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Introduction

Modular forms are a family of mathematical objects that are usually first encountered as holo-
morphic functions on the upper half-plane satisfying a certain transformation property. However,
the study of these functions quickly reveals interesting connections to various other fields of math-
ematics, such as analysis, elliptic curves, number theory and representation theory.

The importance of modular forms is illustrated by the following quotation, attributed to Martin
Eichler (1912-1992): “There are five fundamental operations in mathematics: addition, subtrac-
tion, multiplication, division, and modular forms.” Whether Eichler actually said this or not, it
is indisputable that thanks to the remarkable properties of modular forms and their connections
to other areas of mathematics, they have become an important object of study ever since the
nineteenth century.

Some references

To conclude this introduction, we mention some useful references for the material treated in this
course.

e Serre [4, chapters VII and VIII] for modular forms for the full modular group SLa(Z);

e parts of Diamond and Shurman [1, chapters 1, 3, 4 and 5] for practially everything (and
much more);

e Miyake [3, chapter 4] also treats most of the material, from a more analytic point of view
than Diamond and Shurman.

e For a more algebraic point of view, see Milne’s course notes [2].

e Finally, for those interested in algorithmic aspects of modular forms, there is Stein’s book
[5]-

One can experiment with modular forms using for instance the computer algebra packages
Magma (http://magma.maths.usyd.edu.au/) and Sage (http://sagemath.org/). In this course
we will see in particular how to use Sage for computations with modular forms.

Acknowledgements. These notes are based in part on notes from David Loeffler’s course on modular
forms taught at the University of Warwick in 2011.
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Chapter 1

The modular group

1.1 Motivation: lattice functions

The word ‘modular’ refers (originally and in this course) to the so-called moduli space of complex
elliptic curves. The latter can be described using the following basic concepts.

Definition. A lattice (of full rank) in the complex plane C is a subgroup A C C of the form
A = Zw + Zws

where wy,ws € C are R-linearly independent.
Two lattices A and A’ are called homothetic if there exists a A € C* such that

AN =X :={w|weA}
In this case we write A ~ A’.

Let £ denote the set of all lattices in C. It turns out that any A € L yields a complex
elliptic curve, and conversely, any complex elliptic curve is isomorphic to C/A for some A € L.
Furthermore, two complex elliptic curves C/A and C/A’ are isomorphic if and only if A and A" are
homothetic. Therefore, in order to study isomorphism classes of complex elliptic curves, it suffices
to study complex lattices modulo homothety; we denote the latter set by £/ ~. Furthermore,
natural parametrizations of £/ ~ can be considered as natural parametrizations of the isomorphism
classes of complex elliptic curves.

From the discussion above, it seems natural to consider functions G : £/ ~— C. (Actually,
enlarging the codomain of G to the Riemann sphere CU{cc} could be desirable, but we will ignore
this for the time being). Any such function corresponds naturally to a function F': £ — C with
the invariance property

F(A\A) = F(A) for all A\ € C* and A € L.

It turns out to be to restrictive to only consider such function. Instead, we look at functions
with a more general transformation property.

Definition. A function
F:L—=C

is called homogeneous of weight k € 7Z if it satisfies
FOAA) =X"FF(A) forall e C* and A € L. (1.1)
As a first example, for k € Z with k > 2 consider the FEisenstein seris

gk£—>(C

7



8 CHAPTER 1. THE MODULAR GROUP

defined by
1
A il
- X o
weA—{0}

By e.g. comparing the sum to an integral, one can check that the series converges (this is where
k > 2 is necessary). Furthermore, we immediately obtain the transformation property

Ge(MA) = X7FG(A) forall A € C* and A € L.

1.2 The upper half-plane and the modular group

Fundamental roles in the theory of modular forms are played by the (complex) upper half-plane
H:={zeC|Sz>0}
={r+iy|z,y e R,y >0}

and the (full) modular group

(e

We will show how these objects, as well as a certain action of SLy(Z) on H, appear naturally in
the study of homogeneous function on lattices described in the previous section. Analogously, one
could consider the union of the complex upper and lower half plane C—R (sometimes also denoted
by P*(C) — P!(R)) which is acted upon by

a2

as we will describe below.
For z € C — R consider the lattice

a,b,c,d € Z,ad — bc = 1}.

mb,c,dGZ,ad—bc:il}

A, =7Zz+ 7.
Note that any lattice in C can be written as
Zwy + Zws = woA,  with 2 := wy /ws € C—R.

By swapping w; and ws if necessary, we may assume that wy/wy € H. We conclude that any
homogeneous function F : £ — C is completely determined by its values on A, for z € H. To any
F as above we associate a function

fTH—=-C byz— F(A,), (1.2)

from which the function F can be recovered as we just noted. In order to study the transformation
properties of f, we first introduce an action on C — R, which restricts to an action on H. This is
motivated by the following properties about changing bases for a lattice in C.

Exercise 1.1. Let wy,ws,w!,w) € C* with wy /we,w]/wh ¢ R. Prove the following statements.

(a) Zwi + Zws = Zw' + Zw) if and only if

(w}> = y(wl) for some v € GLo(Z). (1.3)
OJQ W2

(b) Let wy/we € H. Then Zw; + Zwy = Zw} + Zwh, and w) /wh € H if and only if

!/
(w/l) = 7<w1> for some vy € SLy(Z).
Wy wo

(For the second part, you may use Propostion 1.1 below.)



1.2. THE UPPER HALF-PLANE AND THE MODULAR GROUP

Let wy, ws,w],w) € C* with z 1= wy /wa, 2’ := w]/wh € C—R and v € GLa(Z) satisfying (1.3),

then
,_aw1—|—bw2 az+b

cwr +dws  ed+d’
Note that the formula above is still well defined if we generalize from v € SLo(Z) to v in

{21

Now for v = (¢ 2) € GLy(R) and z € C — R, we write

a,b,c,dER,ad—bc#O}.

az+b
cz+d

vz =
and introduce the factor of automorphy
Jj(v,2) :==cz+d e C*.

Proposition 1.1. Let 7,7 € GL2(R) and z € C —R. Then

© det(7)3z
S(vz) = T
(ii) -
(0 1)Z =%
(iii)

1(v'2) = (12

Proof. For (i) write v = (¢ 3) € GL2(R). We calculate

az+b
Sve) =S
(az+b)(cz+ d)

lez + d|?
S(aclz|? + bd + adz + bez)
lez + dJ?

(ad — bc)z

lcz + d|?
_det(y)3z
TRk

=9

Part (ii) is trivial and part (iii) is left as an exercise (which is a straightforward calculation).

Exercise 1.2. Proof part (iii) of Proposition 1.1.

i~ (2

Corollary 1.2. (i) The map

We also consider

a,b7c,deR,ad—bc>O}.

GLy(R)x C—R—C—R
(7, 2) > 72,

defines an action of the group GL2(R) on the set C — R.

O
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(i) The map
GL{(R) xH — H

(7,2) — vz,
defines an action of the group GL3 (R) on the set H.

We make the trivial, but important remarks that the actions described above induce an action
of GL3(Z) on C — R and an action of SLa(Z) on H. The latter will be our primary focuss (as well
as its restriction to so-called congruence subgroups later on, which will be discussed in Chapter 3).
One more subgroup of GL3 (R) of (some) interest to us (together with its induced action on H) is

w2}

Let us come back to the transformation properties of the function f defined in (1.2).

a,b,c,d € R,ad — bc = 1}.

Proposition 1.3. Let F : L — C be a homogeneous function of weight k € 7Z and define the
function

fH—-C byz— F(A,).

Then
f(v2) =3(v,2)kf(2)  for all v € SLy(Z) and z € H. (1.4)

Proof. Let v = (¢ Z) € SLy(Z) and =z € H. By Exercise 1.1 we have
Z(az+b)+Z(cz+d) =2z + Z.
This gives us

az+b

A, =72——
K cz+d

+Z=(cz+d) " HZ(az +b) + Z(cz + d)) = (cz +d) " H(Zz +Z) = j(v,2) 'A..

So finally,
flyz) = F(Ayz) = F(i(7,2)71A2) = (7, 2)P F(A) = (7, 2)" (=)

Warning. Many authors work with the projective modular group

PSLy(Z) = SL2(Z)/{i(é (1))}

instead of SLg(Z). In these notes, we will mostly phrase the results in terms of SLa(Z), but we
will sometimes also give the analogous results for PSLo(Z).

Remark. We will see in Theorem 1.4 below that SLy(Z) is generated by the matrices
0 -1 11
s=(1 o) m=6)

St=1, (ST)*=S% in SLy(Z).

These satisfy the relations

Moreover, one can show that these generate all relations, i.e. that (S,T | S*,S?(ST)3) is a pre-
sentation of the group SLy(Z).
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1.3 A fundamental domain

Let D be the closed subset of H given by
D:i={zeH|-1/2<Rz<1/2 and |z| > 1}.

It looks as follows:

p"/—O—i\"p+1

-1 ~1/2

o @

1/2 1

Here we write p for the unique third root of unity in the upper half-plane, i.e.

—1+1iv3
p =exp(2mi/3) = %[
Theorem 1.4. Let D be the subset of H defined above.
1. Every point in H is equivalent, under the action of SLa(Z), to a point of D.

2. If 2,2’ € D are two distinct points that are in the same SLy(Z)-orbit, then either 2’ = z £ 1
(so z,7 are on the vertical parts of the boundary of D) or 2/ = —1/z (so z,z' are on the
circular part of the boundary of D).

3. Let z be in D, and let H, be the stabiliser of z in SLy(Z). Then H, is

cyclic of order 6 generated by ST = ((1) 711) if z=p;

cyclic of order 6 generated by T'S = (} 701) ifz=p+1;
cyclic of order 4 generated by S = ((1) _01) if z =1;

cyclic of order 2 generated by (_01 _01) otherwise.

4. The group SLa(Z) is generated by S and T.

Proof. Let z be any point in H. We consider the imaginary part of vz for all v € (S, T). According
to Proposition 1.1 part (i) this imaginary part is

Sz . a b
S(’yz):7|cz+d|2 if vy = (c d>'

. . . . . a b
Given z, there are only finitely many (c,d) € Z?2, and in particular only finitely many v = (C d) €
(8,T), such that |cz + d| < 1. This implies that there exists some v = (¢ Z) € SLy(Z) such that

c/

li b/
lez+d| < |dz+d| forally = <a )
c

> € SLy(2),
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or equivalently
S(vz) > S(y'2) for all 4" € SLy(Z).

By multiplying « from the left by a power of T, which has the effect of translating vz by an integer,
we may in addition choose v such that

—1/2 < R(yz) < 1/2.

We claim that this v satisfies
vzl = 1.

Namely, by the choice of v, we have

This implies |yz| > 1, and hence vz € D.

We conclude that for any z € H there exists v € (S, T) such that vz € D. In particular, this
implies (1).

To prove (2), let z,2’ € D be distinct pomts in the same SLo(Z)-orbit. We may assume
S22 > Sz, Let v = ( Z) € SLo(Z) be such that 2’ = vz; in particular,

ot Sz R4
Sz =
lez +d|? ~ |z +dJ?’

so |cz + d| < 1. By the identity
ez +d|* = |ex + d]* +|ey* (2 =z +1iy)

and the fact that y > 1/2 since z € D, this is only possible if |¢|] < 1.
If ¢ = 0, then the condition ad — bc = 1 implies a = d = £1, and hence 2’ = z = b. Because Rz
and Rz’ both lie in [—1/2,1/2], this implies z = 2/ £ 1 and Rz = +1/2.
If ¢ =1, then we have
1> lecz+d| =|z+d|;

this is only possible if |z] =1 and d =0,if z=pand d=1,orif z=p+ 1 and d = —1. The case
d =0 implies b= —1 and 2’ = “;:01 = a — 1/z; this is only possible if a = 0, if z = p and a = —1,
orif z=p+1and a =1. The case d = 1 implies z = p and a — b = 1; this is only possible if

(a,b) = (1,0) or (a,b) = (0,-1).

The case ¢ = —1 is completely analogous, since (‘Z 2) and —(Z Z) act in the same way on H.

Altogether, we obtain the following pairs (v, z) where z and 2’ = vz are both in D:

~ z 2/ =~z fixed points
£(g9) allzeD z all 2 €D
j:((l) }) Rz=-1/2 =241 none
i(é 711) Rz=1/2 z-1 none
£(15) k=1 -1/ i
+(7 %) p p p
(7 7) p p p
(1) p+1 p+1 p+1

+(971) p+1 p+1 p+1
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Part (2) and (3) of the theorem can be read off from this table. It remains to show (4).

We choose any fixed z in the interior of D. Let v € SLa(Z); we have to show that + is in (S, T).
As we have seen in the first part of the proof, there exists 79 € (S, T) such that vy(yz) € D. This
means that both z and (y97y)z lie in D, and since z is not on the boundary of D, part (3) implies
Yoy = j:((l) (1]) We conclude that v = £ is in (S, T). O
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Chapter 2

Modular forms for Sly(Z)

2.1 Definition of modular forms

Definition. Let f be a meromorphic function on H. We say that f is weakly modular of weight
k € Z if it satisfies

f(v2) = (cz +d)f f(z) for all y = (i 3) € SLy(Z) and z € H.

Note that this is exactly the tranformation from (1.4). This definition can be reformulated
in several ways. To do this, we first introduce a right action of the group SLa(R) on the set of
meromorphic functions on H. This action is called the slash operator of weight k and denoted by
(f,7) = fley- Tt is defined by

b
(fl7)(2) := (cz +d)* f(y2) for all vy = (Z d) € SLy(R) and z € H.
Exercise 2.1. Prove that the formula above indeed defines a right action of SL2(R) on the set of
meromorphic functions on H.

Saying that f is weakly modular is then equivalent to saying that f is invariant under the
weight k action of SLy(Z). Since SLo(Z) is generated by the two matrices S and T, it suffices to
check invariance under these two matrices. It is easy to check that invariance by T is equivalent
to

f(z+1)=f(z) forall ze€H,

and that invariance by S is equivalent to
f(=1/z) = 2*f(z) for all z € H.

Remark. The property of weak modularity, applied to the matrix v = (_01 _01 ), implies that
f(z) = (=1)*f(2) forall z € H.

So if k is odd, then the only meromorphic function on H that is weakly modular of weight k is the
zero function.

We will make extensive use of the following notation:

qg:-H—C
z — exp(2miz).

Warning. Especially in older sources, ¢(z) is defined to be exp(miz) instead.

15
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Let f be weakly modular of weight k. Applying the definition to the matrix v = ((1) }) shows
that f is periodic with period 1:
flz+1) = f(2).
This implies that f can be written in the form

f(2) = [f(exp(2miz))
where f is a meromorphic function on the punctured unit disc
D*:={¢eC|0<|q| <1}

In other words, f is defined by

~ log q

flo = 1(522).
The logarithm is multi-valued, but choosing a different value of the logarithm comes down to
adding an integer multiple of 27 to log g, hence an integer to lgif. Since f is periodic with
period 1, this formula for f(gq) does not depend on the chosen value of the logarithm.

Definition. Let f be a meromorphic function on H that is weakly modular of weight k. We say
that f is meromorphic at infinity (or at the cusp) if f can be continued to a meromorphic function
on the open unit disc

D={qeCllql <1}

We say that f is holomorphic at infinity (or at the cusp) if this meromorphic continuation of f is
holomorphic at ¢ = 0.

The condition that f can be continued to a meromorphic on D is equivalent to the condition
that f can be written as a Laurent series

flq) = Z anq” (a, € C, a, = 0 for n sufficiently negative)

n=—oo

that is convergent on {q € C | 0 < |g| < €} for some € > 0. With this notation, f is holomorphic
at infinity if and only if a,, = 0 for all n < 0. If f is holomorphic at infinity, we define the value
of f at infinity as R

f(o0) := f(0) = ap.

Definition. Let k be an integer. A modular form of weight k (for the group SLy(Z)) is a holo-
morphic function f: H — C that is weakly modular of weight k and holomorphic at infinity. A
cusp form of weight k (for the group SLy(Z)) is a modular form f of weight & satisfying f(oco) = 0.

2.2 Examples of modular forms: Eisenstein series
Let k be an even integer with k£ > 4. We define the Eisenstein series of weight k (for SLy(Z)) by
Gy:H—C
1
Ay) = —_—.
Zi—>gk( ) m;ez (mz—l—n)k

(m,n)#(0,0)

Proposition 2.1. The series above converges absolutely and uniformly on subsets of H of the
form
Rr,s = {CL’+2y | |$| <ry> S}.
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Proof. Let z =z +1iy € R, s be given. We have the inequality

Imz +nl? = (mz +n)?* + m?*y? > (ma 4+ n)* + m?s>.

For fixed m and n, we distinguish the cases |n| < 2r|m| and |n| > 2r|m|. In the first case, we have

2
|mz +n|? > m?s® > S m? 4 n? > min{s®/2, s%/(8r?)}(m? + n?).

S
2 2(2r)2

In the second case, the triangle inequality implies
|mz +n|? > (Jmz| — |n|)? +m2s® > (|n|/2)? + m?s®> > min{1/4, s*}(m? + n?).
Combining both cases and putting
c =min{s?/2,5*/(8r%),1/4, 5},
we get the inequality
|mz +n| > ¢(m? +n?)? for all m,n € Z,z € R,..

This implies that for any z € R, ;s we have

1 1
|Gr(2)] < — 75
t (m,g;;(om (m? + n?)k/2

We rearrange the sum by grouping together, for each fixed j = 1, 2, 3, ..., all pairs (m,n) with
max{|m|, |n|} = j. We note that for each j there are 8j such pairs (m,n), each of which satisfies

72 <m?4+n? (<257

From this we obtain

1 o= 8j
Cr@) < 5>
Jj=1 /
8 o 1
Tk Z I
j=1
which is finite and independent of z € R, ;. O

The proposition above implies that the series defining G (z) converges to a holomorphic func-
tion on H.

