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Abstract

We study the topology of symplectic toric manifolds via properties of their associated
moment map, whose image is a convex polytope, known as the moment polytope. The
edges meeting at each corner of the moment polytope satisfy certain combinatorial prop-
erties, and there is a one-to-one correspondence between the polytopes satisfying these
properties and symplectic toric manifolds up to equivalence. By applying Morse theory
to the moment map, we recover the Betti numbers of the symplectic toric manifold. To
determine the cohomological ring structure, we first compute the equivariant cohomol-
ogy ring of the manifold, which also takes into account the given torus action, and then
relate this to the ordinary cohomology ring. More precisely, we construct a collection
of vector bundles, one for each corner of the polytope, whose equivariant Euler classes
generate the equivariant cohomology, and use the combinatorial data on the edges to
determine the ring structure.
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Popular summary

Dynamical systems have been studied for a long time, and attract a lot of attention, given
their widespread applications. A particularly nice class of dynamical systems is that of
Hamiltonian dynamical systems, and symplectic toric manifolds are special examples of
such Hamiltonian dynamical systems.

A natural example of a Hamiltonian system is a simple harmonic oscillator. Imagine
a mass suspended from a spring; we are interested in the behaviour of the displacement
of the mass from its equilibrium position, given a certain starting position. Hooke’s law
states that the force exerted by the spring is proportional to the displacement (for small
displacements, at least), so by Newton’s second law, the acceleration of the mass will
be proportional to the displacement as well. We ignore friction in this situation, which
is reasonable if the mass does not move too fast. A special property of this dynamical
system is that its behaviour is periodic; if we start with a displacement of zg below the
equilibrium position, then by the time the distance is x¢ above the equilibrium position,
the mass will have come to rest again, and will start moving down again. One can show
that if we consider at each time ¢ the pair (x(t),v(t)) consisting of the displacement
x(t) and the velocity v(t) of the mass, this traces out an ellipse in the plane R%. These
ellipses together form the entirety of R?, which is the state space for this dynamical
system: each pair (z,v) is a suitable state for our dynamical system (although our
physical assumptions do not quite hold up for every state). A particularly interesting
state is the rest state (0,0), which is the only state of our dynamical system which is
stationary. Furthermore, each ellipse corresponds to a certain energy level (which in this
case is the sum of the potential energy in the spring and the kinetic energy of the mass),
and the rest state has minimal energy, namely O.

Symplectic toric manifolds share many properties with the previous example: they
are state spaces for multiple Hamiltonian dynamical systems, which are independent
(think of two simple harmonic oscillators that do not interact with eachother), and
also have periodic behaviour. These state spaces are interesting because they turn out
to be completely described by their associated energy functions, also known as their
moment map: the image of this moment map is a convex polytope in R”, where n is the
number of independent Hamiltonian systems under consideration. These polytopes turn
out to have strong restrictions on the directions of the edges meeting at each corner,
and polytopes satisfying these properties are actually in one-to-one correspondence with
symplectic toric manifolds. A polytope is much easier to understand (and draw!) than a
state space for a dynamical system. In this thesis, we relate properties of the polytope to
properties of the state space. In particular, we compute the cohomology ring of the state
space, which can roughly be considered to be the information determining the number
of holes in the space, as well as the interactions between these holes. Generally, if one
is given just a dynamical system, this cohomology ring is very difficult to compute, so
there is a significant advantage to being able to do so from a concrete representation of
the state space.



1. Introduction

Hamiltonian dynamical systems have been studied for a long time and arise naturally
in many physical contexts, such as frictionless classical mechanical systems. Of par-
ticular importance is the phase space associated to such a dynamical system, which is
a symplectic manifold. In this thesis, we investigate the topological properties of the
phase spaces associated to completely integrable Hamiltonian systems with periodic or-
bits; that is, a collection of n independent Hamiltonians on a (compact) 2n-dimensional
phase space, whose flows commute and are periodic. These phase spaces are known as
symplectic toric manifolds. Natural examples of completely integrable systems include
(n-dimensional) frictionless harmonic oscillators, but also the two-body problem. More
complicated examples of symplectic toric manifolds are known to arise in the theory of
mirror symmetry [10].

Symplectic toric manifolds are also special from a geometric viewpoint: they are sym-
plectic manifolds with an effective torus action, almost all of whose orbits are Lagrangian
tori, and thus symplectic manifolds with a high degree of homogeneity. Furthermore,
they are classified by special combinatorial polytopes, and certain operations on symplec-
tic manifolds, such as symplectically blowing up a point, correspond to a modification of
the corresponding polytope. Therefore symplectic toric manifolds form a class of sym-
plectic manifolds for which computing invariants is more tractable than for a general
symplectic manifold.

As for prerequisites, we roughly assume knowledge of basic differential geometry and
symplectic geometry, and familiarity with basic notions from algebraic topology, in-
cluding characteristic classes of vector bundles and the Thom isomorphism theorem.
Furthermore, we use Morse theory at various stages, but do explicitly give references
whenever appropriate.

In Chapter 2, we first give a formal definition of symplectic toric manifolds, and
give basic examples. The essential part of the definition concerns the so-called moment
map, which serves as a collection of Hamiltonians for independent commuting dynamical
systems. For a more extensive treatment of symplectic geometry and symplectic toric
manifolds, we refer the reader to [6] and [4]. We then discuss the convexity theorem
for the moment map, proven independently by Atiyah [I] and Guillemin and Sternberg
[8], which states that the image of the moment map is a convex polytope, and is in fact
the convex hull of the images of the fixed points of the torus action. This result was
further strengthened by Delzant [7]: these convex polytopes satisfy certain combinatorial
properties, and are in fact in one-to-one correspondence with symplectic toric manifolds
(up to equivalence).

Given this classification, it is natural to ask whether there exist straightforward meth-
ods of computing topological invariants of the symplectic toric manifolds directly from



their moment polytope. In Chapter 3, we compute the (co-)Betti numbers, by relating
critical points of the Hamiltonian for a generic direction in the torus to the ranks of the
cohomology groups via a standard Morse-theoretical argument.

In Chapter 4, we study the equivariant cohomology ring (with integer coefficients) of
symplectic toric manifolds. Equivariant cohomology is a version of cohomology adapted
to spaces endowed with a continuous group action. The primary difference between
equivariant and ordinary cohomology is that the equivariant cohomology of a point is
generally highly non-trivial, whereas the ordinary cohomology of a point is Z. On the
other hand, the equivariant cohomology of a single free orbit is trivial. Despite this dif-
ference, one can define characteristic classes for equivariant vector bundles; in particular,
there exist non-trivial equivariant vector bundles over a point. We then proceed to use
Morse theory, as in Chapter 3, to find a basis for the equivariant cohomology ring of
symplectic toric manifolds, and we identify each basis element as the equivariant Euler
class of an equivariant vector bundle over the symplectic toric manifold, with the main
result being the following.

Theorem . Let M be a symplectic toric manifold with moment map p: M — t*,
and let F' be the set of fixed points of the action. Then for a choice of generic direction
X e t, write A, C M for the preimage under p of the flow-up face of v, relative to X.
Then for each v € F' there exists an equivariant vector bundle E, — M such that E,|a,
is isomorphic to the normal bundle of A, in M. Furthermore, the inclusion-induced
map H5 (M) — H}(F) is injective, and the equivariant cohomology ring Hy (M) is a
free HY.-module on the equivariant Euler classes er(Ey).

The injectivity of H}.(M) — H}.(F') was already recognized by Atiyah and Bott [3], as
was the fact that H}.(M) is a free Hj-module. However, they do not provide an explicit
basis for H;.(M), although in [2] they show that in equivariant Morse theory, the Euler
classes of negative normal bundles play a critical role in determining the rank of H7.(M)
in each degree; the negative normal bundles are in turn the restrictions of the normal
bundles associated to the flow-up faces.

To explicitly construct the E,, we use Delzant’s construction of symplectic toric man-
ifolds from their moment polytopes. This construction also allows us to compute the
equivariant Euler classes of the bundles when restricted to the fixed point set of the
torus action, as demonstrated by the following theorem.

Theorem (4.3.8). Let v € F be a fizred point and E, — M be the extension of the
normal bundle of preimage (under u) of the flow-up face A, C M, as in Theorem .
Then for any fized point v' € F, if we take Hy.({v'}) = Z]xy : i = 1,...,n], we have

0 if o' & A,

er(Ey)ly = n .
Hé‘:1 > i (—ujimy) if v € Ay

where —u; € Z", j = 1,...,1 are the directions of the edges meeting at p(v') that do not
point into A,, and uj; is the i-th coordinate.



We now have generators for H}.(M) as a Hj-module, and know their images along
the injection H} (M) — HJ}.(F). Moreover, in H}(F) it is easy to compute products,
as it is a direct sum of polynomial rings; therefore we have now deduced the product
structure of the equivariant cohomology ring. This may then be used to compute the
product structure of the ordinary cohomology ring of the manifold, using the following
theorem.

Theorem . Let 7 : M — M xp ET denote the inclusion. Then the map j* :
H7 (M) — H*(M) is surjective, and H*(M) is generated as an abelian group by the set
of e(Ey), v € F. Furthermore, for any element r € H}. of degree at least 2, we have
j*(rer(Ey)) = 0.

This theorem effectively says that to go from the equivariant product structure to
the product structure on ordinary cohomology, all we need to do is forget its module
structure with respect to the equivariant coefficient ring. We have thus established
that the cohomology ring of any symplectic toric manifold is (additively) generated by
characteristic classes of a collection of vector bundles, one for each fixed point of the torus
action. Although this result is not completely new (see Audin [4, Thm. VIL.3.8]), our
advantage is that we have identified an additive basis for H*(M) whose pairwise products
are easy to compute, rather than providing a description of H*(M) as a quotient of a
polynomial ring on degree-2 generators. Moreover, the proof given in Audin uses the de
Rham model for equivariant cohomology, along with the Duistermaat—Heckman theorem
[4, Thm. VI.2.3], whereas the proof we give relies more heavily on Morse theory.



2. Classification of symplectic toric
manifolds

2.1. Introduction and definitions

In this section we give basic definitions related to symplectic toric manifolds, along with
some examples.

Definition 2.1.1. The 1-torus is the Lie group S' = T, consisting of complex numbers
z € C with |z] = 1, and whose multiplication is given by multiplication of complex
numbers. Alternatively we may construct 7" as the quotient group R/(27Z), and we
identify R/(27Z) with S! by sending the equivalence class of [z] to e**.

If 0/0x denotes the canonical basis element of the tangent space ToR of R at 0,
then its pushforward under the projection map R — R/(27Z) is a nonzero vector in
t=T.T', and is also denoted by d/0z. Thus 0/0z is chosen such that the exponential

map exp : t — T satisfies
exp t2 = ¢,
ox

The dual basis element is then denoted by dx € t*, satisfying dz(9/0x) = 1. Similarly,
for the n-torus T" = (T!)", its Lie algebra t has a canonical basis 9/9x1,...,0/0x,,
whose dual basis for t* is denoted by dx1, ..., dx,.

Definition 2.1.2. A closed symplectic manifold (M?",w), endowed with an action of
the n-torus T, is called a symplectic toric manifold if

e the torus action is effective (i.e., faithful), and

e the torus action is Hamiltonian. That is, there exists a T"-invariant smooth map
w: M — t*, satisfying
d<:u7 X> = w(X#v )
for every X € t. Here (-,-) is the natural pairing t* x t - R, and X # is the vector
field on M defined as

Xt = 5| (X))

for any p € M. The map p is called a moment map, and serves as a collection of
Hamiltonian functions for the vector fields X#.

We consider T and p to be part of the data, and so denote a symplectic toric manifold
by a quadruple (M,w,T™, u).



Example 2.1.3. Our prototypical example for a torus action is as follows. We consider
C"™ for n > 0 with a T™-action on it given by

(Ugy ey tup) - (2150 2n) = (U121, o, Up2y)

with (z1,...,2,) € C"and (u1,...,u,) € T". We endow C" with its standard symplectic

structure, defined as
. n n
= %Zdz] Ndzj = Zdl‘j A dy;
j=1 J=1

where z; = x; + 1y;. With respect to this symplectic form, the torus action is Hamilto-
nian, with a moment map given by

N 1
i C» =t uzr,...,2n) = —§(|z1|2, ozl

The latter term (|z1]?, ..., |2,|?) is with respect to our standard basis for the Lie coal-
gebra t* of the torus. We check that this is indeed satisfies our definition for a moment

map. It is clearly T"-invariant. Now let X = (Xi,...,X,) € t; then exp(tX) =
(efX1 .. et&Xn) € T, so

0
X#(Zlv"'vzn) = a

9
ot

L (exp(tX) - (z1,---,2n))

(6itX1 ez'tXn Zn) )

gee ey

t=0

To compute these derivatives, note that

g itX1 ;
o, © (z1 +iy1)
0
= 3 ((cos(tXl)xl —sin(tX1)y1) + i(cos(tX1)y1 + sin(tX1)x1))
= cos(tX1)z1 — sin(tX1)y: 0
= 1)T1 1 B

cos(tX1)y1 + sin(tX7)x > 88

+(

=-X X )
1y18 + 1=761ay1

Therefore "
w(X#,) = Xj(—yydy; — xda;).
j=1



On the other hand, we have

n

1 1
d{p, X) =d —§ZXj|zj‘2 = _id ZX]'(JC? +y]2')
j=1 J=1

== Xj(wjdz; + y;dy;).
j=1

Therefore d{y, X) = w(X#,-), and we conclude that the torus action is Hamiltonian.
Note that (C™,wp) with this torus action does not form a symplectic toric manifold,
because C" is not closed.

