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Abstract. Within many domains dynamics are crucial. Current 
approaches to analyse dynamics, often based on differential equations or 
modal temporal logics, are not always successful. As an alternative, this 
paper presents the sorted predicate logical Temporal Trace Language (TTL) 
for the formal specification and analysis of dynamic properties. This 
language supports specification of both qualitative and quantitative 
aspects, and subsumes languages based on differential equations. TTL has 
a high expressivity and the possibility to define sublanguages for 
simulation and verification of entailment relations. A software environment 
for formal verification of properties against a set of traces has been 
developed. TTL proved its value in a number of different domains.  

1   INTRODUCTION 
Modelling dynamics poses real challenges for modellers in other 
disciplines, e.g., biologists and cognitive scientists. Currently, 
differential equations are most often used to address this challenge, 
with limited success. For example, in the area of intracellular 
processes, hundreds or more reaction parameters (for which 
reliable values are rarely available) are needed to model the 
processes in question, which can compromise the feasibility of the 
model. Likewise, in the area of Cognitive Science it is advocated to 
take the Dynamical Systems Theory (DST, see e.g., [19]), as a 
point of departure. However, DST often only addresses lower-level 
cognitive processes such as sensory or motor processing. Areas for 
which the (quantitative) DST-approach is less suitable are higher-
level processes with a qualitative character, as found in reasoning, 
complex task performance, and language processing. As illustrated, 
within several disciplines it is felt that more abstract modelling 
techniques are required. To this end, this paper introduces the 
Temporal Trace Language (TTL) for the analysis of dynamic 
properties within complex domains.  

Desiderata for dynamic modelling approaches are nontrivial: 
(1) modelling at the right level of abstraction, (2) expressivity for logical 
relationships, (3) expressivity for quantitative relationships, (4) both 
discrete and continuous modelling, (5) difference and differential equations 
should be subsumed, and (6) expressivity for dynamics of varying 
complexity, e.g., adaptivity. Moreover, analysis techniques that would 
be desirable concern generation and formalisation of simulated and 
empirical trajectories or traces, as well as analysis of complex 
dynamic properties of such traces and relationships between such 
properties. A trace as used here represents an ordered sequence of 
states of a system. Each state is characterised by a number of state 
properties that hold. Desiderata for analysis techniques include: (a) 
generating traces by simulation based on continuous variables, (b) 
generating traces by simulation based on qualitative, logical notions, (c) 
formalisation of simulated or empirical traces, (d) analysis of properties of 
simulated traces, (e) analysis of properties of empirical traces, and (f) 
analysis of relationships between (e.g., global and local) properties. Taken 

together, these desiderata are not easy to fulfill. Sometimes they are 
mutually exclusive. On the one hand, high expressivity is desired, 
but on the other hand feasible analysis techniques are demanded. 
To make automated support for analyses feasible, often the 
expressivity of the modelling language is limited, thereby 
compromising on the first list of desiderata. For example, the 
expressivity is limited to difference and differential equations as in 
DST (excluding logical relationships, compromising at least (2)), 
or to propositional modal temporal logics (excluding numerical 
relationships, compromising at least (3), (5), (6)). In the former 
case calculus can be exploited to do simulation and analysis [19], 
fulfilling (a) and (c) but not (b), (d), (e) and (f). In the latter case, 
for example, simulation can be based on a specific executable 
format (e.g., executable temporal logic [1], fulfilling (b) and (c) but 
not (a), (d), (e) and (f)), and model checking techniques can be 
exploited for analysis of relationships between dynamic properties, 
fulfilling (d) to (f), e.g., [8, 15, 21].  

Within the literature on analysis of properties (verification), 
much emphasis is put on computation of entailment relations. This 
essentially means checking properties on the set of all theoretically 
possible traces of a process. To make that feasible, expressivity of 
the language for these properties has to be sacrificed to a large 
extent. However, checking properties on a practically given set of 
traces (instead of all theoretically possible ones) is computationally 
much cheaper, and therefore the language for these properties can 
be more expressive. Such a set can consist of one or a number of 
traces, obtained empirically or by simulation. By limiting the 
desiderata by giving up (f), but still keeping (c) to (e), a much more 
expressive language for properties can be dealt with; the sorted 
predicate logic temporal trace language TTL described here is an 
example of this.  

