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Abstract. Area-preserving diffeomorphisms of a 2-disc can be reghatetime-1 maps of
(hon-autonomous) Hamiltonian flows & x D?, periodic flow-lines of which define braid
(conjugacy) classes, up to full twists. We examine the dyioamelative to such braid classes
and define a braid Floer homology. This refinement of the RFhoeenology originally used for
the Arnol'd Conjecture yields a Morse-type forcing theawy periodic points of area-preserving
diffeomorphisms of the 2-disc based on braiding.

Contributions of this paper include (1) a monotonicity leenfar the behavior of the nonlin-
ear Cauchy-Riemann equations with respect to algebragthsrof braids; (2) establishment of
the topological invariance of the resulting braid Floer lodogy; (3) a shift theorem describing
the effect of twisting braids in terms of shifting the braild& homology; (4) computation of
examples; and (5) a forcing theorem for the dynamics of Hamig&in disc maps based on braid
Floer homology.
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1. MOTIVATION

The interplay between dynamical systems and algebraiddgpas traceable from the earli-
est days of the qualitative theory: it is no coincidence Baihcaré’s investigations of invariant
manifolds and (what we now know as) homology were roughlpcidient. Morse theory, in par-
ticular, provides a nearly perfect mirror in which quaikatdynamics and algebraic topology
reflect each other. Said by Smale to be the most significagtesoontribution to mathemat-
ics by an American mathematician, Morse theory gives aioglahip between the dynamics
of a gradient flow on a spacé and the topology of this space. This relationship is often ex
pressed as a homology theory [25] 35]. One counts (hondesgehéixed points of-[0f on a
closed manifoldM (with Z, coefficients), grades them according to the dimension o&fise-
ciated unstable manifold, then constructs a boundary tgebased on counting heteroclinic
connections. Careful but straightforward analysis shdvas this boundary operator yields a
chain complex whose corresponding (Morse) homology.HM is isomorphic toH, (M; Z),
the (singular, mod-2) homology ™, a topological invariant.
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Morse’s original work established the finite-dimensiomadry and pushed the tools to apply
to the gradient flow of the energy function on the loop spaca Biemannian manifold, thus
using closed geodesics as the basic objects to be counterlproblem of extending Morse
theory to a fully infinite-dimensional setting with a strayadefinite functional remained open
until, inspired by the work of Conley and Zehnder on the Alsh@onjecture, Floer established
the theory that now bears his name.

Floer homology considers a formal gradient flow and studieset of bounded flowlines.
Floer’s initial work studied the elliptic nonlinear CaucRfemann equations, which occur as a
formal L2-gradient flow of a (strongly indefinite) Hamiltonian actiofihe key idea is that no
locally defined flow is needed: generically, the space of kdedrflow-lines has the structure
of an invariant set of a gradient flow. As in the constructiériMorse homology one builds
a complex by grading the critical points via the Fredholmeixénd constructs a boundary
operator by counting heteroclinic flowlines between powith difference one in index. The
homology of this complex — Floer homology KHF— satisfies a continuation principle and
remains unchanged under suitable (large) perturbatioleer Fomology and its descendants
have found use in the solution of the Arnol'd Conjecturel [1i8] instanton homology [13],
elliptic systems[4], heat flows [31], strongly indefinitenfttionals on Hilbert spaces|[1], contact
topology and symplectic field theory [10], symplectic hoowy [11], [27], [38], and invariants
of knots, links, and 3-manifolds [28].

The disconnect between practitioners of Floer theory aptiegbmathematicians is substan-
tial, in large part due to the lack of algorithms for compgtimhat is in every respect a truly
infinite-dimensional construct. We suspect and are coedrtbat better insights into the com-
putability of Floer homology will be advantageous for itpagpability. It is that long-term goal
that motivates this paper.

The intent of this paper is to define a Floer homology relatedhe dynamics of time-
dependent Hamiltonians on a 2-disc. We build a relative Hogy for purposes of creating
a dynamical forcing theory in the spirit of the Sharkovskedhem for 1-d maps or Nielsen
theory for 2-d homeomorphisms [21]. Given one or more péciodbits of a time-periodic
Hamiltonian system on a disc, which other periodic orbitsfarced to exist? Our answer, in
the form of a Floer homology, is independent of the HamildoniWe define the Floer theory,
demonstrate topological invariance, and connect the yitedhat of braids.

Any attempt to establish Floer theory as a tool for appliedatyical systems must address
issues of computability. This paper serves as a foundatiowhat we predict will be a com-
putational Floer theory — a highly desirable but challeggyoal. By combining the results
of this paper with a spatially-discretized braid index frfiid], we hope to demonstrate and
implement algorithms for the computation of braid Floer lmbogy. We are encouraged by the
potential use of the Garside normal form to this end: @atlines this programme.

2. STATEMENT OF RESULTS

2.1. Background and notation. Recall that a smooth orientable 2-manifdidwith area form

w is an example of a symplectic manifold, and an area-presgriffeomorphism between
two such surfaces is an example of a symplectomorphism. Bytamorphisms of M, w)
form a group SymfM, w) with respect to composition. The standard unit 2-disc inplame
D? = {x € R? | |x| < 1} with area formwy = dpA dqis the canonical example, with the area-
preserving diffeomorphisms as Sy(i}g, ay).
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Hamiltonian systems on a symplectic manifold are definedoiews. LetXy(t,-) be 1-
parameter family of vector fields given via the relatiggw = —dH, whereH(t,-) : M — R
is a smooth family of functions, or Hamiltonians, with theperty thatH is constant or@M.
This boundary condition is equivalentitax,w = 0 wherei : 9M — M is the inclusion. As a
consequenc¥y (t,X) € TxdM for x € OM, and the differential equation

dx(t)
dt
defines diffeomorphism$; y : M — M via Y H (X) d:efx(t) with M invariant. Sincewis closed
it holds that; ,, w= wfor anyt, which implies thatp; 4 € SympgM, w). Symplectomorphisms
of the formLpt,’H are called Hamiltonian, and the subgroup of such is denoted M, w).