Example 2.1.4 (Complex projective space). The prototypical example for a symplectic
toric manifold is as follows. Let CP! be complex projective space, with an S1 = T'-action
given by

u- (20 21] = [20 @ uzi]

for u € S c C. Clearly T" acts effectively on CP!, as every u € S acts on [1:1] as
[1: u], which is [1 : 1] if and only if u = 1.

The standard symplectic form on CP" is the Fubini-Study form wgg, defined as fol-
lows. The Fubini-Study form &pg on C**1\ {0} is given by

Gps = 500log(|2[?)

where z = (29, ..., 2,) € C""1\ {0}. Here the operators d and 0 refer to the Dolbeault
operators. One can check that if Ly : C**1\ {0} — C"*!\ {0} is defined by z — Az for
A € C*, then (L))*Wrs = Wrg. This guarantees that Wpg descends to a 2-form wgrg on
CP"™, which one can check to be a symplectic form.

With respect to the Fubini-Study form, the torus action is also Hamiltonian, with
moment map given by
1 |21]?

w(lz0 : 21]) = NEEEEE

After identifying CP* = S2, this action can be viewed as rotating the sphere around
its z-axis. The moment map under this identification becomes (up to scale) the height
function on S?, which is clearly invariant under the circle action.

This example easily generalizes to higher dimensions. Let T™ act on CP™ by

(Ulyoooytn) - [20 210 oo 2] = [20 T w121 ¢ oot UpZn).

This action is again effective, and Hamiltonian (with respect to the Fubini-Study form)
with moment map given by

C ) _ 1 ’21‘2 ’zn’2
w(lzo 210 ... 2n)) = 2(],2\2"”’ o)




Observe now that the fixed points of this torus actionare [1: 0:...:0[,[0:1:0:...:0],
et cetera, and that the images of the fixed points under the moment map are (0, ...,0),
(—=1/2,0,...,0), (0,...,0,—1/2) in t* = R™. The image of p is by inspection seen to
be the convex subset of R"™ spanned by the images of the fixed points of the action.
Furthermore, each point in the image of R™ has its preimage consisting of exactly one
orbit of the torus action. This turns out to be a general fact about symplectic toric
manifolds.

Theorem 2.1.5 (Atiyah[I], Guillemin-Sternberg[8] Convexity). Let (M?",w) be a sym-
plectic toric manifold with associated moment map p : M — t*, and let F' denote the
set of fixed points of the T"-action. Then p(M) is the convex hull of u(F'), and each
non-empty fiber p=(p) for p € (M) is connected.

Definition 2.1.6. The image p(M) is called the moment polytope of (M,w, T, 1).

Example 2.1.7. Any product of symplectic toric manifolds is again a symplectic toric
manifold. More precisely, let (Mzzni,wi,ﬂni, i), i = 1,2 be symplectic toric manifolds.
Define M = M; x My, w = pjw; + pswa where p; : M — M; is the projection, and let
Tmtn: = TP x T9'2 act on M via the product action. The associated moment map is
then p : M — t* defined by u(p1,p2) = p1(p1) + pa(p2), where we identify t* with t] & 5.
The moment polytope of M is then the product of the moment polytopes of M; and
M.

2.2. Equivariant Darboux charts and the Delzant
classification

Given the Atiyah—Guillemin—Sternberg convexity theorem, it becomes a natural question
to ask how much information about M and its torus action can be recovered from its
moment polytope. The first step towards answering this is to formulate a notion of
equivalence of symplectic toric manifolds with their moment maps. Since translations
of the moment map are moment maps, and invertible integral linear transformations of
t* = R” correspond to Lie group automorphisms of the associated torus, we make the
following definition of weak equivalence.

Definition 2.2.1. Two symplectic toric manifolds (M2?", w;, T, ui), i = 1,2, are called
weakly equivalent if there exists a symplectomorphism f : M; — M, and a Lie group
isomorphism ¢ : 77" — T3 such that

f(up) = g(u) f(p)

for w € T{" and p € M, and (deg)* o ua o f and p; differ by a constant. Here (d.g)* :
t5 — ] is the dual of deg : t1 — to.

Example 2.2.2. The symplectic toric manifolds ((C]P’1 X (C]P’l,p’{wll;S + p§w%S,T1 X
T, py X po) and (CP?,wpg, T?, 1) are not weakly equivalent, because there is no diffeo-
morphism CP! x CP' — CP?.
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b2 p1

2 b3

Figure 2.1.: The moment polytope for the k-th Hirzebruch surface Wy.

Example 2.2.3 (Hirzebruch surface). A more subtle example which incorporates the
moment polytope is the following. Let & > 0 be an integer, and let W), be the subset
of CP! x CP? consisting of all points ([a : b], [z : y : 2]) such that a®y = b*z. This
is a smooth complex hypersurface, as it is locally defined as a regular level set of a
holomorphic function; for instance, on {a # 0,z # 0}, it is the zero set of Z—]Z — ¥, Let
j : W — CP! x CP? be the inclusion map, and set w = j*wpg with wpg the Fubini-Study
form on CP' x CP?. Note that w is closed since dw = j*(dwps) = 0. To see that w is
nondegenerate, let ¢ denote the Hermitian metric on CP! x CP? associated to wrg, and
let J be the almost complex structure on CP' x CP?. As W}, is a complex submanifold,
J restricts to an almost complex structure on Wj,. Now for p € Wy, and u € T,Wy,

w(u, Ju) = wrs(u, Ju) = g(Ju, Ju) >0

so w is nondegenerate on Wi.
Now W}, with its projection onto the first coordinate is a CP'-bundle over CP!, and
is known as a Hirzebruch surfaceﬂ Let T? act on W}, by defining

(u,v) - ([a: 0], [z :y: 2]) = ([ua : b], [u¥z : y : vz]).
This is a Hamiltonian action with moment map

Mkiwk%f*gRQ

T T L(_ laf |z ||
(s hle=v ) - =5 (s M T o W )

The fixed points of the action are vy = ([0 : 1],[0 : 1 : 0]), vo = ([1 : 0],[1 : 0 : 0]),
v3=([0:1],[0:0:1]) and vg = ([1:0],[0:0: 1]), and their images under the moment
map are py = (0,0), p2 = (=(k +1)/2,0), ps = (0,—1/2) and py = (-1/2,-1/2),
respectively. Hence by the convexity theorem, py(Wy) is the convex hull of py, ..., pa,
as depicted in Figure [2.1

We now show that for k, k¥’ > 0 distinct integers, Wy, and Wy are not weakly equivalent
as symplectic toric manifolds. Suppose for contradiction that we have a symplectomor-
phism f : W), — Wy and a Lie group isomorphism g : T? — T? with f(up) = g(u)f(p)

!There are only two S2-bundles over S?: they correspond to homotopy classes of maps S* — Diff (52) by
the clutching construction, and the latter deformation retracts onto O(3) [I5]. Therefore S*-bundles
over S? are in one-to-one correspondence with elements of m1(O(3)) & Z/27Z, where we ignore the
issue of basepoints.
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for all u € T?, p € W}, and such that (deg)* o uw o f — i is a constant, say a € t*.
Since f preserves fixed points, (deg)* — a sends the corners of pg/(Wy/) to the corners
of pux(Wy), and hence also sends edges to edges. Now assume without loss of generality
that k& > k', and let ey, es € (R?)* be the standard basis. Then the norm of (d.g)*e; is
at least one, and hence the edge from p; = (0,0) to p2 = (—(k 4+ 1)/2,0) is mapped to
an edge of length at least (k + 1)/2. However, py (Wj/) only has edges of length 1/2,
V(K /2)2 + (1/2)2 and (k' +1)/2, each of which is less than (k+1)/2, so we have reached
a contradiction.

The previous example shows that we can show that two symplectic toric manifolds
are distinct by looking at “global” information, namely their moment polytope. In the
other direction, it turns out that near fixed points, the symplectic toric manifolds are
indistinguishable, up to a reparameterization of the torus.

Definition 2.2.4. Let u € Z" be an integral vector. Then T is said to act on C" with
weight vector w if for each z € T, we have

Z: (Zh R Zn) = (’Zulzla SER) Zunzn)v
where u; denotes the i-th coordinate of w. Similarly, if uy,...,ur € Z" are integral
vectors, then T is said to act on C™ with weight vectors u1, . . ., uy, if foreach j = 1,...,k,

the j-th factor of T% acts on C" with weight uj.

Theorem 2.2.5. Let (M?",w,T™, 1) be a symplectic toric manifold, and let (C",wq) be
linear complex space with its standard symplectic form. Let v € M be a fized point of the
torus action. Then there exist vectors uy,...,u, € Z"™ and T™-invariant neighbourhoods
U ofveM and Uy of 0 € C*, and a T™-equivariant symplectomorphism f : (U,w) —
(Up,wp), where T™ acts on Uy with weights u, . .., u,. Under this identification, u takes
the form

1
pzn, o) = p(v) = 5 > Jzilus

where we now view the u; as vectors in (R™)* = ¢*.
We do not prove this theorem in detail, although we do provide a sketch of its proof.
A full proof can be found in [9, Section 32].

Sketch of proof. Since T™ is compact, we can take a T™-invariant Riemannian metric g on
M. The exponential map exp : T, M — M is then T™-equivariant, where 7" acts on T, M
by differentiating the action on M at v. Then there are T"-invariant neighbourhoods
U1 2 v and Uy 2 0 such that exp : Uy — U; is a diffeomorphism. The pullback we =
exp*(w) is then a symplectic form on U, and we may define another symplectic form
wiin on Ty M by taking wyin|o = we|o, and asserting that wy;, is translation-invariant. An
equivariant version of Darboux’s theorem can be proven with Moser’s trick [9, Thm. 22.1],
which then allows one to conclude that there exists a neighbourhood Us 3 0 and a 1T™-
equivariant symplectomorphism F : (Us, wyi,) — (Uz, w2), shrinking Us if necessary. The
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final step is then to find an identification between (Us, wy;,) and (C™,wp) and determining
the vectors wq,...,u,. Since g is a T"-invariant metric, g, is a T"-invariant inner
product on T, M, which together with the symplectic form on T;,M defines a complex
structure and a T™-invariant Hermitian form on T, M, and hence we have a unitary
representation 7" — U(T,M). Since these linear operators commute, they can be
simultaneously diagonalized, i.e., there exists a C-linear basis wq, ..., w, such that the
image of each element of T™ is a diagonal matrix. The weights uq,...,u, can then
be recovered from this diagonal form. Since the complex structure is compatible with
the symplectic structure, wy,iws, ..., wny, iw, is a symplectic basis for T, M, so we get
a symplectomorphism (T, M,wy,) — (C" wp), which is T™-equivariant by definition of
the action on C". The local form for the moment map then follows from uniqueness. [

The local model is a key ingredient for the following complete classification, due to
Delzant [7].

Theorem 2.2.6 (Delzant classification). Symplectic toric manifolds are classified by
their moment polytopes: let (Mf”,w,-, " i), i = 1,2 be two symplectic toric manifolds,
such that im 1 = imuo € t*. Then there exists a T™-equivariant symplectomorphism
@ My — My such that po = py o .

Furthermore, given a symplectic toric manifold (M?",w,T", 1), for each fived point
veM:

1. there are exactly n edges meeting at u(v),
2. each edge is of the form pu(v) — tu; fort >0, u; € Z™, and
3. Ui, ..., uy form a Z-basis for Z".

Any convex polytope satisfying the above conditions at each corner is called a Delzant
polytope. Furthermore, for each Delzant polytope, one can construct a symplectic toric
manifold with precisely this polytope as image.

Example 2.2.7. Let T2 act on CP? as in Example and let p : CP? — ¢* be the
moment map. The fixed points vg =[1:0:0], v =[0:1:0] and vo = [0:0: 1] are
mapped to po = (0,0), p1 = (—=1/2,0) and p2 = (0, —1/2) respectively, so the moment
polytope is the convex hull of py, p; and po, as depicted in Figure At pg, the edges
of the moment polytope are of the form py — ¢(1,0) and py — ¢(0,1) for 0 < t < 1/2,
and (1,0) and (0,1) form a Z-basis for Z". Similarly, at pi, the edges of the moment
polytope are of the form p; — t(—1,0) and p; — t(—1,1), and (—1,0) and (—1,1) also
form a Z-basis for Z".

