting discussion remains the optimal choice of c, but since the remark above,
it should not in�uenced the estimator as far as0 < c < 1.
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Time�changed Markov Chain Maximum Likelihood

Recall that a homogeneous continuous�time Markov chain canbe de�ned through an increas-
ing sequence of stopping timesJn with exponentially distributed inter�arrival times, and a n
embedded discrete�time Markov chain with transition probabilities from state i to j equal
to � ij

� i
. If we change the time evolution, the embedded discrete�time Markov chain remains

untouched, but the exponential distribution will change in manner as described above. The
log�likelihood of the time�unchanged chain with observations up to horizonT � (assuming we
are given by initial state i0)

L (Q) = qi 0 exp(� qi 0 J1)

�
m� 1Y

k=1

qi k � 1 i k

qi k � 1

qi k exp
�

� qi k (Jk � Jk� 1)
�

�
qi m � 1 i m

qi m � 1

exp
�

� qi m (T � � Jm )
�
;

will change to

L(Q; � ) = � 0
J1

(qi 0 ; � ) exp
�

� � J1 (qi 0 ; � )
�

�
m� 1Y

k=1

qi k � 1 i k

qi k � 1

� 0
Jk � Jk � 1

(qi k ; � ) exp
�

� � Jk � Jk � 1 (qi k ; � )
�

(2.19)

�
qi m � 1 i m

qi m � 1

exp
�

� � 0
T � � Jm

(qi m ; � )
�

For further computation we need particular choice of the subordinator distribution with some
additional condition, for example on its expected value or some �xed value of the parameter
to get a unique maximum likelihood estimation.

Again, let us compute the maximum likelihood estimator explicitly for an � -stable subor-
dinator. We have to estimate qij and � . Same as in the case of an exponentially distributed
variable the solution will not be unique, unless an additional condition is added. So let� = c,
where 0 < c < 1. Recall that

� t (u; � ) = tu � ;

� 0
t (u; � ) = u� :
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By substitution in (2.19) we get

L (Q; � ) = q�
i 0

exp(� J1q�
i 0

)

�
m� 1Y

k=1

qi k � 1 i k

qi k � 1

q�
i k

exp
�

� (Jk � Jk� 1)q�
i k

�

�
qi m � 1 i m

qi m � 1

exp
�

� (T � � Jm )q�
i m

�

= q� � 1
i 0

exp(� J1q�
i 0

)

�
m� 1Y

k=1

qi k � 1 i k q� � 1
i k

exp
�

� (Jk � Jk� 1)q�
i k

�

� qi m � 1 i m exp
�

� (T � � Jm )q�
i m

�

=
KY

i =1

exp
�

� q�
i Ri (T � )

� KY

j =1
j 6= i

�
qij q� � 1

j

� n ij (T � ) :

The log�likelihood is then

l(Q; � ) =
KX

i =1

�
� q�

i Ri (T � ) +
KX

j =1
j 6= i

n ij (T � )
�

log(qij ) + ( � � 1) log(qj )
�
�

= �
KX

i =1

� KX

j =1
j 6= i

qij

� �

Ri (T � ) +
KX

i =1

KX

j =1
j 6= i

n ij (T � ) log(qij )

+ ( � � 1)
KX

i =1

KX

j =1
j 6= i

n ij (T � ) log
� KX

k=1
k6= j

qjk

�
;

where we used thatqi =
P K

j =1
j 6= i

qij . This relation we will use also the other way around.

If we di�erentiate the log�likelihood with respect to qij and set equal to 0 we get equations

@l(Q; � )
@qij

= � �q � � 1
i Ri (T � ) +

n ij (T � )
qij

+
(� � 1)

qi

KX

k=1
k6= i

nki (T
� ) = 0 ; i 6= j;

which we can adjust into form

�q � � 1
i Ri (T � ) �

(� � 1)
qi

KX

k=1
k6= i

nki (T
� ) =

n ij (T � )
qij

: (2.20)

From (2.20) we see that for �xed i the ratio n ij (T � )
qij

is constant for every j . Let m 2
f 1; 2; : : : ; i � 1; ; i + 1 ; : : : ; K g be an arbitrary index di�erent than i . Then it holds

qij =
n ij (T � )
n im (T � )

qim ; j 6= i: (2.21)
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If we substitute (2.21) into the equation (2.20) associatedwith indices i and m and adjust it
a bit we will get

�q � � 1
i Ri (T � ) �

(� � 1)
qi

KX

k=1
k6= i

nki (T
� ) =

n im (T � )
qim

�
� KX

j =1
j 6= i

qij

� � � 1

Ri (T � ) �
(� � 1)

�
P K

j =1
j 6= i

qij

�
KX

k=1
k6= i

nki (T
� ) =

n im (T � )
qim

�
� KX

j =1
j 6= i

n ij (T � )
n im (T � )

qim

� � � 1

Ri (T � ) �
(� � 1)

P K
j =1
j 6= i

n ij (T � )
n im (T � ) qim

KX

k=1
k6= i

nki (T
� ) =

n im (T � )
qim

�
�

qim

n im (T � )

� � � KX

j =1
j 6= i

n ij (T � )
� � � 1

Ri (T � ) � (� � 1)

P K
k=1
k6= i

nki (T � )

P K
j =1
j 6= i

n ij (T � )
= 1 :

After few more adjustments we get

q�
im =

�
n im (T � )

� �
�

P K
j =1
j 6= i

n ij (T � ) � (1 � � )
P K

k=1
k6= i

nki (T � )
�

�R i (T � )
�

P K
j =1
j 6= i

n ij (T � )
� �

qim =
n im (T � )

P K
j =1
j 6= i

n ij (T � )

�

vu
u
t

P K
j =1
j 6= i

n ij (T � ) � (1 � � )
P K

k=1
k6= i

nki (T � )

�R i (T � )
: (2.22)

There is one thing which we need to take care of. Under the rootthere might be negative
number, which depend on our choice of� = c. Hence we need to choosec su�ciently small
to qim be well de�ned for all i 6= m. Then we have maximum likelihood estimator

�̂ = c;

q̂im =
n im (T � )

P K
j =1
j 6= i

n ij (T � )

c

vu
u
t

P K
j =1
j 6= i

n ij (T � ) � (1 � c)
P K

k=1
k6= i

nki (T � )

cRi (T � )
; i 6= m;

q̂ii = �
KX

m=1
j 6= i

q̂im ; i = 1 ; : : : ; K:

Note that for c = 1 we get the classical maximum likelihood estimator for continuous�time
Markov chain

q̂im =
n im (T � )
Ri (T � )

:
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2.5 Generator Estimator from Partially Observed Data

Let us imagine the situation when we want to model some systemusing a continuous�time
Markov chain. We have some past observations of the system from which we need to estimate
the generator matrix Q. If we have continuous�time observations of the system, it is easy to
compute the maximum likelihood estimator. Problem raise upif we do not have continuous
observations and we have just discretely (partially) observed data. Without loss of generality
let us assume that we have yearly data observations.

Using the cohort method (2.9) we can estimate the yearly transition probability matrix
and denote it by P̂ . Then we would like to derive the estimator of the generatorQ which
generate the transition matrix P̂ . This problem is called theembedability problem. Not every
probability matrix is embeddable and if there exists the generator Q it has not to be unique.

Under the assumption that the process can change the state just once a year Jarrow et al.
(1997) shows how to deriveQ̂ from P̂. In Israel et al. (2001), authors work in a more gen-
eral setting without any restrictive assumptions and they provide su�cient conditions on a
transition matrix P̂ for the existence or for the failure of the existence of the generator Q̂.
Their idea is to compute the logarithm of matrix P̂ . The resulting matrix does not need to
be a valid generator.13 Israel et al. (2001) come up with two ad�hoc methods how to getthe
nearest possible valid generator. Both method set negative o��diagonal elements equal to zero
and then adjust other elements to get zero row�sum. We describe them in Section 2.5.1

Other method how to get a valid generator matrix, which generates the transition proba-
bility matrix as near as possible toP̂ , is from Kreinin and Sidelnikova (2001) (QOG method)
and described in Section 2.5.2.

In Bladt and Sørensen (2005) they choose a bit di�erent approach. They did not try to
�nd the generator of the matrix P̂ , but rather estimate the generator matrix Q using all
available information, i.e., partial observed data. As a tool how to deal with the incomplete
information for the maximum likelihood estimator, they used the EM algorithm (Section 2.5.3)
and MCMC (Section 2.5.4).

A comprehensive comparison of these �ve methods can be foundin Inamura (2006) who
shows that the best performance gives the MCMC method.

2.5.1 DA and WA Method

Israel et al. (2001) suggest to use the matrix logarithm through the Taylor series for computing
the estimator

Q̂ = log P̂ = ( P̂ � I ) �
(P̂ � I )2

2
+

(P̂ � I )3

3
�

(P̂ � I )4

4
+ : : : ;

where I is the identity matrix. Israel et al. (2001) also provide some necessary conditions for
the existence of the real matrix logarithm of the matrix P̂ . Nevertheless, even if the real
logarithm exists, the resulting Q̂ does not need to be a valid generator. Israel et al. (2001)
propose two ad�hoc methods how to �x it � the diagonal adjustment method(DA) and the
weighted adjustment method(WA). Methods proceed in two steps. In the �rst step they �x
all o��diagonal elements and in the second step they adjust other elements ofQ̂ to be a valid
generator.

13 Nonpositive elements on the diagonal, nonnegative elements otherwise and zero row�sum.
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1. Set all o��diagonal negative elements equal to 0,

�̂ ij = max
n

�̂ ij ; 0
o

; i 6= j:

2. For DA method set the diagonal element equal to minus sum ofo��diagonal elements

�̂ ii = �
X

j 6= i

�̂ ij ; i = 1 ; : : : ; K:

For WA method adjust all nonzero elements relatively to their magnitudes

�̂ ij = �̂ ij � j �̂ ij j

P K
j =1 �̂ ij

P K
j =1 j �̂ ij j

; i; j = 1 ; : : : ; K:

2.5.2 Quasi�optimization Method

We are given by the matrix P̂ and we would like to �nd a generator which generates the
matrix P̂ or generate a matrix which is as close as possible tôP. Let us denote a set of all
possibleK � K -dimensional generators byQ, that is

Q :=

8
<

:
Q 2 RK � K

�
�
�
�

KX

j =1

qij = 0 ; qij � 0; i 6= j

9
=

;
:

We are trying to �nd the element Q � 2 Q , which minimize





 exp(Q) � P̂






 :

That is not an easily tractable problem. Kreinin and Sidelnikova (2001) suggest that ifexp(Q)
is near to P̂ , then also their logarithms should be near to each other. Therefore they formulate
a similar problem, where they are looking forQ � 2 Q , which minimize






 Q � log P̂






 :

Since conditions on a valid generator are conditions on every row we can split the optimization
problem into K separate problems and perform for each row following optimization algorithm

Let us denote the particular row of P̂ , for which we are performing the algorithm, by
a = ( a1; : : : ; aK ) and assume the coneC given by

C =

(

z 2 RK
�
�
�
�

KX

i =1

zi = 0 ;
KX

i =1

1f zi < 0g 2 f 0; 1g

)

:

Note that
P K

i =1 1f zi < 0g = 0 implies z = 0.
Now we are looking forz� 2 C which is the argument of

min
z2C

KX

i =1

(ai � zi )2:

Kreinin and Sidelnikova (2001) provide fast algorithm for � nding z� based on the algorithm
of Tuenter (2001). The algorithm proceeds as following
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1. If a 2 C then z� = a and stop.
2. Construct b = ( b1; : : : ; bK ) as

bi = ai �
1
K

KX

i =1

ai :

3. Let � (�) be a permutation which ordersb in the increasing order, that isbi � bi +1 . Then
compute ~a = � (b).

4. Find the smallest m� , for 1 � m � (K � 1) which satis�es14

(K � m + 1)~am+1 �

 

~a1 +
KX

i = m+1

~ai � 0

!

:

5. Let J be given by

J := f i 2 Nj2 � i � m� g:

Note that J can be an empty set ifm� = 1 .
6. Construct z� in as

zi =

(
0; i 2 J ;

~ai � 1
K � m � +1

� P
j =2J ~aj

�
; otherwise:

Note that in the case ofm� = 1 , we get simply z� = ~a.
7. As the optimal solution for this row return � � 1(z� ), where� � 1 is the inverse permutation

to � .

If we perform the algorithm for every row, we get the solutionto QOG problem.

2.5.3 Expectation Maximization Method

The idea of the expectation maximization method (EM) is quite simple and appears to be use-
ful in the situation of incomplete data, where the maximum likelihood could not be applied
directly. For more general information about EM algorithm see McLachlan and Krishnan
(1997). The application for the presented problem was proposed by Bladt and Sørensen
(2005).

We assume that we have discrete (one year) observation ofn realizations of the continuous�
time Markov chain. We can not apply maximum likelihood since we do not observe these
realizations continuously, but we know in which state the chain started and where it ended.
For computing the maximum likelihood we would need to know the number of transitions from
i to j through the year denoted by n ij and time spend in state i by all realizations denoted
by Ri .