For simulation it is essential to have limitations to the language. 
Therefore, an executable language can be defined as a sublanguage 
of the overall language for analysis. Moreover, also analysis 
languages that allow analysis in the sense of (f) can be embedded 
in the overall language. Thus the following situation is obtained. 
At the top level there is an expressive overall language, in our case 
TTL, which fulfills all of the desiderata for modelling languages, 
i.e., (1) to (6). Concerning the desiderata for analysis techniques, it 
fulfills (c) to (e), but sacrifices (a), (b) and (f). In addition, a 
sublanguage can be defined for execution (fulfilling (1) to (5) and 
(a) and (b)), and a sublanguage can be defined for analysis of 
relationships between properties in the sense of (f), thereby also 
fulfilling (1) and (2). For the case of TTL, one of the executable 
sublanguages that already exist is the LEADSTO language, cf. [3]. 
Moreover, for the sublanguage for analysis one could think of any 
standard temporal logic, such as LTL or CTL, see, e.g., [2, 10]. 
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Having the language for simulation and the languages for analysis 
within one subsuming language provides the possibility to have a 
declarative specification of a simulation model, and thus to involve 
a simulation model in logical analyses.  

Section 2 describes the syntax and the semantics of the TTL 
language. In Section 3, it is shown how dynamic properties that are 
expressed in related languages can be translated into TTL. Section 
4 provides application examples of TTL. Section 5 describes the 
TTL Checker tool that supports the formal specification and 
analysis of dynamic properties in TTL in detail. Section 6 is a 
conclusion. 

2  SYNTAX AND SEMANTICS OF TTL  
The language TTL is a variant of an order-sorted predicate logic 
[16]. Whereas standard multi-sorted predicate logic is a language 
to reason about static properties only, TTL is an extension of such 
language with facilities for reasoning about the dynamic properties 
of arbitrary systems expressed by static languages. 

For specifying state properties for system components, 
ontologies are used which are specified by a number of sorts, 
sorted constants, variables, functions and predicates (i.e., a 
signature). State properties are specified using a standard multi-
sorted first-order predicate language based on such an ontology. 
For every system component A several types of ontologies can be 
distinguished that are used for specifying state properties of 
different types. That is, the ontologies IntOnt(A), InOnt(A),  OutOnt(A), 
and ExtOnt(A) are used for expressing respectively internal, input, 
output and external state properties of the component A. For 
example, a state property expressed as a predicate pain may belong 
to IntOnt(A), whereas the atom has_temperature(environment, 7) may 
belong to ExtOnt(A). Often in cognitive science input ontologies 
contain elements for describing perceptions of an agent from the 
external world (e.g, observed(a) means that a component has an 
observation of state property a), whereas output ontologies are 
used for describing actions of agents within the external world 
(e.g., performing_action(b) represents action b performed by a 
component in its environment). 

To enable dynamic reasoning, TTL includes special sorts: TIME 
(a set of linearly ordered time points), STATE (a set of all state 
names of a system), TRACE (a set of all trace names; a trace or a 
trajectory can be thought of as a timeline with a state for each time 
point), STATPROP (a set of all state property names), and VALUE (an 
ordered set of numbers). Furthermore, for every sort S from the 
state language the following TTL sorts exist: the sort SVARS, which 
contains all variable names of sort S, the sort SGTERMS, which 
contains names of all ground terms, constructed using sort S; sorts 
SGTERMS and SVARS are subsorts of sort STERMS. 

In TTL, formulae of the state language are used as objects. To 
provide names of object language formulae ϕ in TTL, the operator 
(*) is used (written as ϕ*), which maps variable sets, term sets and 
formula sets of the state language to the elements of sorts SGTERMS, 
STERMS, SVARS and STATPROP in the following way: 

(1) Each constant symbol c from the state sort S is mapped to the 
constant name c’ of sort SGTERMS. 