Example 2.2.8. Let & > 0 be an integer and let Wy be the k-th Hirzebruch surface
as in Example The moment polytope is the convex hull of the points p; = (0,0),
p2 = (—(k+1)/2,0), ps = (0,—1/2) and ps = (—1/2,—1/2), as depicted in Figure [2.1]
At po, the edges are of the form py —¢(—1,0) and p2 — t(—k, 1), and (—1,0) and (—k,1)
form a Z-basis for Z.

13



P = (_1/27 0) bo = (070)

b2 = (05 _1/2)
Figure 2.2.: The moment polytope for the complex projective plane CP?.

(0,1)

(0,0) (k,0)

Figure 2.3.: An example of a polytope in (R?)* that is not a Delzant polytope. Here,
k > 1 is an integer. The polytope is not a Delzant polytope because the
directions of the edges at (0,1) and (k,0) do not form a Z-basis for Z".

Example 2.2.9. An example of a non-Delzant polytope is the convex hull of (0,0),
(0,1) and (k,0) for integral k > 1, as shown in Figure at (0,1), the edges will be of
the form (0,1) — ¢(—k, 1) and (0,1) — ¢(0,1). However, (—k,1) and (0,1) do not form a
Z-basis for Z".

Example 2.2.10. An example of a polytope in (R?)* which is not Delzant is a pyramid
with a square base, that is, the convex hull of (0,0,0), (1,0,0), (0,1,0), (1,1,0) and
(1/2,1/2,1/2). Every edge in this polytope has integral direction, but there are 4 edges
meeting at (1/2,1/2,1/2).

In Section 4.3, we will use the explicit construction of the symplectic toric manifolds
to build vector bundles with special properties. Note that the Delzant classification the
above classification gives also gives a one-to-one correspondence between 2n-dimensional
symplectic toric manifolds, up to weak equivalence, and Delzant polytopes in (R™)*, up
to invertible integral linear transformation and translation.
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3. Morse theory on symplectic toric
manifolds

We recall some of the basic definitions and properties of Morse theory that will be
relevant later on. For proofs and more detailed statements, we refer the reader to [13].
Let M™ be a smooth manifold of dimension n.

Definition 3.1 ([13] §2]). Let f : M — R be a smooth function. A critical point z € M
of f is called nondegenerate if in local coordinates x1, ..., z, around x, the Hessian

J— an
H,(f) = <8xi3$j > 1<i,j<n

is invertible. If z is nondegenerate, its index A is defined as the number of negative
eigenvalues of H,(f), which does not depend on the choice of coordinates. If each
critical point of f is nondegenerate, then f is called a Morse function.

Lemma 3.2 (Morse Lemma, [I3, §2.2]). Let f : M — R be a smooth function and
x € M a nondegenerate critical point of f with index \. Then there exist local coordinates
Z1,...,Ty centered at x (so (0,...,0) = x) such that

flx1,. .. xn) :f(:c)—x%—---—x§\+:p?\+1+~-+x%.
The following two theorems then allow one to determine the homotopy type of a
(compact) smooth manifold.

Theorem 3.3 ([13} §3.1]). Let f : M — R be a smooth function, and for ¢ € R define the
sublevel set M = f~((—o0,c]). Assume we have a,b € R, a < b, such that fﬂ[a, b))

is compact and does not contain any critical points of f. Then the sublevel sets M* and
M are diffeomorphic, and M" is a deformation retract of .

Theorem 3.4 ([13, §3.2, §3.4]). Let f : M — R be a smooth function, v € M a
nondegenerate critical point of f with index \. Set f(p) = ¢, let € > 0 and assume
f7e —€,c+ € is compact and does not contain any other critical points of f. Then
for all € sufficiently small, M“T¢ has the homotopy type of M ¢ with a \-cell attached.
Furthermore, M€ is a deformation retract of Mcte.

From here onwards, let (M?" w,T™ 1) be a fixed symplectic toric manifold. Let
X € t be a generic direction so that {exp(tX) : ¢ € R} is a dense subgroup of T". Define
f:M — Rby f(p) = (u(p), X), where we recall that (-,-) denotes the natural pairing
" xt—=R.
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e P2 P
—
- /X
\
\
p4\ b3

Figure 3.1.: The moment polytope corresponding to the k-th Hirzebruch surface Wj.
The red lines indicate the level sets of the pairing (-, X) : (R?)* — R, where
X is the vector as depicted. The blue arrows at each corner p; indicate the
direction of the vectors v € Z?2 such that the edges at p; are of the form
p; — tu, with t > 0.

Theorem 3.5. The function f = (u, X) is a Morse function, whose critical points are
precisely the fixed points of the torus action. Furthermore, each critical point v € M has
even indez: if the edges meeting at u(v) of the form u(v) —tu; fort >0 and u; € Z™ for
i=1,...,n, then the index of v is determined as twice the number of u; with (u;, X) > 0.

Definition 3.6. Let u; € Z" be as in Theorem Then the edge with direction u; is
called a negative edge, relative to X, if (u;, X) > 0. Similarly, if (u;, X) < 0, then the
edge with direction u; is referred to as a positive edge, relative to X.

Example 3.7 (Hirzebruch surfaces). Let £ > 0 be an integer and let W} be the k-th
Hirzebruch surface, cf. Example The moment polytope for W, is the convex hull
of p1 = (0,0), p2 = (—(k+1)/2,0), ps = (0,—1/2) and ps = (—1/2,—1/2), as shown
in Figure Let X be a small clockwise rotation of (—1,0) € R?; then the red lines
indicate the level sets of (-, X) : (R?)* — R. At each corner p;, the blue arrows indicate
(the directions of) the uj,us associated to that corner; for instance, at p4, the arrows
point in the direction of (k,—1) and (—1,0). Theorem says that the index at the
critical point corresponding to each p; is twice the number of blue arrows along which
the evaluation with X would increase; so for pq,...,ps, the indices are 0, 2, 2 and 4,
respectively.

Proof of Theorem [3.5 First observe that w(X#,-) = d{u, X) = df by the definition of
the moment map. Therefore, for each p € M, df,, is zero only when w(X#(p), -) is zero,
which is true if and only if X7 (p) is zero, by nondegeneracy of the symplectic form.

Now assume v is a critical point of f. We show that v must be a fixed point of the
action. Note that since X#(v) = 0, for each s € R we also have

X7 (exp(sX)v) = %(exp(tX) exp(sX)v) = %(exp(sX) exp(tX)v)

= dy(exp(s X)) X ¥ (v) =0,
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where we view exp(sX) as a map M — M by left-multiplication. Therefore the map
R — M, s — exp(sX)v has zero derivative everywhere and must be constant. In
particular, as exp(0X)v = v, exp(tX)v = v for all t € R. By density of the subgroup
generated by X in T™, we conclude that every g € T™ has gv = v. The other direction is
simpler: if v is a fixed point of the torus action, then exp(tX)v = v is the constant curve,
and so X7 (v) = 0. Now it remains to check that each critical point is nondegenerate,
and of even degree. Fix a critical point v € M of f, and let the edges meeting at p(v)
be of the form u(v) — tu;, t > 0, for uy,...,u, € Z". By Theorem there exist
local coordinates 1, ..., ZTn,y1,...,Yn centered at v (i.e., v corresponds to 0) such that
w =), dx; A\ dy;, with z; = z; + iy; such that

1 n
plzt,- e 2n) = p(v) = 5 > lzPuy.
j=1

In this local model, we see that

Flets o) = (), X) = 5 [z, X)

j=1

Therefore f clearly has even index at 0, determined as twice the number of i with
<ui, X > > 0. ]

Corollary 3.8. Let H*(—) = H*(—;Z) denote the (singular) integral cohomology func-
tor. The cohomology ring H*(M) is zero in odd degree, and is torsion-free. Furthermore,
H*(M) is nonzero whenever 0 < k < 2n is even, with rank equal to the number of critical
points of f of index k.

Proof. This is Morse’s lacunary principle: the indices of the critical points of f do not
contain any consecutive integers, and hence the rank of H¥(M) is equal to the number
of critical points of f with index k. To see this, assume we have chosen X such that
f = (u, X) has different critical values for each fixed point v of the torus action. Label
the critical values ¢; < --- < ¢;, and the corresponding indices by Aq,..., ;. We now
proceed by induction on the critical values, with e > 0 small enough: M~ = ), and so
H *(Mcl_e) = 0, which is torsion-free and zero in odd degree. Now for each 1 < j <,

the long exact sequence for the pair (M +E,Mcj ) is
s HA MO MO > HY (MO = B (MY = MO M) — -

By Theorem HF (Mcj +6, MY 76) is zero if k # \;, and otherwise it is Z. Furthermore,
by the induction assumption, H*(M“™°) is zero for k = A\; — 1,\; + 1. Therefore the

long exact sequence splits into short exact sequences, and H* (M +€) =~ HF(M7 ™) if
k # Xj. On the other hand, if £ = );, then we have a short exact sequence

0 —— HN(M T M) —— HN(MOT) —— HN(MY ™) —— 0.
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Since ¢; is a critical value of index A;, H N (M +€, M%) = 7, which is torsion-free. Fur-
thermore, by the induction hypothesis, H* (M7 ) is torsion-free, and so H* (M"~ +€)
is torsion-free as Wel Moreover, the rank of H* (M +E) is one plus the rank of
HY (M“™). Theorem gives H¥(M“) = H*(M“* ™). Induction now gives the
claimed result for H*(M“"), and M= M.

The fact that H¥(M) is nonzero whenever 0 < k < 2n is even then follows from either
considerations of the structure of the moment polytope of M, or one may appeal to
the fact that M is symplectic; the latter fact gives that the k-th exterior power of the
symplectic form is cohomologically nontrivial for every 0 < k < n (see e.g. [0]). O

!Given a short exact sequence 0 — A — B — C — 0 of abelian groups, if A, C' are torsion-free, then
B is as well. Indeed, suppose x € B and nz = 0 for n # 0; then the image of nzx is zero in C, so
the image of z is zero in C (since C is torsion-free). Therefore z is in the image of A, say z is the
image of y € A. Then ny is mapped to 0 € B, but A — B is injective, so ny must be zero. Since A
is torsion-free, y = 0, and x = 0 as well.
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4. Equivariant cohomology

4.1. Introduction

In the previous chapter, we determined the rank of degree of the cohomology ring of a
given symplectic toric manifold (M?",w, T", ). However, determining the ring structure
(i.e., the cup product of any two generators) of H*(M) is a more delicate matter. In this
chapter, we compute the equivariant cohomology[3][2], a version of cohomology which
remembers the torus action (or more generally any group action), and then we relate
the ring structure on equivariant cohomology to that of the original cohomology ring.

Definition 4.1.1. Let G be a compact Lie group. A locally trivial principal G-bundle
over a paracompact Hausdorff space X consists of a fiber bundle 7 : P — X with
a continuous right G-action, such that there is an open covering {Uy}aca of X and
homeomorphisms ¢,, : U, x G — 771 (U,,) with

1. (ba(pag) = ¢a(pa €)g for g€ Uom gc G7 and
2. m¢o = pu, where py, is the projection U, x G — U,.

A universal G-bundle is then a principal G-bundle EG — BG with EG (weakly) con-
tractible, that is, all homotopy groups of EG vanish. The space BG is known as a
classifying space for G. Furthermore, any two classifying spaces are (weakly) homotopy
equivalent. For more information, see for instance [11].

Definition 4.1.2. Let M be a topological space endowed with a continuous right G-
action. Then G acts freely on M x EG with the diagonal action, given by

(p,x)g = (pg,zg)-

We denote the quotient space (M x EG)/G by M xg EG, and define the equivariant
cohomology H (M) as H*(M xg EG)EI If {p} is a single-point space with the trivial
G-action, then {p} xg EG = EG/G = BG, and so Hj:({p}) = H*(BG). Given any
space M with a continuous G-action, the unique map M — {p} is then G-equivariant,
and hence defines a map Hf({p}) = H{(M) (of rings). Therefore HA:(M) is a module
over Hf.({p}), and we shall abbreviate the latter by Hf.

Example 4.1.3. Set G = T!'. Let C*® be the complex vector space of all tuples
(20,21, ... ) where only finitely many z; are nonzero. Then

S = {(20,21,...) €C®: |z]> =1},

!'Note that some authors define M x¢ EG to be the quotient of EG x M by the equivalence relation
(eg,x) ~ (e, g™ 'x), where M is endowed with a left-action rather than a right-action.
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is contractibld’}, and admits a T"'-action via

- (z0,21,...) = (uzo,uz1,...)

where u € T'. The quotient S /T is the complex projective space CP> consisting
of lines in C*°, and the quotient map 7 : §°° — CP* has the structure of a principal
T'-bundle. Therefore 7 : > — CP* is a universal 7''-bundle, and we will henceforth
write ET! = S, BT! = CP*. If we let 7" act trivially on a single point {p}, then

71({p}) = H*({p} xq1 ETY) = H*(BT") = H*(CP™) = Zlex(7)],

where 7 — CP* is the tautological vector bundle, and ¢1(7) is the first Chern class of
T.