The EM algorithm consists of two steps. In the �rst step n ij and Ri is replaced by their
expected values, given the partial observationxobs (starting and ending point). In the second
step we compute the maximum likelihood estimator of the generator Q using n ij and Ri from
the �rst step. Formally the algorithm proceeds as follows

14 In the original paper Kreinin and Sidelnikova (2001) or in In amura (2006) they request m � 2, which we
think is wrong and do not work in some special cases (matrices in the credit risk are usually not the case). We
do not have the theoretical proof of this adjustment, just nu merical. The theoretical proof remain for further
research.
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1. Let Q0 be some starting point of the algorithm. The possible choiceis estimator QDA

or QW A .
2. Calculate E[n ij jxobs; Qk ] and E[Ri jxobs; Qk ] using Qk .
3. Calculate Qk+1 , where ij -th element is given by

qij =
E[n ij jxobs; Qk ]
E[Ri jxobs; Qk ]

:

4. If jjQk � Qk+1 jj < " then return Qk as the optimal solution, else go to step 2.

The only thing we need to clarify is how to compute expectations E[n ij jxobs; Q] and
E[Ri jxobs; Q]. Note that

E[n ij jxobs; Q] =
nX

k=1

E
h
nk

ij jxk ; Q
i

;

E[Ri jxobs; Q] =
nX

k=1

E
h
Rk

i jxk ; Q
i

;

where xk is the partial observation of the k-th realization of the chain, nk
ij is the number of

transitions from state i to state j in the k-th realization and similar to Rk
i . Then it holds

E
h
nk

ij jxk ; Q
i

=
1
D

e>
xk (0)

�
qij

Z 1

0
exp(sQ)ei e>

j exp
�
(1 � s)Q

�
ds

�
exk (1) ; (2.23)

E
h
Rk

i jxk ; Q
i

=
1
D

e>
xk (0)

� Z 1

0
exp(sQ)ei e>

i exp
�
(1 � s)Q

�
ds

�
exk (1) ; (2.24)

D = e>
xk (0) exp(Q)exk (1) ; (2.25)

where xk (0) is the starting and xk (1) the ending state of the k-th realization, ei is a vec-
tor of zeros with one oni -th place. For the detail derivation of formulas (2.23) � (2.25) see
Bladt and Sørensen (2005) and/or Inamura (2006, Appendix B). To be able to compute any
of formulas (2.23) � (2.25) we need to know ho to compute integrals involving matrix expo-
nentials. An easy formula suggested by Van Loan (1978) use two square matricesF and A
such that

�
F11 F12

0 F 22

�
= exp

�
t
�

A 11 A 12

0 A 22

��
;

Then it holds that

F11 = exp( tA 11);

F22 = exp( tA 22);

F12 =
Z t

0
exp

�
(t � s)A 11

�
A 12 exp(sA 22) ds:

If we substitute A 11 and A 22 by Q, A 12 by ei e>
i or ei e>

j and t = 1 , we can easily compute
exp(A ) and get F12, which is what we are looking for.
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2.5.4 Markov Chain Monte Carlo Method

The last method from the comparison of Inamura (2006) is the MCMC method proposed
same as EM method by Bladt and Sørensen (2005). The idea is alsovery simple. Let Q be a
random matrix satisfying conditions on the generator matrix with the distribution p(Q). Let
us draw some particularQ from p(Q) and simulate the run X of the chain given the generator
matrix Q in such way, that the partial observation (starting and ending state) agrees with
data which we have observedxobs. Then we compute the maximum likelihood from the run
X and adjust the distribution of Q according to that. The setting is Bayesian and from the
Bayes theorem we have

p(QjX; x obs) / p(Q)p(X jQ)

/ p(Q)L(Q)

= p(Q)
KY

i =1

KY

j =1
j 6= i

qn ij
ij exp(� qij Ri ): (2.26)

Thus, p(Q) is the prior distribution and p(QjX; x obs) is the posterior distribution. This
distribution adjustment of the matrix Q we iterate n-times and after that we forget �rst l
iterations, which are called theburn�in period . Then we get the estimator

Q̂ =
1

n � l

nX

i = l+1

Q i ;

where Q i is the matrix drawn in the i -th iteration. First l iterations are forgotten to enable
the process to reach a stationarity. Bladt and Sørensen (2005) proposed to use a gamma
distribution for o��diagonal elements of Q (diagonal elements are given byqii = �

P
j 6= i qij ).

Then the prior distribution is

p(Q) /
KY

i =1

KY

j =1
j 6= i

q� ij � 1
ij exp(� qij � i );

where� ij and � i are parameters of the gamma distribution. The posterior distribution is then
from (2.26) again the gamma distribution, but with di�erent parameters

p(QjX; x obs) /
KY

i =1

KY

j =1
j 6= i

qn ij + � ij � 1
ij exp

�
� qij (Ri + � i )

�
:

Let � ij and � i are given parameters of the gamma distribution andxobs is the partial obser-
vation. The algorithm proceeds as follows

1. Let k = 1
2. Draw Qk from distribution �( � ; � ).
3. Simulate the run X of the chain in such way that X agrees with the partial observation

xobs.
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4. Compute n ij and Ri from the run X and update � ij and � i ,

� ij = � ij + n ij ;

� i = � i + Ri ;

k = k + 1 :

5. If k = ( n + 1) return 1
n� l

P n
i = l+1 Q i , else go to step 2.

The simulation of the run X can be done easily by simulating a Markov chain with the initial
state according toxobs. Then the run is accepted or rejected if it will end in the desired ending
point (according to xobs).

Note that the generator estimators from EM and MCMC method can generate signi�cantly
di�erent one�year transition matrix then P̂ . It is caused from the similar reason as in the
case of the ML estimator compared with the cohort estimator. EM and MCMC method
incorporate more information then methods DA, WA and QOG. Therefore it is not easy to
compare this two kinds of methods. Sometimes the �rst one might be more useful then the
other one dependent on the observed information.

Inamura (2006) performed a simulation when he has some generator Q and he simulate the
partial observation and compared estimators from these �vemethods with the original one.
The best estimator was by MCMC method. ThoughQOG gives better �t if one is looking for
the generator ofP̂ .

2.5.5 Componentwise Optimization

As an additional method to �ve previous we add the componentwise optimization (CO) which
has similar goal as DA, WA or QOG method � �nd Q which generateP̂ . The idea is very
simple � divide the problem of �nding Q into (K � 1) � (K � 1) steps. In each step we are
dealing with a one�dimensional problem, where we �nd

q̂ij = arg min
qij 2 [0;c]






 exp

�
Q(qij )

�
� P̂






 ; i 6= j; (2.27)

where Q(qij ) expresses the dependency of the generator onqij . Constant c is chosen in
conservative way from empirical expectations.15 The smaller the constant c is, the faster the
algorithm proceeds. Constantc can be also di�erent for di�erent choices of indicesi and j .

We see that in each step we have �xed all elements ofQ except particular qij ; i 6= j and we
perform a one�dimensional optimization. The important thi ng is, that simultaneously as we
are moving qij we need to adjust other elements ofi -th row of Q to remain valid generator.
This one dimensional problem is solvable numerically usingthe wide variety of methods.16

Formally the algorithm is following

1. Find some initial Q0 using DA or WA method.
2. While convergence is not reached do

� For i = 1 ; : : : ; K do
� For j = 1 ; : : : ; K do

15 In the credit risk, the highest intensities are around 0.1, t herefore possible conservative choice would be
c = 1 .

16 We have used the function optimize from the statistical software R, where is implemented the well�known
Fortran subroutine fmin based on ALGOL 60 procedure localmin given in Brent (1973).
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� If i 6= j , �nd q̂ij as

q̂ij = arg min
qij 2 [0;c]






 exp

�
Q(qij )

�
� P̂






 ;

Simultaneously with changing qij adjust other row elements toQ remain
the valid generator.

3. Return Q as the optimal solution.

The CO algorithm does not need to lead to the optimal solution, since it converge to some
local minimum of one dimension and since we do not know anything about convexity, we can
not ensure that the found minimum is a global minimum. Hence we know, that we will get
�some� result, but the result can be far away from the optimalsolution. What we can do, is
to compare it to solutions from previous �ve methods and thensay if it is better solution or it
is not. Important thing is also the choice of the initial point since we never converge to worse
solution then the initial. Hence if we choose as a starting point the best solution which we
get from previous �ve methods we can just improve using CO. The standalone usage without
any reference results can not be done without further discussion about the convexity of the
algorithm.

2.6 From m Transition Probability Matrices to One Generator
under Stochastic Time

In this section we will try to extend CO method from Section 2.5 in a way of Section 2.4.2
and give the motivation for this extension.

2.6.1 Idea and Motivation

All six previous methods assume that we are given by the one�year partial observation of the
system (using cohort method we can estimate matrix̂P) and these methods �nd the generator
estimator Q̂. Let us extend this problem.

We assume that we are given by discrete yearly observations (similar as in the previous
section) from sequence ofm years. If we assumed that the system does not change its dynamics
in any way we can easily use previous methods with an advantage of more observations. We
are going to suggest a bit di�erent approach. Let us assume that the system runs under
some stochastic transformation of the time which is independent of the Markov chain. Let us
explain it in a more detail way.

Let Q be the valid generator matrix andT1; : : : ; Tm be some nonnegative random variables.
We do not require to be independent or same distributed. Lett1; : : : ; tm be their realizations.
Then we assume, that in thei -th year, the system follows the continuous�time Markov chain
with the generator t i Q. Hence we are dealing with a problem of estimation of̂t1; : : : ; t̂m and
matrix Q̂ conditioned on partially observed data. Note that t̂1; : : : ; t̂m and Q̂ are not unique
since if we multiply Q̂ by any positive constant c and t̂1; : : : ; t̂m by 1=c we get same Markov
chain with generator t i Q. Therefore we need to add an additional condition on̂t1; : : : ; t̂m , for
example

P m
i =1 t̂ i = m.

Methods DA and WA do not give us any simple idea how to extend them to the stochastic
time setting. QOG also can not be used since the problem can not be split into problems for
each row. On the contrary CO method can be extended very easily.
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In stochastic time CO method (STCO) we want to minimize

min

 
mX

i =1






 exp(t i Q) � P̂ i








!

;

subject to

qii � 0; i = 1 ; : : : ; n

qij � 0; i 6= j
KX

j =1

qij = 0 ;

t i � 0;
mX

i =1

t i = m:

where jj � jj is the Euclidean norm. Full description of the algorithm is in Section 2.6.3.
Before we will describe STCO method we will derive the maximumlikelihood estimator

if we assume thatt i are parameters of the model, not random variables like in Section 2.4.3.
The maximum likelihood estimator can be used if we have fully�observed data. For partially
observed data we think that EM and MCMC method can be extendedto stochastic time
setting, but it remains for further research. Nevertheless, for both stochastic time EM or
MCMC method, the knowledge of the maximum likelihood is the �rst step, hence result from
next subsection will be useful.

2.6.2 Maximum Likelihood Estimation

Recall that the maximum likelihood of the continuous�time M arkov chain is

L (Q) =
KY

i =1

KY

j =1
j 6= i

qn ij (T )
ij exp

�
� qij Ri (T)

�
:

Let us have observations fromm years and let times t1; : : : ; tm be not random, but rather
some nonnegative parameters. The maximum likelihood will take the form

L(Q; t ) =
mY

k=1

KY

i =1

KY

j =1
j 6= i

(tkqij )n ij (k) exp
�

� tkqij Ri (k)
�
;

where t = ( t1; : : : ; tm ), n ij (k) is the number of transitions from i to j in the k-th year and
Ri (k) is the total time spend by the process in statei in the k-th year. The log�likelihood is
then

l(Q; t ) =
mX

k=1

KX

i =1

KX

j =1
j 6= i

�
n ij (k) log(tkqij ) � tkqij Ri (k)

�
:
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After di�erentiating we get

0 =
@l(Q; t )

@qij
=

mX

k=1

�
n ij (k)

qij
� tkRi (k)

�
;

0 =
@l(Q; t )

@tk
=

KX

i =1

KX

j =1
j 6= i

�
n ij (k)

tk
� qij Ri (k)

�
;

and after few adjustments

qij =
P m

k=1 n ij (k)
P m

k=1 tkRi (k)
; (2.28)

tk =

P K
i =1

P K
j =1
j 6= i

n ij (k)

P K
i =1

P K
j =1
j 6= i

qij Ri (k)
: (2.29)

From (2.28) and (2.29) we can derive

t l =

P K
i =1

P K
j =1
j 6= i

P m
k=1 tkn ij (l )Ri (k)

P K
i =1

P K
j =1
j 6= i

P m
k=1 n ij (k)Ri (l )

; l = 1 ; : : : ; m

which is a system of linear equations which can be easily solved by any algebraic method
together with the condition

mX

i =1

t i = m:

Once we havet l for l = 1 ; : : : ; K we can computeqij for i 6= j through (2.28) and after that

qii = �
KX

j =1
j 6= i

qij ; i = 1 ; : : : ; K:

However, if we do not have the continuous�time observation we can not use maximum
likelihood estimation. Hence let us try to extend CO method from Section 2.5 to the stochastic
time setting.

2.6.3 Stochastic Time Componentwise Optimization

Let us recall that we have m empirical transition matrices P̂1; : : : ; P̂m and we want to �nd
the generator matrix Q and vector t , such that the transition probability matrix exp(t i Q) is
as near as possible tôP i for i = 1 ; : : : ; m.

Probably the �rst thing what one can do, is to compute the average generator

Q̂ =
1
m

mX

i =1

Q̂ i ;
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where Q̂ i is derived by any of previous six methods. Then we �nd the estimator of constant
t i > 0 as

t̂ i = arg min
t � 0






 exp(tQ̂) � P̂ i






 :

Sincejj exp(tQ̂)� P̂ i jj is convex int and for t ! 1 norm goes to in�nity, there exists the unique
minimum which can be easily found. Then we need to rescale vector t to hold

P m
i =1 t i = m

D =
mX

i =1

t̂ i ;

and then set

t = t̂
m
D

;

Q = Q̂
D
m

:

This simple approach splits the optimization problem into two steps. In the �rst step we
�nd the estimator of the generator matrix and in the second step we estimatet i . Clearly it
is not the optimal approach and one can get better result if heestimates the matrix Q̂ and
constants t̂ i in one step. However, the estimatorQ̂ can be used as a starting point for the
stochastic time componentwise optimization (STCO) method.

STCO proceeds in the following way
1. Compute Q as an average generator as described above.
2. Until the convergence is reached repeat

� For i = 1 ; : : : ; m �nd t i as

t i = arg min
t2 [0;c]

jj exp
�
tQ � P̂

�
jj

� Compute

D =
mX

i =1

t i :

� Set

t = t
m
D

;

Q = Q
D
m

:

� For i = 1 ; : : : ; K do
� For j = 1 ; : : : ; K do

� If i 6= j , �nd qij as

qij = arg min
qij 2 [0;c]

mX

k=1






 exp

�
tkQ(qij )

�
� P̂ k






 ;

Simultaneously with changingqij adjust other row elements ofQ to remain
a valid generator.

3. Return Q as the optimal solution.
Herec is chosen in such way that it is safely higher than any intensity and also higher then

possible values oft i (depend on how volatile behavior of time evolution we expect). If we are
not sure we can rather setc really high, for example c = 100.
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2.7 A�ne Processes

The Markov processX t with some state spaceRn
+ � Rd� n , 0 � n � d, is called the regular

a�ne process if and only if its conditional characteristic function is �exponential�a�ne�, i.e.,

E
�
eiu �X t jX s

�
= e� (t � s;iu )+ � (t � s;iu )�X s ; u 2 Rd;

for some functions� (t; iu ) and � (t; iu ) which are di�erentiable in t and their derivatives are
continuous at 0.