Theorem 2.2. For every even integer k > 4, the function
Gk :H— C
is a modular form of weight k.

Proof. As we have just seen, Gy is holomorphic on H. That it has the correct transformation
behaviour under the action of SLy(Z) follows from Proposition 1.3.

It remains to check that G(z) is holomorphic at infinity. We will do this in the next section
by calculating the g-expansion of Gy. O
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2.3 The g-expansions of Eisenstein series

We will need special values of the Riemann zeta function. This is a complex-analytic function
defined by

¢(s) = Z % for s € C with Rs > 1. (2.1)

n=1
We will only need the cases where s equals an even positive integer k.
We will also use the following notation for the sum of the ¢-th powers of the divisors of an

integer n:
n) = Z d'.

d|n
d>0

We rewrite the infinite sum defining G (z) as follows:

1
Gk(z): Z (mz—i—n)’“

m,ne”L

(m,n)#(0,0)

Y+t Y Y e

n#0 m#0 TLEZ

Since k is even, we can further rewrite this (using the definition above of the Riemann zeta

function) as
_227+2ZZ (mz +n)k

m=1n€Z
+2ZZ (mz +n)k
m=1n€ezZ

Proposition 2.3. Let k > 2 be an integer. Then we have

Z ( ! = (=2 de Lexp(2midz)  for all z € H.

k
nez Z+TL) (k d=1

Proof. We start with the classical formula (A.1) for the cotangent function:

cos(m2) 1 & 1 1
m— :f—I—Z + for all z € C — Z.
sin(mz) 2z f\z-n  z+n
On the other hand, using the identity exp(4iz) = cos z+isin z and the geometric series 1/(1—¢q) =
Yoo q? for |g] < 1, we can rewrite the left-hand side for z € H as

cos(mz) exp(miz) + exp(—miz)
™ =i
sin(7z) exp(miz) — exp(—miz)
o
i Omi exp(2miz)

1 — exp(2miz)

—mi — 27 Z exp(2midz).

d=1
Combining the equations above, we obtain
1+§: ! + L , — 2 i (2midz) for all z € H (2.3)
- = —7i — 27 exp(2midz) for all z . .
z fm\z—n oz +n = P
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Taking derivatives gives

Z ﬁ = (2mi)? Z dexp(2midz),

neEZ d=1
which is the desired equality in the case k¥ = 2. The formula for general k > 2 is proved by
induction. O

Applying the fact above to the last sum in (2.2), and using the identity (—27i)¥ = (27i)* for
k even, we deduce the following formula for all even k > 4:

Gi(z) = 2¢(k) I Z de Lexp(2midmz)

m=1d=1

= 2¢(k) I Z Z d"texp(2minz) (2.4)

n= ld\
= 2((k) |Zak1

(In replacing the sum over (d,m) by a sum over (d,n), we have taken n = dm.)
The Bernoulli numbers are the rational numbers By (k > 0) defined by the equation

iexp(; = iftk e Q[

We have
B #0 < k=1 or k is even;

see the exercise below. Furthermore, the first few non-zero Bernoulli numbers are

1 1 1 1
Bo—=1 Bj—=—- Bo—= Bj—_— Bs=
0 5 1 25 2 67 4 305 6 42a
1 5 691
Bs=——, Bjg= — _ 5
87 7300 T 7660 2T T o730

Exercise 2.2. (a) Using the definition of the Bernoulli numbers By, prove the identity

COSTTZ & Br &
z = 2 — for all |z| < 1.
T E (2m) o fora |z]
k>0 even

(b) Using the formula (A.1), prove the identity

mr T2 =12 Y (k) forall 2] < L.

sinmz
k>2 even

(¢) Deduce that the values of the Riemann zeta function at even integers k > 2 are given by

i)k
) = -2 D

(d) Prove that By is non-zero if and only if k =1 or k is even.

Substituting the result of the exercise above into the formula (2.4) for Gi(z), we obtain

2mi)* B 2
Gk(z):—( mk)' k mi) de 1



20 CHAPTER 2. MODULAR FORMS FOR SLy(Z)

It is useful to rescale the Eisenstein series Gy, so that the coefficient of ¢ becomes 1. This leads to
the definition

This immediately simplifies to

Ei(z) = —% + o) (2.5)

Note in particular that all coefficients in this g-expansion are rational numbers.

Remark. Another common normalisation of Fj, is such that the constant coefficient (as opposed
to the coefficient of ¢) becomes 1.

2.4 The Eisenstein series of weight 2

So far we have only defined Eisenstein series of weight k for k& > 4. The construction does not
generalise completely to the case k = 2, because the series

1
Z (mz+n)?

(m,n)€Z?
(m,n)#(0,0)

fails to converge.
As it turns out, it is still useful to define a holomorphic function G2 on H by the formula (2.2)
for k = 2, and to define

Then the formulae (2.4) and (2.5) are also valid for k& = 2. One has to be careful, however,
because the double series in (2.2) does not converge absolutely and the functions G and Ey are
not modular forms.

Proposition 2.4. The functions Gy and Es satisfy the transformation formulae

272Ga(—1/2) = Ga(z) — ? (2.6)
and
27 2Ey(—1/2) = Ea(2) — 4731_2. (2.7)

The proof is based on following lemma, which gives an example of two double series that
contain the same terms but sum to different values due to the order of summation being different.

Lemma 2.5. For all z € H, we have

2 Z(mzl-i-n T mz +1n+ 1) =0 (28)

m#0 n€Z

and

1 1 271
PECETE )--2m 25)
mz+n mz+n+1 z

nezZ m#0
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Proof. We start with the telescoping sum

Z ( 1 B 1 )_ 1 B 1
NN mz+n mz+n+1 mz—N mz+ N

Using this, we compute the inner sum of the first double series as

1 1 . 1 1
(- D -
mz+n mz+n+1 N—oo mz+n mz+n+1

neZ —N<n<N

. 1 1

= lim —
N—ooco\mz—N mz+ N
which implies the first identity.

On the other hand, again using the telescoping sum above, we can write the second double
series as

1 1 . 1 1
Zz(mz—i—n_mz—i—n—i—l) J\}E)noo Z Z(mz+n_mz+n+l>

neZ m#0 —N<n<N m#0

. 1 1
:]\}gnooz Z (mz+n_mz+n+l>

m#0 —N<n<N
1 1
= 1. -
N%Y;)(mz—]\f mz—l—N)’

and we cannot interchange the limit and the sum, because the series fails to converge uniformly
when N varies in any interval of the form [M, c0). In fact, using (2.3) and the fact that —N/z € H,
we can rewrite the sum over m as

Z 1 B 1
mz—N mz+ N

m##0

i 1 N 1 1 1
— mz—N —mz—N mz+N —-mz+ N

RSV
N —N/z—m —N/z4+m

m=1

2/(z . - .
== <N — i — 2mZexp(27mdN/z)>

z
d=1

W

The series on the right-hand side converges uniformly for N in the interval [1,00), because for all
N > 1 the tail of the series for d > D can be bounded using the triangle inequality as

Z‘exp(—Qm’dN/zﬂ < Z lg|¢  with ¢ = exp(—2mi/2);
d=D d=D

the right-hand side is a geometric series that does not depend on N and tends to 0 as D — oo,
since |q| < 1. We can therefore interchange the limit and the sum, and we obtain

1 1 . 2(z . e .
22 (mz+n - mz+n+1> _J\}gnooz“(N _m_%lze"p(_%ldN/Z))

neZ m#0 d=1

which is what we had to prove. O
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Proof of Proposition 2.4. We recall that

G( +szz+n

m#0neZ

Subtracting the identity (2.8) and simplifying, we obtain the alternative expression

G2(2) +ZZ (mz +n)? mz+n+1)

m#0n€eZ

On the other hand, we have

27 2Go(—1/2) = 2((2 *MZZ s

m#0 n€Z

@+

mEZ n#0

+ZZ (mz +n)?

nez m;ﬁO

note that in the last step we just relabelled the variables, but did not change the summation order.
Subtracting the identity (2.9) and simplifying, we obtain

27ri
—2~ il
2 Ga(=1/2) + > +ZZ (mz +n)? mz+n+1)
neZ m#0

By an argument similar to that used in the proof of Proposition 2.1, the double series on the
right-hand side is absolutely convergent. We may therefore change the summation order. This
shows that the right-hand side is equal to G3(z), which proves (2.6). Finally, (2.7) follows from
(2.6) and the definition (2.4) of Es. O

Exercise 2.3. Using the fact that SLy(Z) is generated by the matrices ((1) }) and ( ) prove

that the transformation behaviour of the function E» under any element (¢ d) € SLy(Z ) is given

by
az+b 1 c
d)2E = FEo(z2) — — .
(c2+d) 2(cz+d) 2(2) dmicz+d

2.5 More examples: the modular form A and the modular
function j

We define )
(240E4)? — (—504E5)?

1728
Since E4 and Eg are modular forms of weight 4 and 6, respectively, A is a modular form of
weight 12. Moreover, the specific linear combination of E§ and E? is chosen such that the constant
term of the g-expansion of A vanishes. This means that A is a cusp form of weight 12.
Using the known g-expansions of E4 and Fg, one can compute the g-expansion of A as

A:

A = q — 24 + 252¢> — 1472¢" + 4830¢° — 6048¢° — 16744q¢" + - -
An infinite product expansion for A is given in the next section.

Exercise 2.4. Show that the coefficients of A are integers, despite the division by 1728 occurring
in the definition.
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Furthermore, we define the j-function as

o (240E,)3
j(z) = A

This is not a modular form (since A vanishes at infinity but E4 does not, the j-function has a pole
at infinity). However, the fact that the j-function is a quotient of two modular forms of the same
weight (12 in this case) implies that it is a modular function, i.e. it satisfies f(vz) = f(z) for all
v € SLy(Z) and z € H and is meromorphic on H and at infinity.

The j-function is extremely important in the theory of lattices and elliptic curves. For example,
one can define the j-invariant j(A) of a lattice A = Zw; + Zws, where wy /wy € H, by j(w1/w2) (we
use the same j to denote the different functions); one can then show that the j-invariant gives a
bijection

{lattices in C}/(homothety) — C
A j(A).

The g-expansion of j looks like

§(2) = ¢t 4 744 4+ 196884q 4 2149376042 + 864299970¢° + - - -

The coefficients of this series are famous for their role in the theory of monstrous moonshine
(Conway, Norton, Borcherds et al.), which links these coefficients to the representation theory of
the monster group.

2.6 The n-function

We define the Dedekind eta function, using a4 := exp(2miz/24), by
nH-—C

Z QQ4H<1—qn)

n=1

Since Y2, —¢" converges absolutely and uniformly on compact subsets of H (because |¢| < 1),
a standard result from complex analysis about infinite products (Theorem A.5) gives us that 7
converges to a holomorphic functions on H and that its zeroes coincides with the zeroes of the
factors of the infinite product. Since these factors obviously do not have zeroes on H, we arrive
at the following result.

Proposition 2.6. The Dedekind eta function n: H — C is holomorphic and non-vanishing.

The transformation properties of 7 under the action of SLy(Z) follow from the trivial observa-
tion that for all z € H we have

n(z+ 1) = exp(2mi/24)n(z)

and the fundamental transformation property below, which follows from the transformation prop-
erty of Es.

Proposition 2.7. For all z € H we have
n(=1/z) = v—izn(z)

where the branch of \/—iz is taken to have positive real part.
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Proof. Let z € H. By invoking Theorem A.5 again, we may calculate the logarithmic derivative
of n term by term. So we arrive at

o0

d oM~ —2ming” i ) 1 m
losn(z) =Sy + > S = 2wy ny g

n
n=1 q n=1 m=1

. oo . oo
_ X3 . nm __ ﬂ _ . l
=1 —2mi Z ng"" = 1 QWZ;O'(Z)(]

m,n=1

= —2miEy(2).

Together with the transformation property (2.7) of Ea, we arrive at

% log(n(—1/z2)) = —2miz 2Fy(—1/2)
— 2miB(2) + %

= % tog(v7izn(2))

This shows that there is a constant ¢ € C such that for all z € H we have n(—1/z) = ev/—izn(z).
Specializing at z = i shows that ¢ = 1, which completes the proof of the proposition. O

The n function can be used to obtain an infinite product expansion for the modular form
A introduced in the previous section. Define f: H — C by f := n?*. The holomorphicity and
the transformation properties of 1 immediately imply that f is weakly modular of weight 12.
Furthermore, f = g+ O(q?), so in fact f is a cusp form of weight 12. Later in this chapter we will
see that the C-vector space of cusp forms of weight 12 is 1-dimensional. Since the Fourier-coefficient
of g of both A and n?* equals 1, we get that

240F,)3 — (—504E)? i "
o = CAOB - CUB T
n=1

In the exercises we will consider a self-contained proof of the identity above.
The Fourier coefficients of this series are usually denoted by 7(n), so that (by definition)

A= Z T(n)q".

The function n +— 7(n) is called Ramanujan’s 7-function.

Remark. Ramanujan conjectured in 1916 some remarkable properties of 7, namely
e 7 is multiplicative, i.e. 7(nm) = 7(n)7(m) for all comprime n,m € Zxo;
o 7(p") =7(p)T(p""1) — pt7(p"~2) for all primes p and integers r > 2;
e |[7(p)| < 2p'/? for all primes p.

The first two properties were already proven by Mordell in 1917 and the last by Deligne in 1974
as a consequence of his proof of the famous Weil conjectures. We will come back to the first two
properties after we studied Hecke operators in Chapter 4.

2.7 The valence formula

We now come to a very important technical result about modular forms. To state and prove this
result, we will use some definitions and results from complex analysis that are collected in §A.3.
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Let f be meromorphic on H and weakly modular of weight k, let z € H, and let v € SLy(Z).
It is not hard to check that the transformation formula f|;y = f implies the equality

ord, f = ordy; f,

so the order of f at z only depends on the SLy(Z)-orbit of z.
Recall that if f is meromorphic on H, weakly modular of weight k and meromorphic at infinity,
we constructed a meromorphic function f on the open unit disc D = {g € C | |¢| < 1}. We define

ord,—o f = ordg—g f

In particular, f is holomorphic at infinity (resp. vanishes at infinity) if and only if ord f > 0
(resp. orde f > 0).

Theorem 2.8 (valence formula). Let f be a nonzero meromorphic function on H that is weakly
modular of weight k (for the group SLy(Z)) and meromorphic at infinity. Then we have

1 1 k
ordoof—l—iordif—i—gordpf—i— Z ordy f = —

12°
weW
Here W is the set SLo(Z)\H of SLo(Z)-orbits in H, with the orbits of i and p omitted.

Proof. By the remark above, we may take all orbit representatives to lie in the fundamental domain
D. For simplicity of exposition, we assume that the boundary of D contains no zeroes or poles
of f, except possibly at i, p and p + 1.

Let C be the contour in the following picture:

B‘\/[.\\‘/"D/

o i °

© © © © ©
-1 ~1/2 0 1/2 1

The small arcs around ¢, p, p + 1 have radius r, and we will let r tend to 0. The segment AE
has imaginary part R, and we will let R tend to co. In the case where the boundary of D does
contain zeroes or poles of f, the contour C has to be modified using additional small arcs going
around these zeroes or poles in the counterclockwise direction.
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For R sufficiently large and r sufficiently small, the contour C contains all the zeroes and poles
of f in D except those at i, p and p + 1 (and infinity). Under this assumption, the argument
principle (Theorem A.3) implies

j{ r j dz = 2mi z ord,, f. (2.10)

weWw

On the other hand, we can compute this integral by splitting up the contour C into eight parts,
which we will consider separately.

First, we have
!/ !
f z)dz —/ I (z+ 1)dz
D/

/f'

so the integrals over the paths AB and D’FE cancel.
Second, from the equation

f(=1/2) = 2"f(2)
we obtain by differentiation

22 f(~1)2) = kT (2) + 2R (2)

and hence, dividing by the previous equation,

i !
o f k- f
2 7= (=1/z) = = + = (2).
F-U2) =2+ 20
We also note that p
dz( 1/2) = 2 %dz.
Making the change of variables 2/ = —1/z, we therefore obtain

CIID J;(z)dz = /B/ i/(—1/2’)(,2’)*2(1,2’
(o

B’ C g1
= k/ 1dz — f—(z)dz
c B [

D g .
—(z )dz+/ ?(z)dz—)k% asr — 0,
Cl

This implies
f/
B f
since the angle B’OC tends to 7/6 as r — 0.
Third, as r — 0, we have

[ Lt — T,

c’ f/
/ 7(z)dz — —miord;(f),

c

D' . _
/ f?(z)dz — —% ord,11(f) = —% ord,(f).

D
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Fourth, to evaluate the integral from E to A, we make the change of variables ¢ = exp(2miz).
By definition we have

f(2) = J(exp(2miz)),

and it follows that 3
f(z) = 2miexp(2miz) f' (exp(2miz)).

This implies

f f
7(2) = 2mi exp(QWiz)?(exp(%riz)).
Furthermore,
d
= exp(2miz) = 2wiexp(2miz).
z
From this we obtain
/A f/ f/
L@iz=- ¢ L (q)dg
E f |g|=exp(—27R) f
= —2miordg—o f
= —2miord,— f.