Remark 4.1.4. For any topological group G, there exists a universal G-bundle EG —
BG [11, Ch. 4]. We will only be interested in ET™ — BT™ for n > 0, and we have
constructed ET' — BT! above. For n > 1, we then set ET™ = (ET!)" and BT"™ =
(BTYH)".

Example 4.1.5. Let T" act trivially on a point p. Then, if 7; : ET" = (ET')" — ET!
denotes the projection on the i-th coordinate, we obtain a map

T {p} xpn ET™ — {p} xp ET".
Then H7..({p}) = H*((CP*)"), and we identify

H*((CP®)) = Zlan, . .., 2]

where x; = 7} (c1(7)) = (7}

*(7)) is the pullback of our earlier choice of generator for
H*(CP*>).

Remark 4.1.6. Many basic properties of cohomology still remain valid for equivariant
cohomology, as long as all the data is compatible with the G-action. Some examples
include:

o If X, Y are spaces with continuous G-actions and f : X — Y is a G-equivariant
continuous map, then we obtain a ring morphism f* : H:(Y) — HE(X). Further-
more, if f/: X — Y is another G-equivariant map and H : X x [0,1] —» Y is a
homotopy between f and f’ with H(xg,-) = H(z,-)g for all g € G, then f* = (f')*
as maps H:(Y) — HE(X).

e If X is a space with a continuous G-action and A a G-invariant subspace, then one
can define the relative equivariant cohomology H (X, A) = H*(X xg EG, A x¢g
EG@). This gives rise to a long exact sequence in equivariant cohomology.

Write 7 : S — S for the right-shift map given by r(zo,21,...) = (0, 20, 21, ... ), and let ¢ : S —
S°° be the constant map c¢(z) = (1,0,...). Then the identity on S* is homotopic to r, and r
is homotopic to ¢, with homotopies between these maps given by taking convex combinations and
dividing by their norm.
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e The excision theorem still holds: if X is a space with a continuous G-action, A a
G-invariant subspace and U C X a G-invariant subspace such that the closure of
U is in the interior of A, then the inclusion map (X \ U, A\ U) — (X, A) induces

an isomorphism in equivariant cohomology.

We now move on to equivariant (complex) vector bundles and their equivariant Euler
classes.

Definition 4.1.7. Let 7 : E — X be a rank k complex vector bundle over a (paracom-
pact) Hausdorff space X, such that

e we have a (left) T"-action on both E and X,
e 7 is T"-equivariant, and

o for x € X and v € T", the map FE, — FE,; given by left-multiplication by wu is
linear.

Then 7 : E — X is called a (T™-)equivariant (complex) vector bundle over X.

Given such an equivariant vector bundle 7 : E — X the natural map np : Exp ET —
X xp ET gives EE xp ET the structure of a rank k complex vector bundle, by Lemma
Since X xp ET is paracompact, there exists a Thom class

u € HY(E x7 ET,E xp ET — so(X) xp ET) = HX(E, E — 59(X))

where sg : X — E is the zero section of F [14, Thm. 9.1, Lem. 14.1]. If i : (E,0) —
(E,E—s0(X)) denotes the inclusion, the equivariant Euler class er(FE) € H(X) is then
defined as

er(E) = sp(i*u).

Definition 4.1.8. Let X be a (paracompact) Hausdorff space with a left 7™-action, and
k > 0 an integer. An equivariant complex vector bundle 7 : F — X of rank k is called
trivial if there exists an equivariant isomorphism of vector bundles E — X x C¥, where
the T™-action on X x CF is given by acting on the first component.

Lemma 4.1.9. The equivariant Euler class has the following properties:

1. Let X, Y be two spaces with T™ acting on both, and let f : X — Y be an equivariant
continuous map. If E — Y is an equivariant rank k complex vector bundle over
Y, then f*E is an equivariant complex vector bundle over X, and

frer(E) = er(f*E) € H{(X).
2. If j : X — X xp ET denotes the inclusion of X as the “base fiber” in X xp ET,
then j*(er(F)) = e(E), where e(E) is the Euler class of E.

Proof. The first part follows from the fact that the pullback of a Thom class is again a
Thom class for the pullback of the original bundle. The second part is then a consequence
of the first part, along with the observation that E = j*(E xp ET) as vector bundles
over X. ]
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Example 4.1.10. As a first example of a T'-equivariant vector bundle, we consider the
standard T'-action on C. Let m : C — {p} be the complex line bundle over a point,
and let 7! = S! act linearly on C by multiplication. Note that although this bundle is
trivial as a topological vector bundle, it is not trivial as an equivariant bundle. The map
7w : Cxp ET — {p} xp ET given by

mr((v, 2)] = [(p, x)].

is well-defined, because u- (v, ) = (uv, ux) is sent to (p, uz) under the projection, which
is equivalent to (p,z). The fiber over [(p,z)] admits a canonical vector space structure
because T acts linearly on C. Therefore 77 is a vector bundle, and is actually isomorphic
to the dual tautological bundle 7* — CP*°. To see this, define a map ¢ : C xp ET — 7*
by é¢([(v,x)]) = (f,[z]), where f : [x] — C is C-linear such that f(z) = v. Then
fluz) = uf(x) = uv for all w € T, and f is independent of the choice of representative
for [(v, x)], so ¢ is well-defined. It is easy to check ¢ is an isomorphism.

Lemma 4.1.11. Let k € Z and define a T'-action on the vector bundle E, = C — {p}
by
w-v=urv, weT'veC.

Then the vector bundle Ey xp ET — {p} xp ET is isomorphic to the (—k)-th tensor
power of the tautological bundle T — CP*°. Here we view the (—1)-th tensor power of T
as the dual tautological bundle 7*.

Proof. First assume k& > 0. Then define ¢ : Ey x7 ET — (7°)®F by sending the
equivalence class [(v, 2)] to the unique C-linear map f : [2]®* — C with f(z®---®x) = v.
This is well-defined and an isomorphism.

On the other hand, if k < 0, define ¢ : Ej, xp ET — 7@(-%) by sending the equivalence
class [(v,2)] € Ex xr ET to v(z @ --- ® x) € [#]®(-%). This is well-defined: if u € T,
then the representative (ufv,ux) of [(v,2)] is sent to

wour @ - Quz) =uFu Mz @ @) =v@E e @ ). O

Corollary 4.1.12. Let k € Z and let T act on the equivariant vector bundle Ej, = C —
{p} by u-v=ufv forucT' and v € C. Then the equivariant Euler class er(FE},) is

er(Ey) = —kx € Z[z] = Hp({p}).

Proof. Observe that Ej is a line bundle, so that Eyx xp ET — {p} X7 ET is a line bundle
as well. Then

er(Ex) = e(Ey, x1 ET) = ¢1(Ej, x1 ET) = 1 ((1)2%)) = —key (1) = —ka,

noting that we have defined € H}.({p}) to be the first Chern class of the tautological
bundle. O
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Corollary 4.1.13. Let \,..., A\, € Z and let T™ act on E = C — {p} by

n
(Uty.eoyup) v = (Huf‘z) v.
i=1

Then the equivariant Euler class er(E) € Hy({p}) = Z[z1, ..., xy] is given by

n

er(BE) = (=)

i=1

Proof. Let E; = C — {p} be as before with T'-action given by u - v = u*v, and let
7t ET" = (ETY)™ — ET' be the projection on the i-th coordinate. Then

ern(E) = e(E xpn ET™) = e(@ 7} (E; xp1 ETY))

= i?‘rje(Ei X ETl) = iﬂ':(—)\lx) = i —/\Z‘l'i. ]
=1 =1

=1
4.2. Equivariant cohomology of toric manifolds

Example 4.2.1. Let (CP',wpg, T', ;1) be complex projective space with its standard
T'-action and moment map. We write M = CP', T' = T, and compute the equivariant
cohomology ring H7.(M) as follows. Let X € t be nonzero and define f : M — R by
f(p) = (u(p), X). Then f is a Morse function by Theorem 3.5 and its critical points are
the fixed points vg = [1 : 0] and v; = [0 : 1]. Assume a = f(vg) < f(v1) = b; otherwise
replace X by —X. If J is the canonical almost-complex structure on M = CP', then
the Riemannian metric g(u,v) = w(u, Jv) is T-invariant. Recall that for ¢ € R, we
write M° = f~'((—o00,¢]). Then since g and f are both T-invariant, the gradient Vf is
T-invariant as well. Therefore a standard Morse-theoretical argument (as for Theorem

shows that if a < ¢ < d < b, then Hx:(M") = H}(Md), because M€ is an equivariant
deformation retract of M?. Now, for instance by using Theorem {vo} can be seen
to be an equivariant deformation retract of M° for a < ¢ < b with ¢ — a small enough,
so Hi(M") = Hi({vo}) = Z[xo].

We consider the long exact sequence in equivariant cohomology for the pair (Hb, Mb_e),
given by

> HEYMTY) — BHEQL, M) — HE(L) — HEQL) — -

for € > 0 small enough. Let v denote the negative normal bundle at v;; then v,, =
T UI(CIP’I, and we have a linear T-action on v,,, by differentiating the action on CP'. By
equivariant excision and an equivariant form of the tubular neighbourhood theorem, we
have an isomorphism

H (M, M%) =2 Hj(ve, dve),
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where v, denotes the normal vectors of length at most € (with respect to the metric g).
With equivariant excision and equivariant homotopy invariance we obtain an isomor-
phism

Hr(ve, Ove) = Hy(v,v —{0})

where {0} denotes the zero section of v. After identifying v, with C, the T-action
is given by multiplication with the conjugate. Therefore, its equivariant Euler class
er(v) = x1, where H}.({v1}) = Z[z1]. We conclude that the image of the natural map

H:’F(Mb, Mb_e) — H7({v1}) is the free H}-submodule generated by x1, and in particular
that this map is an injection.

We now return to the long exact sequence. Above we have determined both Hr, (Mb_

€

)
and H}(Mb,ﬂb_e), and both only live in even degrees (as xo,z1 are both degree 2).
Since we have a T-equivariant inclusion ({vi,vo},{vo}) — (Mb,ﬂbie), we obtain a
morphism on the respective long exact sequences, and hence for each k£ > 0 a morphism
of short exact sequences

0 — HQL, 31" ——— HE(QL) ——— HE(BI™) —— 0

| | |

0 —— H%({’Ul,’l)o},{vo}) e H%({’Ul,vo}) e Héi({vo}) — 0

Since the left and right vertical maps are injective, the middle vertical map is injective

as well. To determine H}.(M") (as a ring) it therefore suffices to determine its image
in HE({v1,v0}). We may identify H({v1,vo}, {vo}) with HE({v1}) via excision, so the
image of the left vertical map is the ideal (z1). Furthermore, the right vertical map is
an isomorphism.

We now have a short exact sequence of Hr-modules

0 —— Hiler(v)) — HA(M') —— HiH(M) —— 0

where H7(er(v)) C H5({v1}) and H}(Mb_€) are both free modules, with generators

er(v) and 1, respectively. Therefore, H.(M b) is a free module, with two generators: the

image o of er(v) under the inclusion, and a lift of 1 € H, (Mb_e) along the surjection.

But 1 € H}(M") is already a lift of 1, since the last map is a morphism of rings as well.

Therefore, the image of the injection H}(Mb) — H7({v1,v0}) is the free H-submodule
generated by 1 = (1,1) and alg,, v} = 71

Note that H7.({v1,v0}) is the direct sum of the rings Z[z|®Z[x1]. Therefore the image
of 1 € H}(Mb) is the pair (1,1); in particular, if x € H} = Z[z], then x - 1 € H}(Mb)
is sent to (xg,z1) = o + 1 € Hi({vi,v0}). As a ring, H}(Mb) is isomorphic to the

polynomial ring Z[yo,y1]/(yoy1): define a map Z[yo,y1] — H}(Mb) by sending y; — «
and yp— -1 — a.
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Example 4.2.2. Consider CP? with its standard T%-action, and let vy = [1 : 0 : 0],
v1 =[0:1:0], v =[0:0: 1] be the fixed points of the action. We write H}({v;}) =
Z[z;,y;) for the canonical choices of generators x;,y;. Choose X € t such that vy is the
first critical point, vy is the second, and v9 is the last, and write f(v;) = ¢;. Let v be the
negative normal bundle at v;. Then we have a T?-representation on v = C — vy, where
the first factor acts nontrivially by multiplication (with exponent 1) and the second
factor acts trivially. Therefore v X ET has equivariant Euler class x; in Z[z1,y1]. As
in the previous example, we see

Hp(M™) = Hp(1,21) C Hy({v1,v0}),

with the additional note that H} = Z[x,y|. However, the same argument does not give
H(M®), as it is not clear what the image under HA (M) — Hx({va,v1,v0}) of any
lift of z; should be. In the computation for CP', this was not an issue, as we only had
to determine the image of any lift of 1.