The dynamics of Hamiltonian maps are closely connectedsttoiology of the domain. Any
map ofD? has at least one fixed point, via the Brouwer theorem. Theecomtf the Arnol'd
Conjecture is that the number of fixed points of a Hamiltonizap of a (closed]M, w) is at
leasty, dimHx(M;R), the sum of the Betti numbers &f. Periodic points are more delicate
still. A general result by Franks [14] states that an aressgnving map of the 2-disc has either
one or infinitely many periodic points (the former case behag of a unique fixed point, e.g.,
irrational rotation about the center). For a large clasdaded symplectic manifolddM, w) a
similar result was proved by Salamon and Zehnder [34] ungi@ragoriate non-degeneracy con-
ditions; recent results by Hingston for tari [19] and Ginaiptor closed, symplectically aspheri-
cal manifolds show that any Hamiltonian symplectomorphisiminfinitely many geometrically
distinct periodic points [18]. These latter results holdheut non-degeneracy conditions.

In this article we develop a more detailed Morse-type thdoryperiodic points utilizing
the fact that orbits of non-autonomous Hamiltonian systéons links in St x D?. Let Ay =
{yt,---,y™ c D? be a discrete invariant set for a Hamiltonian map which presethe set
An: are there additional periodic points? We build a forcingpatty based of Floer homology to
answer this question.

= Xu(t,x(t)), x(0)=x, (2.1.2)

2.1.1. Closed braids and Hamiltonian system&/e focus our attention o2, the unit disc
with mdisjoint points removed from the interior.

<« 2.1 Lemma.[Boyland [7] Lemma 1(b)] For every area-preserving diffeophismf of ]])ﬁ1
there exists a Hamiltonian isotogy 1 on D? such thatf = Wt H. >

A detailed proof of this is located in the appendix, for coaetphess. We note that (contrary
to the typical case in the IiteraturéDﬁ1 is assumed invariant, but not pointwise fixed. As a
consequence of the proof, the Hamiltonidit,x) can be assume@®, 1-periodic int, and
vanishing ordD?. We denote this class of Hamiltonians k.

Periodic orbits of a map db? are described in terms of configuration spaces and braids.
The CONFIGURATION SPACEC"(DD?) is the space of all subsets BF of cardinalityn, with
the topology inherited from the produ@?)". The free loop spac@" of mapsSt — C"(D?)
captures the manner in which periodic orbits ‘braid’ thelvee in the Hamiltonian flow on
St xD?, asin Fig[2.111. Recall that the classigalaiD GROUP By, onn strands isy (C"(D?))
(pointed homotopy classes of loops). Although elemen@'bére not themselves elements of
Bn, we abuse notation and refer to such as braids.

To build a forcing theory, we work witlRRELATIVE BRAIDS — braids split into ‘free’ and
‘skeletal’ sub-braids. Denote ™™ the embedded image @" x QM — Q"M Such a
relative braid is denoted by rel v; its braid clas$x rel v] is the connected component@i™™.

A RELATIVE BRAID CLASS FIBER [X] rel Y is defined to be the subset rf € Q" for which
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FIGURE 2.1. A pair of braids on five strands are in the same connectegbo-
nent ofQ°.

x’ rely € [x rel Y]. This class represents all possible free braids which st#ye braid class,
keeping theskELETON Y fixed: see Figl 2.112.

2.1.2. The variational approachFix a HamiltoniarH € .77 and assume thatc Q" is a (col-
lection of) periodic orbit(s) of the Hamiltonian flow. We Wassign a Floer homology to relative
braid classe$x] rel Y. Define theacTION of H € JZ via

.ZH(X):/Ole(x(t)):/Olﬁo(xt(t))dt—/Olﬁ(t,x(t))dt, 2.1.2)

wheredio = 3 prddf, H(t, X (1)) = T H (t,X(1)); X = 9X; and® = oo — Hdt. The set of critical
points of Z4 in [X] rel Y is denoted by Crit([X] rel Y).
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FIGURE 2.2. Shown are two relative braids in the fideq rel v: the fixed
strandsy are called the skeleton.

We investigate critical points a4y via nonlinear Cauchy-Riemann equations asL&n
gradient flow of %4y on [x] rel Y. Choose a smoothidependent family of compatible almost-
complex structures on (D?,wyp): each being a mapping: TD? — TD?, with J2 = —Id,
wo(J-,J-) = wo(-,-) andg(-,-) = wp(-,J-) a metric onD?. We denote the set dfdependent
almost complex structures db? by # = #(S' x D?). For functionsu: R x R — D? the
nonlinear QUCHY-RIEMANN EQUATIONS (CRE) are defined as

(3301 (u)) (s.t) & a“‘gss’t) —J(t,u(s,t))augf’t) _OgH(tu(st)), (2.1.3)

wherel]y is the gradient with respect to the metgc Stationary, ois-independent solutions
u(s,t) = x(t) satisfy Eq.[(2.1J1) sinc80gH = Xy. In order to find closed braids as solutions
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we lift the CRE to the space of closed braids: a collecti¢at) = {uX(s,t)} satisfies the CRE
if each componeniX satisfies Eq[{Z.113).

2.2. Result 1: Monotonicity. There is a crucial link between bounded solutions of CRE and
algebraic-topological properties of the associated brkslsesbraids decrease in word-length
over time Forx € Q", the associated braid can be represented@sNaUGACY CLASSIn the
braid groupBp, using the standard generatc{m}{‘;ll. The LENGTH of the braid word (the
sum of the exponents of thg’s) is well-defined and is a braid invariant. Geometricathjs
length is the totaCROSSING NUMBERCrosgXx) of the braid: the algebraic sum of the number
of crossings of strands in the standard planar projectiea Fig[2.2).

FIGURE 2.3. The standard positive generatprfor the braid grougB, sends
theit" strand over thei 4+ 1)St. Pictured inBs is (left) o, and (right) the braid
0, 10301030, 101020510, 10102030, 1010, 1. This braid has length (algebraic
crossing number) equal te3.

To make sense of this statement, we first assemble braicesla®s® a completion. Denote
by Q" the space of mags! — (D?)"/S,, the configuration space afnot necessarily distinct
unlabeled points if»2. The discriminant 06INGULAR BRAIDS 3" = ﬁn\Q” partitionsﬁn into
braid classes; the relative versions of these 4.eel Y) arise when the skeletonis fixed.