Summing the contributions of all the eight paths, we therefore obtain

’ ; 2mi

y{ f—(z)dz UL ord;(f) — ik ord,(f) — 2miord(f).

cf 6 3

Combining this with (2.10), we obtain
. o
omi Y ordy(f) = ko — miordi(f) — =% ord,(f) — 2mi ordss (f)-
6 3

weWw

Rearranging this and dividing by 27t yields the claim. O

2.8 Applications of the valence formula

We will now use Theorem 2.8 to prove a fundamental property of modular forms.

Notation. We write My, for the C-vector space of modular forms of weight k. We write S C My,
for the subspace of My, consisting of cusp forms of weight k.

Theorem 2.9. (a) The Eisenstein series E4 has a simple zero at z = p and no other zeroes.
(b) The Fisenstein series Eg has a simple zero at z = i and no other zeroes. (c) The modular

form A of weight 12 has a simple zero at z = oo and no other zeroes.

Proof. If f is a modular form, the numbers ord, f occurring in Theorem 2.8 are non-negative
because f is holomorphic on H and at infinity. In the case f = A, the g-expansion shows moreover
that orde, A = 1. One checks easily that the only way to get equality in Theorem 2.8 is if the
location of the zeroes is as claimed. O

Corollary 2.10. Multiplication by A is an isomorphism

My — Ski12
f—A-f.

In particular, for all k € Z, we have

dim Sk+12 = dim Mk.
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Theorem 2.11. The spaces My and Sy, are finite-dimensional for every k. Furthermore, we have
My = {0} if k <0 or k is odd, and the dimensions of My, for k > 0 even are given by

lk/12] ifk=2 (mod 12),

dim My, = {Lk/12j Y1 ifk#£2 (mod12).

In particular, the dimensions of My and Sy for the first few values of k are given by

k' dimM; dimSy

0 1 0
2 0 0
4 1 0
6 1 0
8 1 0
10 1 0
12 2 1
14 1 0
16 2 1

Proof. The fact that My = {0} for £ < 0 follows from Theorem 2.8. The valence formula also
easily implies My = C and My = {0}.
If k£ is odd and f € My, then applying the transformation formula

(E5) =+t

to the matrix (Bl 701) implies that f = 0.

It remains to prove the theorem for even k > 4. In this case every modular form of weight &
is a unique linear combination of Ej and a cusp form; this follows from the fact that Ej does not
vanish at infinity. This gives a direct sum decomposition

M, =S, ®C-Ey for all even k > 4.

In particular, this implies
dimMg =dimS; + 1
=dimM_12 + 1.

for all even k£ > 4. The theorem now follows by induction, starting from the known values of
dim My, for k£ < 2. O

The following theorem is a very useful concrete consequence of the fact that spaces of modular
forms are finite-dimensional.

Theorem 2.12. Let f be a modular form of weight k with g-expansion ZZOZO anq™. Suppose that
a; =0 forj=0,1,...,k/12].
Then f = 0.
Proof. Suppose f is non-zero. Then the hypothesis implies that
ordes f > |k/12] +1 > k/12.

Therefore the left-hand side of the valence formula (Theorem 2.8) is strictly greater than k/12,
contradiction. Hence f = 0. O
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Corollary 2.13. Let f, g be a modular form of the same weight k, with q-expansions >~ anq"
and Zf;o bnq"™, respectively. Suppose that

aj=b; forj=0,1,...,|k/12].
Then f =g.

Theorem 2.12 is a very powerful tool. It allows us to conclude that two modular forms are
identical if we only know a priori that their g-expansions agree to a certain finite precision.

Exercise 2.5. Using the fact that the space Mg is one-dimensional, prove the formula

n—1
o7(n) = o3(n) + 120 Z 03(j)oz(n —j) foralln > 1.
j=1

This identity is very hard to prove (or even conjecture) without using modular forms.
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Chapter 3

Modular forms for congruence
subgroups

3.1 Congruence subgroups of SLy(Z)

So far, we have considered functions satisfying a suitable transformation property with respect to
the action of the full group SLo(Z). It turns out to be very useful to also consider functions having
this transformation behaviour only with respect to certain subgroups of SLy(Z).

Definition. Let N be a positive integer. The principal congruence subgroup of level N is the
group

T'(N) = {7 € SLy(Z) ' v = ((1) (1)) (mod N)}.

In other words, I'(IV) is the kernel of the reduction map SLy(Z) — SLy(Z/NZ). It is a normal
subgroup of finite index in SLo(Z).

Exercise 3.1. Show that this reduction map is surjective by completing the steps below.

c d

e Let v € SLy(Z/NZ) and choose a lift (“ b) € M5(Z). Show that ged(a,b, N) = 1.

e Show that ged(a+kN, b+IN) = 1 for certain k,! € Z. (Hint: ged(a, b, N) = ged(ged(a, b), N).)

e Show that (f_:];]]vv 51:3(,) € SLy(Z) for certain m,n € Z.
Using the result of the exercise above, we conclude that we get an isomorphism
SLy(Z)/T(N) = SLy(Z/NZ).

In particular, this implies
(SL3(Z) : T(N)) = # SLa(Z/NZ).

Definition. A congruence subgroup (of SLy(Z)) is a subgroup I' C SLo(Z) containing I'(N) for
some N > 1. The least such N is called the level of I.

We note that every congruence subgroup has finite index in SLs(Z). The converse is false;
there exist subgroups of finite index in SLy(Z) that do not contain I'(N) for any N.

Examples. The most important examples of congruence subgroups are the groups

T, (N) = {(Z Z) € SLy(Z)

31

a=d=1 (mod N),
¢=0 (mod N) }
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" To(N) = {(Z Z) € SLy(Z)

We have a chain of inclusions

c=0 (mod N)}

I(N) CT1(N) CTo(N) € SLa(Z).

These inclusions are in general strict; however, all of them are equalities for N = 1, and T'y(2) =
T'(2).

Exercise 3.2. Show that I';(N) is normal in T'g(NV), and that there is an isomorphism

Lo(N)/T1(N) — (Z/NZ)*

(2 )] o

The groups introduced above are the most important examples of congruence subgroups (al-
though they are certainly not the only ones). It turns out that T'o(N) and I';(N) have a useful
“moduli interpretation”.

To show how this works for the group I'g(N), we consider pairs (L, G) with L C C a lattice
and G a cyclic subgroup of order N of the quotient C/L. To these data we attach another lattice
L’, namely the inverse image of G in C with respect to the quotient map C — C/L. Then we can
choose a basis (wq, wg) for L with the property that L’ equals Zwl—i—%lwg. For any (‘C‘ Z) € SLy(Z),
the basis (awy + bwa, cwi 4+ dws) of L again has the property above if and only if ¢ is divisible by NV,
i.e. if and only if (¢ Z) is in Tg(NN). Restricting to bases (w1, ws) with wy/we € H and taking the
quotient by the action of the subgroup I'g(NN) C SLy(Z), we obtain a bijection between the set of
homothety classes of pairs (L, G) as above and the quotient set T'o(N)\H.

An analogous argument shows that there is a bijection between the set of homothety classes
of pairs (L, P), where L C C is a lattice and P is a point of order N in the group C/L, and the
set T'y (V) \H.

Exercise 3.3. Recall that if N is a positive integer, T'(IN) denotes the principal congruence
subgroup of level N.

Let D and N be positive integers, and let 8 be a 2 x 2 matrix with integral entries and
determinant D.

(a) Prove that ST(DN)B~! is contained in T'(N).

(b) Deduce that I'(N) N B~ (N)B contains T'(DN).

¢) Now let T' be any congruence subgroup, and let o be in GL}(Q). Prove that the group
(c) y cong g 2 g

I =T'Na 'Ta is again a congruence subgroup.

Definition. Let f be a meromorphic function on H, let k be an integer, and let I be a congruence
subgroup. We say that f is weakly modular of weight k for the group T' (or of level T') if it satisfies
the transformation formula

fley=/f forallyeTl.

To generalise the definition of modular forms to this setting, we will have to answer the question
how to generalise the notion of being holomorphic at infinity.

Example. Take I' = T'g(2) =T'1(2). A system of coset representatives for the quotient I'\SLy(Z)

{((1) ?)(? —()1)(2 _11)}—{1,5,ST}.
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(It is important to take this quotient instead of SLy(Z)/T'.) Using this, one can draw the following
picture of a fundamental domain for I':

H

p+1

-2 -1

There are now two points “at infinity” that are in the closure of D in the Riemann sphere, but
not in H, namely co and 0.

3.2 Fundamental domains and cusps

Proposition 3.1. Let T be a congruence subgroup of SLa(Z), and let R be a set of coset repre-
sentatives for the quotient T\SLy(Z). Then the set

Dr = U D
YER

has the property that for any z € H there exists v € I' such that vz € Dr. Furthermore, this 7y is
unique up to multiplication by an element of T N {x1}, except possibly if vz lies on the boundary
of D.

Proof. Let z € H. By Theorem 1.4, there exist zg € D and vy € SLy(Z) such that z = ~pzp.
Since R is a set of coset representatives, we can express g uniquely as vo = v~/ with v € " and
~" € R. We now have

¥z = YY020 =7 20 € Dr.

The statement about uniqueness of v is left as an exercise. O

Exercise 3.4. Prove that the element v € I' from the proposition is unique up to multiplication
by an element of I' N {£1}, except possibly if vz lies on the boundary of D.

Definition. The projective line over Q is the set

P'(Q) = QU {o0}.
The group SLy(Z) acts on P'(Q) by the same formula giving the action on H:

at+b

a b
- f = Lo(Z PL(Q).
vt g o <C d> € SLy(Z),t € P*(Q)

Here the right-hand side is to be interpreted as a/c if t = 0o, and as oo if ¢t +d = 0.
Lemma 3.2. The action of SLa(Z) on P1(Q) is transitive.
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Proof. Tt suffices to show that for every ¢t € Q, there exists v € SLa(Z) such that yoo = t. We
write t = a/c with a, ¢ coprime integers. Then there exist integers r, s such that ar + ¢s = 1; the
matrix v = (‘Z _TS) has the required property. O

One easily checks that the stabiliser of oo in SLo(Z) is

st = {2(} ") [pezh

This shows that we have a bijection

SLs(Z)/ SLa(Z) s — PH(Q)
v SLo(Z) oo — yo0.

Definition. Let I' be a congruence subgroup. The set of cusps of I is the set of I'-orbits in P*(Q),
i.e. the quotient
Cusps(I') = I'\P*(Q).

Note that by what we have just seen, an equivalent definition is
Cusps(T") = I'\SL3(Z) /SL2(Z) s
In particular, we have a surjective map
I"\SLy(Z) — Cusps(T).

Let ¢ be a cusp of I', and let ¢ be an element of the corresponding I'-orbit in P!(Q). We denote
by I'; the stabiliser of ¢ in T, i.e.
Iy={yel|~t=t}.

By the lemma, we can choose a matrix v; € SLa(Z) such that y;00 = t. For every v € ', we now
have the equivalences
yeET; <= yt=1t

= Y700 = Y400
= 7 'ymoo = o0
<= 7 'v1 € SLa(Z) .

This shows that
[y =T Ny SLo(Z) oy

In particular, we have an injective map
T\ (7 SL2(Z) oy ') — T\SL2(Z).
This implies that T'; is of finite index in 4, SLa(Z)v; . Tt is useful to conjugate by v, and define
He =7; 'T N SLy(Z) o
Hence H. is a subgroup of finite index in SLy(Z) .

Exercise 3.5. Show that H. does not depend on the choice of ¢ and ~,.

Exercise 3.6. Let H be a subgroup of finite index in SLg(Z)s. Show that H is one of the
following:

1. infinite cyclic generated by ((1) ff) with h > 1;

2. infinite cyclic generated by (Bl fl) with h > 1;
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3. isomorphic to Z/27Z x Z, generated by (701 701) and ((1) }1’) with h > 1.
Show also that h is the index of {£1}H in SLa(Z)x.

Definition. Let ¢ € Cusps('), and let ¢ be an element of the corresponding I'-orbit in P!(Q).
The width of ¢, denoted by hr(c), is the integer h defined as in the exercise above (with H = H,),
i.e. the index of {+1}H, in SLy(Z)s. Furthermore, the cusp ¢ is called irregular if ~; ‘T, is of
the form (2) in the exercise above, regular otherwise.

Remark. Suppose I is a normal congruence subgroup of SLy(Z). By definition, this means that
47Ty =T for all y € SLy(Z). From this one can deduce that all cusps of I' have the same width,
and either all are regular or all are irregular.

Before continuing, we state and prove a group-theoretic lemma.

Lemma 3.3. Let G be a group acting transitively on a set X, and let H be a subgroup of finite
index in G.

1. For any x € X, the stabiliser Staby x has finite index in Stabg x, and we have an injection
(Stabg x)\(Stabg x) — H\G
with image H\ H Stabg .
2. Let g € X. There is a surjective map
H\G - H\X
Hg — Hgxy,
and for every x € X, the cardinality of the fibre of this map over Hx equals (Stabg x :
Staby x).
3. If R is a set of orbit representatives for the quotient H\ X, we have
> (Stabg z : Stabpy z) = (G : H).

TER

Proof. Part (1) is standard and just recalled here.

As for part (2), the transitivity of the G-action on X implies that for every € X we can choose
an element g, € G such that g,zo = x. This implies the surjectivity of the map H\G — H\X.
Let Ty, denote the fibre of this map over Hz, so that by definition

The ={Hg € H\G | Hgzo = Hz}.
Replacing Hg by Hg'g.., we obtain a bijection
Tye = {Hg' € H\G | Hg g,z = Hz}
={Hy' € H\G | Hg'z = Hz}
= H\(H Stabg z)
= (Staby x)\(Stabg ),

where in the last step we have used part (1). Taking cardinalities, we obtain the claim.
Finally, summing over a system of representatives R for the quotient H\ X, we obtain

(G: H) = #(H\G)

TER

= ) (Stabg x : Staby x).

TER

This proves part (3). O
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Corollary 3.4. Let T be a congruence subgroup, and let T' be the image of T' in PSLo(Z). Then

we have -
> hr(c) = (PSLy(Z) : T)
ce€Cusps(T")
= (SL2(Z) : {£1}1).
Proof. Apply part (3) of the lemma to G = PSLy(Z), H =T and X = P}(Q). O

Example. Let p be a prime number. We consider the group I' = T'y(p). We note that To(p)
contains the principal congruence subgroup I'(p), and there is an isomorphism

Iy (p)\SL2 (Z) — KP\SL2 (Fp)

where
F, =2Z/pZ

and

-

acFy belF,}.

2) € SLy(Fp)

“16.5)

#SLa(F,) = p(p —1)(p + 1).

Furthermore, the description above of K, implies

#K, =p(p—1).

=

Il
/_/H
~~
Q@ o 8

It is known that

We therefore obtain
(SL2(Z) : ') = (SL2(Fp) : K)

_ #SLy(Fp)
-
_plp—D+1)
plp—1)
=p+1.

(Another way of computing this is to find a transitive action of SLo(F,) on P*(F,) such that some
point of P!(FF,,) has stabiliser K,.)
To compute the set of cusps of I', we determine the T'-orbits in P!(Q). The orbit of co € P1(Q)

[

= {a a,c € Z,ged(a, cp) = 1}
cp

-{;

(Here a fraction with denominator 0 is interpreted as co.) Likewise, the orbit of 0 € P}(Q) is

o {(3 2

= {Z ’ b,d € Z,ged(b, d) zl,pJ(d}.

is

a,b,c,deZ,ad—bcp—l}

r,s € Z,ged(r,s) =1,p | s}

a,b,c,dEZ,ad—bcpzl}

From this description of the two orbits it is clear that every element of P!(Q) is in exactly one of
them. In particular, T'o(p) has two cusps, namely the two elements [oc] and [0] of Tg(p)\P!(Q).



3.3. MODULAR FORMS FOR CONGRUENCE SUBGROUPS 37

Next, we determine the widths of these two cusps. For the cusp ¢ = [00], we take ¢ = oo and
v = (4 9). This gives H, = SLa(Z)s and hr(c) = 1. For the cusp ¢ = [0], we take ¢t = 0 and

01
1
Ft:{i< 0) ceZ}.
cp 1

Ve = (? _01). We have
1 ¢ep

H =<+ Zy.

{0 7o)

An easy calculation implies

In particular, hp(c) = p.

3.3 Modular forms for congruence subgroups

Let T' be a congruence subgroup, let k£ be an integer, and let f be a meromorphic function on H

that is weakly modular of weight k for the group I'. Let ¢ be a cusp of I', and let ¢ € P}(Q) be an

element of the corresponding I'-orbit in P*(Q). We choose v; € SLa(Z) such that v,00 = t € P1(Q).

Then the meromorphic function f|z7: is invariant under the weight & action of the group H.. By

the definition of the width and of (ir)regularity of cusps, the function f|zv: is periodic with period
7 _ Jhr(c)  if the cusp c is regular,

rle) = 2hr(c) if the cusp ¢ is irregular.

This means that on the punctured unit disc D*, we can express f|py: as a Laurent series in the
variable

q. = eXp(Q?TiZ/iLF(C)),
say . )
(fleve)(z) = fe(exp(2miz/hr(c))),

where

fc(QC) = Z ac,nqzl~

neZ

We say that f is meromorphic at the cusp ¢ if fc can be continued to a meromorphic function
on D, that f is holomorphic at ¢ if in addition fc is holomorphic at ¢. = 0, and that f vanishes
at ¢ if f. vanishes at ¢c = 0. Finally, if f is meromorphic at ¢, we define the order of f at ¢ as the
least n such that a., # 0. The notation for this order is ordr .(f).