(2) Each variable x: S from the state language is mapped to the 
constant name x’∈ SVARS 

(3) Each function symbol f: S1 x S2 x … x Sn → Sn+1 from the state 
language is mapped to the function name f’: S1

TERMS x S2
TERMS x 

… x Sn
TERMS → Sn+1

TERMS 
(4) Each predicate symbol P: S1 x S2 x … x Sn is mapped to the 

function name P’: S1
TERMS x S2

TERMS x … x Sn
TERMS → STATPROP 

(5) The mappings for state formulae are defined as follows: 

a. (~ϕ)* = not(ϕ*) 
b. (ϕ & ψ)* =  ϕ* ∧ ψ*,    (ϕ | ψ)* =  ϕ* ∨ ψ* 
c. (ϕ � ψ)* = ϕ* → ψ* ,  (ϕ ⇔ ψ)* = ϕ* ↔ ψ* 
d. (∀x ϕ(x))*= ∀x’ ϕ*(x’), where x is variable over sort S and x’ is any  
        constant of SVARS; the same for ∃ 

It is assumed that the state language and the TTL define disjoint 
sets of expressions. Therefore, further in TTL formulae we shall 
use the same notations for the elements of the object language (i.e, 
constants, variables, functions, predicates) and for their names in 
the TTL without introducing any ambiguity. Moreover we shall use 
t with subscripts and superscripts for variables of the sort TIME; and 
γ with subscripts and superscripts for variables of the sort TRACE. 

A state is described by a function symbol state: TRACE x TIME → 

STATE. A trace is a temporally ordered sequence of states. A time 
frame is assumed to be fixed, linearly ordered, for example, the 
natural or real numbers. Such an interpretation of a trace contrasts 
to Mazurkiewicz traces [17] that are frequently used for analysing 
behaviour of Petri nets. Mazurkiewicz traces represent restricted 
partial orders over algebraic structures with a trace equivalence 
relation. Furthermore, as opposed to some interpretations of traces 
in the area of software engineering [12], a formal logical language 
is used here to specify properties of traces.  

The set of function symbols of TTL includes ∧, ∨, →, ↔: 
STATPROP x STATPROP → STATPROP; not: STATPROP → STATPROP, 
and ∀∀∀∀, ∃∃∃∃: SVARS x STATPROP → STATPROP, of which the counterparts 
in the state language are boolean propositional connectives and 
quantifiers. Further we shall use ∧,∨,→,↔ in infix notation and 
∀∀∀∀,∃∃∃∃ in prefix notation for better readability. For example, using 
such function symbols the state property about external world 
expressing that there is no rain and no clouds can be specified as: 
not(rain) ∧ not(clouds). 

For formalising relations between sorts VALUE and TIME, 
functional symbols –, +, /, •:TIME x VALUE→ TIME are introduced. 
Furthermore, for performing arithmetical operations on the sort 
VALUE the corresponding arithmetical functions are included. 

States are related to state properties via the satisfaction relation 
denoted by the infix predicate |== (also denoted by the prefix 
predicate holds): state(γ, t) |== p (or holds(state(γ, t), p)), which denotes 
that state property p holds in trace γ at time point t.  

Both state(γ, t) and p are terms of the TTL language. In general, 
TTL terms are constructed by induction in a standard way from 
variables, constants and function symbols typed with all before-
mentioned TTL sorts.  

Transition relations between states are described by dynamic 
properties, which are expressed by TTL-formulae. The set of 
atomic TTL-formulae is defined as: 
(1) If v1 is a term of sort STATE, and u1 is a term of the sort 

STATPROP, then holds(v1, u1) is an atomic TTL formula. 
(2) If τ1, τ2 are terms of any TTL sort, then τ1 = τ2 is an atomic TTL 

formula.  
(3) If t1, t2 are terms of sort TIME, then t1 < t2 is an atomic TTL 

formula.  
(4) If v1, v2 are terms of sort VALUE, then v1 < v2 is an atomic TTL 

formula. 
The set of well-formed TTL-formulae is defined inductively in a 

standard way using boolean connectives and quantifiers over 
variables of TTL sorts. An example of the TTL formula, which 
describes observational belief creation of an agent, is given below: 
‘ In any trace, if at any point in time t1 the agent A observes that it is 
raining, then there exists a point in time t2 after t1 such that at t2 in the 
trace the agent  A believes that it is raining’ .  