Let us assumed = 1 and the Markov processX t follows dynamics

dX t = � (X t ) dt + � (X t ) dWt ;

where Wt is a standard Brownian motion and functions � (x) and � 2(x)17 are both a�ne in
x.18 Furthermore let � (x) be also a�ne in x, then there exist functions A(t) and B (t) such
that

E
�
exp

�
�

Z t

0
� (X s) ds

��
= exp( A(t) � B (t)X 0):

If we assume� (x) = x, � (x) = � (� � x) and � (x) = � then we get the model of Vasicek (1977)

dX t = � (� � X t ) dt + � dWt ;

and

B (t) =
1
�

�
1 � e� �t �

;

A(t) =

�
B (t) � t

��
� 2� � � 2

2

�

� 2 �
� 2B (t)2

4�
:

If we replace in the Vasicek's model function� (x) = � by � (x) = �
p

x we get the CIR model
of Cox et al. (1985)

dX t = � (� � X t ) dt + �
p

X t dWt ;

and

B (t) =
2(e
t � 1)

(
 � � )(e
t � 1) + 2 

;

A(t) =
2��
� 2 log

 
2
 (e(
 � � )t � 1)

(
 � � )(e
t � 1) + 2 


!

;

where 
 =
p

� 2 + 2 � 2.
More mathematical theory about a�ne processes can be found in Du�e et al. (2003) for

time homogeneous Markov processes and in Filipovi£ (2005) extended to time inhomogeneous
Markov processes.

17 Notice that we want � 2(x) to be a�ne in x not just � (x).
18 We say that function f : Rd ! R is a�ne if there exist a 2 Rd and b 2 R, such that f (x) = a � x + b.
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2.8 Copulas

Let random variablesX i , i = 1 ; : : : ; n from 
 to (0; 1 ) be some survival times and we are inter-
ested in way howX i depends on each other. More precisely we knowP[X 1 � x1]; : : : ; P[X n �
xn ] and we would like to model the joint probability P[X 1 � x1; : : : ; X n � xn ]. The answer
for that is to introduce copulas.

Let X be a random vector from an arbitrary n�dimensional distribution F and let Fi be
the marginal distribution of X i . Then by Sklar (1959) there exists a function

C : [0; 1]n ! [0; 1];

called copula such that

F (x1; : : : ; xn ) = C
�
F1(x1); : : : ; Fn (xn )

�
:

If Fi are continuous for everyi , then the copula is unique and

C(u1; : : : ; un ) = F
�
F � 1

1 (u1); : : : ; F � 1
n (un )

�
;

where

F � 1
i (u) = inf f x � 0jFi (x) � 0g:

For copula hold:

� C(u1; : : : ; un ) = 0 wheneverui = 0 for somei .
� C(u1; : : : ; un ) = ui wheneveruj = 1 for all j 6= i .
� max (

P n
i =1 ui + 1 � n; 0) � C(u1; : : : ; un ) � min i =1 ;:::;n ui , where boundaries are called

the minimal copula and the maximal copula.

Probably the most common used copula is a Gaussian copula given by

C(u1; : : : ; un ) = � R
�
� � 1

1 (u1); : : : ; � � 1
n (un )

�
;

where � is the standard normal distribution function and � R is the cumulative distribution
function of n-dimensional normal distribution with zero mean and covariance matrix R .

For more examples and theory about copulas see Nelsen (2006).



3
Credit Risk Models

First, we are going to introduce some basic concepts and ideas of credit risk modeling. Then
we will show what are common used practices in modeling the loss distribution.

3.1 Idea of Credit Risk

One of the main businesses of banks is lending money. They lend money to people or �rms
that need money which they do not have. Of course banks lend money just to debtors which
have a high probability to repay the money. Ability of repaying money is called thecredit
worthiness. For lending money, the bank expects some rewards in the formof interest. The
interest is composed of reward for lending and some risk premium for the bearing risk that
the debtor will fail to satisfy his obligation and a loss for the bank will occur.

Usually a contract develops in the following way. A future debtor applies for a loan.
The bank checks his credit worthiness. It consists of checking the present �nancial situation,
evaluation of present and estimation of future assets and liabilities etc.19 If the debtor ful�lls
all internal requirements of bank loan, there are couple things that need to be established �
the height of loan, the height of interest rate, the calendarof installment, the conditions of
drawing money, etc. After signing the contract the debtor withdraw the money and starts
paying regular instalments according to the calendar of installments until whole debt is repayed
including the interest.

That is the optimal development of the contract, but sometimes deviations from the op-
timal development might occur. The debtor can get into the �nancial distress and fail to
ful�ll his obligation. Usually at the time when debt is grant ed the debtor has a high credit
worthiness (is in a good �nancial condition), but during the duration of the contract the credit
worthiness can change. The change in credit worthiness is often called acredit event. A situ-
ation when the debtor fails to ful�ll his obligation is calle d a default and the random time at
which it happens is called thedefault time.

A default of the debtor means a �nancial loss for the bank. This loss is called thecredit
loss and we will denote it by L . When a default occurs it does not mean that all outstanding
money is lost, some fraction can be recovered. The fraction that is recovered is called the
recovery rate (RR) and it is from the interval [0; 1]. The height of the credit loss, if a default
occurs, is a random variable which depends on many factors, mainly on the exposure at default
(EAD ) and the loss given default(LGD ). The EAD is the outstanding amount of drawn
money at the time of default. The LGD is simply 1 � RR, i.e., the fraction of the EAD
that will be lost at default. The LGD depends on many circumstances like the presence of a
collateral, the business sector of the debtor, the balance sheet of the debtor, etc.

Some debts has a valuable collateral which cover the big portion of the debt. Then it
appears to be useful to estimate the total amountC, which we can cover from the collateral

19 The most common used tool for that are so called scoring cards, which are models based on logistic
regression or similar mathematic theory. Once all necessary details are given to model, the model gives a score
for client. If the score is su�ciently high, the loan is grant ed. If it is to low, the loan is rejected, and if it is in
the middle further personal examination is performed.
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for sure and then de�ne newÊAD as

ÊAD = ( EAD � C)+ :

Then we assume just the neŵEAD in the model. Sometimes a collateral value is very volatile.
In that case the estimation of the amountC should be very conservative even if we know that
with the very high probability we will be able to cover the bigger amount then C at default.

The bank has a whole portfolio of loans denoted byPF = f 1; : : : ; N g. One debtor can
have more loans but we can look on it as on one loan with installments that cames up from
more loans. The credit lossL i on loan i 2 PF can be written in following way

L i = EAD i � LGD i � 1f � i � Ti g;

where � i is the default time of the debtor (possibly in�nite if the deb tor will not default) and
Ti is the maturity of the loan i . The credit loss of the whole portfolio is simply a sum of losses
over all loans. Thus,

L =
X

i 2 P F

EAD i � LGD i � 1f � i � Ti g:

The credit portfolio loss L is also called theaggregate loss. A portfolio credit risk model is
interested in the estimation of the probability distributi on of L and the time evolution of the
loss. Let us introduce the loss process of loani

L i
t = EAD i � LGD i � 1f � i � min f t;T i gg: (3.1)

Then the loss process of the whole portfolio is

L t =
X

i 2 P F

EAD i � LGD i � 1f � i � min f t;T i gg:

Note that the loss processL t is a nondecreasing stochastic process. SinceL t is a stochastic
process we can try to compute its expected valueEL t which we call the expected loss. The
expected loss is something which a bank should count with in its balance sheet and future
cash �ow planning. We can also de�ne theunexpected lossas a standard deviation ofL t . The
unexpected loss shows how volatile the credit loss is and howmuch it probably will di�er from
its expected valueEL t . The bank should, and in a matter of fact it is obliged, to havereserves
for covering the unexpected loss.

It is useful to know the whole distribution of the processL t since the bank managers are
often interested in other statistics then the expected and unexpected loss. The main example
is the credit V aR � Value at Risk which is a loss boundary which will not be crossed with a
very high probability, typically 99%. More rigorously the credit V aR�

t is de�ned as

V aR�
t = inf f l 2 RjP[L t > l ] < 1 � � g :

The V aR is a very common used risk measure in practice, but it has a bigdisadvantage since
it does not tell anything about the height of the loss if the loss is higher thenV aR. It can be
�xed by introducing the risk measure CV aR � Conditional Value at Risk that is also often
called the Expected Shortfalland is given by

CV aR�
t = E[L t jL t > V aR �

t ]:
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There are many ways to model the processL t . One can try to model it as an aggregate
process which we will refer to asaggregate models. The idea is similar to one where we would
like to model the movement of a stock index that consists of many stocks. One way is to
model the movement of every stock and the correlations between them. Another way is to
model the index as some stochastic process. In that case someinformation is lost, but the
modeling is easier. The aggregate loss process can be modeled using many approaches � time
series, nondecreasing Markov chain, (Lévy) subordinator.We are not going to describe these
models in this thesis and we refer for an overview to Giesecke(2008), where other references
can be found.

Other models describe the evolution of every particular loan and the dependency between
them. There are three main types of these models � structural models (Section 3.3),reduced�
form models (Section 3.4), and incomplete information models (Section3.5).

3.2 From Loan to Defaultable Zero�coupon Bond

Before we start describing portfolio credit risk models we should say few words about a pric-
ing of credit derivatives. We expect that the reader is familiar with basic ideas and tech-
niques of risk neutral pricing. For an introduction to the ri sk neutral pricing we refer to
Baxter and Rennie (1996), Shreve (2004), Musiela and Rutkowski (2005), or any other �nan-
cial stochastic introductionary text. Since we are going tomention pricing aspects of the
credit risk only marginally, reader can skip this section.

3.2.1 Zero�coupon Bond

We assume the arbitrage free economy with the risk free interest rate r t which can follow any
short rate model as well as more complex HJM interest rate model. Then we can de�ne a
saving accountB t as

B t = exp
� Z t

0
r s ds

�
;

that expresses the time value of the money. If we have 1 unit ofmoney at time 0, we will have
without any risk B t unit of money at time t. Conversely 1 unit of money at timet is worthed
B � 1

t at time 0.
We know that an absence of the arbitrage opportunity is equivalent to the existence of the

risk neutral probability measure P� and also implies the uniqueness of the risk free interest
rate r t . For an overview of interest rate models we refer to Musiela and Rutkowski (2005) or
Brigo and Mercurio (2006) where all models are with respect toBrownian motions. If we want
to move to more general Lévy processes interest rate framework we should see for example
Kluge (2005).

From the theory of the risk neutral pricing we know that an arbitrage free price� t (X ) of
the European contingent claimX settled at time T is given by pricing formula

� t (X ) = B t EP�
�
B � 1

T X jF t
�

: (3.2)

The zero�coupon bond is a security which has pay�o� 1 at a maturity T. Using the formula
(3.2) we can deduce that the arbitrage free price of the zero�coupon bond at time t is

B (t; T ) = B t EP�
�
B � 1

T jF t
�

: (3.3)
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Zero�coupon bonds are in fact very rarely traded in markets but they are very important
modeling tools derived from coupon bonds or other interest rate securities. Bonds can be
issued by governments, banks or companies. One of the reasons why bonds are so important
is because any �xed�income security can be written as some portfolio of zero�coupon bonds
with di�erent maturities T1; : : : ; Tn . A payo� of the security is then given by

St =
nX

i =1

ci 1f t= Ti g;

whereci is the height of the payment at time Ti . We can think about every payment as about
ci zero�coupon bonds with maturity Ti . Hence the arbitrage free price of the securityS at
time t is

� t (S) =
nX

i =1

ci B (t; t i ):

Defaultable Zero�coupon Bond

As far as bonds are issued by some issuer there is always a riskthat the issuer will goes to
default and will fail to pay the bond. For some issuers, such as the US government or big
international banks, is the default (or credit) risk negligible and we call their bonds risk free
bonds and formula (3.3) is valid for them. For the rest we needto incorporate the default
risk into the valuation formula. Since the discussion above, it is enough, if we investigate just
the pricing formula of the defaultable zero�coupon bond. Coupon bonds can be build from
zero�coupon bonds. The defaultable zero�coupon bond has pay�o� 1 if the default time � of
the issuer is higher then the maturity T and the recoveryRR otherwise, i.e.,

1f �>T g + RR 1f � � T g:

Hence using (3.2) the arbitrage free price of the defaultable zero�coupon bond is

D(t; T ) = B t EP�
�
B � 1

T (1f �>T g + RR 1f � � T g)jF t
�

= B t EP�
�
B � 1

T (1 � (1 � RR)1f � � T g)jF t
�

= B (t; T ) � B t EP�
�
B � 1

T (1 � RR)1f � � T gjF t
�

By comparing with (3.1) we see that the price of the defaultable zero�coupon bond is the price
of the risk free zero�coupon bond minus a discounted expected loss computed with respect to
risk neutral measureP� . The valuation for any �xed�income security can be established in
same manner as for risk free securities above.

Sometimes, bonds with the face value di�erent that 1 will be mentioned. Bond with face
value K is exactly same asK standard bonds with face value 1.

From the no arbitrage condition we know that there exists a risk neutral probability
measureP� , but it is not unique in general. If we model an uncertainty in model with the
Brownian motion then market is complete, every contingent claim is replicable and the risk
neutral measure is unique. But in a more general setting of Lévy processes there might exist
in�nitely many possible risk neutral measures (dependent if market is or is not complete).
Then we need to determine which measure we should use. Very widely used approach to
choose a measureP� is the Esscher transform.
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If we �x t and T and compare the yield to maturity on the risk free zero�coupon bond
and the defaultable zero�coupon bond we can see that the defaultable zero�coupon bond is
cheaper, hence if default did not occur, the defaultable zero�coupon bond has higher yield to
maturity. The di�erence between yields of the defaultable zero�coupon bond and the risk free
zero�coupon bond is called acredit spread S(t; T ) and is equal to

S(t; T ) = �
logD(t; T ) � logB (t; T )

T � t
:

3.2.2 Loan as Defaultable Zero�coupon Bond

Some loans has a �xed interest rate and hence we know the wholeinstalment schedule. We can
see these loans as �xed�income securities and model it as a portfolio of defaultable zero�coupon
bonds, where every installment is a zero�coupon bond.