Exercise 3.7. Let I" and T be two congruence subgroups such that IV C I'. Let f be a mero-
morphic function on H that is weakly modular of weight k& for I', and hence also for I”. Let
¢/ € Cusps(I”), and let ¢ be its image under the natural map Cusps(I”) — Cusps(T).

(a) Prove that hr(c) divides hp(¢') and that hr(c) divides hp (c').

(b) Prove the identity
Ordl'",c’(f) . Ordl“,c(f)

BF/(C/) ilr(t)

Definition. Let I' be a congruence subgroup of SLs(Z), and let k be an integer. A modular form
of weight k for the group I is a holomorphic function f: H — C that is weakly modular of weight &
for T' and holomorphic at all cusps of I'. Such an f is called a cusp form (of weight %k for the
group I') if it vanishes at all cusps of T".

As in the case of modular forms for SLy(Z), it is straightforward to check that the set of
modular forms of weight k for I' is a C-vector space.
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Notation. We write My(T") for the C-vector space of modular forms of weight k for the group T,
and Sg(T") for the subspace of cusp forms.

For proving that a holomorphic function which is weakly modular is actually modular, checking
directly the condition that it is holomorphic at all cusps might be a bit complicated in practice.
The theorem below can be used to translates this into checking that it is holomorphic at infinity
and that the Fourier coefficients do not grow too quickly. The converse also holds.

Theorem 3.5. Let T’ be a congruence subgroup of SLo(Z), and let k be an integer. Let f: H — C
be a holomorphic function which is weakly modular of weight k for I'. Then the following two
properties are equivalent:

(i) f is holomorphic at all cusps;

(i) f is holomorphic at infinity and there exist C,d € Rsq such that for the Fourier expansion
o0
F(2) =" and
n=0

we have
lan] < Cn? for alln € Zy.

Proof. ‘(i) = (i)’: Exercise (see the corresponding exercise sheet for hints).
‘(¢) = (i4)’: This will be discussed in Chapter 6. (We note that this implication will never be used
in these notes.) O

Exercise 3.8. Let IV C T be two congruence subgroups, let k € Z, and let f be a meromorphic
function on H that is weakly modular of weight k for T'.

(a) Show that there is a canonical surjective map Cusps(I”) — Cusps(T).

(b) Let ¢ be in Cusps(I”), and let ¢ be its image in Cusps(I'). Show that f is holomorphic at
¢ if and only if f (viewed as a weakly modular function of weight &k for I') is holomorphic
at ¢/. Show also that f vanishes at ¢ if and only if f (viewed as a weakly modular function
of weight k for I'") vanishes at ¢’.

(¢) Deduce that if f is a modular form (resp. a cusp form) of weight k for T, then f is a
modular form (resp. a cusp form) of weight k for I”. (This shows that we have inclusions
M (T) C My (T") and Sk (T") C Si(I); this fact has been used implicitly in the lectures.)

3.4 Example: the 6-function
Definition. The Jacobi theta function is the holomorphic function 6: H — C defined by

0(z) = Z q”2 =1+2 Z q”2 (g = exp(2miz)).

nez n=1

Note that uniform convergence of the series on compact sets follows immediately by comparing
it with the geometric series, from which the holomorphicity follows. Obviously, 6 satisfies

0(z+1)=0(z) forall zeH. (3.1

There is yet another type of transformation satisfied by 6.
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Theorem 3.6. The function 6 satisfies the transformation formula

0 (;j) =V=2iz0(z)  forall z € H (3.2)

where the branch of \/—2iz is taken to have positive real part.

Proof. Since both sides are holomorphic functions on H, it suffices to prove the identity for z on
the imaginary axis. (Namely, the difference between the left-hand side and the right-hand side
will then be zero on a subset of H possessing a limit point in H, which implies that it is identically
7€ero.)

Let us write z = ia/2 with @ > 0. From Theorem A.6 and Corollary A.8, we obtain

1
Z exp(—mam?) = — Z exp(—mn?/a).
meEZ @ neL
Substituting a = —2iz gives
1
Z exp(2mim?z) = —— Z exp(—2mwin?/(4z)).
mez V—2iz 1
This implies the claim. O

Corollary 3.7. The function 0 satisfies the transformation formula

z
6 (4,2 fn 1) =4z +16(2) forall z € H (3.3)

where the branch of \/4z + 1 is taken to have positive real part.
Proof. Let 2/ := —1/(4z) — 1 € H and note that

s 1
dz+1 42
Now apply (3.2) with 2z’ instead of z, followed by (3.1), and finally apply (3.2) (again). O

Theorem 3.8. Let k be an even positive integer. Then the function
0% 2z — 0(2)"
is a modular form of weight k/2 for the group T'y1(4).

Proof. First note that is suffices to prove that f := 6% € M;(I'1(4)). Let T := ((1) }) as usual and
let A:=(; 7). From (3.1) and (3.3) we get respectively

4
fhT=f and fl1A=F.

According to Exercise 3.9 below, the group generated by A and T equals I'1(4). We arrive at the
fact that f is holomorphic and weakly modular of weight 1 for the group I'1(4). By construction,
f is holomorphic at infinity. By Theorem 3.5 it only remains to show that the absolute value of
the Fourier coefficients of f are bounded by a polynomial in the index. This is left as an (easy)
exercise. O

Exercise 3.9. (basically taken from [1, Exercise 1.2.4]) Let A := (} }) and T = ((1) 1). Show
that (A,T) =T (4) as follows.

Denote I' := (A, T). Let a = (¢ Z) € T'1(4). Use the identity

()G )= (k)
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to show that unless ¢ = 0, some ay with v € T’ has bottom row (¢/,d’) with |d'| < |¢/|/2. Use the

identity , Lo / ,
a a
(c d) <4n 1) B (c—|—4nd d)

to show that unless d = 0, some ay with v € T has bottom row (¢,d’) with |¢/| < 2|d'|. Each
multiplication reduces the positive integer quantity min{|c|,2|d|}, so the process must stop. Show
that this means that ay € I for some v € I, hence a € T.

3.5 Eisenstein series of weight 2

The space of modular forms of weight 2 is trivial, and the “Eisenstein series” E5 is not a modular
form. However, we can use F5 to define modular forms of weight 2 for congruence subgroups of

higher level as follows. For every positive integer e, we define a holomorphic function Eée) H—C
by
ES) (2) = Ba(2) — eBEs(e).

By Exercise 2.3, for any element (‘Z 2) € T'o(e) we have

Loe)faz+bY 9 az+b\ _9 az+b
(cz+d) " E5 <cz+d) = (cz+d) E2(02+d e(cz+d) " E, S
a(ez) + be )

az+b 9
oo d) —e((c/e)(ez) + d)"“E ((c/e)(ez) T

1 e 1 cle

- 20~ g <B4 - e Ta)
= F»(z) — eEy(Exz)

= B (2).

= (cz+ d)QEg(

This shows that the function Eée) is weakly modular of weight 2 for I'y(e). It then follows from
Theorem 3.5 that E;e) is holomorphic at the cusps and hence is a modular form for IT'y(e).

3.6 The valence formula for congruence subgroups

We now generalise Theorem 2.8 to arbitrary congruence subgroups.

Notation. For any congruence subgroup I', we will write ' for the image of I under the natural
quotient map SLo(Z) — PSLy(Z). We will also write

I', =Stabrz and T, = Stabpz forall z € H.

Theorem 3.9 (valence formula for congruence subgroups). Let I' be a congruence subgroup, and
let k be an integer. Let f be a non-zero meromorphic function on H that is weakly modular of
weight k for the group T' and meromorphic at infinity. Let

1 if =1¢T and c is reqular,
€ =
e 2 if =1 €T orc isirreqular.

and
_ {1 if ¢ is regular,

€r,c = . .
2 if ¢ is irreqular.

Then we have

> omlz(f)Jr 3 Mzﬁ(sb(zyr).

zeD\H #FZ c€Cusps(T") €r,e 24
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and

> ord:(f) 3 M:%(PSLQ(Z):D.

r €
zel'\H # ? c€Cusps(I') Tye

Proof. The proof is based on Theorem 2.8 and Lemma 3.3. Let us write

d = (SLy(Z) : T).

Let R be a system of coset representatives for the quotient I'\SLa(Z); then we have #R = d. We
now define
F(z) = [Tl (2).

YER

This function is weakly modular of weight dk for the full modular group SL2(Z) and meromorphic
at co. By the valence formula for SLy(Z), we therefore have

1 1 dk
orde '+ iordiF—l— gordpF—i—u;VordwF BETE

We note that this can be rewritten as

ord, F dk
Ord F+ Z #SLQ( T

z€SL2 (Z

(In this formula and in the rest of the proof, we will implicitly choose orbit and coset representatives
where necessary.)

Let z € H. We apply Lemma 3.3 to the groups G = SLy(Z) and H = T', with X taken to be
the SLy(Z)-orbit of z. We rewrite ord, F' as follows:

ord, F = Z ord, (f]x7)

v€T\SL»(Z)

= Z ord, f

~v€I'\SL2(Z)

= Z (SLQ(Z)w : Fw) ord,, f.

wel'\SL2(Z)z

In the last sum, we have used the fact that ord,, f depends only on vz and not on v, and we have
applied Lemma 3.3.
Since SLo(Z),, is finite and independent of w € T'\SLy(Z)z, we may write

#SLo(Z),

(SLa(Z)y : Ty) = T,

and divide the identity above by # SLs(Z).; this gives

ord, F Z ordy, f

#SLy(Z), #T,,

wel\SL2(Z)z
Summing over (a system of orbit representatives for) the quotient SLo(Z)\H, we obtain

ord, ' ord,, f
2 #SLa(2). 2 2 #T

2€SLo(Z)\H 2€SLy (Z)\H weT'\SL2(Z)z

Zordf

wel\H
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In the two exercises after this proof, it is shown that the orders of f and F' at the cusps satisfy
1 d
—ordy, F = § Orri"(f). (3.4)
2 €l ¢
ceCusps(T) ’

We conclude that

Z ord,, f Z ordr,(f) _ Z #ord F 1ordoo(F)

wel\H # w cECusps(F) €Ty ZGSL2 SL2( )

- ﬂ<SL2<Z> 1),

which proves the first formula from the theorem. The second formula follows by multiplying by
#(I'n {£1}) and rewriting. O

The goal of the next two exercises is to prove the formula (3.4). We use the notation from (the
proof of) Theorem 3.9.

Exercise 3.10. Consider the set

Z:SLg(Z)/{((l) [1)) ’beZ}

equipped with the natural left action of SLo(Z). Let u denote the class of the unit matrix in Z.

(a) Show that there exists a unique map Z — P!(Q) that is compatible with the SLg(Z)-action
and sends u to co.

(b) Consider the map
I"\Z — Cusps(T")

T—T

obtained by taking the quotient by I' on both sides of the map from (a). Show that for each
¢ € Cusps(T'), the fibre of this map over ¢ has cardinality 2/er ..

(c) Show that for each x € I'\Z, the fibre of the natural map I'\SLy(Z) — I'\Z over x has
cardinality hp(Z).

Exercise 3.11. Choose a congruence subgroup I"" contained in I' such that I is normal in SLa(Z).
Let hrs be the common value of hr(c) for all cusps ¢ of I (note that these are indeed equal because
I is normal in SLy(Z)).

(a) Show that all fibres of the natural map I"\SLg(Z) — I'\SL2(Z) have cardinality (I" : I').

(b) Prove the identity

> ordpgu(f) = (I T')hp ordoo (F).
~y€EIV\SL2(Z)

(¢) Prove the identity

Z Ord[‘/,w(f) = (F : FI)iLF/ Z Ordp’j(f).

YET\SLq(Z) €D\ Z

(d) Deduce the formula (3.4).
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Corollary 3.10. Let f € My(T') be a modular form with g-expansion y .~ a,q™ at some cusp ¢
of T'. Suppose we have

k
a; =0 forj=0,1,..., {MGF,C(SLQ(Z) : F)J
Then f = 0. Similarly, two forms in Mg(T") are equal whenever their q-expansions at ¢ agree to
this precision.

Corollary 3.11. The space of modular forms of a given weight for a given congruence subgroup
with at least one regular cusp has dimension at most 1 + | 2 (SLo(Z) : T)].

There also exist formulae giving the dimensions of My (I") and Sy(T'"); these are rather com-
plicated and will not be given here. In the book of Diamond and Shurman, a whole chapter is
devoted to dimension formulae [1, Chapter 3].

3.7 Dirichlet characters

To continue developing the theory of modular forms for congruence subgroups (and in particular
To(N) and T'1(N)), it is essential to study Dirichlet characters first.

Definition. Let N be a positive integer. A Dirichlet character modulo N is a function
x:Z—C

with the property that there exists a group homomorphism x’: (Z/NZ)* — C* such that
(d) = x(d mod N) if ged(d,N) =1,
Y0 it ged(d, N) # 1.

Alternatively, a Dirichlet character modulo N is a function y: Z — C such that x(m) = 0 if
and only if ged(m, N) > 1, and x(mm') = x(m)x(m’) for all m € Z.

The terminology “Dirichlet character” is often also used for the group homomorphism Y’ itself.
Since (Z/NZ)* is finite, the image of any group homomorphism x’: (Z/NZ)* — C* is contained
in the the torsion subgroup of C*, i.e. the group of roots of unity.

For fixed N, the set of Dirichlet characters modulo N is a group under pointwise multiplication.
This group can be identified with Hom((Z/NZ)*,C*). By decomposing (Z/NZ)* as a product
of cyclic groups, one sees that Hom((Z/NZ)*,C*) is non-canonically isomorphic to (Z/NZ)*. In
particular, its order is ¢(IN), where ¢ is Euler’s ¢-function.

Let M, N be positive integers with M | N, and let x be a Dirichlet character modulo M. Then
x can be lifted to a Dirichlet character x(™) modulo N by putting

m) if ged(m,N) =1,
YN (m) = x(m) : ged( )
0 if ged(m, N) > 1.

The conductor of a Dirichlet character y modulo N is the smallest divisor M of N such that
there exists a Dirichlet character x»; modulo M satisfying x = ng]}])' A Dirichlet character x

modulo N is called primitive if its conductor equals N.

Example. Modulo 1, we have the trivial character 1: (Z/1Z)* = {0} — C. The corresponding
Dirichlet character 1: Z — C is the constant function 1. For any N, lifting 1 to a Dirichlet
character modulo N gives the function

1Mz~ C

1 if ged(m,N) =1,
m —
0 if ged(m,N)=1.
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Example. Let N = 4. The group (Z/4Z)* has order 2. There exists a unique non-trivial Dirichlet
character xy modulo 4, given by

1 ifm=1 (mod4),

x(m)=<¢ -1 ifm=3 (mod4), (3.5)
0 ifm=0,2 (mod4).

Example. We consider the case where N is a prime number p. We put
0 ifpla,

a
<7) =41 if pta and a is a square modulo p,
—1 if a is not a square modulo p.

Then the map a — (%) is a Dirichlet character modulo p. It is of conductor p if p > 2, and of
conductor 1 if p = 2.

Consider two Dirichlet characters xi, x2 modulo N; and N, respectively. Let N be any
common multiple of N7 and Ny. Then x; and y2 can be multiplied to give a Dirichlet character

modulo N by putting
_ _ LN (N)
X=X1X2=X1 X2 -

3.8 Application of modular forms to sums of squares

As an interesting application of modular forms, we will now study how they can be used to answer
the following classical question.

Question. Given positive integers n and k, in how many ways can n be written as a sum of k
squares of integers?

To make this question more precise, let us write
re(n) = #{(x1,...,xx) €Z¥ | 22 + -+ 22 =n}.

Then the question is how to (efficiently) compute 7(n). Note in particular that by this definition,
changing the signs or the order of the z; in some representation of n as a sum of k squares is
regarded as giving a different representation. For example, we have

the eight representations being
5=1242"=(-1)? +22 = 1* + (-2)° = (-1)* + (-2)°
=224 12=(-2)2 +12 =22 4 (-1)? = (-2)2 + (-1)%

This can also be viewed geometrically as saying that in the square lattice Z2 C R2, there are 8
points whose distance from the origin equals v/5:

Two of the most famous theorems concerning the question above were proved by Pierre de
Fermat (1601-1665) and Joseph-Louis Lagrange (1736-1813).
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Theorem 3.12 (Fermat). Let n be an odd positive integer. Then n is a sum of two squares if
and only if every prime number p | n with p = 3 (mod 4) occurs an even number of times in the
prime factorisation of n.

Corollary 3.13. Let p be a prime number. Then p is a sum of two squares if and only p =2 or
p=1 (mod 4).

Theorem 3.14 (Lagrange). Every non-negative integer is a sum of four squares.

These theorems can be proved without using modular forms; indeed, Fermat and Lagrange
had no modular forms available to them. However, making use of modular forms leads to new
insights and to generalisations of the results above.

In the theorems below, y is the Dirichlet character modulo 4 given by (3.5).

The following formulae were found by C. G. J. Jacobi (1804-1851).

Theorem 3.15 (Jacobi, 1829). The functions ro(n) and r4(n) are given by the following formulae:
for allmn > 1, we have

ra(n) = 4" x(d),

d|n

ra(n) = SZd.

d|n

44d
In the first sum, d runs over the set of all positive divisors of n. In the second sum, d runs over
the subset of such divisors that are not divisible by 4.

The following formulae for the cases k = 6 and k = 8 follow from work of Jacobi, F. G. M.
Eisenstein (1823-1852) and H. J. S. Smith (1826-1883).

Theorem 3.16 (Jacobi, Eisenstein, Smith). The functions rg(n) and rs(n) are given by the
following formulae: for all n > 1, we have

re(n) = (16x(n/d) — 4x(d))d?,
d|n

ra(n) =16y (—1)""4d?.

d|n

Joseph Liouville (1809-1882) conjectured formulae for ri(n) in the cases k = 10 and k = 12.
These formulae were later proved by J. W. L. Glaisher (1848-1928).