Definition 4.2.3. Let X € t be such that {exp(tX) : t € R} is a dense subgroup of 7",
and set f = (u, X). Let v € M be a fixed point of the T"-action, and let uy, ..., u, € Z"
be such that the edges meeting at pu(v) are of the form pu(v) — tu; for small ¢ > 0 (see
Theorem . Then flow-up face of v relative to X is defined to be the smallest face
in the polytope containing each edge p(v) — tu; which is positive relative to X, that is,
<Ui7 X> < 0.

Example 4.2.4 (Hirzebruch surfaces). Let k£ > 0 and let Wy, be the k-th Hirzebruch
surface (Example , with its standard T2-action and moment map p. The moment
polytope is the convex hull of the points p; = (0,0), po = (—(k+1)/2,0), ps = (0, —1/2)
and py = (—1/2,—1/2) in (R?)*, as shown in Figure Let X € t be a small clockwise
rotation of the vector (0,—1) as in Example so that {exp(tX) : t € R} is a dense
subgroup of T2. Then the edges meeting at (0,0) are of the form (0,0) — tu; and
(0,0) — tug, with u; = (1,0) and ugs = (0,1). For these edges, we have

<U1,X><0, <'LL2,X> < 0.

Therefore both edges at (0,0) are positive relative to X, and the flow-up face of (0,0)
relative to X is the entire polytope. On the other hand, the edges meeting at (0, —1/2)
are of the form (0, —1/2) — tu} with

uy = (1,0) (uf, X) <0
uy = (0,—1) (uh, X) >0
and hence only u} is positive relative to X. Therefore, the flow-up face of (0,—1/2)

consists only of the edge from (0,—1/2) to (—1/2,—1/2).

Theorem 4.2.5. Let (M>?",w,T", 1) be a symplectic toric manifold, and let F be the
set of fized points of the action. Let X € t be such that {exp(tX) : t € R} is a dense
subgroup of T = T™. For each v € F, if A, is the flow-up face of v relative to X,
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2 D3

Figure 4.1.: The moment polytope of the k-th Hirzebruch surface Wj. The flow-up face
for pq relative to X is the entire polytope, the flow-up face for p;, i = 2,3,
is the edge from p; to p4, and the flow-up face for ps consists only of py.
The blue arrows at each corner indicate the directions of the edges which
are positive relative to X.

we write V¥ for the normal bundle of u=*(A,) in M. Then the inclusion-induced map
HY (M) — Hi(F) is injective, and its image is the free H}.-submodule of H}.(F') with
generators

{eT(Vv)’FmAv v E F}

As stated in the introduction, the freeness of H}.(M) and injectivity of H}.(M) —
HZ(F) is already shown in [3] (for the case of cohomology with real coefficients), but
their proof depends on a general localization theorem. Our proof is based on the following
theorem, which we prove in the next section.

Theorem (4.3.8). Let N be the preimage of a face of u(M), and let v be its normal
bundle. Then there exists a T-equivariant complexr vector bundle £ — M such that
E|n = v (as equivariant vector bundles), and such that ep(E)|, = 0 whenever v € F is
not in N.

The significance of the theorem is that it solves the problem we encounter in Example
when trying to build up M inductively with Morse theory: it provides lifts of the
equivariant Euler classes of the negative normal bundles at each critical point.

Proof of Theorem[[.2.5, Let X € t be such that {exp(tX) : t € R} is a dense subgroup
of T, and let f : M — R be given by f(p) = (u(p), X). We may assume without loss
of generality that each v € F' has distinct image under f, by slightly perturbing X. By
Theorem [3.5] f is a Morse function, whose set of critical points is F. Label the fixed

points v1,...,v,, ordered such that the critical values f(v;) = ¢; form an increasing
sequence. Recall that the sublevel sets of f are defined as M* = f~1((—oo0, c]), which
are T-invariant, since f is T-invariant. We write F' = {vy,...,v,} for the set of fixed
points, set F¢ = M N F for ¢ € R, and let j, : F¢ — M° be the inclusion map for
s =1,...,7. We now prove by induction, for each s = 1,...,r, and for ¢ > 0 small
enough (with cs41 —cs > 2efor s=1,...,r —1):

1. for odd k, HE(M“") is zero,
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2. the inclusion-induced map j; : H}(Mcs+e) — H75.(F°) is injective, and
3. the image of j is generated, as H7-module, by
{er(Ey)|pes : v € F&}

where E, — M is the extension of the normal bundle of ~1(A4,), the preimage of
the flow-up face of v, obtained from Theorem [£.3.8]

Note that the choice of € guarantees that each interval [cs — €, ¢5 + €] contains only one
critical value of f, and they are pairwise disjoint, so that F¢*¢ = s, Furthermore, for
s = r, the above three statements give the statement of the theorem.

The base case is s = 1. Since v; is a fixed point, by Theorem [2.2.5] there exists a local
chart (z1,...,2,) centered at v; such that

n

Fetsszn) = 1= 3 D, X) i

i=1
where the u; € Z" are the edges meeting at u(vy). Since M™ = {v1} (c1 is the
unique minimum of f), we may assume e is small enough such that the chart con-
tains all of M. From the local description, scaling to the origin gives an equivariant
deformation retraction of M to {v1}. Therefore the inclusion of v; in M in-
duces an isomorphism H}(MCH_E) = Hj({vi}), and H%(Mcﬁ_g) is zero for k odd, and
Ji e H:’F(Mcl+e) — H7.(F°) is an isomorphism, hence injective. For the last part, it
suffices to check that the unit 1 € H3({v1}) is the equivariant Euler class of the normal
bundle of the flow-up face of v;. But the flow-up face of vy is u(M), since there are only
“positive edges” at vy; therefore the normal bundle has rank 0, and er(0) = 1 € H}.({v1})

is the equivariant Euler class of the trivial bundle.
Now assume that the above three statements hold for s. First, since f is T-invariant
and [cs + €, ¢s41 — €] does not contain any critical values of f, the inclusion et

3 7Cs+1—€ . . . . . . . .

M™""" induces an isomorphism in equivariant cohomology. The equivariant long exact
. ——Cs4+1+€ 57Cs+1—€\ .

sequence for the pair (M "', M "7 is

e HEY (M

Cs+176)

—— HE(M™T M) — HE(MOPY) —— HE(CTT) —— -

and by assumption, HE(M™™ ™) = H%(MCSJFE) is zero whenever k is odd. Therefore,
determining H}(MCS+1+€, M7 is now the key to the induction step.

Lemma 4.2.6. H%(MCSHJFE,MCHFC) is zero whenever k is odd. Moreover, if

i (ch+1,ch) N (Mcs+1+6,ﬁcs+1—e)
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denotes the inclusion, and v is a mazximal negative-definite subspace of the Hessian of f
at vsy1, then the composition

H%({Us+1}) T H;:(FCSJ,»I’FCS) T H%(M83+I+E’MCS+17€)

of i* and the excision isomorphism is injective, and has image the free Hi-module on

er(v) # 0.

Proof. Recall that we have a T-invariant metric g on M. Let ¢ > 0 be small enough
such that on vy = {w € v : [w||; < €'}, the exponential map exp : v — M is injective.

Then for ¢ > 0 sufficiently small, exp(dve) € M~ . Consider the diagram

* = * % (N Cs+1T€ F7Cs41—
Hy(v,v — so({vst1})) —— Hrp(ve, Ove) = H (3 e
\Lj*
Hy(v)

So

Hp({vs41}) —x—— Hp(F“+, F*)

where sg : {vs41} — v denotes the zero section, j. : Ve — (v, Ov,) the inclusion. The
map (exp)* is an isomorphism; this is a direct consequence of the standard argument
for Theorem [3-4] along with the equivariant local model from Theorem [2.2.5] to ensure
that all the deformation retractions are equivariant. Since v is an equivariant complex
vector bundle, v xp ET is a complex vector bundle over {vs11} X7 ET, and hence has a
Thom class t € H2(v,v — so({vs+1})), with A the rank of v as a complex vector bundle.
Then if 7 : v — {vs11} denotes the projection, by the Thom isomorphism theorem [14],
Thm. 9.1], the map ¢ : Hi({vs41}) — HE (v, v — so({vss1})) given by

Y(y) =7"(y) Ut

is a bijection. But since {vs41} is a single-point space, H}.({vs+1}) = H7,, and the Thom
isomorphism theorem gives that H.(v,v — so({vs+1})) is a free Hj-module on a single
generator ¢, that is,

Hr(v,v = so({vs41})) = Hp(t).
As s§(j*(t)) = er(v) (by definition), the image of s o j* is therefore the submodule of
H% ({vs41}) generated by er(v), and sj o j* is also injective, since er(v) is nonzero and
H?Z has no zero divisors. Note that since vs41 has even index, v has even real dimension;
hence H% (M03+1+6, M%) is zero whenever k is odd. Since the diagram of topological
maps inducing the above diagram commutes, the above diagram commutes as well, and
the result follows. O

From the long exact sequence we now obtain that H%(MC”H_E) is zero whenever k is

odd. For even k, the inclusion J : (F¢+1, F¢) — (M“*' M) induces a morphism of
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short exact sequences

0 \ H%(MCHH_E’ H0s+1—€) Héi (Mcs+1+€) Héi(ﬂcs.u—s) 0

J’J* lj;rl J’j:

0 s HE(F+1, F%) ————s HE(F+) ——— HE(F%) ——— 0

The previous lemma shows that J* is injective, and j} is injective by the induction
hypothesis; therefore by the Five Lemma, j7,, is injective as well.

The previous diagram may also be considered for all £ at the same time to obtain a
short exact sequence

0 H%(MCHH_E,MCSH_6) H}: <M65+1+6> H%(Mcsﬂ—e) 0

of H-modules, with both H3(M " M ™) and H} (M ™) free modules. There-
fore HY, (HCS“JFG) is a free H}-module as well, with generators determined by the images
of the generator of H}(HCS“—H,MCSH_C), and lifts of the generators of HX(M ). The
generator for H}(MCHHG,HCS“*E), when restricted to H}.(F+1, F%) = HY({vs41}),
gives the equivariant Euler class er(v), where v is a negative eigenspace of the Hessian
of f at vsy1. Recall that A, ,, is the flow-up face of vs;1; then the normal bundle of
w1 (Ay,,,) at veyq is (isomorphic to) v. Note that p=!(Ay,,,) N F+ = {vs41}, since
Ay,,, is the flow-up face of vsy1. Therefore, if E, _, is the extension of the normal
bundle of p~!(4,,,,) , then er(E)|ges1+¢ defines an element of H}(MCSJrlJFE). This is

also the image of the generator of H7. (MCSHJre,MCSH_E): we have
er(Ev, )| pestr = er(v) € Hp(F&H).

To see this, note that u='(A,,,,) N F%+ = {ve1}, that the fiber of E,_,,
with v € A,_,, has trivial equivariant Euler class, and that the fiber of E, ,, at vsi1
is that of the normal bundle of x~'(A,,,,), which is precisely v. This together with
the fact that the generator of H}(H%“ﬁ,ﬂcs“_e) is sent to ep(v) in Hj.(F%+!), and
the injectivity of ji,; : H:’F(MCS“) — H5(F¢+1), give that the image of the gener-

ator of H;(MCS“H,MCS“*E) restricts to er(v). On the other hand, by the induc-

tion hypothesis, we already have generators for Hr, (HCS+1_€) in terms of restrictions of

equivariant Fuler classes of vector bundles over M; and these directly lift to classes in
Hy (M), .

at v € F

We have now completed the proof of Theorem [£.2.5] Note that we also have the
following result, relating the equivariant cohomology to the ordinary cohomology of M.

Theorem 4.2.7. Let j : M — M xp ET denote the inclusion. Then the map j* :
HY (M) — H*(M) is surjective, and H*(M) is generated as an abelian group by the set
of e(Ey), v € F. Furthermore, for any element r € HJ. of degree at least 2, we have
j*(rer(Ey)) = 0.
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Proof. We proceed as in the proof of Theorem |4.2.5} we choose a generic direction X € ¢,
and use induction on the fixed point set F', which are the critical points of f = (u, X'). For
each critical value ¢s the map j* : H}(MCS“,MCFE) — H*(M®™, M%) is surjective.
To see this, note that if v is the maximal negative-definite subspace of the Hessian of f
at v, then pulling back the Thom class for v xp ET along j gives a Thom class for v.
However, any product of the Thom class for v X7 ET" with an element of Hy is sent to
0, because H* (MCSJFE,MCS%) lives only in a single degree (namely the rank of v).