Other loans have a �oating interest rate. The �oating intere st rate is in the most cases
interest rate from the wholesale market (where the bank takes the money) plus margin of the
bank (incorporate the risk premium and margin for lending money). Future interest rate on
the wholesale market can be estimated from forward rates which are observable on the market.
The margin of the bank is constant in time in the most cases. Hence we can estimate the
interest rate on loans with �oating interest rate, from forw ard rates and then model it as a
�xed�income security.

3.3 Structural Models

Structural models have roots in the early papers of Black and Scholes (1973) and Merton
(1974). Structural models are very popular for their economic interpretation which is clearer
than in reduced�form modeling. The debt can be seen as a contingent claim on a �rm's
asset. The market value of a �rm is the main source of uncertainty and a default occurs
if the market value processVt falls below some threshold. The biggest assumption and the
main disadvantage of the model is that the �rm's value process Vt has to be observable. An
advantage of structural models over reduced�form models isthat we do not need to specify
recovery rates since they follow implicitly from the model as the residual value of the �rm's
asset at maturity.

A �rm value process Vt is often modeled via a Brownian motion. The assumption of
normality is very convenient to work with, but not very reali stic and empirical studies shows
a signi�cant deviation from normality. Continuous paths of a Brownian motion also imply
a predictability of a default and vanishing credit spreads on bonds with near maturities.
Empirical studies shows that even on short term bonds there is a signi�cantly high credit
spread. A way to �x it, is introduce jumps into a �rm value proc ess. For example Zhou (1997)
assumed the Brownian part with an additional jump term. We will describe structural models
in a more general framework of Lévy processes which involvesa Brownian motion as a special
case.

We assume that a �rm value process follows a geometric Lévy process with respect to some
real world measureP, i.e.,

Vt = V0 exp(X t ):
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In all following models we are interested in expected valuesof future random variables. We
could compute these expectations conditioned on knowledgeof informations up to time t � T
(� -algebra F t ), but since in our models risk driver processes are Lévy processes with inde-
pendent identically distributed increments it follows that for any integrable function g and
t � T

E[g(X T � X t )jF t ] = E[g(X T � t )]:

Therefore we will assume that we are doing all computations for time 0, which allows a simpler
notation.

3.3.1 Merton's Model

The model introduced by Merton (1974) is interested in a �rm value process only at the time
of maturity T. Let us assume that a �rm is �nanced by an equity and a debt with pro�le of
a zero coupon bond with face valueK . A default occurs if the �rm value process at the time
of maturity is below the face value of the bond, hence the default time � is de�ned as

� =
�

T; VT < K;
1 ; VT � K:

In the case of a default, the equity is useless and the remaining value of assets goes to the
creditor, otherwise the debt is repaid in full amount K and amount VT � K belongs to
stockholders. Therefore the pay-o� of the defaultable zero�coupon bond at maturity is

min(VT ; K ) = K � (K � VT ; 0)+ ;

and the pay�o� of the equity is

(VT � K )+ :

One can see that the bond's pay�o� at maturity is the face value of the bond lowered by the
pay�o� of put option on the �rm's values with strike K and the pay�o� of equity is the pay�o�
of the call option on the �rm's value. This approach is often called option theoretic approach
or the �rm value approach.

The probability of default is the probability that VT will be below K ,

DP = P[VT < K ]

= P[V0 exp(X T ) < K ]

= P
�
X T < log

K
V0

�
;

which is equal to the cumulative distribution function FX T of X T if FX T is continuous in the
point log(K=V0). Otherwise the left limit is chosen as its value.

The expected loss on the loan computed at time0 is equal to the expected pay�o� of the
put option on the �rm's value with respect to a real world prob ability measure P

EL = E
�
(K � VT )+ �
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Recall that we assume dynamicsVT = V0 exp(X T ). If the Lebesgue densityf of X T exists,
the expected loss is

EL =
Z 1

�1
(K � V0ex )+ f (x) dx;

and the expected return of the bond isK � EL .
From a pricing point of view we are interested in a fair present value of the defaultable

zero�coupon bond using risk�neutral pricing techniques. In a similar manner as Section 3.2.1
we conclude that the value of the defaultable bond with face value K at time 0 is

D(0; T) = KB (0; T) � EP�

�
1

BT
(K � VT )+

�
: (3.4)

There remains a couple di�culties to solve. First of all we need to �nd a risk neutral measure
P� . Under the no arbitrage condition there exists exactly one risk neutral measure in complete
market. Unfortunately a complete market is rather an exception when we use a general Lévy
processX t . In an incomplete market there exists in�nitely many risk neutral measures. A
widely�used approach to choose the risk neutral measure is the Esscher transform. Then we
have a problem of the option pricing using the Esscher transform, see Gerber and Shiu (1994),
Buhlmann et al. (1996), Miyahara (2001) and Elliott et al. (2005). Another problem comes
up if we do not assume independence ofBT and VT in (3.4). Then we need to compute their
joint distribution, which is also not easy. In the case when the interest rate is a constantr
and the risk neutral measureP� = P� is chosen by Esscher transform we have

EP�

�
1

BT
(K � VT )+

�
= E

�
exp(�X T )

E exp(�X T )
e� rT �

K � V0 exp(X T )
� +

�
;

where � is chosen such that the discounted �rm value processVt is a martingale with respect
to the measureP� .

In the original paper of Merton (1974) the Lévy processX t is assumed to beX t = ( � �
� 2=2)t + �W t , where � 2 R, � > 0, and Wt is a standard Brownian motion. SinceWt is
normally distributed with expected value 0 and variancet we have an equality in distribution

Wt
d=

p
tY;

where Y is a standard normally distributed variable. In that settin g the default probability
DP is

DP = P
�
X T < log

K
V0

�

= P
��

� �
� 2

2

�
T + �

p
T Y < log

K
V0

�

= P

2

4Y <
log K

V0
�

�
� � � 2

2

�
T

�
p

T

3

5

= �( d);
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where � is the cumulative distribution function of a standard normal distribution and

d =
log K

V0
�

�
� � � 2

2

�
T

�
p

T
:

The value d is often called thedistance to the default. The expected loss is then

EL =
Z 1

�1

�
K � V0e

�
� � � 2

2

�
T + �

p
T x

� + 1
p

2�
e� x 2

2 dx

= K
Z d

�1

1
p

2�
e� x 2

2 dx

� V0

Z d

�1
e

�
� � � 2

2

�
T + �

p
T x 1

p
2�

e� x 2

2 dx

= K �( d) � V0e�T �
�
d � �

p
T

�
: (3.5)

Under a risk neutral measureP� the �rm value process evolves also as a geometric Brownian
motion but with a di�erent drift equal to the risk neutral int erest rate, which is the result of
Black and Scholes (1973). If we assume a constant interest rate r , the processX t is

X t =
�

r �
� 2

2

�
t + �W t ;

with respect to the measureP� . Hence using (3.5), the expected loss of the bond with respect
to measureP� is

EP� L = K �( d) � V0erT �
�
d � �

p
T

�
;

where

d =
log K

V0
�

�
r � � 2

2

�
T

�
p

T
:

The price of the defaultable zero�coupon bond is the price ofthe risk free zero�coupon bond
minus the discounted expected loss with respect to risk neutral measureP� . Therefore

D(0; T) = e� rT K � e� rT
�

K �( d) � V0erT �
�
d � �

p
T

� �

= e� rT K �( � d) � V0�
�
d � �

p
T

�
:

The presented case where we have one �rm that is �nanced by an equity and a bond is
very simple. If we would assume more �rms we can easily compute the expected loss of the
portfolio since the expected loss of portfolio is simply thesum of the expected losses of the
particular loans. However, if we are interested in computing the unexpected loss, VAR or
CVAR, of the portfolio we need to consider dependencies between the �rm value processes.
Also in practice, the �nancial structure of �rm is much more c omplicated then just an equity
and bonds. In that case we have to take into account which liabilities of the �rm have higher
priority and include it in the model. For a discussion of a �rm's liabilities see Vasicek (1984).
Determining of the loss distribution is often done by simulation.



3.3 Structural Models 53

Extensions to Merton's Model

Many extensions to Merton's model have been done. For an overview of these extensions see
Bielecki and Rutkowski (2002, Section 2.4) and references cited in there. One of the main
extensions is presented in next section.

3.3.2 First�Passage Model

In Merton's model a default can be observed only at maturity. Even if a �rm's value almost
vanishes a default is not triggered before maturity. To �x this Black and Cox (1976) added a
barrier D t such that if value processVt falls below it, a default is triggered and the creditor
overtakes the control of the �rm. The barrier D t can be exogenously or endogenously given
and can be constant, deterministic, or even random, but tractability rapidly decreases. The
time when a �rm value processVt hits the barrier is called the hitting time . The hitting time
probability distribution of a Lévy process is not known explicitly apart in a few exceptions.

In a �rst�passage model the default can be triggered in two ways. The �rst possibility is
the same as in Merton's model at maturity T:

� 1 =
�

T; VT < K;
1 ; VT � K:

The second possible default is by hitting the barrierD t

� 2 = inf f t j 0 < t < T; V t < D t g;

where we assume that the in�mum of an empty set is equal to+ 1 . Let us de�ne a default
for the �rst�passage model as

� = min f � 1; � 2g:

We can also chooseDT = K to default � 1 and � 2 agree at maturity T.
Let us assume a barrier as the face value of the bond discounted using some constant

discount factor 
 > 0, i.e.,

D t = e� 
 (T � t )K:

Then we have

P[Vt � D t ] = P[V0eX t � e� 
 (T � t )K ]

= P[V0eX t � 
t � e� 
T K ]

= P
�
X t � 
t � log

�
e� 
T K

V0

��

= P
h

~X t � log ~K
i

;

where

~X t = X t � 
t;

~K = e� 
T K
V0

:
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We see that the probability distribution of hitting the barr ier D t of the original processVt is
same as the probability distribution of hitting the constant barrier log ~K with Lévy process
~X t . Let us de�ne the process ~M t as the running minimum of the process~X t

~M t = min
0� s� t

~X s:

A default occurs if and only if there existst � T such that Vt < D t and it is equivalent with
~M t < log ~K . Hence the default probability is

DP = P[ ~M T < log ~K ]: (3.6)

If a default occurs the creditor takes control over the �rm and his pay�o� at maturity is VT ,
otherwise the face valueK is payed. Therefore the pay�o� of the bond at maturity is

K 1f ~M T � log ~K g + VT 1f ~M T < log ~K g

= K � (K � VT )+ + ( VT � K )+ 1f ~M T < log ~K g

= K � (K � VT )+ + e
T V0

�
e

~X T � ~K
� +

1f ~M T < log ~K g: (3.7)

One can see from (3.7) that the pay�o� is at least as high as in Merton's model, furthermore,
the pay�o� can be even higher then the face value of the bond and an additional revenue
(VT � K )+ can occur. From (3.7) it follows that the expected loss in themodel is

EL = E(K � VT )+ � e
T V0E
�

e
~X T � ~K

� +
1f ~M T < log ~K g: (3.8)

In some cases the expected loss can be negative, i.e., the expected return on the bond is higher
than its face value K . Whether it is the case depends on the parameters of the process X t

and the constant 
 .
From (3.7) we see that the pay�o� of the bond in the model is equivalent to the pay-o� of

the portfolio consisting of risk�free K zero�coupon bonds, a short European put option with
strike K , and a e
T V0 long European down-and-in call option on the exponential processX t

with strike ~K . Therefore the price of the defaultable bond at time 0 is

D(0; T) = KB (0; T) � PUT(0; T; K ) + e
T V0DIC (0; T; ~K ); (3.9)

where PUT is the price of the European put option andDIC is the price of the European
down-and-in call option with time�varying barrier. Barrier option pricing in a Lévy processes
framework is very hard and only partial results are known. List of references can be found in
Schoutens (2006).

In the original paper of Black and Cox (1976), the �rm value process is assumed to follow
a geometric Brownian motion, i.e.,

X t =
�

� �
� 2

2

�
t + �W t :

Then

~X t =
�

� � 
 �
� 2

2

�
t + �W t

= �t + �W t ;
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where

� = � � 
 �
� 2

2
:

Using the re�ection principle and the Girsanov's theorem isnot hard to prove that the joint
probability distribution of the Brownian motion ~X t and its running minimum ~M t is

P[ ~X t � x; ~M t � y] = �
�

� x + �t

�
p

t

�
� exp

�
2�y
� 2

�
�

�
2y � x + �t

�
p

t

�
: (3.10)

The proof can be found in Musiela and Rutkowski (2005, Appendix B.4). Since

P[ ~X t � x; ~M t � y] = 1 � P[ ~X t < x ] � P[ ~M t < y ] + P[ ~X t < x; ~M t < y ];

we can obtain the joint density function of ~X T and ~M T from (3.10) by di�erentiation. If we
di�erentiate with respect to x we get

�
1

�
p

T
'

�
� x + �T

�
p

T

�
+

1

�
p

T
exp

�
2�y
� 2

�
'

�
2y � x + �T

�
p

T

�
;

where ' is the density function of the standard normal distribution. Then by di�erentiating
with respect to y we get the joint density function

f ~X T ; ~M T
(x; y) =

� 2(2y � x)

� 3
p

T3
exp

�
2�y
� 2

�
'

�
2y � x + �T

�
p

T

�
:

The default probability (3.6) takes the form

DP = P[ ~M T < log ~K ]

= 1 � P[ ~M T � log ~K ]

= 1 � P[ ~M T � log ~K; ~X T � log ~K ]

= 1 � �

 
� log ~K + �T

�
p

T

!

+ ~K
2�
� 2 �

 
log ~K + �T

�
p

T

!

= �

 
log ~K � �T

�
p

T

!

+ ~K
2�
� 2 �

 
log ~K + �T

�
p

T

!