Theorem 3.17 (Glaisher (1907), conjectured by Liouville (1864/65)). The functions r19(n) and
ri2(n) are given (partially) by the following formulae: for all n > 1, we have

4

o) = 3 3 0cd) + 16x(n/ ) + 5 3 2
d|n 2€Z]i]
|22=n

and for all even n > 2, we have

rio(n) =8 d®—512 ) d°.
d|n

d|n/4

It turns out that the function §* introduced in §3.4 is closely related to the counting function
ri(n), as we will see in the exercise below. We will use this relation to prove the formulae given
above for ri(n) in the cases k = 4 and k = 8. The formulae for k¥ = 2 and k¥ = 6 can be proved
using Eisenstein series with character; for these we refer to the exercises.
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Exercise 3.12. Show that for any & > 1, we have
ok = Zrk(n)q" for all £ > 0
n=0

(where ¢ = exp(2miz) as usual), or equivalently
re(n) = an, (0%).

By Theorem 3.8, the function 6% is in My, /2(I'1(4)). The group I'1(4) has index 12 in SLy(Z).
The valence formula for congruence groups (Theorem 3.9) therefore implies that the dimension of
the space My /5(I'1(4)) satisfies the bound

dim My /2(I'1(4)) <1+ [k/4].

Furthermore, the group I';(4) has three cusps, two of which are regular. Another consequence of
Theorem 3.9 is therefore that for k € {2,4,6,8}, the space Sy, /5(I'1(4)) is trivial.

The easiest cases (given what we have seen so far) are k = 4 and k = 8. For k = 4, the
relevant space My(I'1(4)) has dimension 2. We already know two linearly independent elements

of this space, namely Eéz)(z) = FE5(z) — 2E5(2z) and E§4)(z) = FE5(z) — 4E5(4z). These elements
therefore form a basis for Ma(I'1(4)). From the g-expansion

we compute

1 ,
Ey(2) = —— +q+3¢* + O(¢®),

24
1

Ey(2z) = =57 + 7’ +0(q*),
1

Fy(4z) = 51t O(g>).

On the other hand, we have
0(2)* =1+ 8¢+ 24¢ + O(¢*).

This implies that we have
9(2)4 = c1E5(2) + c2B2(22) + c4 Fa(42),

where the coefficients c1, ca, ¢4 are obtained by solving the linear system

—1/24 —1/24 —1/24\ [c1 1
1 0 0 C2 = 0
3 1 0 c3 24

The unique solution of this system is

C1 8
Co = 0
C3 —32

This means that
0(2)* = 8(Ey(2) — 4E5(42))

=8EM(2).
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Taking coefficients, we obtain

ra(n) =8<Zd—4 Z d)
d|n d|(n/4)
=8 d,
d|

4td

where the sum over the divisors of n/4 is only included if n is divisible by 4.

For k = 8, the relevant space My(T'1(4)) has dimension 3. We already know three linearly
independent elements of this space, namely F4(z), F4(22) and E4(4z); these elements therefore
form a basis for M4(T'1(4)). We have

1 o0
Ey(2) = 210 + 203(”)qn~
n=1

Doing a similar calculation as above gives
0(2)® = 16 E4(2) — 32F4(22) + 256 B4 (42).

This implies

rg(n):16<2d3—2 oAb 4+16 > d3>.

dn dl(n/2) d|(n/4)

Exercise 3.13. Deduce from this that

rs(n) =16 (—1)""4d?.
d|n



48

CHAPTER 3. MODULAR FORMS FOR CONGRUENCE SUBGROUPS



Chapter 4

Hecke operators and eigenforms

So far, we have viewed My as a complex vector space. It turns out that this vector space has
a very interesting additional structure: it is a module over a commutative ring called the Hecke
algebra.

There are various ways of introducing Hecke operators. We will start with a group-theoretic
construction, and then show how this construction can be interpreted in terms of lattices.

4.1 The operators T,

We start by extending the action of SLa(Z) on the set of meromorphic function H to an action of
the group

GLF (Q) = {y € GL2(Q) | dety > 0}.

This is done by putting

(§ k az a
(h)(e) = 0 (E28) rans = (1) ecLi@.

Let I' be a congruence subgroup, and let a € GL3 (Q). We define
I'=Tnao 'Ta.

Let f be a modular form of weight & for T'. Then f|« is invariant under the right action of
a~Ta, hence it is a modular form for I'V. We define

Taf: Z f|k047'

~yeI'\I’

Proposition 4.1. Let T" be a congruence subgroup, let k be an integer, and let o € GL;(Q). Then
for any f € Mg(T), the function T, f is again in My (T"). Furthermore, if f is in Sg(T'), then so is
T.f.

Exercise 4.1. Prove Proposition 4.1.

By the proposition, the map f — T, f defines an endomorphism of the C-vector space M (T'),
and this operator preserves the subspace S (T').

Remark. Note that we have an isomorphism
I'\I' = (o 'Ta)\(a"'Tal).

49
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Left multiplication by « identifies the right-hand side with T\I'aI'. Alternatively, noting that
al’a™! equals al'a~! NT, we see that left multiplication by « is an isomorphism

I"\I' = (aTa~ ' NT)\al'
— T'\l'al.
Either way, we have a composed isomorphism
I'\I' = I'\l'al'
Iy — Tany.

This shows that T, f can also be expressed as

Tof = Z fley-

yer\Tal

An important special case is where a normalises I". In this case we have IV =T and T,, f = f|xa.
If moreover « is in I', then T, f = f.

Exercise 4.2. Let T' be a congruence subgroup of SLy(Z), and let k € Z.

(a) Let IV be a congruence subgroup contained in T', and let g be in Mg (T"). Show that g is in
My(T") if and only if g is invariant under the weight & action of I'. (Hint: use Exercise 3.8.)

(b) Let f be in M(T), and let a be in GL3 (Q). Show that there exists a congruence subgroup
I contained in I' N o~ !Ta such that for all 4 € T, the function f|ray is in My (T").

(¢) Show that the function
Tof = Z f|ka'7

~ET\T

is in M/(T).

4.2 Hecke operators for I'1(V)

We now choose a positive integer N and take I' = I'y(IV). We recall that we have a group
isomorphism
Ly (N)\Fo(N) — (Z/NZ)*
b
Fl(N)(a d) s d mod N.
c

Furthermore, given an integer d coprime to N, we can find a matrix a = (¢ ) € To(N) with
lower right entry d. For any such «, we put

(d)f =Tyf forall f e Mg(T1(N)).

More concretely, this means

(d))(2) = (ez + d)kf(jjjj).

As the notation suggests, T, f only depends on the class of « in 'y (N)\I'g(N), that is to say, on
d mod N. This gives an action of the group (Z/NZ)* on My (T'1(N)).

Exercise 4.3. Show that the subspace of (Z/NZ)*-invariants in My (I';(N)) can be identified
with M (To(NV)).
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Next, we take a = ((1) 2); note that this is the first matrix we consider that is not in SLa(Z).
Definition. Let N be a positive integer, and let p be a prime number. The Hecke operator T}, is
the C-linear endomorphism of Mg (I'1(N)) defined by

T,f = %T(l ) forall f € Mi(T4(N))

0 p
Remark. The factor % is included to give nicer formulae.
We will need to work out the definition above of the operator T}, more concretely.
Lemma 4.2. Let N be a positive integer, let p be a prime number, and let
10 , 1
o= <O p)’ I'=Ty(N), I"=Tna Ta.

Then we have

I = {’y: <‘CL Z) € SLy(2) ‘ N = ((1) I) (mod N) and p | b}.

A system of coset representatives for the quotient T'\T is given by

{(é m <b<p—1} ifp| N,
{<(1) i’)\“ <p‘1}u{<ff§ 1)} if i,

where a,c € Z are such that ap — cN = 1.

o

IN
S5

Proof. Let v = (‘j Z) € I'. We compute
b\ /1 0
)0 0)
bp
dp)

a bp
B (C/p d)'

Hence I consists of those matrices that are in I' and whose upper right coefficient is divisible
by p; this implies the first claim of the lemma.
To find systems of coset representatives, we consider the map

=14 (N) — SLQ(FP)

in the cases p | N and p t N, respectively.
In the case p | N, the image of the map above consists of all matrices of the form ((1) T), and
the inverse image of {({ )} C SLa(F,) equals I". We therefore have

S (GRIAR I

10

This description shows that the matrices (0 1

representatives for the quotient TV\T.
In the case p t N, the reduction map I' — SLy(F,) is surjective and the inverse image of the
group of lower triangular matrices in SLy(F,) under this map is I'V. This implies

T\T = {(Z a(31>

) el'for 0 <b<p-—1form a system of coset

aclF),ce ]Fp} \ SLo(Fyp).
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It is left as an exercise to check that a system of coset representatives for this quotient is

o o) Jrem ot o) o)

where ¢ is any integer with ¢cN = —1 (mod p). Given c¢, there exists a unique a € Z such that
ap — cN = 1. This implies that the set of matrices given in the lemma is a system of coset
representatives for T"\T'. O

We now apply this lemma to the definition of the operator T( L 0). For 0 < b <p-—1, we have

(6 D))o (6 )
e

B z+b
_f< P >
ap 1

In the case p{ N, choosing a matrix (CN 1) as above, we note that

o) =(o )= (a )6

(o ) (e 1)) = (e )G 7))
~ (s 1))e

=" ((p) ) (p2).

) on f is therefore given by the formula

This implies

—_

The action of T(

10
0 p
p—1

_ DY ok .
(T(y ) )E) = f( ! )+p (0 ) (02).

=0
where the last term is only included if p { N.

Notation. From now on, if f is a modular form (of some weight) for a group of the form I'y (IV),
we will write a,(f) for the n-th coefficient of the g-expansion of f at the cusp oo of T'.

Theorem 4.3. Let N be a positive integer, and let p be a prime number. The Hecke operator T,
on Mg (I'1(N)) is given by

71;)—1 z+b k—1 .
(Tpf)(Z)pbz_%f( : )+p (01 (p2),

and its effect on g-expansions at the cusp co of I' is given by

an(Tpf) = apn(f) + p" an,((p)f)  for alln >0,

or equivalently
Tof = (apn(f) + 0" ansp((p)f))q"  with ¢ = exp(2miz).
n=0

Here the expression a,,((p)f) is only included if p{ N and p | n.
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Proof. The first formula follows from the definition of 7, and the expression above for T( L 0). It

0 p
remains to prove the g-expansion formula. We note that by definition of the g-expansion we have

(T,)(= Zf(””) P () ) (%)

p—1 oo
-2 Z Z an(f) exp (27” n(zt ) +p! Z an((p) f) exp(2mipnz)

pb =0n=0
2minb 27
2 (G (5 Jrrse () 4 St i,
n=0 \b=0 p p n=0

Next we note that

= <27m'nb> {p if p | n,
exp = :
p—t P 0 ifptn.
This implies

(Tpf)(z) = Z an(f) exp<2ﬁ;nz> prt Z an((p) f) exp(2mipnz)

n>0
pln

= Z apn () exp(2minz) 4 p* =1 Z an/p((p) f) exp(2minz),

as claimed. O

4.3 Lattice interpretation of Hecke operators

We now give a more conceptual interpretation of Hecke operators in the case N = 1. (A similar
explanation exists for other subgroups, but it is a bit more involved.)

Let f € My = Mg (SL2(Z)). As in §1.1, we write £ for the set of all lattices in C and L, for
the lattice Zz + Z. We recall that there is a unique function

F:L=>C
that is homogeneous of weight k£ and satisfies
F(L,) = f(z) forall ze€H.

Similarly, if p is a prime number, we write 7}, F for the homogeneous function of weight k& corre-
sponding to T}, f.

Proposition 4.4. Let k € Z, let f € My(SL2(Z)), and let F be the homogeneous function
associated to f. Then for every prime number p, we have

(T, F)(L Z F(L') forallLeL.

L'DL
(L’ L)=p
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Proof. By the homogeneity of F, it suffices to consider the case where L = L, with z € H. Using
Theorem 4.3 and the fact that the group of diamond operators is trivial for N = 1, we compute

(1,F)(L) = (T,)(2)
Zf(”b) 5 ()

b
= Z]-"(ZZ o Z> + pF " F(Zpz + 7)

(Z]—'( ath, >+}'(Zz+Z;>>.

It is not hard to check that the lattices ZZT#’ +Z (0<b<p-—1)and Zz + Z% are precisely the
lattices containing L, with index p. This proves the formula. U

Proposition 4.4 shows that the Hecke operator T;, “averages” the values F(L’) over all lattices
L' containing L with index p. It is not a real average, however, because the sum is divided by p
instead of the number of such lattices, which is p + 1.

4.4 'The Hecke algebra

Let N > 1 and k € Z. By Proposition 4.1, the operators (d) for d € (Z/NZ)* and T, for
p prime preserve the C-vector spaces Mg(I'y(N)) and Si(I'1(N)) of modular forms and cusp
forms, respectively.

Definition. Let N > 1 and k € Z. The Hecke algebra acting on M (T'1(N)) is the C-subalgebra
of Endc My (T'1(V)) generated by

o the (d) for d € (Z/NZ)*,
e the T}, for p prime.
This algebra is denoted by T(Mg(T'1(N))).

We similarly define the Hecke algebra T(S;(T'1(N))) as the C-subalgebra of Endc¢ Si(T'1(V))
generated by the same operators. Then we have a surjective ring homomorphism

T(My(T'1(NV))) = T(Sk(T'1(NV)))
defined by sending each operator on My (I'1(N)) to its restriction to Si(I'1(N)).
Proposition 4.5. For every N > 1, the Hecke algebra T(My(T'1(N))) is commutative.

Proof. We first note that all diamond operators commute, because the group (Z/NZ)* is com-
mutative; more precisely, for all d,e € (Z/NZ)*, we have

(d)(e) = (de) = (ed) = (e)(d)-

Next, we show that T}, and (d) commute for all prime numbers p and all d € (Z/NZ)*. We extend

d to a matrix 74 = (% 5) € Io(IV); by multiplying from the right by a power of (} 1), we may

assume in addition that p | b. As before, we put

1
a—< 0), =Ty(N), I'=Tna 'Ta.
0p
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We now compute

T,,((d)f) (f\k’Yd)

> ()l

yer\Tal

Z fle(vay)-

’yEF\FaT‘

T
1
)
1

With our choice of 7y, it is straightforward to check that 4 normalises both I and I'V. Conjugation
by 74 therefore induces a permutation of the set I'\T'al'. This implies that we can replace the sum
over 7 € I'\I'aIl’ by a sum over § = ’ydy'yd_l; we obtain

TN =~ Y flera)

p ser\rar

( > f|k5>’ Va

ser\l'al’

= (d)(Tpf)-

This shows that T}, and (d) commute, as claimed.

Next, we have to prove that T, and T}, commute for all prime numbers p, p’. There are various
ways to show this. An intrinsic proof would be based on group theory; however, we will give a
more computational proof using g-expansions. Let f € My(I'1(N)). For all n > 0, we have by
Theorem 4.3

an(Ty ) = @y () + () () f)
and (applying the theorem to T)

@n(Tpr’f) = apn(Tp’f) +p a’n/p(< >T f)

Using the fact that (p) and T,y commute and using the first formula, we can rewrite this as

an(Tpr'f) = apn(Tp’f) —|—pk_1an/p(Tp/(<p>f))
= aprpn () + () () )
+ 0y ((O)F) + 257 0 (o) (0) (0 1).

(As before, we put am(f) = 0 if m is not an integer, and (p
is symmetric in p and p’ for all n, which shows that T, T,

) = ) The right-hand side
[ =
f € Mg(T'1(N)), we conclude that T, and T}y commute in 'I[‘(Mk(

0ifp | N
T, T,f. Since this holds for all
Iy (N ))- O

Definition. Let N > 1 and k € Z. The Hecke operators T,, € T(Mg(T'1(N))) for n > 1 are
defined as follows, starting from the 7), for p prime defined before:

Ty =1id, T, as before for p prime,

Tpr = TpTyr— 7pk71<p>Tp7‘—2 for p prime and r =2, 3, ...,

H Tper  form = H p°?

p prime p prime

Note that the ordering of the factors in the products does not matter because the Hecke algebra
is commutative. Furthermore, the definition implies

Ton =TT, if m and n are coprime.
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4.5 The effect of Hecke operators on ¢-expansions

Proposition 4.6. Let f € My(I'1(N)), and let m > 1. Then the q-expansion coefficients of Ty, f
at the cusp oo of T'1(N) are given by

an(Tnf) = Z d* Y ayn a2 ((d) f)  for alln > 0.

d|ged(m,n)

In particular, we have

ao(T f) = de_1a0(<d>f), a1(Ton f) = am(f).

d|m

Proof. Since T7 = id, the claim is true for m = 1; by Theorem 4.3 it also holds when m is a prime

number.

Let p be a prime number; we prove by induction that the claim holds when m is a power of p.
The known base cases are m = 1 and m = p. For the induction step, let » > 2 and suppose the
formula holds for m = p°, ..., p"~!. We have to prove

an(Tyr f) = Z P F Va2, ((p) f) for all n > 0.