The Monotonicity Lemma_2]2 says, roughly, that the flow4ire bounded solutions — of
the CRE are transverse to the singular braids in a mannedélcadases crossing number.
< 2.2 Monotonicity Lemma. Let u(s) € Q" be a local solution of the Cauchy-Riemann equa-

tions. Ifu(so,-) € Z"rel v d:Efﬁ”\Q” rel v, then there exists agp > 0 such that

Crosgu(so—¢,-)) > Crosgu(sp+&,-)) VO <e<egg. (2.2.1)
>

This consequence of the maximum principle follows from thsifvity of intersections o8-
holomorphic curves in almost-complex 4-manifolds|[23,; 2®2her expressions of this principle
arise in applications to heat equations in one space dimensee e.gl 3,/ 2].

As a consequence, the local flowlines induced by the CRE pmdgically transverse to the
singular braids off of the (maximally degenerate) set ofaqased singular braids. This leads to
an isolation property for certain relative braid classegtvimakes a Morse-theoretic approach
viable. Denote by ([x] rel Y) the set of bounded solutiongs,t) of the CRE contained a
relative braid class$x] rel Y. Consider braid classes which satisfy the following topatal
property: for any representatiye| rel y the strands irx cannot collapse onto strandsyn or
onto strands irx, nor can the strands ix collapse onto the boundad?. Such braid classes
are calledPROPER see Fig.[2.2. From elliptic regularity and the Monotonidiemma we
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obtain compactness and isolation: for a proper relativellmass, the set of bounded solutions
is compact and isolated in the topology of uniform conveogeon compact subsetsif.

FIGURE 2.4. Proper (left) and improper (right) relative braid sles. On the
right, the free strands can collapse onto the skeleton.

<« 2.3 Isolation and Compactness Theorem.Let [X] rel Y be a proper braid class. Then, in
the topology of uniform convergence on compact subseR?irthe set of bounded solutions
A ([X] rel Y) is compact and isolated jx] rel v. >

The proof is a combination of Proposition 4.1 and ProposEd.

2.3. Result 2: Braid Floer Homology. The above proposition is used to define a Floer homol-
ogy (cf. [12]) for proper relative braid classes. Definé = [x] rel v, then by Proposition 2.3
the set of bounded solutions is.if” is compact andu| < 1 for allu € .Z(.#"). We say that
() isisolated. In order to define Floer homology fdf, the system needs to be embedded
into a generic family of systems. The usual approach is tbdéish that (for generic choices of
HamiltoniansH € 27, for whichy € Crity) the critical points of the action are non-degenerate
and the sets of connecting orbigx_ x, ([X] rel Y) are finite dimensional manifolds.

The Fredholm theory for CRE yields an index functipon stationary points of the action
Zn and dimaZx_ x, ([X] rel Y) = p(X—) — u(X+). Following Floer [12] we can define a chain
complexCy([X] rel Y) = @ Z,(X), where the direct sum is taken over critical points of index
k. The boundary operatal; : Cx — Cx_1 is the linear operator generated by counting orbits
(modulo 2) between critical points of the correct indicese Btructure of the space of bounded
solutions reveals thgC.,0.) is a chain complex. The homology of this chain complex —
the BRAID FLOER HOMOLOGY — is denoted HE{([x] rel Y;J,H). This is finite dimensional
for all k and nontrivial for only finitely many values & Independence of choices is our
first major result. Any Hamiltonian dynamics which leawesnvariant yields the same Floer
homology, HE([x] rel Y;J,H) is independent o8 andH; homotopies ofr within the braid
class also leave the braid Floer homology invariant. To beenpoecise, fory,y’ € [v], the
Floer homology groups for the relative braid classes fipefsel Y and[x'] rel Y’ of [x rel Y]
are isomorphic, HE[x] rel Y) = HF([x] rel Y’). This allows us to assign the Floer homology
to the entire product clasx rel v].

<« 2.4 Braid Floer Homology Theorem. The braid Floer homology of a proper relative braid
class,

HB..([x rel Y]) d:‘EfHF*([x] rely), (2.3.1)

is a function of the braid clasx rel Y] alone, independent of choices fdrandH, and the
representative skeleton >
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2.4. Result 3: Shifts & Twists. The braid Floer homology HBentwines topological braid
data with dynamical information about braid-constraineariitonian systems. One example
of the braid-theoretic content of HBcomes from an examination of twists. Recall that the
braid groupB, has as its group operation concatenation of braids. This doe extend to

a well-defined product on conjugacy classes; howeBgrhas a nontrivial centef(B,) = Z
generated by\?, theFULL TWIST onn strands. Thus, products with full twists are well-defined
on conjugacy classes. These full twists have a well-defimghct on the braid Floer homology
(Sec1D). Twists shift the grading: see Hig.]2.4.

<« 2.5 Shift Theorem. Let [X rel Y] denote a braid class with havingn strands. Then

HB. ([(x rel Y) - A%)) 2 HB,_on([x rel Y]).

FIGURE 2.5. The addition of a full positive twist (on right) to a perelative
braid class (on left) shifts the Floer homology up by degvee t

In any Floer theory, computable examples are nontrivial.cdfapute examples in Selc. 111,
including the following.

« 2.6 Example Consider a skeletom consisting of two braid componenfs?®, v}, with y!
andy? defined by

2m, 2m; . 2, 2
le{rlem't,~-~,rlem'(t m+1)}, Y2:{r2em o rpe it n'{—i—l)}.

where 0< r; <rz <1, and(n,m) and (n',m') are relatively prime integer pairs witi= 0,
m> 2, andn? > 0. A free strand is given by = {x!}, with x}(t) = re®™, forr; <r <r;
and som¢ < Z, with eithern/m< ¢ < n'/m orn/m> ¢ > n’/m, depending on the ratios of
n/mandn’/m. The relative braid clasi rel ] is defined via the representatixerel v. The
associated braid class is proper, and.qB rel Y]) is non-zero in exactly two dimensions{ 2
and 2 +1, see Sed. 11. >

This example agrees with a similar computation of a (finiteehsional) Conley index of
positive braid classes in [17]. Indeed, we believe that tfzedbFloer homology agrees with
that index on positive braid classes. We anticipate usirgpidni 2.6 combined with Garside’s
Theorem on normal forms for braids as a means of algoritHipicamputing HB,, see e.g.
Sec[12.1.
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FIGURE 2.6. The braid class of Example 2.6 has one free strand sutealby
a pair of skeletal braids whose rotation numbers bound floov@and below.