:

Now let us compute the expected loss in the �rst�passage model. The �rst term in (3.8) is
same as the expected loss in Merton's model. For the valuation of the second term in (3.8)
note that expression

�
e

~X T � ~K
� +

1f ~M T < log ~K g

is nonzero on the set

A =
n

e
~X T > ~K; ~M T < log ~K

o
=

n
~X T > log ~K; ~M T < log ~K

o
:
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Therefore we can compute

E
�
e

~X T � ~K
� + 1f ~M T < log ~K g

=
Z

A

�
ex � ~K

�
f ~X T ; ~M T

(x; y) dx dy

=
Z

A
ex f ~X T ; ~M T

(x; y) dx dy � ~K
Z

A
f ~X T ; ~M T

(x; y) dx dy: (3.11)

The �rst term in (3.11) is
Z

A
ex f ~X T ; ~M T

(x; y) dx dy

= exp

 
2� log ~K

� 2

! Z 1

log ~K
ex 1

p
2�� 2T

exp

 

�
(� x + 2 log ~K + �T )2

2� 2T

!

dx

= exp

 
4 log ~K (� + � 2) + � 2T(� 2 + 2 � )

2� 2

!

�
Z 1

log ~K

1
p

2�� 2T
exp

 

�
(� x + 2 log ~K + �T + � 2T)2

2� 2T

!

dx

= ~K
2� + � 2

� 2 e
T
2 (2� + � 2 ) �

 
log ~K + �T

�
p

T
+ �

p
T

!

:

The second term in (3.11) is equal to

~K P[ ~X T > log ~K; ~M T < log ~K ]

= ~K
�

P[ ~X T > log ~K ] � P[ ~X T > log ~K; ~M T � log ~K ]
�

= ~K

 

1 � �

 
log ~K � �T

�
p

T

!

� �

 
� log ~K + �T

�
p

T

!

+ ~K
2�
� 2 �

 
log ~K + �T

�
p

T

!!

= ~K
2� + � 2

� 2 �

 
log ~K + �T

�
p

T

!

:

Putting it all together we get the expected loss

EL = K �( d1) � V0e�T �( d1 � �
p

T)

� K exp
�

2�
� 2

�
log

K
V0

� 
T
�� �

e
T
2 (2� + � 2 ) �( d2 + �

p
T) � �( d2)

�
;

where

d1 =
log K

V0
� (
 + � )T

�
p

T
;

d2 =
log K

V0
� (
 � � )T

�
p

T
;

� = � � 
 �
� 2

2
:
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If we want to price a defaultable zero�coupon bond in the caseof a geometric Brownian
motion we can use (3.9), where for pricing formulas of the European put option and especially
the down-and-in call option we refer to Hull (2005) or Musiela and Rutkowski (2005).

A Step Further

The �rst�passage model is an extension of the Merton's modeland can be further extended
by an excursion approach. Some authors argue that if the �rm's value falls below the barrier
D t the creditor does not take the control over the �rm's assets immediately but he let the
�rm reorganize and operate for a while. If the �rm value does not rise the creditor still takes
control over the �rm's assets. Therefore a default in this approach occurs after the �rm value
process spends some given time below the barrier. For the excursion approach overview see
Giesecke (2004, Section 2.3). For more structural models and pricing of derivatives we refer
to Bielecki and Rutkowski (2002).

3.4 Reduced�form Models

In reduced�form modeling the idea of default is di�erent than in structural models where the
default depends on the �rm's value. The default time is modeled here as some random variable
� using the theory explained in Chapter 2. The most common approaches of modeling the
default time � are through a Poisson process, an inhomogeneous Poisson process or a Cox
process.

Let � t is the hazard rate of the default time � and N t = 1f � � tg is the associated counting
process. The hazard rate of the default time� is in the credit risk often called a default
intensity.

Poisson process In this model a hazard rate � is constant and the default time � has an
exponential distribution with parameter � . The exponential distribution is memory�less,
which is not a very realistic assumption, but constant intensities are easy to estimate
and compute with. The default probability in the model is

DP t = 1 � P[N t = 0] = 1 � e� �t :

Time inhomogeneous Poisson process If one wants to �x the unrealistic assumption of
constant default intensities he can assume a default intensity � t as a function of time.
The time dependency can be estimated from historical data using some econometrics
model (regression analysis) or given exogenously. The default probability is then

DP t = 1 � P[N t = 0] = 1 � exp
�

�
Z t

0
� s ds

�
:

Cox process Finally, we incorporate the future uncertainty and assume stochastic default
intensities. In the Cox process setting it is assumed that there exists some risk driver
factor X t which is often modeled viaa�ne models (Section 2.7). Default intensity � t is
then deterministic function of X t , i.e., � t = � (X t ). Thus, conditioned on realization of
X t we get an inhomogeneous Poisson process. The default probability in the Cox model
is then

DP t = 1 � P[N t = 0] = 1 � E
�
exp

�
�

Z t

0
� (X s) ds

��
:
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Often choice for function � (x) is � (x) = x. Furthermore, if we assume that risk factor
X t follows some a�ne process, we can get closed�form expression in form

1 � exp
�
A(t) � B (t)X 0

�
;

for someA(t) and B (t). For example if we assume model of Vasicek (1977) as in Section
2.7 we have

DP t = 1 � exp
�
A(t) � B (t)X 0

�
;

where

B (t) =
1
�

�
1 � e� �t �

;

A(t) =
(B (t) � t)( � 2� � � 2

2 )
� 2 �

� 2B (t)2

4�
:

Another possibility is to use time subordination which we discussed in Section 2.4.2.

3.4.1 Recovery Rates

The essential part of the risk management modeling are recovery ratesRR. Unlike in structural
models recovery rates do not follow implicitly from reduced�form models. The big problem
of the recovery modeling is a lag of data for estimation. Onlysome banks have su�cient
historical data about recoveries. Therefore some simplifying assumptions are necessary to
enable any modeling.

Recall that the loss process of the defaultable zero�couponbond with face value 1 has
dynamics

L t = (1 � RR � )1f � � tg:

Then we can compute the expected loss in general as

EL t = E
�
(1 � RR � )1f � � tg

�

= E
�
E[(1 � RR � )1f � � tgj� ]

�

= E
�
1f � � tg E[(1 � RR � )j� ]

�
:

The recovery rate RR t can be a deterministic function of time and then RR � is a random
variable because it is a value of the function in a random time. In general, recoveryRR t can
be a stochastic process with values in[0; 1].20

If recovery rates are independent of the random default time� , i.e., the random variable
RR t = RR has same distribution for everyt, then

EL t = DP t E[1 � RR]:

In literature for pricing credit derivatives there are three main approaches to recoveries.
We will mention each approach and compute the expected loss of the bond in this model when
we assume a Cox process as a driver of the default time� .

20 Rarely we can allow recovery rates higher than 1.
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Recovery of Face Value (RFV) � The recovery is assumed to be the exogenously given
fraction c of the face value of the bond. Then recovery rates are constant and independent
of �

RR � = c;

and the expected loss is then

EL t = E
�
1f � � tg E[(1 � c)j� ]

�

= (1 � c)E1f � � tg

= (1 � c)DP t :

Recovery of Treasury (RT) � The recovery is assumed to be the exogenously given frac-
tion c of an equivalent risk free zero�coupon bond. Then we need to specify dynamics
of the risk free zero�coupon bonds. The recovery rate is a random variable

RR � = cB(�; T );

and the expected loss is then

EL t = E
�
1f � � tg E[

�
1 � cB(�; T )

�
j� ]

�

= DP t � cE[1f � � tgB (�; T )]:

In the case when� is exponentially distributed with parameter � and the risk free interest
rate r is constant, we have

RR � = ce� r (T � � )

EL t = DP t � ce� rT E
�
1f � � tger� �

= 1 � e� �t � ce� rT
Z 1

0
1f x � tg erx � e� �x dx

= 1 � e� �t �
�c

� � r
e� rT

Z t

0
(� � r )e� (� � r )x dx

= 1 � e� �t �
�c

� � r
e� rT

�
1 � e� (� � r )t

�
:

Recovery of Market Value (RMV) � The recovery is assumed to be an exogenously given
fraction of the predefault market value of the bond, i.e.

RR � = cD(� � ; T):

The expected loss is then

EL t = DP t � cE[1f � � tgD(� � ; T)]:

For further computation we need to know the dynamics of the defaultable zero�coupon
bonds and how to price them. Pricing of defaultable coupon bonds is very wide topic
and beyond this scope of this work. We refer to Du�e and Singleton (1999) and
Collin-Dufresne et al. (2004) for that.
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In all three cases we mentioned the constantc. This constant is estimated from historical
data. We can go further and assume the fractionc is not constant anymore but is a random
variable C with values on [0; 1].

For purpose of modeling random fractionC we could use the uniform distribution on[0; 1],
but empirical studies shows the assumption of the uniform distribution very unrealistic. In
Schuermann (2004) there are some empirical distributions of recoveries of American bonds
and loans. These empirical distributions are highly right�skewed.

Much better distribution than the uniform distribution is v ery �exible Beta distribution
with the density function

f (x) =
1

B (a; b)
xa� 1(1 � x)b� 1;

where a; b > 0 and B is the Beta function de�ned as

B (a; b) =
Z 1

0
xa� 1(1 � x)b� 1 dx:

Parameters a and b can be estimated from data using the moment method or the maximum
likelihood estimation. Note that the uniform distribution is special kind of the Beta distribu-
tion with parameters a = b = 1 .

The Beta distribution has mean value
a

a + b
:

Therefore if we assume RFV approach we get the expected loss

EL t =
�

1 �
a

a + b

�
DP t :

Dependent Recoveries

Some empirical studies indicates that recovery rates and default intensities are not indepen-
dent, but they tend to be negatively correlated. They shows that in the recession of the
economy default intensities tends to be higher and recoveries lower.

One of the usual way of modeling dependent recovery and default intensity � t is to intro-
duce an additional possibly multidimensional processX t that can be interpreted as a state of
the economy. Random fractionC and default intensity � t both depends onX t , but conditioned
on realization X t they are independent on each other.

In our Beta distribution setting it can be for example such that parameters a and b are
deterministic functions of X t . If we assume RFV approach we have the expected loss

EL t = E
��

1 � C(X t )
�
1f � � tg

�

= E
�
E[

�
1 � C(X t )

�
1f � � tgjX t ]

�

= E
��

1 � E[C(X t )jX t ]
�

E[1f � � tgjX t ]
�

In RT and RMV models things become more complicated since forthese approaches we need
a dynamics of interest rates for a zero coupon bond modeling,and interest rates can be
correlated with default intensities and recoveries. The interest rate is also often taken as a
dimension of the processX t . Sometimes even the processX t is chosen asX t = r t .
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We should also mention the dependency of recovery rates on the character of the debtors
business. Imagine that we have two debtors. The �rst one is a real estate agent with only
one debt and a big equity and the second one is a �nancial derivative trader with a minimal
equity. One could hardly expect that recovery rates of both of them have same probability
distribution. Therefore we can divide debtors to some groups and estimate the distribution
of recovery rates inside these groups. In dividing into groups we are limited by accessible
historical data.

3.4.2 Credit Rating Migration

Sometimes it is useful to describe the credit worthiness of the obliger in more details than
just a default or a non�default. Way to do this is to introduce credit ratings. A credit rating
is a grade on a �nite scalef 1; : : : ; K g expressing the credit worthiness of the obliger. The
rating 1 is the best and the rating K is a default. The default rating K is absorbing, i.e., once
the default state is reached it lasts until the end of assumedhorizon. As a special case when
K = 2 we get a model where just a default and a non�default are assumed (as in the previous
scope). In some credit rating systems there might be more credit ratings for a default.21 We
will speak about default only in case of ratingK if not stated otherwise. The rating agency is
a company which measures the credit worthiness of the obliger and then assigns a credit rating
from its rating systems. Probably the most well�known agencies are Standard&Poors (S&P)
and Moody's. These agencies assign credit rating only to biginternational companies or to
states. Hence many banks developed their own rating systemswhich they use for internal
purposes.

If the bank uses its own internal rating system it knows the present credit worthiness of
the obliger, but it also need to model the future developmentof obliger's credit worthiness,
i.e., how the obliger will migrate between di�erent ratings. The credit rating migration is
often modeled using Markov chains as was introduced in Jarrow et al. (1997). The credit
rating process is assumed to be a discrete�time or a continuous�time Markov chain. It is
quite expensive for bank to update the credit rating for all their obliger's continuously and
hence they update it semi�annually in the most cases. Therefore it make sense to model the
credit rating process as a discrete Markov chain. From the other point of view, the credit
worthiness of the obliger changes continuously and assigning ratings on a semi�annual base
is just a discrete observation of a continuous process and hence one should use a continuous�
time Markov chain. The continuous approach is also more tractable and use more information
about transitions then the discrete�time Markov chain.

The continuous�time homogeneous Markov chain model implies few not very realistic
features that real data do not approve.

1. Constant rating intensities � Real data shows that intens ities change through the time.
2. The exponential distribution of sojourn times � The expon ential distribution is memo-

ryless, but data shows some rating �momentum�, i.e., the time to the next rating change
depends on the time already spend in a current rating.

3. The Markov property � Transitional probabilities should depend only on a current
rating, but empirically there are evidence that after a rating downgrade, there is a

21 For example 3 rating grades are default and they di�er from ea ch other in recovery rates. The �rst one
assume constant recovery 66 %, the second one 33 % and the lastone 0 recovery.
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higher probability of another downgrade than if a current rating was reached by an
upgrade.

For more see studies Carty and Fons (1993), Kavvathas (2001)and Lando and Skødeberg
(2002).

The last mentioned problem can be solved by an extending the state space fromK possible
ratings f 1; : : : ; K g to 2K � 2 in the following way

1; 2; 2� ; 3; 3� ; : : : ; (K � 1)� ; K;

where rating k (resp. k� ) means that rating k was reached by an upgrade (resp. downgrade).
Note that state 1 can not be reached by a downgrade and stateK can be reached only by a
downgrade, hence2K � 2 states. After this extension we can renumber ratings and work with
the state spacef 1; : : : ; 2K � 2g. A disadvantage of the method is that we need more data for
estimation of transition probabilities. Note that the numb er of transition probabilities, which
we need to estimate, rises with the second power of the numberof states. In practice there
is often not enough data and some ratings are joining together for lower the data demand for
estimation.

The other two problems of a time�homogeneous Markov chains can be solved introducing
a time�inhomogeneous continuous Markov chain, time homogeneous semi�Markov chain, a
time�inhomogeneous semi�Markov chain or even transition intensities are model as a stochas-
tic processes.