0<j<r
piln

By the definition of T}, we have

so that
an(Tpr f)

Ty f =TpTprr f — " 1 (p) T2 f,

an(TpTyr-1 f) — pk_lan(<p>Tpr7z )

= apn(TpT‘*lf) + pk_lan/p(<p>Tp7'*1f) - pk_lan(<p>Tp"‘*2f)

= apn(Tprlf) + pkilan/p(Tprl <p>f) - pk71a7l(TpT*2 <p>f)
Z pj(k_l)ap’fflfszn“pyf) + pk_l Z pj(k_l)ap’fflfzjn/p(<p>j+1f)

0<j<r—1 0<j<r—1
p?|pn pitiin

YT P ey, ()T )

0<j<r—2
piln

> P Ve (Y )+ Y P E D, () )

0<j<r—1 0<j<r—1
pi|pn pitln

ST g ()

0<j<r—2
pI[n

S P Va0 )+ Y P Vaya(0) )

0<j<r—1 1<j<r
pl|pn piln

Z pj(k_l)apr72jn(<p>jf)-
1<j<r—1
plpn

The first and third summation cancel except for the term corresponding to j = 0, which is apry (f).

This gives

an(Tyrg) = apra(f) + Y P * Vayr2i, () f).
1§jj‘§r
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This proves the claim for m = p". By induction, we conclude that the claim holds for all prime
powers m and for all n > 0.

Next we prove that if m and m’ are coprime and the claim holds for m and m/, then the claim
also holds for mm’. We compute

(07 (Tmm/f) = an(Tm(Tm/f))
- Z dkilamn/d2(<d>T’m/f)

d|ged(m,n)

= Z dk_lafﬂln/d2 (Tm’ <d>f)

d|ged(m,n)

Yoodt Y (@) ey () () )

d|ged(m,n) d’|ged(m’,mn/d?)

> S (dd) T g aane (dd') ).

d|ged(m,n) d’|ged(m’,mn/d?)

Since m and m’ are coprime, we have
ged(m',mn/d?*) = ged(m’,n) for all d | m.

Furthermore, as d and d’ range over the divisors of ged(m,n) and ged(m’, n), respectively, e = dd’
ranges over the divisors of ged(mm’,n). This implies

an(Tmm/ f) = Z ek_lamm'"/€2(<e>f)’
elged(mm’,n)

which proves the claim for mm/’.
The claim for any m > 1 is now proved by induction on the number of prime factors of m. [

4.6 Hecke eigenforms

Definition. A (Hecke) eigenform is a non-zero modular form f € Mg(T'1(N)) that is an eigen-
vector for all Hecke operators T, for p prime and all diamond operators (d) for d € (Z/NZ)*. A
normalised eigenform is an eigenform f satisfying a;(f) = 1.

Let f € Mg(T'1(V)) be an eigenform. If A, is the eigenvalue of T}, on f, then taking a1 in the
equation T, f = A\, f and applying Proposition 4.6, we obtain

an(f) = Apar(f) foralln > 1. (4.1)

If f is an eigenform with a1(f) = 0, then (4.1) shows that a,(f) = 0 for all n > 1. Since f # 0
by assumption, this is only possible if k£ = 0, in which case f is a constant function. This means
that when k > 1, any eigenform can be scaled to a normalised eigenform.

Theorem 4.7. Let f € My (T'1(N)) be a normalised eigenform. Then the eigenvalues of the Hecke
operators on f are equal to the q-expansion coefficients of f at the cusp oo of T'1(N), i.e.

Tn.f = an(f) ' f fO?” allm > 1.

Proof. This follows from (4.1) and the fact that a1 (f) = 1. O

We now consider the eigenvalues of the diamond operators (d) for d € (Z/NZ)*. Let us write

x: (Z/NZ)* = C
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for the map that sends every d € (Z/NZ)* to the eigenvalue of (d) on f. Then for all d,e €
(Z/NZ)* we have

x(de) f = (de) f = {d)((e)f) = (d)(x(e)f) = x(d)x(e) ],

so x is a Dirichlet character modulo N (see §3.7).

Definition. Let N > 1, let k € Z, and let x: (Z/NZ)* be a group homomorphism. The space
of modular forms of weight k and character x for I'1(N) is the C-linear subspace of My (I'1 (N))
consisting of the forms f satisfying

(dyf =x(d)f forallde (Z/NZ)*.
It is denoted by My (T'1(N), x).

Remark. Some alternative notations for this space are My (N, x) and Mg (T'o(N), x). However,
note that Mg (To(N), x) is in general not a subspace of My (I'g(N)).

Similarly, we define the space of cusp forms of weight k and character x for I'1(N) as the
intersection
Sk(T'1(N), x) = Mg(I'1(N), x) N Sk(I'1(N))

in Mj,(T1(N)).

Proposition 4.8. The C-vector space My(T'1(N)) has a decomposition

Mg(T1(N)) = @Mk(rl(N)a X)

as the direct sum of its subspaces Mg (T'1(N), x) with x running through all Dirichlet characters
modulo N. The analogous statement holds for the space Si(I'1(N)).

Proof. Because the operators (d) have finite order, they are diagonalisable. Since they com-
mute with each other, the space My(T'1(N)) can be decomposed as a direct sum of simultaneous
eigenspaces for all the (d) (see also Theorem A.9). Let E be such an eigenspace, and let x(d)
denote the eigenvalue of (d) on E. Then for all d,e € (Z/NZ)*, the fact that (de) = (d)(e) implies
x(de) = x(d)x(e), so x is a Dirichlet character. Therefore the simultaneous eigenspaces F are
precisely the spaces M (T'1 (IV), x) with x running through the Dirichlet characters modulo N. O

Theorem 4.9. Let f € M(I'1(N), x) be a normalised eigenform, and let >, a,q™ be the q-
expansion of f at co. Then the a, for n > 1 can be expressed recursively in terms of the a, for
p prime by

a1:1,

Apr = GpQpyr—1 —pk_lx(p)aprfz for p prime and r =2, 3, ...,

an = H aper  forn = H pr.

p prime p prime
Proof. This follows from Theorem 4.7 and the definition of the Hecke operators. O

Corollary 4.10. With the notation of the theorem, we have
A = Qmay,  if ged(m,n) = 1.

Example. We take N = 1 and k = 12. We recall that there is a cusp form A € S15(SL2(Z)),
which is unique up to scaling since this space of cusp forms is one-dimensional. Since the Hecke
algebra preserves the space of cusp forms, A is automatically an eigenform, and it has trivial
character because N = 1.
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We also recall that Ramanujan’s 7-function is defined by the g-expansion of A as follows:

A= Z T(n)g".

Applying the results above to the eigenform A, we obtain the recurrence relations

7(p") = 7(p)T(p" ") — p'tr(p"%) for p prime and r =2, 3, ...

and
7(mn) = 7(m)7(n) if ged(m,n) =1,

which were conjectured by Ramanujan.
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Chapter 5

The theory of newforms

5.1 The Petersson inner product

Let ' be a congruence subgroup and k € Z. We have constructed the finite-dimensional C-vector
space My (I') of modular forms and its subspace Si(I") of cusp forms. If ' is of the form I'y(V),
we have also constructed commutative C-algebras T(M(T')) and T(S,(T')) acting on these spaces.
We will now define an additional structure, namely a Hermitean inner product on Sg(I';1(INV)).

Lemma 5.1. Let U be a subset of H whose boundary consists of finitely many line segments and
circle arcs. Let f: U — C be a continuous function, and let v € SLa(R). Then we have

dx d dx d .
/zeUf(Z) z2y :/zelef(ryz) Zzy (z =z +iy).

Proof. We view H as an open subset of R? with coordinates (z,y) and v = (‘CL Z) as a real

differentiable map H — H. We write

n(z,y) =Ry(z +1iy), r(z,y) =Sz +iy).

The Jacobian matrix of this map at a point z = x + iy is

~ (0m1/0x O /Oy
J»Y(I,y)—<572/8x 92/0y)

Since 7 is holomorphic, it satisfies the Cauchy-Riemann equations
O _On 9w _ on
Oy ox’ Ox oy’
and its derivative can be expressed as

om 02
’
7 () ox ! ox '

Therefore we have

Ov1 0y 07 O
det J>(®,9) = 5 G0 ~ By Br

_ o 2 02 ?
B ( Ox ) * ( Oz
= (ar + i) .

61
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On the other hand, by Proposition 1.1 part (i), we have

Sz
809 = e
Furthermore, one computes
O
(cz +d)?
so that
2 _ S(v2)?

|det T, (2)| = ['(2)]

This implies

dvdy lde .
| o5 = [ e e,

Y2
dx d
=/ f(vz2) 2y~
zey~1U Yy

This proves the lemma. O

Remark. In the language of differential forms, we have proved that the differential 2-form
is SLo(R)-invariant.

dzNdy
y2

Let " be a congruence subgroup of SLo(Z). We recall the following notation (see Proposi-
tion 3.1). Let R be a system of representatives for the quotient I'\SLy(Z). We write

Dr = L-J 71)a
~YER

where D is the standard fundamental domain for the action of SLy(Z) on H. Note that Dr depends
on the choice of R.
Let F: H — C be a continuous function that is I'-invariant in the sense that

F(yz) =F(z) forallyel,zeH.

We consider the integral

/ED P (5.1)

Y2
By Lemma 5.1, the value of this integral does not depend on the choice of the system of represen-
tatives R.
In the next two results, we will consider subsets of Dr that can be considered as “regions
around the cusps” and are defined as follows. For Y > 0, let Uy be the following subset of H:

Uy ={z=a+iy|-1/2<z<1/2and y > Y}
Then Dr is the union of some compact set K C H and the sets
Wy ={yz |y €Uy}
for v € R.

Lemma 5.2. Suppose that for all v € SLa(Z) there exist real numbers ¢4 > 0 and e, < 1 such
that
|F(v2)| < cy(S2)  for Sz sufficiently large.

Then the integral (5.1) converges.
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Proof. The integral (5.1) restricted to K converges because K is compact. It therefore remains to
show that the integral converges on each of the sets YUy for v € R. By Lemma 5.1, we have

dx dy dx dy

[ re | rea
zeyUy Y z€Uy Yy
.. dxdy

Cy Y —
zeUy Yy

o0
= c,y/ Y 2 dy.
y=Y

This converges since e, — 2 < —1 by assumption. O

IN

Let k be an integer. Let f, g be two modular forms of weight k for our congruence subgroup I'.
We apply the results above to the continuous (but in general non-holomorphic) function

F(z) = f(2)g(2)(32)".

Lemma 5.3. The function F(z) is T-invariant. If k = 0 or if for each cusp ¢ at least one of the
forms f and g vanishes at ¢, then F is bounded.

Proof. Let v = ( ) € I'. By the modularity of f and g and by Proposition 1.1 part (i), we have

fyz) = (ez + d)* f(2),

9(v2) = (cz + d)*g(2),
(S72)" = lez +d|7(32)".

Multiplying these three equations yields F'(vz) = F(z), so F' is I'-invariant.
Since F' is I'-invariant, proving that F' is bounded means proving that it is bounded on Dr.

As in the proof of Lemma 5.2, we consider the regions around the yUy around the cusps. Let

7= (¢ Z) € SLy(Z) and let ¢ be the corresponding cusp, i.e. the I'-orbit of yoo € PY(Q) in

Cusps(I') = I'\P}(Q). Then by the definition of the g-expansion of f at ¢, we have
(cz +d) " f(v2) = (Fl)(2)

= Z an,c(f) exp(2minz/h,),

where h, is the width of the cusp ¢, and similarly for g. Therefore

F(yz) = f(v2)g(v2)(Sy2)*
(Fley)(2)(cz + d)* (glk) (z) (cz + d)*|ez + d| 7 (S2)"

<Z an,o(f)exp(2minz/h, > (Z an,c(g) exp(2minz/h, )) (32)".

n=0 n=0

If ag.(f) = 0 or ap(g) = 0, then the absolute value of the expression above is bounded by a
constant multiple of | exp(27iz/h.)|y"* for y > Y. In particular, F(yz) is bounded on yUy for any
Y > 0. Since the complement of all the vUy in Dr is a compact subset of H, the function F' is
bounded on all of Dr. O

For f,g € Mg (T'), we define

o= | e =2 (5.2)

where as usual we write the complex coordinate z in terms of the real coordinates xz and y as
z = x+iy. This is independent of the choice of the set of representatives used to define Dr; however,
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to ensure that the integral converges, we need additional conditions. Combining Lemma 5.2 and
Lemma 5.3, we observe that the integral above does converge whenever at least one of f and g is
a cusp form. In particular, it gives rise to a well-defined map

Furthermore, it makes sense to introduce the following definition.

Definition. Let I' be a congruence subgroup, and let k be an integer. The Petersson inner product
on the C-vector space S (I") is the Hermitean inner product ( , )r defined by (5.2).

Unfortunately, the Petersson inner product on Sg(I') does not extend to an inner product on
the whole space M (T'), since (f, f)r diverges for every f € M (T') that is not a cusp form.

Definition. Let I' be a congruence subgroup, and let k be an integer. The Fisenstein subspace
(or space of Eisenstein series) in Mg (T), denoted by E(T), is the space

E(T) = {f € Mp(T) | {f,g)r = 0 for all g € Sy(T)}.

The Eisenstein subspace can be regarded as the “orthogonal complement” of S (") with respect
to ( , )r, even though { , )1 does not define an inner product on all of Mg(T).

5.2 The adjoints of the Hecke operators

We would like to apply the spectral theorem from linear algebra (Theorem A.9) to the spaces of
cusp forms Si(I'1(N)), equipped with the Petersson inner product, to obtain decompositions of
these spaces into smaller spaces. We will show in this section that the diamond operators (d) are
normal, as are the Hecke operators T, with ged(m, N) = 1. For general T,,, we will need a more
sophisticated theory, which we will develop in §5.3.

To compute the adjoints of the various operators in the Hecke algebra T(Sx(I'1(NV))), we begin
by looking at a general congruence subgroup I'. Let a be an element of GLJ (Q), and let T, be
the operator defined in §4.1. We recall that T, is defined by

Tof = Z f|k’047a

YEL L\

where T',, is the subgroup I' N a T of T'. (Earlier we denoted 'y, by I, but below we will need
to distinguish T, for different «.)

Notation. For o € GL (Q), we write
a* = (deta)a~! € GLI (Q).
More concretely, if a = (‘Cl Z), then o* = (fc _ab).

Notation. For v = (¢ Z) € GL$ (Q) and z € H, we write

Jj(v,2) = cz +d. (5.3)
With this notation, we have
(det y)*
flev)(z) = = vz),
(Flen)(e) = S0 )
det
S(vz) = Sz,
09 = G ap
d det
—(vz) = !
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Lemma 5.4. For all 7,6 € GL$ (Q) and all z € H, we have

‘7(’75; Z) = ](7752) ](572)’
](’Y,Z) 'j(’y_lvryz) = la
j(id, 2) =

Proof. We prove the first identity; the third identity is immediate and the second easily follows
from the other two.

We write v = (a b) and 6 = ( ) Then the bottom row of 4 is given by

5= * *
7 et dg cf +dh)’
This implies
J(vd,z) = (ce + dg)z + (cf + dh)
= clez+ f) +d(gz + h)

ez+ f
(g +h+ )(gz+h)

(7, 62)(6, 2).
This is what we had to prove. O

Remark. The first equation in Lemma 5.4 is called the cocycle condition. Similar equations occur
in other contexts involving group actions.

Proposition 5.5. Let I' be a congruence subgroup, and let k be an integer. Then for all f,g €
My (T) such that at least one of f and g is a cusp form, and for all a € GL3 (Q), we have

(Tof,9)r = ([, Ta=g)r-

Corollary 5.6. With the notation above, the adjoint of the operator T, on Si(T') with respect to
the inner product { , v is the operator Tpx.

Proof of Proposition 5.5. We note that

el o k
Tp= Y W p)

k
S Jlay, 2)

This implies that we can compute (T, f, g) as

(Taf,9)r = /ZGDF

The next step is to use the identities

(det ary)®

e el (32)

y2

YET\T

det(ary) = det(a),
jlay, 2) 7" = jla,v2)"Fi(y, 2) 7,
9(z) = j(v,2)Fg(y2),
(S2)" = 1i(y, )1 (Sy2);
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here we have used that dety = 1 (because v € I' C SLy(Z)) and that g is modular of weight k
for T'. Substituting these identities in the equation above for (T, f, g) gives

L drdy

(Tt g = (deta)* | LY e M el (9

YEL L\

The expression that is being summed and integrated is a function of vz. Instead of integrating
over z € Dr and summing over v € I',\I', we can integrate directly over z € Dr_. This gives

<Taf7 g>F = (det a)k / j(a, Z)fkf(az)ﬁ(gz)k d(EQdy

z€Dr, y=.

We need to prove that this is equal to (f, To+g)r. We note that
To-g = (deta)*T, 1 g.
We now apply the formula for (T, f, g)r proved above to (T,,-1g, f)r. This gives

<f5 Ta*g>F = (det a)k<fa Taflg>1—‘
= (det )" (To—1g, fir

—_— dz d
- (deta)k(detofl)k/ a1, 2)"Fg(a—1z) F(2)(S2)k T
ZGDFQ71 Yy
dzd
- [ ST e e
ZGDFQ71 Yy
We make the change of variables z = cw. We note that
It =TNala™!
=al,a™ !,
j(a_lvaw> :j(aaw)_la
(det a)* i
S(aw) = —5-(Sw)”.
) = o, wypr &)

Furthermore, letting z range over Dr__, has the effect of letting w range over some fundamental
domain for I',. Putting all of this together, we get

(i Toeghe = (et [ jlacu) ™ flang@i@u) 2 (w=of +iy)
w&Dr,, Y
This is the same as the expression we found above for (T, f, g)r, so the claim is proved. O

Remark. At the expense of slightly more abstraction and proving some more general facts first,
one can reduce the calculation in the proof above to

(Tof,g)r = (flre, g)r.
= <f?g|ka*>l_‘a*
= <f7 Ta*g>'

Corollary 5.7. Let I be a congruence subgroup, and let k be an integer. Then all operators T,
on M, ("), for a € GL$ (Q), preserve the Eisenstein subspace E(T') of My(T).