∀γ ∀t1 [ state(γ, t1) |== observation_result(itsraining) � 
∃t2 > t1  state(γ, t2) |== belief(itsraining)  ] 
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An interpretation of a TTL formula is the standard 
interpretation of an order sorted predicate logic formula and is 
defined by a mapping I that associates each: 
(1)  sort symbol S to a certain set (subdomain) DS, such that if S ⊆ S’ 
then DS ⊆ DS

’ 
(2) constant c of sort S to some element of DS 
(3) function symbol f of type <X1, …, Xi> → Xi+1 to a mapping: I(X1) x  
…x I(Xi) → I(Xi+1) 
(4) predicate symbol P of type <X1, …, Xi> to a relation on I(X1) x  …x 
I(Xi) 

A model M for the TTL is a pair M=<I, V>, where I is an 
interpretation function, and V is a variable assignment, mapping 
each variable x of any sort S to an element of DS. We write V [x/v] for 
the assignment that maps variables y other than x to V(y) and maps x 
to v. Analogously, we write M[x/v] = <I, V [x/v]>. 

If M=<I, V> is a model of the TTL, then the interpretation of a 
TTL term τ, denoted by τM, is inductively defined by: 
(1) (x)M=V(x), where x is a variable over one of the TTL sorts. 
(2) (c)M= I(c), where c is a constant of one of the TTL sorts. 
(3) f(τ1,…,τk)

M = I(f)(τ1
M,…, τk

M), where f is a TTL function of type S1 x … 

x Sn → S and τ1,…, τn are terms of TTL sorts S1,…., Sn. 

The truth definition of TTL for the model M=<I, V> is 
inductively defined by: 
(1) |==M Pi(τ1,…,τk) iff I(Pi) ( τ1

M,…, τk
M) = true 

(2) |==M ¬ϕ iff |≠M ϕ 
(3) |==M ϕ ∧ ψ iff |==M ϕ and iff |==M ψ 
(4) |==M∀x(ϕ(x)) iff |==M[x/v] ϕ(x) for all v∈DS, where x is a variable of sort S. 
The semantics of connectives and quantifiers is defined in the 
standard way. 

A number of important properties of TTL are formulated in 
form of axioms: 
(1) Equality of traces:  

      ∀γ1, γ2 [∀t [state(γ1, t) = state(γ2, t) ] � γ1 = γ2] 
(2) Equality of states:  

   ∀s1, s2 [∀a:STATPROP [truth_value(s1, a) = truth_value(s2, a)] � s1=s2] 
(3) Truth value in a state:  

    holds(s, p) ⇔ truth_value(s, p)= true 
(4) State consistency axiom: 
          ∀γ, t, p (holds(state(γ, t), p) � ¬holds(state(γ, t), not(p))) 
(5) State property semantics: 

a. holds(s, (p1 ∧ p2)) ⇔ holds(s, p1) & holds(s, p2) 
b. holds(s, (p1 ∨ p2)) ⇔ holds(s, p1) | holds(s, p2) 
c. holds(s, not(p1)) ⇔ ¬holds(s, p1) 

For any constant variable name x from the sort SVARS: 
holds(s, (∃∃∃∃(x, F))) ⇔ ∃x’:SGTERMS holds(s, G), and holds(s, (∀∀∀∀(x, F))) ⇔ 

∀x’: SGTERMS holds(s, G) with G, F terms of  sort STATPROP, where 
G is obtained from F by substituting all occurrences of x by x’ 

(6) Partial order axioms for the sort TIME: 
a. ∀t t ≤ t (Reflexivity) 
b. ∀t1, t2 [ t1 ≤ t2 ∧ t2 ≤ t1 ] � t1=t2 (Anti-Symmetry) 
c. ∀t1, t2, t3 [ t1 ≤ t2 ∧ t2 ≤ t3 ] � t1 ≤ t3   (Transitivity)  

(7) Axioms for the sort VALUE: 
 a.-c.The same as for the sort TIME 
 d. Standard arithmetic axioms 

(8) Axioms, which relate the sorts TIME and VALUE: 
a. (t + v1) + v2 = t + (v1 + v2) 
b. (t • v1) • v2 = t • (v1 • v2) 

(9) (Optional) Finite variability property (for any trace γ): 
∀t0, t1 t0 < t1 � ∃δ>0 [ ∀t [ t0 ≤ t & t ≤ t1 ] � ∃t2≤t ∀t3 [ t2 ≤ t3 & t3 ≤ t2+δ ] 
� state(γ, t3) = state(γ, t) ] 