In general, we are interested in modeling transition probabilities

P(s; t) =
�

pij (s; t)
� K

i;j =1
;

where pij (s; t) is the probability that the debtor will be in rating j at time t conditioned that
he is in rating i at time s. We assume that there exists aK � K -dimensional processQ(t)
such that

P(s; t) = exp
� Z t

s
Q(u) du

�
;

if Q(t) is deterministic matrix function of time and

P(s; t) = E
�
exp

� Z t

s
Q(u) du

��
;

if Q(t) is a stochastic process. In both cases the integral is assumed componentwise and we
assume that these integrals exist and for everyt, Q(t) is a valid generator.

The last column of the matrix P(s; t) is a vector of default probabilities for di�erent ratings.
Let us denote it

DP (s; t) =
�
DP i (s; t)

� K � 1
i =1 ;

where

DP i (s; t) = piK (s; t);
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is the probability that the debtor will default up to time t conditioned he is in rating i at time
s. The probability matrix P(t) can be written in the form

P(s; t) =
� ~P(s; t) DP (s; t)

0 1

�
; (3.12)

where the matrix ~P(s; t) is a (K � 1) � (K � 1) matrix and 0 and DP (s; t) are (K � 1)
dimensional vectors. SinceP(s; t) is a stochastic matrix it holds for every0 � t1 � t2 � : : : �
tn

P(t1; tn ) = P(t1; t2) � P(t2; t3) � : : : � P(tn� 1; tn ): (3.13)

Using (3.12) and (3.13) it follows an intuitive relation

DP (t1; tn ) = DP (t1; t2) + ~P(t1; t2)DP (t2; t3) + : : : + ~P(t1; tn� 1)DP (tn� 1; tn );

which is useful if we are interested in some particular discrete time evolution of default prob-
abilities.

If we use a time�homogeneous continuous�time Markov chain we can compute transition
probabilities and especially default probabilities by very straitforward application of the theory
from Section 2.2.2. These kinds of models are the most commonused in practice.

If one wants to use more complicated structure of the inhomogeneous continuous�time
Markov chain he needs to specify the structure of inhomogeneity and justify it by some argu-
ments. That is not easy at all. Bluhm and Overbeck (2007) suggest to use an inhomogeneous
continuous�time Markov chain with the generator

Q t = D (t)Q; t � 0;

where Q is a constant valid generator andD (t) is a diagonal matrix with diagonal elements

dii =

�
1 � e� � i t

�
t � i � 1

1 � e� � i
; i = 1 ; : : : ; K;

and � i ; � i > 0 are nonnegative parameters of the model. Note that the generator Q t came
up from constant Q by multiplying the i -th row by dii . By this inhomogeneity structure they
reached signi�cantly better �t to default probabilities on data from S&P. Bluhm and Overbeck
(2007) also provide some discussion, where they pointed outthat the choice of the structure
is not completely random.

The main result of this paper is usage of time changed continuous�time Markov chains
described in Section 2.4 and 2.6, which is simpler than the structure of Bluhm and Overbeck
(2007) and in some cases leads to the homogeneous continuous�time Markov chain. It also
gives us more possibilities in predicting the future development. We will show the real usage
and performance of these methods in Chapter 4.

3.5 Incomplete Information Models

In the Section 3.3 we have described structural models in a general Lévy processes setting,
but in the most of cases just a Brownian motion as the risk driver is used. As a corollary of
the continuity of a Brownian motion paths there is a vanishing credit spread for short term
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debts, because it is very unlikely for a continuous process to steeply decrease in a short period.
Furthermore, since the continuity, the default time is a predictable stopping time.

A pioneer work in incomplete information models is Du�e and Lando (2001), where they
argue that the �rm's value process is not observable directly and continuously to public,
but is observable to the management of the �rm. The information available to company
managers forms the �ltration F t which is di�erent from the �ltration Gt which is formed by
the information available to market.

Du�e and Lando (2001) assumed that the information from �ltr ation F t is revealed to
public (�transfered� to �ltration Gt ) in some discrete times (for example earnings announce-
ment) and even then it is revealed with some additional noise. A default time � is then a
predictable stopping time with respect to the �ltration F t , but is a totally inaccessible stop-
ping time22 with respect to the �ltration Gt . This idea was motivated by accounting scandals
in American companies Enron and WorldCom. Both of them had mistakes in their accounting
which is by Du�e and Lando (2001) viewed as an additional noise.

Kusuoka (1999) assumes similar as Du�e and Lando (2001) thatinformation is revealed
to the market with an additional noise, but in a continuous way.

In Collin-Dufresne et al. (2003) they choose di�erent approach. They assume that the
information about company is revealed to public with some delay, but continuously and com-
pletely.

Çetin et al. (2004) suggest an approach where the information available to the management
is not completely revealed to public, but just some fractionof it.

Giesecke (2006) described a �rst�passage model where the default barrier is random. That
is also the incomplete information approach.

In Guo et al. (2008) they try to present some uni�ed framework for incomplete in-
formation models using the delayed �ltration. Especially they reconcile the approach by
Du�e and Lando (2001) and Collin-Dufresne et al. (2003).

Behind every credit risk model (does not matter if structural, reduced�form or incomplete
information model), there is a counting processN t = 1f � � tg for which according to Doob�
Mayer decomposition there exists a compensatorA t such that N t � A t is a martingale. The
compensatorA t is often called adefault drift in this context. A reduced�form model assumes
an existence of the default intensity and default intensityis major tool in reduced�form mod-
els. An incomplete information model uses rather directly the compensator processA t then
intensity itself. If the intensity exists the model is uni�e d with a reduced�form model. So
incomplete information models can be seen as a generalization of a reduced�form model based
on the structural model ideas. The default probability is then under some technical conditions
equal to

DP t = 1 � E
�
e� A t

�
:

For further details about particular incomplete informati on model see article referenced above.

3.6 Dependent Default Modeling

There is no need to investigate the dependency between particular debtors in the expected
loss modeling, since the expected loss is just a sum of expected losses on particular loans. But

22 A stopping time � is totally inaccessible if and only if the probability that � is a limit of any sequence of
predictable stopping times � n is zero.
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if we want to compute the variance of the credit loss of the portfolio, dependencies between
debtors comes into play as a major factor.

Let us assume two big companies from the same industry and location, and one of them
has default. Then one could expect that the default probability of the second company will
raise, since both companies are in�uenced by very similar risk factors on the market.

Recall that the one�year credit loss of the portfolio is given by

L =
nX

i =1

EAD � LGD � 1f � i � 1g:

For demonstrating the idea let us assume thatEAD = LGD = 1 , then

L =
nX

i =1

1f � i � 1g:

The expected one�year loss is then simply

EL =
nX

i =1

E1f � i � 1g =
nX

i =1

DP i
1;

where DP i
1 is the one�year default probability on the i -th loan. The di�erent situation is if

we want to compute the variance of the credit loss

Var(L ) = Var

 
nX

i =1

1f � i � 1g

!

=
nX

i =1

Var
�
1f � i � 1g

�
+ 2

n� 1X

i =1

nX

j = i +1

Cov
�

1f � i � 1g; 1f � j � 1g

�
; (3.14)

where

Cov
�

1f � i � 1g; 1f � j � 1g

�
= E

h
1f � i � 1g; 1f � j � 1g

i
� E1f � i � 1gE1f � j � 1g

= P[� i � 1; � j � 1] � DP i DP j :

Also for other statistics like VaR or CVaR we need to know how default events of particular
debtors depend on each other. In a matter of fact we should go even further and model the
joint distribution of defaults and recoveries, but it is beyond the scope of the presented work.
In the following sequel we assume independent recovery rates and default events unless stated
otherwise.

Le us imagine the situation when the bank loan portfolio consists of n loans and a new
(n+1) -st loan is considered. What will be a contribution of a new loan to the current portfolio
loss variance? From (3.14) we see that the contribution willbe

Var
�
1f � n +1 � 1g

�
+ 2

nX

i =1

Cov
�
1f � i � 1g; 1f � n +1 � 1g

�
;

which can be even negative if the default event of the new debtor is negatively correlated with
default events of current debtors. In that case it is very desirable to accept this loan, since it
diversi�es the risk.



3.6 Dependent Default Modeling 66

3.6.1 Unit Loss and Homogeneous Portfolio

The larger the loan portfolio is the harder and more time consuming the calculations are. It is
also more complicated to estimate all necessary parameters(default probabilities, covariances,
recovery rates,. . . ) to every obliger. Hence a concept of thehomogeneous portfoliois often
assumed. It is an assumption that exposure, default probability, recovery rates and also
dependencies are same all over the portfolio.23 Without loss of generality we can take exposure
equal to 1. Then the number of defaults divided by the number of loans in the portfolio is the
fraction of the whole portfolio exposure, which will be lost.

3.6.2 Factor Models

As we mentioned above, two companies doing similar businessare sensitive to similar risk
drivers. Also one can imagine that a location of theses two companies play signi�cant role
(risk factor) for the default event. Finally, let there be an economy recession and people
are not willing to spend much money. It will in�uence many di� erent businesses in many
di�erently ways and we would like to know how.

The factor model is a dependency structure of a particular �rm risk on some common risk
factors such as business factor, country factor etc. Part ofthe �rm's riskiness that can not be
explained by common risk factors is called anidiosyncratic risk or residual risk.

Let Z t be a d-dimensional risk factor common to all �rms in the portfolio . Let us take an
arbitrary �rm i . Now we are interested in a way and how much riskiness of the �rm i depends
on the risk factor Z t .

Let us assume that we use a structural model. Recall that we assume that the �rm value
process of the �rm i has dynamics

V (i )
t = V (i )

0 exp
�
X (i )

t

�
;

where X (i )
t is some Lévy process. In factor models we assume that the riskdriver X (i )

t is
a linear function of the common risk factor Z t and some idiosyncratic process" (i )

t which is
speci�c to �rm i , i.e.,

X (i )
t = � (i ) � Z t + " (i )

t ;

where processesZ t ; " (1)
t ; : : : ; " (m)

t are independent of each other. Since the processZ t is com-
mon to all �rms in the economy (or portfolio), default events are dependent if � (i ) 6= 0.
Conditionally on the realization of the common risk factor Z t processesX (1)

t ; : : : ; X (n)
t are

independent. This fact is often used in computations or simulations. The d-dimensional real
parameter � (i ) is estimated from historical data using linear regression methods and is often
called loads.

The common risk factor can have for example structure as in diagram (3.15) where the
three�level factor model of KMV 24 is described as presented in Bluhm et al. (2002, Figure

23 The homogeneity assumption is useful especially in retail segment, where a lot of very similar loans exist
and they behave in very same pattern. The bigger loans and smaller number of loans (big corporate loans),
the less accurate results models based on the homogeneous assumption will give.

24 KMV is a part of Moody's and is one of the biggest provider of cr edit risk solutions in world.
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We see that the riskiness of the �rm was decomposed into threecommon factors (industry spe-
ci�c risk, global economy risk and country speci�c risk) and a �rm speci�c risk (idiosyncratic
risk).

The special case of factor models isone�factor model where Z t is one�dimensional. This
model is very often used in practice since it is very simple.

In reduced�form modeling a factor model can be used to decompose intensities� (i )
t . Then

we have

� (i )
t = � (i ) � Z t + " (i )

t ; (3.16)

where " (i )
t are independent ofZ t and each other. In a reduced form model there is just need

to take care of � t to be nonnegative. It can be done by truncating� (i )
t , which will come from

model (3.16).
For further discussion about factor models see Bluhm et al. (2002, Section 1.2.3).

3.6.3 Bernoulli Models

Let us �x the time horizon on one year and let us assume a unit exposure and zero recovery
on every loan in the portfolio. Then the aggregate credit loss is

L =
nX

i =1

1f � i � 1g:

We will describe deterministic Bernouli model and its extension to the general Bernouli mix-
ture model.

�Deterministic� Bernoulli Model

In the Bernoulli model we think about a default event Yi = 1f � i � 1g as about a Bernoulli
random variable which equals 1 with probability pi = DP i and 0 with probability 1 � pi ,
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where DP i is the one�year default probability of loan i . Furthermore, default events are
assumed to be independent of each other. Then we get

EL =
nX

i =1

EYi =
nX

i =1

pi ;

Var(L ) =
nX

i =1

Var(Yi ) =
nX

i =1

pi (1 � pi ):

In the case of the homogeneous portfolio, where we assume same default probability DP
on every loan, the portfolio lossL is the binomial random variable with parameters n and
p = DP . Thus,

EL = n p;

Var(L ) = n p(1 � p):

General Bernoulli Mixture Model

Independent default events is not very realistic assumption, hence we extend the model to
the general Bernoulli mixture model. Default events are still the Bernoulli random variables
with parameter Pi = DP i , but the parameter Pi is not deterministic anymore. Parameters
(P1; : : : ; Pn ) are random variables with the joint n-dimensional distribution F on [0; 1]n . Con-
ditioned on the realization (p1; : : : ; pn ) of (P1; : : : ; Pn ), the default event Yi is a Bernoulli
random variable with parameter pi independent ofY1; : : : ; Yi � 1; Yi +1 ; : : : ; Yn . Then it follows

P[Y1 = y1; : : : ; Yn = yn ] =
Z

[0;1]n

nY

i =1

pyi
i (1 � pi )1� yi dF(p1; : : : ; pn ); (3.17)

where yi 2 f 0; 1g. The expected loss is then

EL =
nX

i =1

E[Yi ]

=
nX

i =1

E [E[Yi jPi ]]

=
nX

i =1

E[Pi ]:

Before we will compute the variance of the credit loss note that

Var(Yi ) = Var (E[Yi jPi ]) + E [Var(Yi jPi )]

= Var(Pi ) + E [Pi (1 � Pi )]

= E[P2
i ] � (E[Pi ])

2 + E[Pi ] � E[Pi ]2

= E[Pi ] (1 � E[Pi ])

: (3.18)

and

Cov(Yi ; Yj ) = E[Yi Yj ] � E[Yi ]E[Yj ]

= E
�
E[Yi Yj jPi ; Pj ]

�
� E[Pi ]E[Pj ]

= E[Pi Pj ] � E[Pi ]E[Pj ]

= Cov(Pi ; Pj ):
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We see that the whole correlation structure of default events is equipped by the correlation
structure of random parametersPi ; i = 1 ; : : : ; n. The variance of the aggregate credit loss
then follows from (3.14)

Var(L ) =
nX

i =1

E[Pi ] (1 � E[Pi ]) + 2
n� 1X

i =1

nX

j = i +1

Cov(Pi ; Pj ):

Homogeneous Portfolios In the case of the homogeneous credit portfolio, the default
probability on every loan is same. Therefore, we have just one random parameterP with the
probability distribution F . We can rewrite (3.17) into the form

P[Y1 = y1; : : : ; Yn = yn ] =
Z 1

0
pk(1 � p)n� k dF (p);

where k =
P n

i =1 yi , yi 2 f 0; 1g, is the number of defaults in the portfolio. The probability
that exactly k defaults occur is then

P[L = k] =
�

n
k

� Z 1

0
pk (1 � p)n� k dF (p):

Let us denote the uniform default probability by �p. Then

�p = P[Yi = 1] = E[Yi ] = E[P] =
Z 1

0
pdF (p);

further using (3.18) we get

Corr(Yi ; Yj ) =
Cov(Yi ; Yj )

�p(1 � �p)

=
E[Yi Yj ] � EYi EYj

�p(1 � �p)

=
E

�
P[Yi = 1 ; Yj = 1 jP]

�
� �p2

�p(1 � �p)

=

R1
0 p2 dF (p) � �p2

�p(1 � �p)

=
Var(P)
�p(1 � �p)

: (3.19)

From (3.19) follows few interesting consequences. First ofall, it implies that the correlation
between default events vanishes only when the variance of random parameter P goes to 0,
that is F is the Dirac measure with mass in�p. The second immediate consequence of (3.19)
is, that since the variance is always a positive number, it isimpossible to capture the negative
correlation structure by this model.