Proof. Let f € &,(T), and let o € GL3 (Q). Then for all g € Si(I"), Proposition 5.5 implies
<T()/f7 g>F = <f7 Ta*g>F = 0,

since T, g is still in Sg(T). Therefore T, f is orthogonal to Si(T"), and hence is in E(T). O
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The following lemma will be used to prove Proposition 5.9 below.

Lemma 5.8. Let T' be a congruence subgroup, and let k be an integer. Let o, 8 € GLa(Q) be such
that at least one of them normalises I'. Then we have

7&3 ZZTbIL and jba ZZTAZb
as operators on My(T).

Proof. By symmetry, we may assume that S normalises I". Then we have
Ip=INp'I=T
and
g =T Na ' TBa
=Tna 'Ta
=T,.
Furthermore, conjugation by 3 gives isomorphisms
r =r
a 1 Ta = g ta Tap
Lo — Tap
where all maps are defined by v — S~1v3 and the last isomorphism is obtained from the first two

by taking intersections.
Let f be an element of My (T"). We have

Tof = 2{: f|kaﬁﬁ

~yEL L\
ij,::f|kﬂa
Tsaf = Y, flxBay

YET g \I'
> (FlkB)lkey
~YEL L\
T&(be),
Topf= Y fleaBy

YELap\I'

> fleap(B75B)

0€TL\T

> flradB

d€l\T

> (flead)|i

SETL\T
::Ib(jbj)’

where § = By371. This proves that T, = T, T and Tz = TT,, as claimed. O

Remark. The assumption that a or 8 normalises I' in Lemma 5.8 is necessary. For instance, take
' =T1(N), let p a prime number not dividing N, and consider o = (é 2) and 8 = (78 ?) If the
lemma would hold for this choice of o and 3, i.e.

?
T oTr o =T oy

(o »)
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then Proposition 5.9 would imply
_ ? k.
p2 <p> 1Tpr = pklda
which is in general false, for example because T}, is not invertible in general.

We now apply Proposition 5.5 to the congruence groups I'; (V) and to the matrices a € GLJ (Q)
defining the diamond and Hecke operators on Mg (I';1 (N)).

Proposition 5.9. Let N > 1, and let k be an integer. In the Hecke algebra T(Si(T'1(N))),
consider the diamond operators (d) for d € (Z/NZ)* and the Hecke operators Ty, for m > 1 with
ged(m, N) = 1. The adjoints of these operators with respect to the Petersson inner product are

(@) = (d)~! for all d € (Z/NZ)*,
i = (m)~'T,, if ged(m,N) = 1.

m

a b

Proof. We first prove the formula for the diamond operators. Let a = (C a

I'o(N), so that T, is the diamond operator (d). We have

Ma1<d b)emmy

) be an element of

—c a
and this matrix defines the operator (a). From the fact that N divides c it follows that
1 =deta = ad — bc = ad mod N,

so {a) = (d)~!. We conclude that the adjoint of (d) is (d)~!.
To prove the formula for the Hecke operators, we start with the 7}, for p a prime number not
dividing N. By Proposition 5.5, we have

We therefore have to prove the identity

T =07 gy

01 0 p

By the Chinese remainder theorem and the fact that ged(p, N) = 1, we can choose d € Z such
that

d=1 (mod N),
d=0 (mod p).

Then we have ged(d, N) = 1, so we can choose a,b € Z such that ad — bN = 1. Since d = 1

(mod N), the matrix ( 5, Z) is in I’y (N). This implies T(X’ by = id. We note that

a b\(p 0\ [ap b\ (1 0\(fap b
N d)J\o 1) \Npd) \0o p)\N d/p)’
and since d = 0 (mod p), the matrix (97 dl;p) is in (V). By Lemma 5.8, we therefore get

R Ha Y
=T oy o)

=Tar o T2 0y
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Again using d =1 (mod N), we obtain

T(‘w by = (d/p) = <p>_1-

N d/p

We conclude that T(» o) = (p)’lT(é 0, as claimed.

To prove the claim that T}, = (m)~1T}, in the case where m is a power of a prime number
pt N, say m = p", we use induction on r. The claim is trivially true for » = 0, and we proved it
above for 7 = 1. Let » > 2, and assume that the claim holds for m =1, p, ..., p"~!. We have by
definition

Tpr = TpTyr—1 — p" () Tpr—2.

This implies
T =T8T = pF ' T (p)

= (") T T () T = PP T T () T
By the commutativity of the Hecke algebra, we can rewrite this as
Tpr = <p7">_1Tprr71 —pk_1<pr>_1<p>Tprfz
= <pr>71TP"v

which proves the claim for m = p".
Finally, for m, n coprime, we have

TTtLTL = TJL'TT-I;’L

= <n>_1Tn<m>_1Tm

= (mn) Ty

The claim for general m with ged(m, N) = 1 now follows by induction on the number of prime
factors of N. 0

Corollary 5.10. The operators Ty, for ged(m,N) =1 and (d) for d € (Z/NZ)* form a com-
muting system of normal operators.

Corollary 5.11. The space S(T'1(N)) admits a basis consisting of simultaneous eigenvectors for
the operators T, for gcd(m,N) =1 and (d) ford € (Z/NZ)*.

Unfortunately, this result cannot be generalised to all Hecke operators T,,. For this reason,
we will introduce the concept of oldforms and newforms.

5.3 Oldforms and newforms (Atkin—Lehner theory)

Recall that if IV C T' are congruence subgroups, then any modular form for I" is also a modular
form for I, so for every k € Z we have an inclusion

fe f
Recall also that for o € GL3 (Q) and T, = I' N o~ 'Ta, we have an inclusion

Mk(l“) — Mk(l“a)
a— flra.

Now consider two positive integers M, N such that M divides N. Let e be a divisor of N/M. We

take
o= .
01
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As a special case of Exercise 3.3(b), we have the inclusion
Iy(M)Na ‘T (M)a D Ty(eM) D T(N).

Now
(flka)(z) = e f(ez) for all f € Mg(I'y(M)).

This implies that we have a well-defined map

ie = iMN My(Dy (M) — Mp(T1(N))
fr— (2= f(ez)).

These maps restrict to spaces of cusp forms.

Definition. Let N > 1 and k € Z. The space of oldforms in the space Si(I'1(IN)) of cusp forms,
denoted by Si(I'1(NV))old, is the C-linear subspace of Si(I'1(V)) spanned by the images of all the
maps

ip": Sp(T1(M)) — Sp(T1(V))

for all M | N with M # N, and all e | (N/M), i.e.

SkT (N))ota = Y "N (Sk(T1(M))).
e|M|N
M#N
The space of newforms in S(I'1(N)), denoted by Si(I'1 (IN))new, is the orthogonal complement of
Sk(I'1(V))ola with respect to the Petersson inner product, i.e.

Sk(Fl(N))new = {f e Sk(Fl(N)) | <f, g>F1(N) =0 for all g € Sk(Fl(N))old}-

Note that every strict divisor M | N is also a divisor of N/I for some prime divisor [ of N, and

that each of the images of i/" with e | (N/M) is contained either in the image of iiv/l’N or in the

image of i;v/ BN for some prime number [ | N. This means that we could have used the equivalent
definition
SkT1(N)ota = D Sk(T'1(N))rcold,
| prime

IIN

where
S(T1(N)) ot = i7" N (Sk(T1(N/D)) + i "N (SK(T1(N/D))).

Analogously, for every prime divisor [ of N, we can define Sk(T'1(N))inew as the orthogonal
complement of S(I'1(N))io1a. Then we have

Sk:<F1(N))new = m Sk:(Fl(N))l—new~
! prime
UN

Proposition 5.12. All the subspaces of Sk(T'1(N)) defined above are stable under the action of
the Hecke algebra T(Sk(T1(N))).

Proof. We will prove below that for every prime divisor [ | N, the subspace Si(I'1(N))rola C
Sk(T'1(V)) is stable under the diamond operators (d) for d € (Z/NZ)*, the Hecke operators
T, for p prime, and the adjoints of all these operators. It will then follow that the whole old
space Sk(I'1(IV))o1a is stable under these operators. Furthermore, if T is in T(S;(I'1(N))) and
V C Si(T'1(N)) is a subspace that is stable under T', then the orthogonal complement of V is
stable under the adjoint of T’

Let [ be a prime divisor of N, and write i; = iiv/l’N and 4; = iiv/l’N. We have to prove that
for all operators T' in the list above and all f € Sg(I'y(N/1)), the forms T'(41 f) and T'(i;f) in
Sk(Fl(N)) are actually in Sk(rl(N>)l_01d.
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Consider a matrix

a= (‘é Z) € To(N).

The map f — f|ra defines the diamond operator (d) on both S;(T'1(N)) and Si(T'1(N/1)). We
have

(d)(inf) = (irf)lra = flea = (d)f = i:((d) f).

I O\fa b\ ([ a U [0
01)\cd) \e¢/l d)J\0 1)
Since ¢/l is an integer divisible by N/I, the matrix (7, ®!) defines the operator (d) on Sy, (I'1(N/1)).

We apply this to f and recall that f|k(é (1)) = 1%3;(f). This gives

(d)(irf) =a({d) f).

In particular, (d)(i1 f) and (d)(i;f) are again in Sg(I'1(N));01a. Thus (d) preserves the subspace
Sk(T1(N))i-ola of Sg(T'1(N)).

Now let p be a prime number not dividing N. Then the operator T}, is given by the same
formula on Sg(I'1(N/1)) as on Si(I'1(N)). From this, it follows immediately that

Tp(ilf) = il(Tpf)'

Next, we note that

It is also not hard to check that
Tp(inf) = i(Tpf)-

Hence T, (i1 f) and T, (i2f) are in Sg(I'1(N))i-o1a and T, preserves the space Si(I'1(N))io1a. The
same argument works if p does divide IV but is not equal to .

Next we consider the operator T;. First suppose [ divides N exactly once. Then [ does not
divide N/I, so the formula for the action of T; on g-expansions is different on Sy(I'1(N/1)) and
Sk(T1(V)), respectively. In Si(T'1(V)), we have

Ti(inf) =Y am(f)q"

and
Ti(if) =irf.
In S(I'1(N/1)), Theorem 4.3 gives

Tif = au(N)g" + 1> anu(D)g"
n=1 n=1

= Ty(irf) + 1" an (1) )g™

n=1

=Ti(ir f) + 1F L (1) f).
This implies
Ty(inf) = i (Tif) = 1" (D) f).

In particular, T;(i1 f) and T;(i; f) are both in Sk(I'1(N))iola-
If on the other hand /% | N, then the effect of T; on both Sy (I';(IN/1)) and Si(T'1(N)) is given
by the formula

Tif = an(f)g™
n=1
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From this one deduces that
Ti(inf) =i (T1f) and Ty(irf) =41 f.

This shows that T} preserves Sg(I'1(N))io1d-
By Proposition 5.9, the adjoints of the operators (d) for d € (Z/NZ)*, and of the T, for
p 1 N prime, are in the Hecke algebra T(S;(I'1(N))), and therefore they preserve the subspace

Sk(I'1(N))-old-
It remains to show that every prime number p dividing N, the adjoint Tg of T}, preserves

Sk(T1(N))iola- Since there is no simple formula for TpT, we introduce a new operator called the
Fricke operator or Atkin—Lehner operator. Consider the matrix

o 0 -1
N — N 0 )
and let wy be operator T, on Sg(I'1(NV)).
For all (¢ 3) € GLJ (Q), we have

(s o= (o )

In particular, an normalises I'1 (V). Because of this, we have

(wn f)(2) = (flan)(2)

= Let an)t flanz)

(Nz)F
— 27 *f(=1/(N2).

Now let p be a prime number dividing N. Applying (5.4) to the matrix ((1J g) defining T}, we

get
o 10a,1_p0
Mo p)™™ " \o 1)

Again using the fact that ay normalises T'1 (IV), we see that

= " (wnf)(12)
= F(i(wnpf))(2).
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Similarly, the effect of wy on i f is

wnlan)E) = *ah) (57 )

= (wn/f)(2)

= (i1(wnyf))(2).
This implies that wy preserves the space S(I'1(N))iow, and therefore so does T = wy Tywy
for every prime divisor p of N. This finishes the proof of the proposition. O

Recall that a Hecke eigenform is a modular form f € My (I'y(N)) which is an eigenvector for
the diamond operators (d) with d € (Z/NZ)* and for the Hecke operators T,, with n > 1. Recall
also that if f is a Hecke eigenform, then after scaling f we may assume that f is normalised, i.e.
satisfies a1 (f) = 1.

Definition. Let N > 1 and k € Z. A primitive form of weight k for I'1(N) is a normalised
eigenform in S (I'1(N))new-

Theorem 5.13 (Atkin, Lehner (1970); Li (1975)). Let N > 1 and k € Z.

(a) If f € Sk(T1(N))new is an eigenform for the operators d with d € (Z/NZ)* and the T,, with
ged(m, N) =1, then f is an eigenform for all T, with m > 1, and f is a scalar multiple of
a primitive form.

(b) If f,9 € Sk(T1(N))new are two eigenforms for the operators d with d € (Z/NZ)* and the
T, with ged(m, N) = 1, with the same eigenvalues for these operators, then f, g are scalar
multiples of the same primitive form.

(¢) The set of primitive forms of weight k for T'1(N) is an orthogonal basis for the C-vector
space Sg(T'1(N))new with respect to the Petersson inner product.

We will give a partial proof in the sense that we will use Proposition 5.14 below, which we shall
not prove. For a proof we refer to [1, Theorem 5.7.1]. That proof uses some representation theory,
which is not considered a prerequisite for this course (and explaining this from scratch would take
us too far afield). There exist more elementary proofs, but those are quite long and probably less
insightful.

Proposition 5.14. Let f € Si(T'1(N)) be a form whose g-expansion coefficients a.,(f) satisfy
am (f) =0 for all m > 1 such that ged(m, N) = 1. Then there exist forms f; € Sp(T1(N/1)), with
l ranging over the prime divisors of N, such that

F= 3 i "N,
| prime

N

Proof of Theorem 5.13. Let f be an eigenform for the operators d with d € (Z/NZ)* and the T,
with ged(m, N) = 1. By definition, we have f # 0. We have seen in Proposition 4.6 that

a1 (T f) = am(f) for all m > 1.
For all m with ged(m, N) = 1, by assumption there exists A, € C such that

Tmf = )\mf
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Combining the two equations above, we obtain
Ama1(f) = an(f) for all m > 1 with ged(m,N) = 1.

If a;(f) = 0, then an(f) = 0 for all m > 1 with ged(m, N) = 1, so the fact above implies
f €Sk(T'1(N))owa- But f is also in the orthogonal complement of Sk (I'1(N))o1a by assumption, so
f =0, contradiction. We conclude that a;(f) # 0, and we may scale f such that a;(f) = 1. We
claim that f is a primitive form. Namely, for all m > 1, put

gm = T f — am(f)f.

Then gy, is in Sg(T'1(N))new because this space is preserved by the operators T;,,. Furthermore,
gm is an eigenform for all the (d) (d € (Z/NZ)*) and the T, with gcd(n, N) = 1. This means
that g,, satisfies the same conditions as f, except we do not know that g,, # 0. In fact, we have

a1(gm) = ar(Ton f) — ar(am(f)f)
= am(f) — am(f)ar(f)
=0.

Applying the same argument as above to g, shows that g, = 0, i.e. T;,,f = a,,(f)f. Hence f is
an eigenform for all T,, with m > 1 and therefore a primitive form. This proves part (a).

To prove part (b), we may assume that f and ¢ are normalised (and hence primitive) by
part (a). Then f — g satisfies a,,,(f —¢) = 0 for all m with ged(m, N) = 1; applying the same
argument again shows that f —g=0,s0 f =g.

It remains to prove (c). Since the operators (d) and T,, with gcd(m, N) = 1 form a commuting
family of normal operators on the space Si(I'1 (IN))new, there exists an orthogonal basis of eigen-
forms for all these operators. By part (a), we may scale these eigenforms such that they become
primitive. What is left to prove is that these are all the primitive forms, i.e. that there is no linear
relation between them. Suppose that there exists a linear relation

n

> cifi=0

=1

with f; distinct primitive forms and ¢; # 0. We may assume that there is no linear relation with
fewer terms. For any m, applying T,,, — a.,(f1) to the relation above gives

n

Zci(am(fi) —am(f1))fi =0,

=2

which is a linear relation with fewer terms. Hence a,,(f;) = amn(f1) for all m > 1, which implies
fi = fi for all ¢ > 2. Since the f; are distinct, we must have ¢ = 1, but then the linear relation
reads f; = 0, a contradiction. O



Chapter 6

L-functions

In modern number theory, L-functions are a fundamental tool for studying various kinds of arith-
metic objects and the relations between them. The prototypical examples of an L-functions are the
Riemann (-function and Dirichlet L-functions, i.e. L-functions attached to Dirichlet characters.

Modular forms are a very important “source” of L-functions. One reason for their importance
is that the transformation properties of modular forms imply that the L-functions associated to
them, which are a priory only defined on a suitable half-plane in C, can in fact be continued to
entire functions that satisfy a certain kind of functional equation. An even stronger reason is
perhaps the way in which L-functions link elliptic curves to modular forms. The proof of Fermat’s
last theorem by Andrew Wiles in 1994 relies in an essential way on this connection.