As before, the long exact sequences in both equivariant and ordinary cohomology for
each pair (MCSJre, M) contains only zero terms in odd degrees, so that by induction on
the critical points and the Five Lemma, we obtain surjectivity of j* : H;.(M) — H*(M),

and the claim on products with elements of H7 also follows. ]

Therefore we now have both a surjection H}.(M) — H*(M), and an injection H}.(M) —
HZ(F). To compute a product of two elements in H*(M), it therefore suffices to lift
these elements to H7}.(M) (which we can do by having canonical lifts of the additive gen-
erators of H*(M)), compute their product in H}.(F), and with that deduce the product
in H*(M). The only obstruction to this procedure is now the fact that we do not yet
know what the image of each generator ep(E,) of Hj.(M) in H}.(F) is, and this is a
problem we solve in the next section (see Theorem [4.3.8)).

4.3. Delzant’s construction and vector bundles

In this section, we describe Delzant’s explicit construction of a symplectic toric manifold
from its moment polytope, and use it to construct the bundles that are required for the
proof of Theorem [4.2.5] For more information, we refer the reader to [7]. Let C' C (R")*
be a closed convex polytope, satisfying Delzant’s conditions in Theorem Let
Fy, ..., Fy be the codimension 1 faces of C; then Delzant’s conditions imply that there
exist vectors v1,...,v; € Z™ and real numbers A1, ..., A\; such that

1. The entries of each v; have greatest common divisor 1,

2. F, =Cn{zx € R")* : (z,v;) = N}, where (-,-) : (R")* x R — R is the dual
pairing,

3. and .
C=(ze®R") : (z,0) < \}.
=1

For each i, the second condition determines v; and A; up to a scalar; the first and
third conditions then uniquely define v; and \; by determining the correct multiple.
Therefore it suffices to establish existence of v; and \; satisfying the above conditions.
Let ¢ € F; be a corner, and let uy,...,u, € Z" C (R™)* be such that the edges at ¢
are of the form ¢ — tu;, t > 0, where uy,...,u, form a Z-basis for Z" (see Theorem
. Assume without loss of generality that ¢ —tu; € F; for j = 2,...,n, and let
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wi, ..., W, € Z"™ be the dual basis to u1,...,u,. Note that this dual basis is in Z™ by
virtue of w1, ..., u, forming a Z-basis for Z" C (R™)*. Then we claim that v; = w; and
Ai = (c,wy) satisfy the above conditions. The first condition follows directly from the
fact that wq,...,w, € Z" form a Z-basis. For the second condition, note that for z € C,
we have x € F; if and only if  — ¢ is in the span of uo, ..., uy,, which holds if and only
if (x —c,w1) =0, i.e., (x,w1) = (c,w1). The last condition determines the sign of v;; by
assumption, ¢ — tu; € C for small ¢ > 0, and hence (¢ — tu,w1) = A\; —t < \;.

Note that we use a different sign convention for the inequality from Delzant, as we
use different sign conventions for the definition of a moment map. We now proceed with
the actual construction of the corresponding symplectic toric manifold. = : TF — T™ by
viewing T as R/(27Z), and setting

m([ei]) = [vil,

where ey, ...,e; denotes the standard basis for R¥. This does in fact define a map
TF — T™ since each v; is a vector with integral entries. Note that dr : ¥ — " is now
given by the matrix with columns vy, ..., vy, i.e., (d7)(e;) = v;. We let T* act on C¥ in
the standard way, that is, for u = (uy,...,us) € T% and z = (21, ..., 2), we set

(Ur, .. uk) (21, 28) = (U121, .0 o, UR2ZE)-

This action is Hamiltonian with moment map g+ : C¥ — (R¥)* given by

1
,LLTk(Zl,. . .,Zk) = ()\1,.. . ,)\k) — 5 (‘21|2,.. .y ‘Zk‘Q) N

where we have represented vectors in (R¥)* with respect to the standard basis €ls.-.,CL.
The image of prx is the cone

im g = {(w, ..., wg) € (RF)* :w; < A for all j}.

Now let N denote the kernel of 7, let n be its Lie algebra, and let ¢ : n — R* be the
inclusion map. Its dual ¢* is a map (R¥)* — n*, and the action of N on C¥ is Hamiltonian
with moment map uny = ¢* o ppr. Furthermore, the kernel of ¢* is precisely the image
of (dm)*, and we have

ker o™ Nim ppre = im(dm)* Nim ppre = (dr)*(C).

Lemma 4.3.1. Let w = (wy,...,wg) = (dm)*(w') for w' € C. Then wj = \; if and
only if w' € Fj.

Proof. Note that w’ € Fj if and only if
(wla Uj> = )‘ja

and
(w',v;) = (', (d7)(e;)) = ((dm)*(w'), e5) = (w, e;)
and the latter is the j-th coordinate of w. O
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Lemma 4.3.2. The point 0 € n* is a reqular value of puy, so M = py(0) = u},}((dﬂ)*(C’))
is a submanifold of C¥.

Proof. For p € M, we know pp«(p) is in the kernel of ¢* by definition of yy. Denote the
coordinates on C* are by zj = x;+1y;, and denote the coordinates on R* by (wy, ..., wg),
so that

k
0

(dupr)p =Y (—xjdzj — y; dy;) o

wj

J=1

which we view as a map 7,CF — T, k(p)Rk. Therefore the image of (dpgx ), is the span
T
of those 0/0w; for which z; # 0, as it suffices to have at least one of z; and y; non-zero.
We must now show that (duy), is surjective.
Recall that dimn = k — n, since it is the kernel of drr : R¥ — R™ (which is surjective),
and hence it suffices to show that the rank of (duy)p is k—n. Since (dun)p = (de*),,_, (p)°
(dprr)p, by the rank-nullity theorem,

dimim(dyux)p = dimim ((d9),, (0 hantaps),

= dimim(dpqr)p — dim(im(dpgr ), Nker(de™),, , @)-
Since prk(p) € (dm)*(C), we have purx(p) = (dm)*(w') for some w’ € C, and hence
ker(de®) . (py = Imd((dm)")ur

as ¢ : n — RF is the inclusion of the kernel of dr : R¥ — R™. Since (dr)* is a linear
map, we identify d((dm)*) with (dm)*.

Note that for the point p = (21,...,2x) € M, z; # 0 if and only if the j-th coordinate
of ppr(p) is Aj (by the definition of pp+ ), and by definition of 7, this is equivalent to w’
being in the j-th face F; of C. Now let ji,...,j; be the coordinates j for which z; = 0,

and choose js for s =1+ 1,...,n such that {v;, : s = 1,...,n} forms a basis for R".
Denote by v;‘l, . ,v;n the corresponding dual basis for (R™)*; we now claim that

V={(dr)yv;, :s=1+1,...,n}

is a basis for im(dppr), Nim(dn)y,. Since (dm)?, is injective it suffices to check that the
intersection is the span of V. Observe that for any standard basis vector e;, € R* and
s’ =1,...,n, we have

<(d7T):;/’U;»;, ) ejs> = <U;‘<S/ ) Ujs> = Ogsr

so the js'th coordinate of (dm);, v}, is dss. As the image of (duq ), consists of all vectors

whose ji,...,ji"th coordinates are zero, V is contained in im(dppr),. Conversely, for
any vector w € im(duqw), Nim(dm)?,, say w = (dn)},(w) and s = 1,...,1, we have

0 = (w, ej,) = (w,vj,)

so w must be in the span of {v} :s=1+1,...,n}.
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Thus we have determined that if [ is the number of coordinates of p that is zero, then

dimim(dppr), =k —1

dim(im(dppr ), N ker(dy™) =n—1

Pk (p))
and hence dimim(dun), = k —n, so (dun), is surjective. O

Lemma 4.3.3. Let M be as in Lemma |4.3.4 Then N acts freely on M, so that
M = M/N is a symplectic manifold of dimension 2n. Furthermore, the remaining
(T*/N)-action on M is Hamiltonian with moment map p : M — (R™)* defined by
w([z1, ..., 25)) = w, where w € (R™)* is the unique w € C such that (dm)*(w) =
ppr(z1, ..., 2,). The quotient T*/N is identified with T" via 7, and hence M is a
symplectic toric manifold, with moment polytope C.

Proof. The fact that M is symplectic is an application of symplectic reduction, also
known as the Marsden—Weinstein—Meyer theorem [6, Ch. 23]. The freeness of the N-
action on M is established in [7, 3.2]. O

We now construct a T"-equivariant vector bundle over M which restricts to the normal
bundle of a face Fj, and compute the T"-action of the fiber over each fixed point.

Proposition 4.3.4. Let Fy,..., F} be the faces of the polytope as before, and fix i €
{1,...,n}. Then there exists a T"-equivariant rank one complex vector bundle E — M
such that

1. E|,-v(p) = vy-1(r,), where v,—1(p,) denotes the normal bundle of pH(F) in M,
and

2. if v € F is a fized point of the T™-action, and v & p~'(F}), then T™ acts trivially
on El,.

3. Ifv € F is a fixed point with v € ,LL_l(E-1 NE,N---NE;), where iy <ig < -+ <y
and i = ig, then if di,...,d, denotes the standard basis of R™ and we write

n
dj = Z bjivi,
1=1

the weight vector of the T™-action on E|, = C is (b1s,b2s, ..., bns).

Before we prove the above proposition, we first prove a small result concerning Delzant’s
construction of M, which is essentially an extension of Lemma

Lemma 4.3.5. Letp € M be a point in M, and suppose p = [z1,...,2;]. Then u(p) € F;
if and only if z; = 0, and this is independent of choice of representative of p.
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Proof. Note that u(p) € F; if and only if ppw(z1,...,2,) € (dm)*(F;). Now suppose
x = (r1,...,2) € (dm)*(C) is in (dm)*(F;). Then x = (dn)*(y) for some y € F;, and
hence

(@, €5) = ((dm)*(y), €i) = (y, (dm)"(ei)) = (y,vi) = A
since y € F;. Therefore if iy (21,. .., 2;) € (dm)*(F;), its i-th coordinate is \;, and hence

1
Ai — §|Zi|2 =\

by definition of prx, showing z; = 0.
Conversely, assume z; = 0. Then the i-th coordinate of pg(21,...,25) is A;. Since
(21, - 2) = (dn)* (u(p)), we see that

(u(p), vi) = (ppe(21, - 2k), €) = i,
and since we assume that
Fy=Cn{z e [R")": (z,vi) = Ai},
it immediately follows that p(p) € Fj. O

Now we proceed to the proof of Proposition We will explicitly construct E as a
quotient of a vector bundle over ' (0) (recall that M = puy'(0)/N), and then use the
previous lemma and an explicit description of N to compute the T™-action on the fiber
over each fixed point.

Proof of Proposition [{.3.4. Assume without loss of generality (by reordering the faces)
that i = 1. Let E = C x uy'(0) B uy'(0) be the trivial vector bundle with py the
projection on the second coordinate, and let T* act on E by

(wry .. uk) - (w, (21,00, 28) = (ww, (U121, ..., ukzE))-

Then E is a T*-equivariant complex vector bundle of rank 1. Then define E = F /N; by
Lemma this is a vector bundle over M = 1, (0)/N.

First we show that E restricted to u~'(F}) is isomorphic to the normal bundle of
p~Y(Fy) in M. Since py'(0) is a submanifold of C¥, its tangent bundle is a subbundle
of TCF = C* x CF. Let ¢ : TMJ_VI(O) — E then be defined as the restriction of the map
p1 X idex : TCF = CF x C¥ — C x C*, given by projecting onto the first coordinate
in the first factor, and the identity in the second factor. Then ¢ is T*-equivariant,
since the action on TCF = C* x CF is just the diagonal action. Therefore ¢ descends
to a map ¢ : (Tuy'(0))/N — E. Since (Tuy'(0))/N = T(uy'(0)/N) = TM, it now
suffices to show that for p € pu=1(F1), ¥, : T,M — E, is surjective and has kernel
Tou~ Y (Fy). The kernel of v, certainly contains T,u~'(Fy), since u~1(Fy) consists of
those ¢ = [21,...,2;] € M with z; = 0.

On the other hand, ¢ is surjective at p, where p = [p]. To show this, we wish to find
aw € ker(dun); C CF such that w; # 0, since ¢ was given by projecting on the first
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coordinate. To do this, first observe that Tpuy'(0) = ker(dun)s. Since uy = ¢* o prx,
we have

ker(duy)p = ker d(¢" o pgr )y = (dpgw);  (ker d(9™),, (5)-

Ifp=(21,...,28), 2 = xj +iy;, and w = a +ib € C* is a tangent vector to p in C¥,
then
k
(dpge)pw = =Y _(ja; + y;b;)e]
j=1

But now recall that p € p~!(F}), and so z; = 0, and hence ay,b; = 0. Therefore taking
w = (1,0,...,0) € C* gives

(dpgr)pw =0 € kerd(¢") . (p)

and hence w € ker(dun)y with wy # 0. Therefore v, is surjective as well, and we obtain
fiberwise isomorphisms T}, M/ Tpufl(F 1) = Ej, i.e., an isomorphism between the normal
bundle of p~(Fy) and E.