2.5. Result 4: Forcing. Floer braid homology HBcontains information about the existence of
periodic points or invariant sefs,, of area-preserving diffeomorphismisRecall that an invari-
ant setA, = {y*,---,y"} for f determines a braid clags] via Y (t) = (W (YH), -, Pru(y")).
The representation as an elem@f ) in the braid grou®, given by a choice of a Hamiltoian
H, is uniquely determined modulo full twists.

« 2.7 Braid Forcing Theorem. Let f € SymgD?, wy) have an invariant sein, represent-
ing them-strand braid clas§r]. Then, for any proper relative braid classrel Y] for which
HB.([x rel Y]) # O, there exists an invariant s&f for f such that the unioAy,U A}, represents
the relative braid clasx rel y|. >

< 2.8 Example Consider the braid clasg rel Y] defined in Ex[2)6. For any area-preserving
diffeomorphismf of the (closed) disc with invariant set represented (up lotfuists) by the
braid clasgY|, there exist infinitely many distinct periodic points. Tape this statement we
invoke the invariant HB, computed in Ex[_2]6, and use Theorem 2.5. In particulas,résult
implies that if f has a fixed point at the boundary and a periodic point of pdagr than two

in the interior, thenf has periodic points of arbitrary period, and thus infinitelginy periodic
points. In Sed._11 we give more details: the main results egsgmted in Theorem 11.4. »

3. BACKGROUND: CONFIGURATION SPACES AND BRAIDS

Experts who want to get to the Floer homology are encouragettip over the following
background sections to Séé. 5.

3.1. Configuration spaces and braid classesThe CONFIGURATION SPACEC"(D?) is the
space of subsets @7 of cardinalityn, with the topology inherited from the produd@?)"/S,,
where§, is the permutation group. Configuration spaces lead n&tumbraids [6]. For any
fixed basepointryC"(D?) = By, Artin’s braid group om strands. For our purposes (finding
periodic orbits of Hamiltonian maps of the disc), the bagefge unnatural, and we work with
free loop spaces.

The loop spac@" is the space of continuous mappingsR /Z — C"(D?) under the standard
(strong) metric topology induced b§°(R/Z;D?). We abuse notation to indicate points in
C"(D?) and loops iM" by the same symba{, often referred to as a braid. In some contexts we
denote loops by (t) and consider them as a union of disjoint ‘stran§t). Two loopsx (t)
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andX(t) are close in the topology @®" if and only if for some permutatiofi € S, the strands
X8 andxX areCP-close for allk andd = 8~1a8.

The BRAID CLASS of x is the connected componext] € TH(Q"). These braid classes can
be completed t®", theC-closure ofQ" in (D?)"/S,. The discriminan&” = Q™\ Q" defines

the singular braids. A special subset of singular braidsterse that can be regarded ain
with n" < n. Such collapsed braids are denotedByc >".

Given a fixed skeleton braid € Q™ we define the relative braids as follows. There is a
natural inclusiony : Q" — Q" taking x to the union ofx andy — a potentially singular
braid. Braids rely are partitioned by the singular relative braiisel vy = 13 1(Z™™) into
connected components. These connected componei?8Thare the relative braid classes
[x rel Y]; in this class, both the strands »fandy are permitted to deform (though without
intersecting themselves or each other). REeATIVE BRAID CLASS [X] rel v is defined as the
fiber1;1(Q™™) N [x]; in this fiber, strands ok may deform, but not strands wf

3.2. The Hamiltonian action. ForH € .# the Hamiltonian 1-form o$! x D? is defined by
8 = pdg— Hdt. For a loopx € Q' one defines thacTioN functional

1 1 1

240 = [ 80xt) = [ colx(®)dt— [ THtx)et, (3:2.1)
whereap = pdqandx = %. The first variation with respect to variatiogs= C! defines an
exact 1-formd %y

1 1
A& = — [ w(x(V).E0)dt- [ dHEX)EOd
1
= — [ (%O X (t.x(0). 30 )

which gives the variational principle for Eq. (2.1..1). Fdosedn-braids we can extend the
Hamiltonian action t@". Given anyx € Q" define its action by (x) = S1_; % (X). We
may regard% (X) as the action for a Hamiltonian system @ID)Z)”, With @y = g X -+ - X W,
andH(t,x) = 3 H(t,X), i.e. an uncoupled system with coupled boundary conditiétts

1) =x9M(t) for all t and allk = 1,---,n, whereo € S, is a permutation. We abuse notation
by denoting the action for the product system. 4 (x) and the action is well-defined for alll
x € Q"NCL The stationary, or critical closed braids, including silag braids, are denoted
by Critg(Q") = {x € Q"NC! | d-%(x) = 0}. By the boundary conditions given above, the
first variation of the action yields that the individual stds satisfy Eq[(2.1l1). For the critical
points of £ on Q" the following compactness property holds.

< 3.1 Lemma.The set Crif (Q") is compact irQ". As a matter of fact Crit(Q") is compact

in theC'-topology for anyr > 1. >
Proof.  From Eq. [Z.I11) we derive thax| = |OH (t,x¥)| < C, by the assumptions oH.
Since |xX| < 1, for all k, we obtain the a priori estimatéx |y~ < C, which holds for all

X € Crity (ﬁn). Via compact embeddings (Arzela-Ascoli) we have that a eegex,, € Crity
converges irC%, along a subsequence, to a limite Q" Using the equation we obtain the
convergence irC! and x satisfies the equation with the boundary conditions giveovab
Thereforex € Crityy (Q"), thereby establishing the compactness of @@'") in Q". TheC'-
convergence is achieved by differentiating £q. (2.1.1¢atedly. This concludes the compact-

ness of Crit (Q") in C'. O
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<« 3.2 Remark.The critical braids in Crjj (ﬁn) have one additional property that plays an
important role. For the strand& of x € Crity(Q") it holds that eithefx(t)| = 1, for allt,
or [X(t)| < 1, for allt. This is a consequence of the uniqueness of solutions fonitied value
problem for [Z.1.11). We say that a braidn supported in infD?) if |[x¥(t)| < 1, for all t and for
all k. >

In the same spirit, we can define the subset of stationarg$rastricted to a braid clags|,
notation Crity ([X]), or in the case of a relative braid class Gfitx] rel v).