3  EXPRESSING OTHER LANGUAGES  
In this section, it is shown how a number of existing languages can 
be expressed in TTL. To show how modelling techniques used in 
the Dynamical Systems approach (DST) [19] can be represented in 
TTL, in particular the discrete case is considered. An example is 
the use of logistic difference equations to model growth of various 
cognitive phenomena, e.g., the growth of a child’s lexicon between 
10 and 17 months, cf. [9]. The logistic difference equation used is 
L(n+1) = L(n) (1 + r - r L(n)/K). Here r is the growth rate and K the 
carrying capacity. This equation can be expressed in TTL using a 
constant L of state sort STATPARAM and constants r, K and d that 
belong to state sort LVALUE (an ordered set of numbers with the 
arithmetic functions defined as for the TTL sort VALUE): 
∀γ  ∀t  ∀v: LVALUEGTERMS  
 state(γ, t) |== has_value(L, v)  �      

 state(γ, t+d) |== has_value(L, v • (1 + r•d - r•d • v/K)) 
The traces γ satisfying the above dynamic property are the 

solutions of the difference equation. In a similar manner, it is even 
possible to address the continuous case, i.e., to express differential 
equations in TTL. Due to space limitations, this case is not 
addressed here. See [13] for a detailed explanation.  

Executable languages can be defined as sublanguages of TTL. 
An example of such a language, which was designed for simulation 
of dynamics in terms of both qualitative and quantitative concepts, 
is the LEADSTO language, cf. [3]. The LEADSTO language 
models direct temporal dependencies between two state properties 
in states at different points in time. A specification of dynamic 
properties in LEADSTO format has as advantages that it is 
executable and that it can often easily be depicted graphically. The 
format of LEADSTO is defined as follows. Let α and β be state 
properties of the form ‘conjunction of atoms or negations of 
atoms’ , and e, f, g, h non-negative real numbers (constants of sort 
VALUE). In LEADSTO the notation α →→e, f, g, h β, means: 
 If state property α holds for a certain time interval with duration g,  
 then after some delay (between e and f) state property β will hold 
 for a certain time interval of length h. 

In terms of TTL, the fact that the above statement holds for a 
trace γ is expressed as follows: 

∀t1[∀t  [t1–g ≤ t & t < t1  �  state(γ, t) |== α ] � 
∃d:VALUE  [e ≤ d & d ≤ f  & ∀t'  [t1+d ≤  t' & t’<  t1+d+h  �  state(γ, t’) |== β ] 

Besides executable languages, also languages often used for the 
verification of entailment relations can be defined as sublanguages 
of TTL. Examples of such languages are LTL and CTL, see, e.g., 
[2, 10]. It is briefly shown how dynamic properties expressed as 
formulae in LTL can be translated to TTL. The general idea is 
rather straightforward: by replacing the temporal operators of LTL 
by quantifiers over time. E.g., consider the following LTL formula: 

G(observation_result(itsraining) → F(belief(itsraining))) 

where the temporal operator G means ‘ for all later time points’ , 
and F ‘ for some later time point’ . The first operator can be 
translated into a universal quantifier, whereas the second one can 
be translated into an existential quantifier. Using TTL, this formula 
then can be expressed, for example, as follows: 
 ∀t1 [ state(γ, t1) |== observation_result(itsraining) �  
 ∃t2 > t1 state(γ, t2) |== belief(itsraining) ] 

Note that the translation is not bi-directional, i.e., it is not 
always possible to translate TTL expressions into LTL expressions. 
An example of a TTL expression that cannot be translated into 
LTL is the property ‘Trust Monotonicity’ : the more positive your 
experiences, the higher your trust. This property cannot be 
expressed in LTL since it involves the comparison of two different 
traces. This shows that LTL can be considered a proper 
sublanguage of TTL, i.e., a sublanguage not equal to TTL. Similar 
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observations can be made for other well-known temporal logics 
such as CTL. 

4   APPLICATIONS 
The TTL language and its supporting software environment have 
been applied in a number of research projects in different 
application domains, such as cognitive science [7], biology [6], 
and social science [11]. In general, the research goal in these 
projects was to create a detailed model of the dynamics of a 
particular process (e.g., human reasoning). TTL was used to 
formalise dynamic properties of these processes at a high level of 
abstraction. Next, such properties were automatically checked 
against simulated or empirical traces. In this section, for an 
example application, the formalisation of dynamic properties will 
be discussed.  