We now move to the computation of the action of 7" on E. Let v € M be a fixed point
of the T™-action. Then there exist indices i1 < - -+ < 4, such that v € = (F;,N---NF;,).
Fix some representative v = [z1,...,2], and take [w,(z1,...,2x)] € E|,. We first
compute the action of T%/N. Since v € u~1(F},) for I = 1,...,n, we know that z;, = 0.

Now write, for j # i1, ...,in,
n
vV = E CleUil.
=1

For z = (z1,...,2) € R*, we have
n n n n
(dm)(x) = invi = Z T Zajlvil + inlvil = Z i + Z Tjaj | vg,.
i=1 Gl yin I=1 =1 I=1 G yerin
Therefore if x € ker(dr) = n, we have for each [ =1,...,n,
i + Z xjaj = 0.
JF01,in
This implies that N consists of those elements (u1,...,ux) € T" such that
w T =
j#il»“-yin

for I =1,...,n. Thus, if [u1,...,ux] € T*/N, then = (n1,...,n) defined by nj = u;

for j #41,...,1, and
-1
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lies in N. Therefore

s a] - 0, (o1, )] = [0, (s wai)] = [0, - e 28)]
= [, (21, ., 28)]
where
[ iy, i £ 1
wiw [z, g otherwise.

Recall here that we assumed i1 < --- < i,, and so it suffices to check whether 47 is 1 or
not, i.e., whether v is in g~ !(F}) or not. Thus we have finished part 2 of the lemma: if
v ¢ p~Y(Fy), then TF/N = T™ acts trivially on E|,.

We now turn to the third part. From this point onwards we assume that i1 = 1, so
v € p Y (F). Let dy,...,d, be the standard basis of R", and write

n
dj = Z bjlvil~
=1

Define a map s : T™ — T* by ds(v;,) = e;, for [ = 1,...,n; this gives rise to a well-defined
map since the v;,,...,v;, form a Z-basis for Z". Then composing s with the quotient
map T% — TF/N gives a map S : T" — T*/N. We show that S = 7!, where we view
7 as a map TF/N — T™. First let [ug,...,ux] € T*/N; then

S(mlui, ... ug)) = S(a1,...,an)

where
u (v5)
— Vi )i
o = | | u;
j:l

with (v;); the i-th coordinate of v; € Z". Therefore a = (o, ..., ay) is the product

k
_ Vj
a= H uj
j=1

where u;-)j = (ug-vj)l, . ,ug-vj)"), and hence
S() =[S =T[S@"- ] T[S
j=1 I=1 G yeyin 1=1

For 0 € T' and [ = 1,...,n, we have S(6%) = [1,...,1,0,1,...,1] with 6 in the i;-th
position, and hence S(a) =n = [m,...,nx] defined by

77]:1 j#ilw‘winv

ajl
i, = Uj, H u; l=1,...,n
j#ilv---vin
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From the earlier description of N, we see that £ = (&1, ...,&;) with

. . . a;
& =uj, JFU,-.in & H ujﬂzl

j?éilv“-»in
is such that £ € N, and hence n = [uy,. .., ug]. Thus we have shown that Som = idpk /-
Next, we show that moS = idpn. Let o = (a,..., ) € T™, and recall that we wrote

n
di = Z bﬂvil
=1

for di,...,d, the standard basis of R”. Then S(a) = [u1,...,u;] with u; = 1 for

JF i, ..., in, and u;, = [, afil. Therefore
n n n ) i n b
V4 i j1Vi d;
COIES 0 1 T I 11 CFERES |
=1 =1 \j=1 j=11=1 j=1

and we conclude that S = 7L

Now we return to the action of 7" on E|,. If a = (aq,...,ap) € T", then S(«a) =
[u1,...,ug], with u; =1 for j #i1,...,i,, and
n
Uq = Ha?‘jl.
j=1

Then « acts on E|, as

a-[w,(z1,...,2k)] = |vw H u?jl,(zl,...,zk)
j#ilv'”vin

but all these u; are 1, so this is equal to

n
b.
[ww, (21,...,2k)] = Hajjlw, (21,5 2k)
7j=1
Therefore the weights of the T"-action on E|, are bii,...,by1. O

Having finished the proof of Proposition we can now return to computing equiv-
ariant Euler classes.

Lemma 4.3.6. Choose i € {1,...,n} and let E — M be the equivariant vector bundle
constructed in Proposition . Let v € F be a fived point withv € p~ Y (F;, N---NF;,)
where i = i5. Furthermore, let uy,...,u, € Z" be such that the edges at u(v) are of
the form p(v) — tuy, t > 0, ordered such that p(v) — tu; & F;, for each t > 0, and the
greatest common divisor of the coordinates of each u; is 1. Then the weight vector of
the T"-action on E|, is us.
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Proof. It suffices to show that for each u;, we have
(uj,vi;) = dj1

so that uy,...,u, is the dual basis to v;,...,v;,, for then it follows that

<u]7 u]7§ brlvzl = 7"]

and hence uj = (b1, bj,...,bnj), as di,...,d, was the standard basis of R™. But the v;,
are constructed as the dual basis to u; (see the discussion at the start of this section),
so we are done. O

Lemma 4.3.7. We write H}.({v}) = Zlzy; : j = 1,...,n] for v € F (as in Example
. and identify H}.(F) = ®yerH}({v}) as rings. The equivariant Euler class of the
bundle E constructed in Proposition restricted to the fized point set F' C M, is

given by
6T(‘E)|F: Z Z uvz jLuj

veFNu—1(F;) j=1
where uy; is the direction of the edge at p(v) not pointing into the face F;, and (uy;); is
its j-th component.

The above lemma gives us the last result we need to prove the following theorem.

Theorem 4.3.8. Let A = p~Y(Fj, N--- N Fj,) be the intersection of the m faces
Fj,...,Fj,., and assume A is non-empty. Then there exists a T"-equivariant vector
bundle E — M such that E|4 is equivariantly isomorphic to the normal bundle v of A.
Furthermore, for v € F a fixed point, we have

5y, {0 ifvod A
= 12, Qo) —(uw)iwes) ifveA

where —u,; € Z™ is the direction of the edge at u(v) not pointing into F}, (recall that our

edges are of the form p(v) — tu, with t >0).

Proof. Forl =1,...,m, let E; be the bundle constructed in Proposition Now

and these intersections are pairwise transversal; hence the normal bundle v of A is
the direct sum of normal bundles of each of the p~!(Fj,) (restricted to A). Setting
E =", E;, we obtain

m

Z _I(F] A_V

=1
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as T™-equivariant vector bundles.

To compute the equivariant Euler class of E restricted to a fixed point v, note that
the Euler class of a sum of complex line bundles is the product of Euler classes. In
particular, if v € F' is a fixed point not in at least one of the Fj,, then er(E;)|, = 0, and
hence ep(E)|, = 0. Otherwise, the above formula for ep(E)|, follows directly from the
previous lemma. O

Example 4.3.9 (CP'). We again compute the equivariant cohomology of CP!, now
using Theorem and Theorem Let T' act on CP! as before, with moment
map u defined by

1 |af

2|20/ + |21
We identify H.({vo,v1}) = Z[zo] ® Z[z1]. Let X = —1 € t = R, then f = (u, X) is a
Morse function, and Theorem applies. The polytope pu(M) is [-1/2,0] C (R)*, so
if vg = [1: 0], v1 = [0 : 1] are the fixed points of the T"-action, the flow-up faces for v
and v; relative to X are Ag = [—1/2,0] and A; = {—1/2}, respectively. The equivariant
Euler class, for the normal bundle to u~!(Ap), restricted to {vg,v1}, is therefore clearly
the identity (1,1) € H}.({vo,v1}) . By Theorem if "1 is the normal bundle to
{v1} (which is the preimage of the flow-up face for {v;} under p), then

w([20 : 21]) =

er(v") =z

(compare with Example 4.2.1)). Therefore the equivariant cohomology ring H;(CP') has
image generated by {(1,1),z1} € H}.({vo,v1}) as Hj-module, and we have succeeded in
computing the ring structure.

Example 4.3.10 (CP?). We now finish Example Let M = CP? be the projective
plane, with v = [1 : 0 : 0], v; = [0 : 1 : 0], v2 = [0 : 0 : 1] as before, and choose
X € tsuch that {exp(tX) : t € R} is dense in T2, and such that for f = (u, X) has
f(vo) < f(v1) < f(v2) (it suffices to perturb (0, —1) € t slightly in a clockwise fashion).
The polytope is the triangle with corners (0,0), (—1/2,0) and (0,—1/2), which are the
images of vg, vy, vy respectively. For each i = 0,1,2, let A; be the flow-up face for v;
relative to X, v* the normal bundle to u~'(4;), and E; its extension as a bundle to
M (from Theorem . Explicitly, Ag is the entire moment polytope, Ay is the edge
from (—1/2,0) to (0,—1/2), and As consists of just the point (0,—1/2). By Theorem
HZ(M) is a free Hj-module on er(E;), i = 0,1,2, and the inclusion-induced map
H7 (M) — H5(F) is injective, with F' = {vg, v1,v2} the set of fixed points. By Theorem
we have equivariant Euler classes er(E;)|p € HH(F) = @7 yZ[zi1, 7] (with the
obvious Hj. = Z[z1, x2]-module structure), given by

er(Eo)|lr = (1,1,1), ep(E1)|r =x11+ 222, er(E)|lr = (r22)(xe — x1).

To see that these are the equivariant Euler classes, note that if p; = p(v;), the blue
arrows in Figure indicate the directions of the vectors w;. For pi, for instance,
the only negative edge (with respect to our choice of X) corresponds to the direction
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<

Figure 4.2.: The moment polytope for the complex projective plane CP2. The blue
arrows at each corner p; indicate the direction of the vectors u € Z? such
that the edges are of the form p; — tu, t > 0. The flow-up faces relative to
the direction X

(—=1,0), as the flow-up face of p; is the edge from p; to pa. Therefore, the equivariant
Euler class ep(F1) restricted to v; must be —(—1)x1; — (0)z12 = x1;1. Similarly, ep(E})
restricted to vy must be —(0)x12 — (—1)z22, as the only negative edge at vy corresponds
to the direction (0, —1). When restricting er(E2) to vy and v; we obtain 0, as neither
of these fixed points is in the flow-up face of ve; but ep(FEs) restricted to vy is equal to
(—(—z22))(—(z21) — (—x22)), as the vectors at v are (0,—1) and (1, —1). Thus we have
now determined the image of H}.(M) — H7}(F'), and can explicitly compute products
of the generators of H}.(M). As an example, we take

(er(E1)|p)? = a1, + 23y = er(E2)|p + x22w21 + 21) = er(E2)|p + z1(er(E1)|p).
Therefore in H}.(M), we have
(er(F1))? = er(Ea) + z1(er(Ey)).

By Theorem the Euler classes e(E;) form an additive basis for H*(M). Note that
e(Ep) = 1, and the above computation shows that

(e(E1))? = e(Bn)
since the product z1(ep(E7)) vanishes when passing to cohomology. Now
er(E1)er(E2) = (v11 + 722)(222) (222 — 721) = z2e7(E>)

since x112x22 = 0 = 211291, and hence e(E1)e(Ey) = 0in H*(M). We have thus recovered
the well-known isomorphism

H*(CP?) = Z[y)/(y*)
by sending e(E1) to y and e(F>) to y?, where we consider 4 to be of degree 2.

Example 4.3.11 (Hirzebruch surfaces). Let Wy be the k-th Hirzebruch surface, corre-
sponding to the polytope with vertices (0,0), (—(k + 1)/2,0), (0,—1/2), (-1/2,—1/2),
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P2 Y41

[x

D4 > p3

Figure 4.3.: The moment polytope for the k-th Hirzebruch surface Wj. The blue arrows
indicate the directions of the edges whose coefficients we use for computing
the equivariant Euler classes of the normal bundles of the flow-up faces,
relative to X.

with corresponding fixed points labelled v; up to vy, respectively, and let p; = u(v;) for
i=1,...,4. Let X € t be a small clockwise perturbation of (0,—1). Then the basis
elements for the image of Hx(Wy,) — Hi(F) = @}, Z[xi1, x2] are

ar = (1,1,1,1), a2 =21 +a1, a3=2x32—kra1 +742, as=(—kra1 +242)(7102),
that is, H7(W},) is isomorphic to the free Hj-submodule of H}.(F') given by
H} (W) = Hr(ay, a2, a3,a4) € HT(F).