4. BACKGROUND: CAUCHY-RIEMANN EQUATIONS

4.1. Almost complex structures. The standard almost complex mattdx is defined by the
relation(-,-) = uwp(-,Jo-), where(-,-) is the standard inner product defineddy® dp-+dq®
dg. Therefore,Jy defines an almost complex structure DA which corresponds to complex
multiplictation withi in C. In general an almost complex structure Bf is a mapping) :
TD? — TD?, with the property thad® = —id. An almost complex structure is compatible with
wy if wp(-,J-) defines a metric of®? andg = wy(-,J-) is J-invariant. The space offamilies of
almost complex structures is denoted iy = _# (St x D?).

In terms of the standard inner produet-) the metricg is given byg(&,n) = (—JoJ¢,n),
where—JpJ is a positive definite symmetric matrix function. With resp& the metricg it
holds thatlOgH = X.

4.2. Compactness.In order to study 1-periodic solutions of EQ. (2]1.1) thea@onal method
due to Floer and Gromov explores the perturbed nonlineaci@aRiemann equations (2.1.3)
which can be rewritten as

034 (U) = us— J(t,u) [ — Xu (t,u)] =0,

for functionsu : R x R — D? (short hand notation). In the case of 1-periodic solutioasrwoke

the boundary conditions(s,t + 1) = u(s,t).

In order to find closed braids as critical points#f; on Q" we invoke the CRE fouK in
u = {u¢}. A collection of C:-functionsu(s,t) = {uX(s,t)} is said to satisfy the CRE if its
componentsK satisfy Eq.[(2.1.13) for ak and the periodicity condition
{ul(st+1),...,u"(st+1)} = {ul(st),...,u"(s 1) }. (4.2.1)

for all s,t. We use the almost complex structdreefined vieg(-,-) = @o(+,J-), W = wWp X - - - X

o, andg(-,-) = @o(-,J-), with H(t,X) = S H(t,xX) as per Secf.2.1.2. The equations become
035(U) = Us—J(t,U) [Ur — X5 (t,U)] =0, (4.2.2)

where Xy is defined via the relationy ;6o = —dH and the periodicity condition i (4.2.1).
This requirement is fulfilled precisely by braidsgs, -) € Q" for all s. We therefore define the
space of bounded solutions in the space-bfaids by:

MM = @) = {u = {UF} e CHR x R/Z;C"(D?)) | 934 (UF) =0, Vk}

Note that solutions in#?" extend toCl-functionsuk : R x R — D? by periodic extension in
t. If there is no ambiguity about the dependencel@mdH we abbreviate notation by writing
M instead of 71,

The following statement is Floer's compactness theoremsaell to the present situation.
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< 4.1 Proposition. The space#”H is compact in the topology of uniform convergence on
compact sets ir{s,t) € R?, with derivatives up to any order. The actidffy is uniformly
bounded along trajectoriese .#%", and

|44 (u(s. )| = lex(u)] < CLH).

1 n 1
2 k|2 /

Uglsdtds= E // usladtds< C'(J,H),

/]R/O|S|g k:1R0|S|g < CA )

for all u € .#>H and some constants.(U). The constant€, C’ depend only od € _# and
HeJ7. >

Proof. Define the operators

0 o <+ 0 0
_a_S— 3t a\]—a—s-i-\]a.
Eq. (Z1.3) can now be written asuk = OgH (t, uk) £ f&(st) for all k. By the hypotheses d
and the fact thauX| < 1 for allk we have that¥(s;t) € L®(RR?). The latter follows from the fact
that the solutions® can be regarded as functionsRfvia periodic extension i Using these
crucial a priori estimates, the remainder follows as in Féoeompactness proof: see [32, 33].
In brief, theL*-estimates yieldC1*-estimates, which then give the desired compactness. By
the smoothness dfandH such estimates can be found in &iy*.

Due to the a priori bound i6 it holds that|.%; (U(s,-))| < C(J,H) and since

d 1o,
ST (U(s ) = —/0 lus2dt <0,
it follows that the limits lim_ 1. %4 (U(S,-)) = ¢4 exist and are a priori bounded by the same

constanC(J,H). Finally, for anyT;, T» > 0,

0,

T, rl 5 n T, rl K2
[ [ Cusatds= 3 [ [ jfEdtds— £ (u(T2.) — L (u(-To, ).
—-T1J0 K=/ -T1J0

By the uniform boundedness of the action along all orbits .#; 4 we obtain the estimate
Jr fol |Us|§dtds§ 2C(J,H), which completes our proof. O

< 4.2Remarkln the above proof we only usg?-regularity of the Hamiltoniam in order to
obtain compactness . Since we assume Hamiltonians to@®-smooth we can improve the
compactness result to hold up to derivatives of any order. >

4.3. Additional compactness. Consider the non-autonomous Cauchy-Riemann equations:
us—J(s,t,u)u — OgH(s,t,u) =0, (4.3.1)

wheres+— J(s, ) is a smooth path inZ ands— H(s,-,-) is a smooth path iz#’. Both paths

are assumed to have the property that the limits-as+o exists. The path of metrics— gs

is defined via the relatiogs(-,-) = wo(-,J(S,-):). Assume thatHs| < K(s) — 0 ass — +o
uniformly in (t,x) € R/Z x D?, with k € L1(R). For the equatiod,v = f(s,t), the analogue of
Propositiori 4.11 holds via thi€”-estimates on the right hand side, se€ [32, 33]. We sketch the
main idea.
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Defines— £ (s, x) as the action path with Hamiltonian pah- H(s, -, -). The first variation
with respect tes can be computed as before:
d . OD%H k
d—SD%H(s,U(s,-)) = 55 +Z/ H(t,uS),u s)dt

0%
= =1 ; R

. agH 1 2
- 2 /O usf2.dt.

The partial derivative with respect &3s given by
1
G'ZH Z / oH s,t,u S t)) dt,

9Zi| < Ck(s) — 0 ass — Lw. For a non-stationary solutiow it holds that

and

fo |us| dt > 0, and thus foig| sufficiently Iarge ZH(s,U(s,")) — agng < 0, proving that
the Iimlts lims 100 244 (S,U(S,-)) = cs exist. Sincek € LY(R) we also obtain the integral

Jr fo |us|2 dtds< C(J,H). This non-autonomous CRE will be used to establish contiona
for Floer homology

5. CROSSING NUMBERS A PRIORI ESTIMATES AND ISOLATION

5.1. The crossing number. We begin with an important property of the (linear) Cauchy-
Riemann equations in dimension two. We consider Eq. (2.D8)nore generally Equation
(.31), and local solutions of the form: G ¢ R? — R?, whereG = [0,0'] x [1,7']. For two
local solutionau, U : G — R? of (Z.1.3) assume that

u(s,t) # u'(s,t), for all (s,t) € aG.