The example given in this section is taken from [4]. In that 
paper, a simulation model of the learning behaviour of the sea hare 
Aplysia is presented. This animal is able to learn on the basis of 
classical conditioning: initially, it does not respond to a light touch 
on its siphon. However, after a number of training trials (in which 
the animal is touched on its siphon and subsequently shocked on 
its tail), it does contract on a siphon touch. Using the LEADSTO 
simulation software [3], a number of simulation traces have been 
generated on the basis of this scenario. After that, various dynamic 
properties that are relevant for the domain have been formally 
specified in TTL, and automatically verified (using the TTL 
Checker tool, see Section 5) against the generated simulation 
traces. An example of such a property is given below, both in semi-
formal and in formal notation: 
Learning Behaviour 
‘If a siphon touch occurs, and at three different earlier time points t1, t2, t3, 
a siphon touch occurred, directly followed by a tail shock, then the animal 
will contract’. 

∀t  [ state(γ, t) |== siphon_touch  & 
∃t1, t2, t3, t4, t5, t6 
t1<t2 & t2<t3 & t3<t4 & t4<t5 & t5<t6 & t6<t & 
state(γ, t1) |== siphon_touch  & state(γ, t2) |== tail_shock  & 
state(γ, t3) |== siphon_touch  & state(γ, t4) |== tail_shock  & 
state(γ, t5) |== siphon_touch  & state(γ, t6) |== tail_shock  ] 
�  ∃t7   t7≥t & state(γ, t7) |== contraction   

5   VERIFICATION TOOL 
The TTL Checker1 for automatic verification of TTL formulae with 
respect to simulation traces has been implemented in Prolog. The 
tool provides a user-friendly graphical user interface for building 
and editing properties in TTL and for manipulating simulation 
traces (see Figure 1). A simulation trace consists of a finite number 
of state atoms, changing their values over time a finite number of 
times, i.e., the finite variability property holds for the traces. 

The verification algorithm is a backtracking algorithm that 
systematically considers all possible instantiations of variables in 
the TTL formula under verification. However, not for all quantified 
variables in the formula the same backtracking procedure is used. 
Backtracking over variables occurring in holds predicates is 
replaced by backtracking over values occurring in the 
corresponding holds atoms in traces under consideration. Since 
there are a finite number of such state atoms in the traces, iterating 
over them often will be more efficient than iterating over the whole 
range of the variables occurring in the holds atoms.  
 
                                                                 
1 The software can be downloaded (in combination with the LEADSTO software [3]) from: 

http://www.few.vu.nl/~wai/TTL. There are versions for Microsoft Windows and Linux. 

 
 
Figure 1. Interface of the TTL Checker tool. 
 

As time plays an important role in TTL-formulae, special 
attention is given to continuous and discrete time range variables. 
Because of the finite variability property of TTL traces, it is 
possible to partition the time range into a minimum set of intervals 
within which all atoms occurring in the property are constant in all 
traces. Quantification over continuous or discrete time variables is 
replaced by quantification over this finite set of time intervals. 

Formulae that contain variables quantified over infinite sorts not 
occurring in a holds atom will lead to the formula not being 
checkable by the TTL Checker (an error message will be given). 

In order to increase the efficiency of verification, the TTL 
formula that needs to be checked is compiled into a Prolog clause. 
Compilation is obtained by mapping conjunctions, disjunctions 
and negations of TTL formulae to their Prolog equivalents, and by 
transforming universal quantification into existential 
quantification. Thereafter, if this Prolog clause succeeds, the 
corresponding TTL formula holds with respect to all traces under 
consideration. 

The complexity of the algorithm has an upper bound in the 
order of the product of the sizes of the ranges of all quantified 
variables. However, if a variable occurs in a holds predicate, the 
contribution of that variable is no longer its range size, but the 
number of times that the holds atom pattern occurs (with different 
instantiations) in trace(s) under consideration. The contribution of 
an isolated time variable is the number of time intervals into which 
the traces under consideration are divided. 