Now let us assume that we use the Merton's model in a Brownian motion setting, where
we are interested if �rm's asset value is at maturity below the face value of the debt or it is
not. The default probability is

�p = P[VT < K ] = P
�
X T < log

K
V0

�
:
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We us assume thatX T is normally distributed with mean value �T and variance � 2T. Then
the default probability can be rewritten as

�p = P

"
X T � �T

�
p

T
<

log K
V0

� �T

�
p

T

#

= P
h

~X < ~K
i

;

where ~X is a standard normal random variable with the cumulative distribution function �
and ~K is the normalized face value of the debt. Then it follows

~K = � � 1(�p); (3.20)

because in the homogeneous portfolio the default probability of every debtor is same.
Let us assume that the risk driver ~X follows a one�factor model, i.e.,

~X =
p

%Z+
p

1 � % "; (3.21)

whereZ � N (0; 1) is a systematic risk factor and" � N (0; 1) an idiosyncratic risk independent
of Z , and

p
%is load describing how much is the debtor sensitive to the systematic risk factor.

Let

p(Z ) = P[Y = 1 jZ ] = E[Y jZ ];

be the default probability of debtor conditioned by the realization of the systematic risk factor
Z . Then using (3.20) and (3.21) follows

p(Z ) = P
hp

%Z+
p

1 � %" < ~K
i

= P
�
" <

� � 1(�p) �
p

%Z
p

1 � %

�

= �
�

� � 1(�p) �
p

%Z
p

1 � %

�
: (3.22)

The conditioned default probability p(Z ) is then a random variable with values in [0,1] and
expected valueEp(Z ) = �p. Now we can calculate the joint probability distribution of default
eventsYi as

P[Y1 = y1; : : : ; Yn = yn ] =
Z 1

�1
p(z)k �

1 � p(z)
� n� k ' (z) dz;

where k =
P n

i =1 yi , p(z) is given by (3.22) and' is the standard normal density function.

Heterogeneous Portfolios Let us try to extend the result of the homogeneous portfolio
to the heterogeneous one. Let the default probability of thedebtor i be pi and let the risk
driver X (i )

T be given by the multi�factor model

X (i )
T = � (i ) � Z + � (i ) " (i ) ;

where Z is a random vector normally distributed with a zero mean value and a covariance
matrix � , and " (i ) are independent standard random variable,� ( i ) is a vector of constant
factor loads and� i is also constant. Then the conditioned default probability is

pi (Z) = �

 
� � 1(pi ) � � (i ) � Z

� (i )

!

;
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and the joint default probability is

P[Y1 = y1; : : : ; Yn = yn ] =
Z

Rn

nY

i =1

pyi
i (z)

�
1 � pi (z)

� 1� yi ' (z; �) dz;

where ' (z; �) is the n-dimensional normal density function with zero mean and covariance
matrix � . We see that the joint probability distribution is modeled same as in the case of the
homogeneous portfolio by the Gaussian copula (see Section 2.8).

In the case of reduced�form models we will end up also with some copula (sometimes called
survival copulas). For more see Giesecke (2004, Section 3.6).

3.6.4 Monte Carlo Simulation

Let us assume that we have chosen some model dynamics, calibrate its parameters as well as
the correlation structure and recoveries. Now we are interested in the probability distribution
of the aggregate loss of the whole portfolio in some given horizon (for example one year).
In some simple models we have seen that we can get a closed formula, but by adding more
realistic features to the model and allowing more randomness and a dependency between
di�erent random drivers (like dependent recoveries and default events) we get more and more
complex problem, where it is very hard to get a closed formula. In that case the simulation
seems to be the only possibility.

Every run of the simulation gives us a realization of the random credit loss. We should
perform su�cient many runs of the simulation to get image of t he aggregate loss distribution.
The complex simulation can take many days of the computation. Therefore, the number of
runs of the simulation must be the compromise between the time consumption of the simulation
and the precision of the resulting probability distributio n.

To lower time requirements of the simulation some approximation methods can be used.

Approximations of Aggregate Loss Distribution

After n runs of the simulation we getn realizations of the random credit loss variable. We can
assume that the loss distribution is very close or even belong to some well�known parametric
distribution family. Then we think about n realizations of the simulation as about a random
sample from the distribution F . Parameters of the distribution F can be estimate using the
moment method or the maximum likelihood method.

Often used distribution is a gamma distribution with the density function

f (x) =
ab

�( b)
e� ax xb� 1; x > 0;

which is right�skewed and easily parametrized. If we are interested in modeling the number
of defaults, i.e., modeling of random variable

L =
mX

i =1

1f � i � 1g;

often used distribution is the negative Binomial distributi on. The integer valued negative Bi-
nomial distribution can be interpreted as the gamma mixture of Poisson distributions which
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is consistent with the idea of reduced�form models where a default is �rst jump of a Poisson
process. If every defaulter has a Poisson process as its own default process and parameter�
is random variable from the gamma distribution, then the random variable L has a negative
Binomial distribution. Con�dence intervals about parameters of the distribution can be esti-
mated through the bootstrap. Other possibility for the aggregate loss distribution estimation
is to use nonparametric kernel estimators.



4
Real Data Study

In this chapter we will show methods from Section 2.6 used on real data.

4.1 Data Analysis and Estimations

We use data from Standard&Poor's (2006), where yearly transition matrices for period 1981�
2005 are given same as the number of �rms starting within a particular rating. Let us denote
the transition matrices by P1; : : : ; P25. We assume that transition matricesP1; : : : ; P25 were
computed using the cohort method, i.e., for �xed k the ij -th element pk

ij of matrix P k was
computed as

pk
ij =

nk
ij

nk
i:

;

where nk
ij is the number of companies which started thek-th year in rating i and ended in

rating j , and nk
i: is the number of companies started in ratingi . Since we are given byP k and

nk
i: we can compute elements of frequency matrixN k as

nk
ij = pk

ij nk
i: : (4.1)

This is of course valid only under the assumption that transition matrices were really computed
by the cohort method.25 The rating scale of S&P consists of 8 elements

f AAA; AA; A; BBB; BB; B; CCC; D g;

and one special ratingNR (not rated). The best rating is AAA and D is a default. S&P use
for their purposes more �ner rating scale with much more ratings, but in publicly available
data they are grouped into 8 ratings above. Since we do not know what happened with
companies which migrate toNR we simply ignored these transitions, that is, we took just
�rst 8 columns of frequency matricesN 1; : : : ; N 25. Data after this cleaning can be found in
Appendix A.

Now let us recall what we want to show on real data. We assume that system (hundreds of
companies around the world monitored by S&P) follows a continuous�time Markov chain under
some stochastic transformation, which enters into the system as parameterst = ( t1; : : : ; t25).
In other words we assume that the generator matrix ink-th year is tkQ, where Q is same for
every k = 1 ; : : : ; 25. For uniqueness of the solution we need to add some additional condition.
We add

25X

k=1

tk = 25:

25 Frequency data which we get by (4.1) was always very near to integer value (6.99, 81.01,. . . ), from which
we can speculate that really the cohort method was used.
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This condition make sense to us, since we would like to havetk near to natural value 1. We
are looking for matrix Q and time parameterst such that matrices exp(tkQ) will be as near
as possible to matricesP k for every k = 1 ; : : : ; 25. We use stochastic time componentwise
optimization method (STCO) from Section 2.6.3 and compare the results with situation when
we assume that the system follows a regular continuous�timeMarkov chain (without time
change). This method without time change will be referred as�nding a constant generator.
Further, if we will speak about distance of two matrix we meanby that Euclidean distance.

In an accompanied �le fce.r can be found the implementation of all six �one�year� meth-
ods from Section 2.6 and also the implementation of stochastic time componentwise optimiza-
tion (STCO) procedure. All methods were implemented in statistical software R.

For the estimator of the constant generator matrix we used the componentwise optimiza-
tion when as a starting point was chosen the best solution from �rst �ve methods (DA, WA,
QOG, EM, MCMC). 26 A constant solution from this CO method is denoted byQCO and can
be found in table 4.1.

AAA AA A BBB BB B CCC D
AAA � 0.09034 0.08730 0.00177 0.00064 0.00062 0.00000 0.00000 0.00000

AA 0.00666 � 0.09938 0.08711 0.00390 0.00034 0.00114 0.00021 0.00001
A 0.00045 0.02174 � 0.09197 0.06463 0.00322 0.00139 0.00029 0.00025

BBB 0.00018 0.00139 0.04526 � 0.11012 0.05238 0.00668 0.00200 0.00224
BB 0.00043 0.00042 0.00149 0.06696� 0.18587 0.09711 0.01095 0.00851

B 0.00000 0.00062 0.00219 0.00133 0.07522� 0.20462 0.07073 0.05453
CCC 0.00000 0.00000 0.00407 0.00583 0.01348 0.18703� 0.62151 0.41110

D 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table 4.1. Constant generatorQCO .

AAA AA A BBB BB B CCC D
AAA � 0.08299 0.07984 0.00196 0.00061 0.00057 0.00000 0.00000 0.00001

AA 0.00619 � 0.09934 0.08852 0.00297 0.00059 0.00084 0.00022 0.00000
A 0.00019 0.01908 � 0.08746 0.06318 0.00328 0.00126 0.00023 0.00026

BBB 0.00020 0.00157 0.04510 � 0.11196 0.05428 0.00691 0.00163 0.00227
BB 0.00034 0.00056 0.00098 0.07153� 0.18255 0.08787 0.01210 0.00917

B 0.00000 0.00084 0.00249 0.00100 0.07326� 0.19530 0.06061 0.05708
CCC 0.00000 0.00000 0.00257 0.00808 0.01163 0.15970� 0.55413 0.37215

D 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table 4.2. Multi�year generator QST CO with changed time.

As a second step we computed the estimation of the generatorQ (see table 4.2) and the
time evolution t (see table 4.3) using STCO method. Graph 4.1 shows us the Euclidean
distance of matricesP k and exp(tkQ) which is the distance of theoretical transition matrix
from the empirical one.

26 The best performance if we compare distances from empirical transition matrices P k was given by QOG
method. It is not surprising since DA and WA methods are very s imple and not a real optimization methods
and aim of EM and MCMC method is not to produce generator which generate transition matrix as near as
the empirical one, but rather estimate the real generator by incorporating more information (similar as in the
comparison of the cohort method and the maximum likelihood m ethod in the case of continuously observed
data).
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year Tt year Tt year Tt year Tt year Tt

1981 0.501 1986 0.809 1991 1.290 1996 0.641 2001 1.471
1982 0.843 1987 0.675 1992 1.189 1997 0.742 2002 1.675
1983 0.694 1988 1.032 1993 1.219 1998 1.439 2003 1.177
1984 0.832 1989 1.198 1994 0.780 1999 0.998 2004 0.720
1985 1.042 1990 1.119 1995 0.984 2000 1.044 2005 0.885

Table 4.3. Time evolution estimation.

Let us denote the one�year transition matrix, which generate the generatorQCO (resp.
QST CO), by PCO (resp. PST CO ). In the graph 4.1 we see the distances of matricesPCO

k
and PST CO

k from the empirical P k . Better �t is almost in every year for PST CO matrix.
Detailed distances and percentage improvements are in table 4.4. The overall improvement is
35 %. Notice that we are comparing CO and STCO method. In practice there is often used
maximum likelihood (ML) method though the partial observat ions. This wrong usage of ML
method would give much worse �t then CO method.

The graph 4.1 also shows the estimated evolution of time. We can clearly see three periods
where the time evolution was signi�cantly higher (time ran faster) than in remain years. The
�rst period are years 1990�1993 which can be connected to theU.S. recession in years 1990�

1985 1990 1995 2000 2005

0.
0

0.
5

1.
0

1.
5

Time evolution
STCO distance
CO distance

Figure 4.1. STCO method.
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year jjP � PCO jj jj P � PST CO jj Improvement
1981 0.313 0.164 � 47.64 %
1982 0.074 0.040 � 46.63 %
1983 0.244 0.150 � 38.49 %
1984 0.051 0.022 � 56.79 %
1985 0.157 0.145 � 7.55 %
1986 0.086 0.045 � 47.54 %
1987 0.167 0.066 � 60.44 %
1988 0.078 0.065 � 16.52 %
1989 0.101 0.085 � 15.61 %
1990 0.054 0.045 � 16.54 %
1991 0.111 0.076 � 31.61 %
1992 0.023 0.031 36.08 %
1993 0.127 0.155 22.05 %
1994 0.081 0.016 � 80.53 %
1995 0.013 0.021 62.43 %
1996 0.260 0.150 � 42.25 %
1997 0.162 0.079 � 51.30 %
1998 0.134 0.078 � 41.49 %
1999 0.075 0.096 27.72 %
2000 0.050 0.059 18.83 %
2001 0.187 0.109 � 41.85 %
2002 0.196 0.088 � 54.85 %
2003 0.054 0.044 � 17.50 %
2004 0.145 0.057 � 60.65 %
2005 0.210 0.162 � 22.72 %

1981�2005 3.153 2.049 � 35.00 %
Table 4.4. Comparison of the �t by CO and STCO method.