To see this, recall from Example that the flow-up face for p; is the entire polytope,
the flow-up face for ps is the edge from py to py, the flow-up face for ps is the edge from
p3 to p4, and the flow-up face for p4 consists just of py itself. In Figure the directions
of the negative edges at each point p; are shown. The generator as, for instance, is the
equivariant Euler class corresponding to ps: at ps, the vector determining the edge not
pointing into the flow-up face of ps is (0,—1), and hence a3 restricted to vs is given by
—(0z31 — lzge) = x32. Similarly, at py, the vector determining the edge not pointing
into the flow-up face of ps is (k,—1), and hence ag restricted to vy is —(kxg1 — layg2).
The rank of H*(M) is now 1, 2 and 1 in degrees 0, 2 and 4, respectively. To compute
the ring structure, note for instance that

a% = (v32 — kza1 + ac42)2 = l‘%z + (—kxa1 + za2)(—kza1 + 242)
= 23y + 2a2(—kxa1 + 242) + (—kwa1)(—kza1 + 742)
= r2(w32 — kxar + 242) — k(241)(—k2a1 + Ta2)
= x9a3 — kay

The first term disappears when passing to ordinary cohomology; hence the image of ag
in H2(W},) squares to —k times the image of a4 in H*(W}). We also have the relations

2
ara; = a; a2a3 = a4, a; =0,

ag = —kay + 203, asay = Tia4, and asay = —(kx1 — x2)ay.
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Hence the cohomology ring of Wy, is given by
H* (W) = Z]by, ba] / (b3, b3 + kbibs).

by sending (the restriction to H*(W}) of) ag to by and as to be, where by and by are
considered to be of degree 2. Note that in the latter ring, we also have b3 = 0, since

by = by(—kb1by) = —kby(—kbiby) = 0.

While the cohomology ring may appear to be distinct for each k, this is actually not
the case; whenever k = k¥’ mod 2, H*(W},) and H*(W}/) are isomorphic. If &' = k + 21
with [ € Z, an explicit isomorphism is given by

H*(Wy,) =2 Z[by, ba)/ (b2, 03 + kbibo) — Zlc1, ea]/(c2, 2 4 K eye) = H* (W)
b1 = C1
by — co + lcy.

To see this is actually well-defined, note that b% + kb1by is sent to c% + 2lcieo + kejes =
c2 + K'cica = 0. More is actually true: Wy and Wy are known to be diffeomorphic
whenever k = &' mod 2, with Wy = CP! x CP! and W; = CP?4CP", and W, and W,
are not homeomorphic [5, Ch. II]. Thus W; and W5 are the two distinct CP!-bundles
over CP!,

It is worth noting that there is a more geometric interpretation of by squaring to
—kbiby € H*(W}). If As denotes the preimage of the flow-up face of vz under the
moment map, then its fundamental class [A3] € Hy(W}) is the Poincare dual to be. The
intersection product [A3] N [A3] is then Poincare dual to b2, and so [A3] N [A3] = —k[v]
where v € Wy is any point, and [v] represents the generator of Hy(W}). Therefore, if two
embeddings ¢,y : A3 — Ws intersect transversally, and both are isotopic to the standard
inclusion A3 — W, then the fundamental class of the intersection [¢(As) h 1(As)] is
homologous to —k times a point. We now use the moment polytope description of Wy, to
actually produce such ¢, for which ¢(As) M 1 (As) consists of precisely k points (and
we ignore the matter of orientations). Denote p(Wy) = A, and let s : A — Wy be a
section of the moment map, that is, a continuous map such that pos =ida.

The existence of such a map follows from the Delzant construction of a symplectic
toric manifold: with the notation as in the construction, one may define s : 7*(C) C
(RF)* — M = M/N by

s(wl,.. .,wk) = [\/ 2/\1 — 2w1,... y \/2/\k — 2wk].

The moment map in the Delzant construction is

1
2
so we certainly have pos = id. Note that s cannot be “smooth” on the boundary of A,

as then the chain rule would apply, but du is not surjective at points with non-trivial
stabilizer.

iz 2 = O ) — (121 L2l),
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b2 p1

yZ b3

Figure 4.4.: The moment polytope of the k-th Hirzebruch surface Wy, along with line
segments indicating the images of p o ¢y and p o ;.

Returning to Wy, Define subtori
Ty={(Lu):ueT?, Ty={wrv): ueT'}

of T?; then both T} and Ty act transitively on each fiber y~!(c), with ¢ in the interior of
the flow-up face of vs. Furthermore, 77 and T, are distinct subtori because k > 0. We
then define the families of smooth maps

qbt : Ag — Wy
(Liu)-s(r,—=1/2) — (1,u) - s(r,—1/2 4 (1/2 4+ r)t)

and

Yy As — Wy
(¥, u) - s(r,—1/2) — (¥, u) - s(r — kt/2,—1/2 — tr)

for 0 <t <1and —1/2 < r < 0. These families correspond to “sliding the edge from
(=1/2,-1/2) to (—1/2,0)” along the edge from (—1/2,0) to (0,0) for ¢;, and along the
edge from (—1/2,—1/2) to (—(k+1)/2,0) for ¢4: the image of o ¢; is the line segment
L; from (—1/2,—1/2) to (0, —1/241t/2), whereas the image of p o1 is the line segment
L} from (—1/2 — kt/2,-1/2+t/2) to (0,—1/2), as shown in Figure The image of
¢y is the set of all u - s(p) with p € Ly and u € T3, whereas the image of 1 is the set
of all u - s(p) with p € L} and u € T,. The well-definedness of ¢; (and similarly for ¢;)
depends on the choice of the subtori that act, in the following sense: if u,u’ € T} are
distinct elements such that u - s(r, —1/2) = u’ - s(r, —1/2), so u(u’)~! is in the stabilizer
of s(r,—1/2), then we must have

w-s(r,—1/2+ (1/2+7r)t) =o' - s(r,—1/2+ (1/2 + r)t),

that is, u(u/)~! must be in the stabilizer of s(r, —1/2 + (1/2 4+ 7)t). The only points in
As that have non-trivial stabilizer (with respect to the Ti-action) are the fixed points
vz = s(p3) = s(0,—1/2) and vy = s(ps) = s(—1/2,—-1/2). However, s(—1/2,—-1/2 +
(1/2—1/2)t) is constant (as a function of ¢), and s(0, —1/2 +¢/2) has stabilizer T} with
respect to the T%-action for all 0 < t < 1, and so ¢;(v3) is well-defined.
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Checking (and smoothness) of ¢; and v is left as an exercise for the reader, and can be
done explicitly in local coordinates on W, and Az. The point is now that for 0 < ¢ < 1,
¢1(As) and 14(As) intersect transversally, in exactly k points: if the line segments L,
and L} intersect in an interior point p € A, ¢;(A3) and 1, (A3) intersect in (71 NT3)-s(p),
and T1 N 75 consists of exactly k points.
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A. Vector bundles and quotients

In this appendix, we prove the following theorem, which allows us to take quotients of
equivariant vector bundles.

Theorem A.1. Let G, H be Lie groups, m : P — M a principal G-bundle. Suppose H is
compact, with a free left-action on P and M, such that 7 is H-equivariant. Then P/H
and M/H admit smooth structures such that the projection maps qp : P — P/H and
qv M — M/H are submersions, and 7 descends to a smooth map 7@ : P/H — M/H.
If the actions of G and H on P commute, that is, for every g€ G, he€ H, x € P,

(hx)g = h(zg),
then @ gives P/H the structure of a principal G-bundle over M/H.

The argument we give for the theorem is an adaptation of the standard argument
for the quotient of a manifold by a free proper Lie group admitting a unique smooth
structure such that the quotient map is a surjection; see [12, Thm. 21.10].

Proof. Let zg € P, and define o : G — P and 8: H — P by
a(g) = xog, and p(h) = hxo.

Furthermore, we denote by g and b the Lie algebras of G and H respectively. Since «
is G-invariant, (da)e,(g) C kerm. On the other hand, as the action of H is free on M,
d(mofB)e,, is injective; hence im(df3)e, Nker m = {0}. Therefore (da)e,(g) N (dB)e, (h) =
{0}. Now choose a submanifold S of P, containing xg, such that

(da)ei,(9) @ (dB)ey (B) & TS = T P

Define f : H x S x G — P by f(h,z,g) = hxg (here we use commutativity for this to
be well-defined). Then

df(eH,xo,eg)(u7 v, w) = (d/B>€H (u) +v+ (da)ec; (U>7

and S0 df (¢, z¢,ec) 15 an isomorphism. We now prove that we may shrink S enough so
that f becomes injective. Indeed, suppose not; then there exist sequences (hg, Tk, gr) #
(h., ), g;.) such that

hrrrgr = h;:czg;, and :ck,arﬁg — x0.

Applying 7 and using its G-invariance and H-equivariance, we obtain

hm(xg) = hym(zy,)
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for each k. Since H is compact, the sequence d = (hk)_lh; contains a convergent
subsequence dy,,, with limit d € H. Then n(x,) = dn(x), ), with the left-hand side
converging to m(zg) and the right-hand side converging to dm(zg). By freeness of the
H-action on M, we obtain d = eyy. Now

Thy = Ao, ¥, T (G) ™

converges to xq, and dknx;cn converges to egxg = xg. Since the G-action on P is proper
(as m : P — M is a smooth principal bundle), I, = g} (gr,)”" has a convergent
subsequence Iy, , with limit /. This limit must be e due to freeness of the G-action on
P.

Therefore, we now have dy,,, converging to ey, l, ~converging to eg, and xy, =
dy,,,. l’;gnm Ik, converging to xo. Thus y,, = (dg,, , m%nm Ik, ) converges to (eq, o, Tq),
but the derivative of f at (e, xo,eq) is invertible, so f is injective on a neighbourhood
of (em,xo,eq). Therefore y,, must eventually be (ep, o, eq); but reversing the roles
of xp,x), we see that (d/,;n1 ,xknm,l];nl ) must eventually be (em,zo,eq) as well. This
contradicts the assumptior;nthat the sglquences (hi, xx, gi) and (h, x), g).) were distinct.

Thus we have found, for any point ¢ € P, a submanifold S containing x such that
f:+ HxSxG — P defined by f(h,z,g9) = hzg is an embedding. The quotient map
P — M/H then provides a submanifold isomorphic to S, containing the image of x,
and whose preimage in P/H is S x G; since xy was arbitrary, we have now found local
trivializations of P/H — M/H as a principal G-bundle.

Note that the G-action on P/H is still free: for z € P, Hx € P/H and g € G, the
G-action is defined as (Hx)g = H(zg). Suppose now that (Hx)g = Hx for x € P. Then
there exists an h € H such that hx = zg. Applying 7 gives hr(z) = 7(x), and since
H acts freely on M, we conclude that h = efy. Now x = xg, and from freeness of the
G-action on P we see that g = eq, so the G-action on P/H is free. O

We now translate the theorem from a statement on principal bundles into one on
equivariant vector bundles.

Lemma A.2. Let G be a compact Lie group, M a manifold and 7 : E — M a complex
vector bundle of rank k. Assume that G acts freely on M and E, such that 7 is G-
equivariant, and such that for every x € M, g € G, left-multiplication by g induces a
linear isomorphism E; — Eg,. Then the principal GLy(C)-bundle 7w : P — M associated
to E admits a free G-action which commutes with the GLi(C)-action, and such that 7 is
G-equivariant. Furthermore, the vector bundle associated with the quotient T : P/G —
M/G is the “quotient vector bundle” E/G — M/G, in the sense that (E/G)gs = Ey
forx e M.

Proof. We define P as follows: for x € M, the fiber 7—!(x) consists of all linear isomor-
phisms C*¥ — E,. A local trivialization of E around x gives rise to a local trivialization
of P as a GL;(C)-bundle, and therefore serves to define the topology and smooth struc-
ture of P. The bundle P is also known as the frame bundle of F, and A € GL(C) acts
on an isomorphism C¥ — E, by precomposition. Now, for g € G and = € M, we obtain
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a linear isomorphism L : E, — Eg, by left-multiplication. Therefore g acts on L' € P,
by g-L' =LoL' If A€ GLg(C), then L' - A = L' o A. Since composition is associative,
(9L")A = g(L'A), and the G-action on P — M commutes with the GL;(C)-action. We
conclude that the quotient 7 : P/G — M /G is a principal GLg(C)-bundle.

To now recover from P/G a vector bundle over M /G, let GLy(C) act on P/G x C* by
(Gz,v)A = ((Gz)A, A~'w), where A € GLy(C), v € C*¥ and x € P. Then the quotient
space (P/G x C*)/GL(C) admits a map p : (P/G x C*)/GL.(C) — M/G given by

[(Gz,v)] = G7(x).

This is well-defined since 7 is GLj(C)-invariant. Furthermore, each fiber p~1(Gy) for
y € M is isomorphic to Ej,. O
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