The specific optimizations discussed above make it possible to 
check realistic dynamic properties with reasonable performance. In 
particular, checking the property ‘Learning Behaviour of Aplysia’ 
(involving eight different time points, see Section 4) against a 
single trace with three state atoms occurring in the verified formula 
and 28 changes of atom values over time takes 0.76 sec. on a 
regular PC. With the increase of the number of traces with similar 
complexity as the first one, the verification time grows linearly: for 
3 traces - 3.9 sec., for 5 traces - 6.59 sec. However, the verification 
time is polynomial in the number of isolated time range variables 
occurring in the formula under verification.  

6   CONCLUSION 
Within many domains, among which biological and cognitive 
areas, multiple interacting processes occur with dynamics that are 
hard to handle. Current approaches to analyse the dynamics of such 
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processes are often based on differential equations. However, for a 
number of applications these approaches have serious limitations. 
For example, within Cognitive Science, approaches based on 
differential equations are not particularly suitable to model higher-
level processes with mainly a qualitative character. To deal with 
these limitations, this paper presents the predicate logical Temporal 
Trace Language (TTL) for the formal specification and analysis of 
dynamic properties. Although the language has a logical 
foundation, it supports the specification of both qualitative and 
quantitative aspects, and subsumes specification languages based 
on differential equations. TTL allows the possibility of explicit 
reference to time points and time durations, which enables 
modelling of the dynamics of continuous real-time phenomena. 
Furthermore, more specialised languages can be defined as a 
sublanguage of TTL. For the purpose of simulation, the executable 
language LEADSTO has been developed [3]. For the verification 
of entailment relations, standard temporal languages such as LTL 
and CTL (e.g., [2, 10]) can be defined as sublanguages of TTL. 

TTL has some similarities with the situation calculus [20] and 
the event calculus [14], which are two well-known formalisms for 
representing and reasoning about temporal domains. However, a 
number of important syntactic and semantic distinctions exist 
between TTL and both calculi. In particular, the central notion of 
the situation calculus - a situation - has different semantics than the 
notion of a state in TTL. That is, by a situation is understood a 
history or a finite sequence of actions, whereas a state in TTL is 
associated with the assignment of truth values to all state properties 
(a “snapshot”  of the world). Moreover, in contrast to the situation 
calculus, where transitions between situations are described by 
actions, in TTL actions are in fact properties of states. 

Moreover, although a time line has been recently introduced to 
the situation calculus [18], still only a single path (a temporal line) 
in the tree of situations can be explicitly encoded in the formulae. 
In contrast, TTL provides more expressivity by allowing explicit 
references to different temporally ordered sequences of states 
(traces) in dynamic properties. For example, this can be useful for 
expressing the property of trust monotonicity: 
 ‘For any two traces γ1 and γ2, if at each time point t agent A’s experience 
with public transportation in γ2 at t is at least as good as A’s experience 
with public transportation in γ1 at t, then in trace γ2 at each point in time t, 
A’s trust is at least as high as A’s trust at t in trace γ1’ .  

∀γ1, γ2 
[∀t, ∀v1:VALUE  [ state(γ1, t) |== has_value(experience, v1) &  
[∀v2:VALUE state(γ2, t) |== [ has_value(experience, v2) → v1≤ v2 ]]] � 
[∀t, ∀w1:VALUE  [ state(γ1, t) |== has_value(trust, w1) &  
[∀w2:VALUE  state(γ2, t) |== [ has_value(trust, w2)  →  w1≤ w2 ]]]]] 

In contrast to the event calculus, TTL does not employ the 
mechanism of events that initiate and terminate fluents. Events in 
TTL are considered to be functions of the external world that can 
change states of components, according to specified properties of a 
system. Furthermore, similarly to the situation calculus, also in the 
event calculus only one time line is considered. 

To support the formal specification and analysis of dynamic 
properties in TTL, a special software environment (the TTL 
Checker) has been developed. The TTL Checker has an intuitive 
graphical interface for building and editing TTL properties, and 
employs an efficient algorithm for the formal verification of 
properties against a set of traces (for example obtained from 
experiments or simulation). Although this form of checking is not 
as exhaustive as model checking (which essentially means 
checking properties on the set of all theoretically possible traces), 
in return, this makes it possible to specify more expressive 
properties.  

To conclude, the approach proved its value in a number of 
research projects in different domains. It has been used to analyse 
complex processes in cognitive science (e.g., human reasoning 
[7]), biology (e.g., the dynamics of the heart [6]), social science 
(e.g., organisational change [11]), and artificial intelligence (e.g., 
design processes [5]). 
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