Intersections ofu and U, whereu(so,tp) = U'(0,tp) for some(so,to) € G, have constrained
evolutions. Consider the difference functierfs,t) = u(s,t) — U'(s,t). By the assumptions an
andu’ we have thawv|yg # 0, and intersections are given s, tp) = 0. The following lemma
is a special feature of CRE in dimension two and is a manifiestaf the well-known positivity
of intersection ofl-holomorphic curves in almost complex 4-manifolds|[23,.22]

< 5.1 Lemma.Letu,u andG be as defined above. Assume thés, tg) = 0 for some(sp, to) €
G. Then(so,1p) is an isolated zero and deg G,0) < 0. >
Proof. Taylor expandfgH (t,u) = OgH (t,u) + Ry(t,u,u’ — u) (U’ — u), whereRy is continu-
ous. Substitution yields

Ws —J(s)w —A(s,t)w=10, w(sp,tp) =0,

whereA(s,t) = Ry(t,u,—w) is continuous orts. Define complex coordinates=s— sp+i(t —
to). Then by[20, Appendix A.6], there existdac 0, sufficiently small, a disbs = {z| |z| < &},
a holomorphic map : D — C, and a continuous mappir: Ds — GLr(C) such that

det ®d(z) > 0, J(2)P(2) = P(2)i, W(z) = D(2)h(2),

for all ze Ds. Clearly, ® can be represented by a reak2 matrix function of invertible
matrices.
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Sincew = ®h, it holds that the conditiomv(zg) = 0 implies thath(zp) = h(zp) = 0. The
analyticity ofh then implies that eithez is an isolated zero iDs, or h = 0 onDy. If the latter
holds, then alsav = 0 onD;. If we repeat the above arguments we concludewh=t0 on G
(cf. analytic continuation), in contradiction with the balary conditions. Therefore, all zeroes
of win G are isolated, and there are finitely many zerpesint(G).

For the degree we have that, sincecdet) > 0,

degw,G,0) = ZldeQW Be (7 Zldth ,Be; (7 ZldeQ(h ,Be;(7),0),
and for an analytic function with an isolated zerd holds that de¢h, B, (z),0) = n; > 1; thus
degw,G,0) < 0. O

For a curvel : | — R?\ {(0,0)}, with | a bounded interval, one can define theNDING
NUMBER about the origin by

def 1 by L
W(F,O)_anll' G_ZH/rG’
for o = (—qdp+ pdq)/(p?+¢?). In particular, for curvesv(s,-) : [1,7] — R?\ {(0,0)} and
for s= 0,0’ the (local) winding number is

W(W(s,-),0) d:efzi/mmﬁazi/a.

Tt 21w

We denote these winding numbers MT vl andWc[;’T/] (w) respectively. In the case that
[1,7'] = [0,1] we simply writeWs(w) defWé ](W). Similarly, we have winding numbers for
the curvesw(-,t) : [0,0'] — R2\ {(0,0)} and fort = 1,7/, which we denote by{*®)(w) and
V\/T[,0 9l (w) respectively. These local winding numbers are related ¢éodébgree of the map
w: G — R?

< 5.2 Lemma.Letu,u : G — R? be local solutions of Equation (2.1.3), withyg # 0. Then

W[T,T’] (W) _W(ET,'[/] (Wﬂ . |:W[O’O/] (W) —\N[[G’G/] (W)] = de@(W, G,O) (511)

o’ iy
In particular, for each zer(s, to) € int(G), there exists ang > 0 such that

W (w) — WS w) < W ol ) g e el ),
forall 0 < € < g. >
Proof.  We abuse notation by regardingas a map from the complex plane to itself. Let
the contoury = 0G be positively oriented (counterclockwise in tfgt) plane). The winding
number of the contoum(y) about Oc C in complex notation is given by

1 dz
W(w(y),0) = 5= 7 ~degwGO)

which is equal to the degree wf: G — R? with respect to the value 0. Using the special form
of the contoury we can write out the the Cauchy integral using the 1-form

ViERI VY vps vy
271 w(y) Z - 21 w(d’,-) 21 w(-,T') 21 w(o,) 2

_ [WW (w) — W] (w)] _ [W[,G’G](W) —V\A[“"’](Wﬂ :

o’ T
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which proves the first statement.

LemmdX5.1 states that all zeroeswére isolated and have negative degree. Therefore, there
exists argp > 0 such thatGe = [sp — €,5 + €] x [T, T] contains no zeroes on the boundary, for
all 0 < € < gg, from which the second statement follows. O

On the level of comparing two local solutions of Equatibrl(3), the winding number be-
haves like a discrete Lyapunov function with respect to ime tvariables. This can be further
formalized for solutions of the CRE d@". For a closed braigt € Q", one defines theoTAL
CROSSING NUMBER

Cros$x)d:efZW(xk—xk/,O) =25 WX—x,0), (5.1.2)
kK {kK'}
k!
where the second sum is over all unordered piirk’}, using the fact that the winding number
is invariant under the inversiofp,q) — (—p,—q). The number Crogs) is equal to the total
linking/self-linking number of all components in a closedid x. The local winding number as
introduced above is not necessarily an integer. Howeveclésed curves the winding number
is integer valued. It is clear that the number Cfagsas defined above is also an integer,
one interpretation of which is via the associated braid rdiang as thLGEBRAIC CROSSING
NUMBER:

< 5.3 Lemma.The number Cross) is an integer, and
Crosgx) = #{positive crossings— #{negative crossings

This is a braid class invariant; i.e., Cr@g$ = Crosgx’) for all X, x’ € [x]. >

This result is standard: we include a self-contained proof.
Proof. The expression for Croés) is twice the sum OfZ!(r?iiZ)! local winding numbers. On
the unordered pairgk, k'} there exists the following equivalence relation. Two pdks’} and
{h,h'} are equivalent if for some integdr> 0, {x¥(d),x¢ (d)} = {x"(0),x"(0)} as unordered
pairs. The equivalence classes of unordered géis } are denoted byt and the number of
elements irm; is denoted byry|. For each clasg; definewy, = x<— X, for some representative
{k,K'} € . Fort € [0,2|mj|], the functionsvy, (t) represent closed loops Y regardless of the
choice of the representatiyk, k'} € 1. Namely, note thafx*(|m|), < (|1g|) } = {x(0), X< (0)}
as unordered pairs, which imlies that

X(Im)) =x©0)  or  X(|m|) =x(0). (5.1.3)
For the crossing number we have
Crosgx) = 22( W (XK — xk’,o)) =25 WM (wry ,0) = 5 W2 (wyy . 0),
] {kKTem ] ]
(5.1.4)

where the (outer) sum is over all equivalence clagged-or the final equality we have used
(5.1.3) and the invariance of the winding number under thersionw — —w. Since the latter
winding numbers are winding numbers for closed loops abdlimking numbers), they are all
integers, and thus Cradss) is an integer.