1991. The second period is year 1998 in which the Russian crisis was and the last period is
2001�2002 when the Internet bubble burst.

These observations suggest an idea that if the economy is in recession the time evolution is
quicker and companies defaults more often. On contrary whenthere is an economic expansion
the time evolution slows down and companies default less often.

We would like to �nd some evidence of the connection between the time evolu-
tion and the state of economy. As indicators of the state of the economy we took
the federal fund target rate (FFTR) 27 and the American GDP growth. Though the
data are about companies all around the world we took both indicators of the Ameri-
can economy, because the American economy has great in�uence on the world economy.
We get FFTR data from Federal Reserve Bank of New York (2008) and GDP data from
Economic Research Division of Federal Reserve Bank of St. Louis (2008). Both are in table
4.5.

We have computed the correlation oftk and FFRT, resp. GDP growth. In both cases the
high negative correlation was the result. Precise values are

CorrTt ;F F T R = � 0:574;

CorrTt ;GDP = � 0:608:

27 The interest rate announced by American FED. It is a major too l for regulation of the economy.
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year tk FFTR GDP growth
1981 0.501 12.00 12.15
1982 0.843 8.50 4.05
1983 0.694 9.50 8.65
1984 0.832 8.25 11.21
1985 1.042 7.75 7.30
1986 0.809 6.00 5.75
1987 0.675 6.75 6.20
1988 1.032 9.00 7.69
1989 1.198 8.25 7.46
1990 1.119 7.00 5.81
1991 1.290 4.00 3.32
1992 1.189 3.00 5.70
1993 1.219 3.00 5.04
1994 0.780 5.50 6.23
1995 0.984 5.50 4.60
1996 0.641 5.25 5.67
1997 0.742 5.50 6.24
1998 1.439 4.75 5.33
1999 0.998 5.50 5.96
2000 1.044 6.50 5.92
2001 1.471 1.75 3.17
2002 1.675 1.25 3.37
2003 1.177 1.00 4.69
2004 0.720 2.25 6.86
2005 0.885 4.25 6.35

Table 4.5. Time evolution, FFTR and GDP growth data.

Further research can try to explain and predict the time evolution using some advanced econo-
metric models. Of course for that we need better and more data.

Now let us try to model the time evolution t as a Lévy subordinator. We choose the
Gamma process as our model. Using the maximum likelihood we estimate parameters of
one�year gamma distributed increments with the density function

f (x) =
abt

�( bt)
e� ax xbt� 1; x > 0;

Interesting is that the estimation of both parameters are same

a = b = 12:5095:

Then we would like to know how good is our hypothesis that timeevolves accord-
ing to the Gamma process. We tested using the goodness�of��t test (see for example
Lehmann and Romano (2005, Section 14.3)) whether we can reject the hypothesis of the
Gamma distribution. With very high

p-value = 0 :8187;

we did not reject the Gamma distribution. On picture 4.2 we can see the histogram of our
observations and the theoretical density function.
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4.2 Conclusion

Provided extension of a continuous�time Markov chain to the stochastic time is very easy
doable and its performance is at least as good as the originalmodel. In our data it showed 35
% better �t. We think it is not a neggligable improvement. Fur further research remain �nding
the dependence of the time evolution on some observable variables using some econometric
models. With this done, one can predict more precisely future transition matrices.

Another very promising way is to extend EM and MCMC method to stochastic time and
then perform complex simulation study and compare results.
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Figure 4.2. Time evolution histogram and theoretical density.
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Frequency Data

Frequency data from Standard&Poor's (2006).

AAA AA A BBB BB B CCC D
AAA 77 10 0 0 0 0 0 0
AA 4 189 17 0 0 0 0 0
A 0 22 434 32 1 0 0 0

BBB 0 0 13 244 14 0 0 0
BB 0 0 2 12 134 66 1 0
B 0 0 1 0 4 72 2 2

CCC 0 0 0 0 0 1 10 0
Table A.1. S&P frequency matrix for year 1981.

AAA AA A BBB BB B CCC D
AAA 80 4 2 0 0 0 0 0
AA 1 204 15 1 3 0 0 0
A 0 18 409 45 3 0 0 1

BBB 1 0 6 243 26 1 0 1
BB 0 1 0 6 123 13 0 7
B 0 0 1 1 4 121 6 5

CCC 0 0 0 0 0 1 8 3
Table A.2. S&P frequency matrix for year 1982.

AAA AA A BBB BB B CCC D
AAA 78 17 1 0 0 0 0 0
AA 1 228 13 2 0 0 0 0
A 3 19 404 20 3 0 0 0

BBB 1 2 19 249 18 2 0 1
BB 0 1 2 6 125 20 0 2
B 0 0 1 1 5 121 1 7

CCC 0 0 0 0 0 3 11 1
Table A.3. S&P frequency matrix for year 1983.
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AAA AA A BBB BB B CCC D
AAA 79 29 1 0 0 0 0 0
AA 5 271 13 3 0 0 0 0
A 0 13 426 16 3 0 0 0

BBB 0 1 35 232 18 6 0 2
BB 0 0 2 14 143 9 0 2
B 0 0 0 2 9 150 0 6

CCC 0 0 0 0 0 0 11 4
Table A.4. S&P frequency matrix for year 1984.

AAA AA A BBB BB B CCC D
AAA 85 6 0 0 1 0 0 0
AA 1 282 27 6 0 4 1 0
A 0 10 440 34 6 1 0 0

BBB 0 2 23 216 18 12 0 0
BB 0 0 2 11 153 21 3 3
B 0 0 3 0 5 167 1 13

CCC 0 0 0 0 0 4 7 2
Table A.5. S&P frequency matrix for year 1985.

AAA AA A BBB BB B CCC D
AAA 99 8 0 0 0 0 0 0
AA 4 311 16 6 0 2 0 0
A 1 26 436 50 8 9 0 1

BBB 0 0 21 224 25 8 1 1
BB 0 0 0 15 174 14 3 3
B 0 0 0 1 11 197 30 24

CCC 0 0 0 0 0 0 10 3
Table A.6. S&P frequency matrix for year 1986.

AAA AA A BBB BB B CCC D
AAA 122 4 0 1 0 0 0 0
AA 6 318 18 1 0 0 0 0
A 0 7 429 30 2 6 0 0

BBB 0 2 17 249 21 11 0 0
BB 0 0 1 19 192 21 0 1
B 0 0 3 0 17 267 9 11

CCC 0 0 0 1 1 4 35 7
Table A.7. S&P frequency matrix for year 1987.
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AAA AA A BBB BB B CCC D
AAA 129 8 3 0 1 0 0 0
AA 5 297 38 10 2 1 0 0
A 0 8 444 23 4 3 0 0

BBB 0 1 29 244 17 7 2 0
BB 0 0 3 21 206 22 5 3
B 0 1 0 1 19 304 12 16

CCC 0 0 0 2 2 5 27 11
Table A.8. S&P frequency matrix for year 1988.

AAA AA A BBB BB B CCC D
AAA 144 10 0 0 0 0 0 0
AA 2 324 24 0 0 0 0 0
A 0 8 474 36 12 1 0 0

BBB 0 0 23 260 20 2 2 2
BB 0 0 2 35 187 15 2 2
B 0 1 0 0 30 289 16 14

CCC 0 0 1 0 1 0 24 18
Table A.9. S&P frequency matrix for year 1989.

AAA AA A BBB BB B CCC D
AAA 146 7 0 0 0 0 0 0
AA 2 336 39 0 0 0 0 0
A 0 12 478 42 7 1 0 0

BBB 0 0 17 292 18 3 0 2
BB 0 0 0 18 184 28 9 10
B 0 2 0 2 12 240 18 31

CCC 0 0 0 0 1 2 27 15
Table A.10. S&P frequency matrix for year 1990.

AAA AA A BBB BB B CCC D
AAA 146 20 1 0 0 0 0 0
AA 1 356 30 0 0 0 0 0
A 1 3 519 35 3 0 0 0

BBB 0 3 14 313 19 3 0 3
BB 0 0 0 14 182 18 4 4
B 0 1 0 1 16 197 10 40

CCC 0 0 0 1 2 4 28 21
Table A.11. S&P frequency matrix for year 1991.
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AAA AA A BBB BB B CCC D
AAA 156 17 0 0 0 0 0 0
AA 5 408 29 5 0 0 0 0
A 0 7 585 26 1 1 0 0

BBB 0 1 18 341 15 3 0 0
BB 0 0 0 29 181 10 7 0
B 0 0 1 3 25 150 9 16

CCC 0 0 0 0 2 6 24 14
Table A.12. S&P frequency matrix for year 1992.

AAA AA A BBB BB B CCC D
AAA 160 5 3 0 0 0 0 0
AA 0 440 28 1 0 0 0 0
A 2 6 612 25 0 0 0 0

BBB 0 0 20 379 27 0 1 0
BB 0 1 1 23 200 22 1 1
B 0 0 1 2 30 147 4 6

CCC 0 0 0 0 1 12 13 6
Table A.13. S&P frequency matrix for year 1993.

AAA AA A BBB BB B CCC D
AAA 156 15 1 0 0 0 0 0
AA 2 434 43 0 0 0 1 0
A 0 9 681 30 1 1 1 1

BBB 0 1 14 446 10 2 0 0
BB 0 0 0 27 305 10 0 1
B 0 0 0 1 16 264 9 10

CCC 0 0 0 0 0 2 11 4
Table A.14. S&P frequency matrix for year 1994.

AAA AA A BBB BB B CCC D
AAA 163 14 0 0 0 0 0 0
AA 3 436 46 1 0 0 0 0
A 0 20 793 31 2 0 0 0

BBB 0 2 25 518 21 0 0 1
BB 0 0 2 25 333 20 0 4
B 0 0 1 2 29 301 8 18

CCC 0 0 0 1 0 2 13 7
Table A.15. S&P frequency matrix for year 1995.
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AAA AA A BBB BB B CCC D
AAA 157 11 0 0 0 0 0 0
AA 3 445 26 0 0 0 0 0
A 0 28 859 19 1 0 0 0

BBB 1 0 40 613 12 1 0 0
BB 0 0 2 37 348 21 2 3
B 0 0 1 2 34 299 8 12

CCC 0 0 0 0 2 3 13 1
Table A.16. S&P frequency matrix for year 1996.

AAA AA A BBB BB B CCC D
AAA 156 8 0 0 0 0 0 0
AA 4 469 19 4 0 1 0 0
A 0 18 901 42 2 3 0 0

BBB 0 1 28 693 19 6 0 2
BB 0 0 1 40 400 24 0 1
B 0 0 3 0 31 340 12 16

CCC 0 0 0 0 0 4 13 3
Table A.17. S&P frequency matrix for year 1997.

AAA AA A BBB BB B CCC D
AAA 149 11 0 1 0 0 0 0
AA 2 465 27 0 0 0 0 0
A 1 15 897 59 3 0 0 0

BBB 0 0 24 798 50 7 2 4
BB 2 1 1 31 466 40 14 6
B 0 1 1 3 39 507 34 31

CCC 0 0 1 0 0 5 9 12
Table A.18. S&P frequency matrix for year 1998.

AAA AA A BBB BB B CCC D
AAA 134 9 0 0 0 0 0 0
AA 1 479 38 3 0 0 0 1
A 0 24 898 61 1 1 0 1

BBB 0 2 30 855 40 0 0 2
BB 0 1 0 21 575 51 5 7
B 0 0 1 2 22 644 35 62

CCC 0 0 0 0 0 2 35 23
Table A.19. S&P frequency matrix for year 1999.
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AAA AA A BBB BB B CCC D
AAA 126 5 2 0 0 0 0 0
AA 4 465 60 1 0 0 0 0
A 0 25 890 79 4 1 0 1

BBB 0 3 27 934 38 5 3 4
BB 0 0 1 31 648 51 9 10
B 0 0 2 2 31 670 38 67

CCC 0 0 0 0 1 5 43 27
Table A.20. S&P frequency matrix for year 2000.

AAA AA A BBB BB B CCC D
AAA 120 7 0 0 0 0 0 0
AA 1 447 59 0 0 0 0 0
A 0 25 916 74 2 0 4 2

BBB 0 1 37 990 52 7 11 4
BB 0 0 3 23 608 81 18 26
B 0 0 0 0 26 581 72 98

CCC 0 0 0 0 0 8 44 49
Table A.21. S&P frequency matrix for year 2001.

AAA AA A BBB BB B CCC D
AAA 107 15 0 1 0 0 0 0
AA 1 394 89 12 1 3 0 0
A 0 6 931 118 9 2 1 1

BBB 0 1 27 1043 77 28 7 13
BB 1 0 3 26 623 61 11 22
B 0 0 0 2 35 515 69 61

CCC 0 0 1 0 2 13 58 75
Table A.22. S&P frequency matrix for year 2002.

AAA AA A BBB BB B CCC D
AAA 92 9 2 0 0 0 0 0
AA 2 362 47 2 0 0 0 0
A 0 7 998 74 2 0 0 0

BBB 0 0 19 1158 68 4 0 3
BB 0 0 0 27 694 90 6 5
B 0 0 0 1 50 548 29 31

CCC 0 0 0 0 1 19 75 54
Table A.23. S&P frequency matrix for year 2003.
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AAA AA A BBB BB B CCC D
AAA 88 6 0 0 0 0 0 0
AA 1 368 15 1 0 0 0 0
A 0 13 1071 36 1 0 0 0

BBB 0 1 29 1311 27 2 0 0
BB 1 0 1 39 786 52 2 4
B 0 0 1 1 56 647 19 13

CCC 0 0 1 0 1 21 73 20
Table A.24. S&P frequency matrix for year 2004.

AAA AA A BBB BB B CCC D
AAA 87 9 1 0 0 0 0 0
AA 0 369 20 2 0 0 0 0
A 1 20 1088 54 0 0 0 0

BBB 0 3 91 1290 47 7 0 1
BB 0 0 0 58 779 70 2 2
B 0 0 1 6 86 713 38 16

CCC 0 0 0 1 1 32 59 11
Table A.25. S&P frequency matrix for year 2005.
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