In the context of modular forms and L-functions, we should also mention one of the most
famous open problems in number theory, namely the conjecture of Birch and Swinnerton-Dyer.
This conjecture, formulated in the 1960s based on some of the first computer calculations in
number theory, is about L-functions of elliptic curves over Q. It links various objects related to
such an elliptic curve in a way comparable to the analytic class number formula from algebraic
number theory. All results that have been obtained so far in the direction of the conjecture of
Birch and Swinnerton-Dyer strongly depend on techniques related to modular forms.

6.1 The Mellin transform

We start by studying a kind of integral transform, related to the Fourier transform, that expresses
the relationship between a modular form and the L-function associated to it.

Lemma 6.1. Let g: (0,00) — C be a continuous function such that for some real numbers a < b
we have

lg(t)| < t™* ast—0

and

lg(t)] < t7° ast — occ.
Then the integral
M(e) = [ gtere
converges absolutely and uniformly on compact subsets of the strip {s € C | a < Rs < b}.

(0]
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Proof. Let o and B be real numbers with ¢ < a < < b. Then we have

> dt ! Y dt
gt |— < [ T 4 Thyits
t tS t at§Rs t bt§RS
0 t 0 t 1 t

1
</ t“*“ﬁ+/wt5*b@
“Jo t 1 t

1 1

a—a+b—6'

This implies that the integral defining Mg(s) converges absolutely and uniformly on the strip
{s € C| a < Rs < S}, from which the claim follows. O

Definition. For a function g: H — C satisfying the assumptions of the lemma above, the function
Mg is called the Mellin transform of g.

Remark. The Mellin inversion formula expresses g(t) in terms of Mg(s) as

g(t) = ! My(s)t™*ds,

B 2mi Rs=c

where ¢ is any real number with a < ¢ < b, and the integral is taken over the vertical line s = ¢
in the upward direction.

Example. The I'-function is defined as the Mellin transform of the function ¢ — exp(—t):

I(s) = /000 exp(—t)ts?,

where the integral converges absolutely if and only if Rs > 0. Using integration by parts, one
shows that

I'(s+1)=sI'(s) for s >0,

and this relation can be used to extend the I'-function to a meromorphic function on C with poles
in the non-positive integers and no other poles.

6.2 The L-function of a modular form

We will now define the L-function of a modular form and prove the basic properties of this L-
function. We start with an explicit growth condition for the Fourier coefficients of a modular form.
We are mainly interested in cusp forms, so we provide all details of the proof of the proposition
below for cusp forms only. For the sake of completeness, we also incorporate the result for the
space of Eisenstein series in the proposition, but we will not go into the details of the proof in
that case.

Proposition 6.2. Let I' be a congruence subgroup, k € Z~g, and f € My (') with fourier expan-
ston at the cusp co given by

2minz

F(2) = an(f)ex (with h = hr([o0]) € Zso).
7; ep(h) r € L>o

Then there exists a C € R such that for alln € Zsq
jan(f)] < Cn*'2 if | € Sp(T);

lan(f)] < Cn*71if f e E(T).
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Proof. Let f € Si(T). Consider the associated function f on the unit disc ID given by

flan) = an(f)ais
n=1

(o (225) = 00

Note that a,(f) is the coefficient of qgl in the Laurent expansion of f(qh)/qZJrl around ¢, = 0.
So Cauchy’s formula gives

SO

1 f(an) dgn

for any positively oriented circle C). with centre O and radius r where 0 < r < 1. Write r =
exp (—27y/h) with y € Rso and parametrize C,. by

- .
qn = exp (7”(33;_ zy)) , 0<z<h
to rewrite (6.1) as
h , ,
an(f) = %/ f(x + iy) exp (-W) do. (6.2)
0

Choosing y = 1/n in (6.2) yields

an(f) = @(p(iﬂ/h)/oh flx+i/n)exp (—277;”) dx. (6.3)

By Lemma 5.3, z | f(2)|?S(2)* is bounded on H. So in particular, there is a C’ € R+ such that

/(@ +i/n)| < C'n*/2,

Together with (6.3) we get
‘an(f)| < eXp(27T/h)Clnk/27

which proves the result for cusp forms.

For f € &, (T) it is possible to simply read of the result from an explicit basis for & (T"). For
the latter, see [1, Chapter 4] when I" = T'(N), from which the growth condition for general T can
be deduced. O

Let I" be a congruence subgroup. Let f be a Hecke eigenform of weight & for I', normalised so
that a1 (f) = 1.
One way to define the L-function L(f, s) is as follows. Suppose r is a real number satisfying

lan(f)| < n”™ asn — oco.

According to Proposition 6.2, if f is any modular form of weight k € Z~(, we can take r = max(k—
1,k/2) (which is k — 1 if k # 1, and 1/2 otherwise); and if f is a cusp form of weight k € Z¢, we
can alternatively take r = k/2. From the bound above on the coefficients a,(f), it follows that
for any a > r + 1, the Dirichlet series

L(f,s) =Y an(f)n"*

n>1

converges uniformly on the half-plane {s € C | Rs > a}. This Dirichlet series therefore defines
a holomorphic function on the right half-plane {s € C | ®s > r + 1}. (Notice that even though
the constant term ag(f) in the g-expansion of f may be non-zero (since f is not necessarily a
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cusp form), this term does not appear in the definition of L(f,s).) However, it is not immediately
clear that this function can be continued to a meromorphic function on all of C that satisfies a
functional equation.

The analytic continuation and functional equation will follow from the transformation proper-
ties of f under the Fricke (or Atkin—Lehner) operator wy. Assume that there exists a normalised
Hecke eigenform f* and a complex number 7, satisfying the relation

flrwn =nsf*. (6.4)
We note that due to the fact that w3 = (70N j}v)v we then also have

ko =g f,
where ny and ny- are related by

npng- = (=N)*. (6.5)
We define the completed L-function attached to f as
[(s)
(2m)°

A(f,s) = N*/2 2L L(f, 5).

Proposition 6.3. Let f € Si(T'1(N)) be a primitive form. Then there exist a primitive form
f* € Sk(T1(N)) and a complex number ny # 0 satisfying (6.4).
Proof. Let a, and ¢(d) denote the eigenvalues of the Hecke operators T, and the diamond opera-

tors (d) on f. We write g = f|ywy. For every prime number p, we use the fact that the matrix

oy = (](\J, _01) normalises I'1 (N), the identity

10\ _; p 0 1 0\"
aN(0 p)aN N (0 1) N (0 p) ’
and Lemma 5.8 to deduce the identity
w;,lpr N = Tg .
If furthermore p does not divide N, then Proposition 5.9 gives
T) = (p)~'T,,.
This implies that g is an eigenform for T,; more precisely, we have

Tyg = E(p)ilapg

Therefore g is an eigenform for all Hecke operators T, with ged(m, N) = 1. Similarly, one shows
that g is an eigenform for the diamond operators. By Theorem 5.13(a), g is a scalar multiple of a
primitive form, i.e. we can write g = nyf* as claimed. O

Remark. In fact, f* is given by f*(z) = f(—Z2); this follows from problem 5 of problem sheet 11.

Theorem 6.4. Let [ be a normalised Hecke eigenform of weight k for T'1(N), and assume that
there exist a normalised Hecke eigenform f* and a complex number ny such that (6.4) holds.

(a) The function A(f,s) can be continued to a meromorphic function on C with at most simple
poles in s = 0 and s = k, and no other poles. If f is a cusp form, then A(f,s) is holomorphic
on all of C.

(b) The functions A(f,s) and A(f*,s) are related by the functional equation
A(f, k—s) =€ A(f7,9), (6.6)

where

€f = ikan_k/Q.
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Proof. We rewrite the transformation formula (6.4) as

1

f<NZ> = nfzkf*(z) for all z € H.

Because f*(it) is bounded as ¢ — oo, this formula implies that |f(it)] < t~* as ¢t — 0. Further-
more, we have |f(it) — ao(f)| < exp(—2wt) as ¢ — co. This implies that the integral defining the
Mellin transform of f(it) — ao(f) converges uniformly on compact subsets of the right half-plane
{s € C| Rs > k}.

If moreover r is a real number such that |a,(f)|] < n" as n — oo, then we can compute the
Mellin transform of f(it) — ag(f) for Rs > max{k,r + 1} as

/Ooo(f(it) — ao(f))ts% = /Ooong:lan(f) exp(—ant)ts%
= Z an(f) /OOO exp(—27mt)ts%

n>1

e I e

n>1

I'(s) s
= (2 Z an(f)n

n>1

T,
- (271’)5L(f, )

On the other hand, we can rewrite the integral on the left-hand side for Js > k as

o Gt LAt UV Ldt
[ —aoneF = [ st -t [T 6 -t

The second term is

VN 1/VN
[ v —atme = [ st - atnnr
0 0

S

By (6.4), the integral on the right-hand side is

/ flat)ts = = i’“an*S/ frt)th— =,
0 t 1/VN t

Splitting off the constant term from f*(it), we get

X kst [ ks dt sy nG—ky/z_1
/UWf(lt)t’“ t—/l/mu (it) — ao (NI % 4 ag(F)NER2 L

Putting everything together, we obtain for Rs > k the identity

et = [ s et
.k —s > %[ * kfsdt
w0 —aol )
— ag(F)N/  ibgag(fONCH/2 L
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Because | f(it) —ao(f)| and |f*(it) —ao(f*)| are bounded by a constant times exp(—27t) as t — oo,
both integrals on the right-hand side converge uniformly for s in compact subsets of C. Combining
the two expressions for the Mellin transform of f(it) — ap(f) computed above, we get

A(f,s) = N*/? /ljo\/ﬁ(f(it) — ao(f))ts% + ik NTo/2 /;om(f*(z't) — ao(f*))tk’s%
— o) + iy N g 7).

This proves (a). Comparing the formula above to the analogous formula for A(f*,s) and using
(6.5), we see that A(f,s) and A(f*,s) are related by the functional equation (6.6). O

Exercise 6.1. Let f be a normalised eigenform of weight k for I'; (V). Let a, and x(d) denote
the eigenvalues of the Hecke operators T}, and the diamond operators (d) on f, respectively. Prove
that L(f,s) can be expressed as an Euler product: for S a sufficiently large real number, we have
the identity

L(f,s) = H (1—app™* + X(p)pk’_l_%)_1 for Rs > S,

p prime

where the infinite product converges on compact subsets of the right half-plane {s € C | s > S}
and defines a holomorphic function on this half-plane.



Appendix A

Appendix: analysis and linear
algebra

A.1 Uniform convergence

Let S be any set, and let {f,}n>0 be a sequence of complex-valued functions on S. We say that
the sequence converges uniformly if it is a Cauchy sequence with respect to the supremum norm
on the C-vector space of all functions S — C. In other words, {f,}»>0 converges uniformly if for
all € > 0 there exists N > 0 such that for all m,n > N and all s € S we have |f,(s) — fn(s)| < e
From the fact that C is complete, it follows that any uniformly convergent sequence of functions
has a unique limit.

When S is a subset of C, uniform convergence allows us to interchange limits as follows. Let
{fn}n>0 be a sequence of continuous functions S — C that converges uniformly on S with limit
f- Then f is again continuous, i.e.

lim lim f,(z) = lim f(2) = f(a) = lim f,(a).

Z—a n—oo z—a n—oo

In particular, for a uniformly convergent sum of continuous functions, we may interchange the

sum with limits:
oo o0
i > g0 = 3 gule)
n=1 n=1

There are many variants. For example, if { f, }»>0 is a sequence of continuous functions R — C
that converges uniformly on some interval of the form [M, oo) with limit, and if lim, o f () exists
for all n, then lim,_,, f(x) also exists, and we have

lim f(z) = lim lim f,(z)

Tr—00 n—o0 r—00

In particular, for a sum that converges uniformly on some interval [M, 00), we have

Jim, 2 on(e) =3 i gu(@)

n=1 n=1

A.2 Uniform convergence of holomorphic functions
Let U be an open subset of C, and let {f,}»>0 be a sequence of complex-valued functions on U.

We say that the sequence converges uniformly on compact subsets of U if for every compact subset
K C U the sequence of functions {f,|k }n>0 converges uniformly.

81
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Theorem A.1. Let U be an open subset of C, and let {f,}n>0 be a sequence of holomorphic
functions that converges uniformly on compact subsets of U. Then the limit function f: U — C
is holomorphic.

The result above applies in particular to sums of holomorphic functions (consider the sequence
of partial sums).

A.3 Orders and residues

Let f be a meromorphic function on an open subset U C C, and w is a point of U. Then we can
expand z in a Laurent series around w:

f(2)=cnlz —w)" + cpp1(z —w)" ™+ ... (n€Z,c; €C,ec, #0).

The integer n is called the order or valuation of f at w and denoted by ord,, f. The residue of f
at w is c_1 (which is defined to be 0 if n > 0).
From the series expansion of f above, one deduces

f'(z) n

fz)  z—w

In particular, the function f’/f has a simple pole precisely at the points where f has a zero or a
pole, and

Resy (f'/f) =n = ord,, f.

Theorem A.2 (Cauchy’s integral formula). Let g be holomorphic on an open subset U C C, let
C be a contour in U, and let w € U. Then we have

7{ Mdz = 2mig(w).
c

zZ—w

Theorem A.3 (argument principle). Let f be meromorphic on an open subset U C C, and let C
be a contour in U not passing through any zeroes or poles of f. Then we have

I'(2) = 27 or
]{C ) dz=2 > d, f.

z€interior(C)

A variant of this is the following: let C' be an arc around w with angle a and radius r (not
necessarily a contour). Then if ¢ is holomorphic at w, we have

i [ 93) 4

tim [ L2 = aig(w)

and if f is meromorphic at w, we have

: TG
}13(1)/0 f(z)dz—azordwf.

A.4 Cotangent formula and maximum modulus principle

For all z € C — Z we have

WCOS(WZ)_1+§: 1 n 1 (A1)
sin(rz) 2 —\z—n z+n) '
Theorem A.4. Let U C C be connected and open, and let f : U — C be holomorphic. If |f|
attains a mazimum on U, then f is constant.
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A.5 Infinite products

Theorem A.5. Let U be an open subset of C and let {f,}>0 be a sequence of holomorphic

functions on C such that
o0

> 1l

n=1

converges uniformly on compact subsets of U. Then the following holds.
o The sequence of partial products

N

Fy = H(1+fn)

n=1

converges uniformly on compact subsets of U. In particular, the limit F' is holomorphic on
U.

e For all z € U we have ord,(F) =" (ord,(1 + fn)).

n=1

o For every z € U such that F(z) # 0 we have

F'(2) N~ o)
F(z) nz::l L+ fu(z)

A.6 Fourier analysis and the Poisson summation formula

We recall that every function F': R — C that is infinitely often continuously differentiable and is
periodic with period 1 admits a Fourier series

F(z) = Z cn exp(2mine).
nez
The constants ¢,, satisfy

1
cn:/ F(z) exp(—2minz)dz.
0

Let f: R — C be a function that is infinitely continuously differentiable and such that all
derivatives f(™ for n > 0 have the property that f(™ (z) tends to zero exponentially fast as
|z| = co. We recall that the Fourier transform of such a function f is defined as

ft)= /:)0 f(z) exp(—2mixt)dx.

Theorem A.6 (Poisson summation formula). Let f: R — C be a function as above. Then we

have
S rm) =Y .

meZ neZ

Proof. The function

Fa)= Y f(z+m)

mEZ

is periodic with period 1 and therefore admits a Fourier series

F(z) = Z ¢n exp(2mine).
nez
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The coefficients ¢,, are given by

1
Cn :/ F(z) exp(—2minz)dx
0

:/0 Zf(gc—i—m)exp(—%rin(sc—i—m))dw

meZ

= / f(x) exp(—2minz)dx
= f(n).
Substituting = = 0 in the Fourier series for F(x), we obtain

> fm)=>" f(n),

meZ neEZ

as claimed. O

Proposition A.7. The function
f(z) = exp(—ma?)
is its own Fourier transform.

Proof. We compute
@) = / exp(—max? — 2ritz)dx

— 00

= / exp(—m(z + it)? — 7t?)dx

— 00

= exp(—7t?) /00 exp(—n(x + it)?)dx

— 0o

= exp(—7t?) / exp(—mz?dz)

—oo
= exp(—ﬁtz),
where we have used contour integration and the identity ffooo exp(—maz?)dxr = 1. O
Corollary A.8. For all a > 0, the Fourier transform of the function
fa(z) = exp(—maz?)
18
A 1

fa(t) = ﬁ exp(—mt?/a).

Proof. We note that f,(x) = f(v/az). We compute
fut) = [ fulo)exp(-2rist)ds
- [ O; F(v/az) exp(—2miat)dz
_ ! /_Z F(u) exp(—2miut/\/a) du
i (t/va)
£ (t//a).

a
This proves the claim. O

Bl

Bl

Bl
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A.7 The spectral theorem

We recall some definitions and facts from linear algebra.

Let V be a finite-dimensional C-vector space, equipped with a Hermitean inner product { , ).
If A is an endomorphism of V, then there exists a unique endomorphism A' of V| called the
adjoint of A with respect to ( , ), such that

(Av,w) = (v, ATw) for all v,w € V.

With respect to any C-basis of V that is orthonormal with respect to ( , ), the matrix of AT is
the conjugate tranpose of the matrix of A. The operator A is called normal if it commutes with
its adjoint AT.

Theorem A.9 (spectral theorem). Let V' be a finite-dimensional C-vector space, and let & C
Endc V' be a family of normal, pairwise commuting endomorphisms of V.. Then there exists a
C-basis of V' consisting of simultaneous eigenvectors for all the A € ®.
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