As for the expression in terms of positive and negative ingsswe argue as follows. By
inspection,\lv(xk — XK O) equals all positive minus negative crossings between thestiands.
The invariance of Cro$g) with respect tox] follows from the homotopy invariance of the
winding number. O
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Using the representation of the crossing number for a bratierms of winding numbers, we
can prove a Lyapunov property. Note that elements .# are not necessarily iQ" for all s.
Therefore Croga(s,-)) is only well-defined whenever(s,-) € Q".

Combining these results leads to the crucial step in setijrgyFloer theory for braid classes.

< 5.4 Lemma. [Monotonicity Lemma] Foru € .#, Crossu(s,)) is (when well-defined) non-
increasing irs. To be more precise, ifi*(so, to) = U¥ (S0, to) for some(so,to) € R x R/Z, and
k # K/, then either there exists @g > 0 such that

Crosgu(so—¢&,-)) > Crosgu(so+€,)),

forall0< € < gg, oruk = ¥, >
Proof. Givenu = {U¢} € ., Crosgu(s,-)) is well-defined for alls € R for which u(s,-) €
Q". As in the proof of Lemma& 513 we defivey (s,t) = uK(s,t) — UK (s, t) for some represen-
tative {k,k'} € 1;. From the proof of LemmBA 5.1 we know thé,to) is either isolated, or
U= UK. In the case thatso,to) is an isolated zero there exists &> 0, such tha{sp,to) is
the only zero ins)—€,50+ €] x [to — &,to+ €], for all 0 < € < gp. By periodicity it holds that
Wiy (S,t -+ |T1j) = Wiy (s,t), for all (s,t) € R?, and therefor@'\/tgcfﬂ‘nj‘(wnj) :vw[fi‘;’] (Wr), for
anyo < d’. From Lemma5J2 it then follows that
W g ) > W ),

and, since these terms make up the expression for @rss)) in Equation[(5.1.4), we obtain
the desired inequality. O

5.2. A priori bounds. From Lemma5.2 we can also derive the following a priori eatarfor
solutions of the Cauchy-Riemann equations.

< 5.5 Proposition.Letu : G — D? be a local solution of Equation (2.1.3), then either
u(st)=1, or Ju(st)|<1,

for all (s,t) € G. In particular, solutions) € .# have the property that componentither lie
entirely ondD?, or entirely in the interior oD?. >

Proof. By assumption, the boundary of the disc is invariant Xgr and thus consists of
solutionsx(t) with |x(t)| = 1. Assume thatti(sp, tp) = X(to) for some(sp,tg) and some boundary
trajectoryx(t). For convenience, we writg(s,t) = x(t) and we consider the differencgs,t) =
U(s,t)—u(s,t)=x(t) —u(s,t). By the arguments presented in the proof of Lerhmh 5.1, we know
that either all zeroes of are isolated, ow = 0. In the latter case = X, hence|u(s,t)| = 1.
Consider the remaining possibility, namely tligs, to) is an isolated zero of, which leads to
a contradiction.

Indeed, choose a rectandgke= [0,0’] x [1,T'] containing(sp,to), such thaw|sg # 0. With
y = 0G positively oriented, we derive from Lemrhab.2 that

W(w(y),0) = degw,G,0) < —1.

The latter is due to the assumption tlatcontains a zero. Consider on the other hand the
loopsu(y) andu/(y). By assumption(u’ —w)(y)| = |u(y)| < |U(y)| = 1. If we now apply the
‘Dog-on-a-Leash’ Lemnfafrom the theory of winding numbers [15], we conclude thdt>

2 If two closed planar pathB(t) (dog) andl’(t) (walker) satisfy|l"’(t) — [ (t)] < I’ (t) — O] (i.e., the leash is
shorter then the walkers distance to the origin) th&if,0) = W(I™’,0).
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W (w(y),0) = W(U'(y),0) = 0, which contradicts the assumption thatouchesdD?. Hence
lu(s,t)| < 1 forall (s,t). O

As a consequence of this proposition we have following tefeulconnecting orbit spaces.
Forx. € Crit(Q"), define

JH .
My, ={veaM | [im u(s) = X4 }.

< 5.6 Corollary. Foru € .#x_ x., with |[X+| < 1, it holds thatu(s,t)| < 1, for all (s;t) €
R x R/Z. >

This is an isolating property of the connecting orbit spaces

5.3. Isolation for proper relative braid classes. In order to assign topological invariants to
relative braid classes we consider proper braid classest@gliiced in Secf.]2. To be more
precise:

<« 5.7 Definition. A relative braid class$x rel Y] is calledPROPERIf for any fiber [x] rel v it
holds that (i): |¥¢(t)| # 1, and (ii): cl[x] rel Y) N (=" rel v) = @. The elements of a proper
braid class are called proper braids. >

Under the flow of the Cauchy-Riemann equations, proper lxkasses isolate the set of
bounded CRE solutions inside a relative braid class. FatigWwloer [12] we define the set of
bounded solutions inside a proper relative braid clagsel v by

AP ([x] rel Y) d:ef{u e #"M@Q") | u(s,) e [x]rely, Vse R}.
We are also interested in the paths traversed (as a fundtignby these bounded solutions in
phase space. Hence we define

I ([x] rel v) OI:ef{x =u(0,") | u .z ([x] rel Y)}

If there is no ambiguity about the relative braid class weaevs#H. Recall that# carries the
Cl (R x [0,1];D?)" topology, while.#> is endowed with th&€" ([0, 1],D?)" topology, since
HisC®.

<« 5.8 Proposition. For any fiber[x] rel Y of a proper relative braid class rel Y] the set
1 ([x] rel Y) is compact, and”?H is a compact isolated setjr] rel v, i.e. (i) [u(s,t)| <1,
for all s,t and (ii)u(s,-)NZ"rel y = &, for all s, >
Proof. ~ The set.#?H ([x] relv) is contained in the compact SWJ’H@”) (Proposition
4.1). Let{um} C .#*H([x]relY) be a sequence, then for any compact intetyahe limit
U = liMpy o Upy lies in.#>"(Q") and has the property thats, -) € cl([x] rel v), for all se I.
We will show now thau(s,-) is in the relative braid clagx| rel v, by eliminating the possible
boundary behaviors.

If |uX(so,t0)| = 1, for some(sp,to) andk, then Propositiof 515 implies thaik| = 1, hence
|u'r<ﬂ| — 1 asm’ — oo uniformly on compact sets ifs,t). This contradicts the fact that] rel v
is proper, and therefore the limit satisfies < 1.

If U¥(s0,t0) = UK (s0,to) for some(sp, to) and some paifk, k'}, then by Proposition 5.4 either
Crosgu(so—¢,-)) > CrosgU(so+¢, -)), for some O< € < g9, or ik = UK. The former case will
be dealt with a little later, while in the latter casec X" rel v, contradicting thafx] rel v is
proper as before.
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If uk(so,to) = Y'(to) for some (sp,tp) and k andy’ € v, then by Propositio 514 either
Crosgu(so—¢,-) UY) > Crosgu(sp+¢€,-) UY), for some 0< € < g9, or i = y*. Again, the
former case will be dealt with below, while in the latter case X" rel v, contradicting that
X rel Y is proper.

Finally, the two statements about the crossing numbersyittinglt bothu(sp —€,-), U(so+
g,-)€Q"rely,and thusi(sp—¢,-),U(So+E€,-) € [X] rel Y. On the other hand, since at least one
crossing humber a — € has strictly decreased sf+ €, the braidsu(sp—¢€,-) andu(sp+€, )
cannot belong to the same relative braid class, which is &adiotion. As a consequence
u(s,-) rel v € [x] rel v for all s, which proves that# " ([x] rel v) is compact, and therefore
also.7¥H c [x] rel v is compact and isolated [x] rel v. m

6. THE MASLOV INDEX FOR BRAIDS AND FREDHOLM THEORY

The action? defined om" has the property that stationary braids have a doubly urdexin
spectrum, i.e., if we consider th®.%4(x) at a stationary braic, thend?. % (x) is a self-
adjoint operator whose (real) spectrum consists of isdlaigenvalues unbounded from above
or below. The classical Morse index for stationary braidtherefore not well-defined. The
theory of the Maslov index for Lagrangian subspaces is usa@ylace the classical Morse
index [12/29| 30], via Fredholm theory.

6.1. The Maslov index. Let (E,w) be a (real) symplectic vector space of dimension Him
2n, with compatible almost complex structutes Sp* (E, w). An n-dimensional subspaséc
E is called LAGRANGIAN if w(v,V) =0 for all v,V € V. Denote the space of Lagrangian
subspaces dfE, w) by L(E, w), or L for short.

It is well-known that a subspadé C E is Lagrangian if and only i¥/ = rangéX) for some
linear mapX : W — E of rankn and some-dimensional (real) vector spadé, with X satisfying

XTIX =0, (6.1.1)

where the transpose is defined via the inner pl’Od-lJ(}td:ef w(+,J-).

The mapX is called a IAGRANGIAN FRAME for V. If we restrict to the special cask, w) =
(R, @), with standardlp, then for a poinix in R?" one can choose symplectic coordinates
x=(pt,---,p"ql,---,q") and the standard symplectic form is given @y = dp' A dqg +

~-4+dp"Add". In this case a subspatec R?" is Lagrangian ifX = < g ) with P,Q

n x n matrices satisfyind®’ Q = Q" P, andX has rankn. The condition orP andQ follows
immediately from Eq.[(6.1]11).
For any fixedV € L, the spacé& can be decomposed into str&gV ):

L={]JZ(V).
k=0

The strateEy(V) of Lagrangian subspac®S which intersec¥ in a subspace of dimensidn
are submanifolds of co-dimensi@&k+1)/2. The MasLov CYCLE is defined as
n
=(V) = J=W).
k=1
Let A(t) be a smooth curve of Lagrangian subspacesX@ia smooth Lagrangian frame for
A(t). A crossing is a numbeg such that\(tp) € =(V), i.e.,X(to)w=v €V, for somew € W,
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0#veV. Foracurve\: [ab] — L, the set of crossings is compact, and for each crossing
to € [a,b] we can define the crossing form ditg) NV:

[ (A, V,t0)(v) Z @ (X (to)w, X (to)w).

A crossingto is calledREGULARif " is a nondegenerate form.A: [a,b] — L is a Lagrangian
curve that has only regular crossings then thesiMov INDEX of the pair(A,V) is defined by

1. . 1.
u(/\,V)zéagnF(/\,V,a)-l— > sugnr(/\,v,to)+§sugnr(/\,v,b),

a<tp<b

whererl (A,V,a) andl"(A,V,b) are zero whem or b are not crossings. The notation ‘sign’ is
the signature of a quadratic form, i.e. the number of pasitiinus the number of negative
eigenvalues and the sum is over the crosstpgs(a,b). Since the Maslov index is homotopy
invariant and every path is homotopic to a regular path tliweablefinition extends to arbitrary
continuous Lagrangian paths, using property (iii) below.tHe special case ¢R?",ty) we
have that

C(AV,to)(v) = Go(X(to)w, X (to)w)
= (P(to)w, Q'(to)w) — (P’ (to)w, Q(to)W).
A list of properties of the Maslov index can be found (and isved) in [29], of which we
mention the most important ones:
(i) for anyW € Sp(E), W(WA, WV) = (A, V)8
(i) for A: [a,b] — £ it holds that(A,V) = UW(A| g, V) + WA, V), foranya < c < b;
(iii) two pathsAg, A1 : [a,b] — L with the same end points are homotopic if and only if

H(Ao,V) = WAL, V);
(iv) for any pathA : [a,b] — =¢(V) it holds thatu(A,V) = 0.

The same can be carried out for pairs of Lagrangian cutlvés : [a,b] — £. The crossing

form onA(to) N AT (to) is then given by
F(A AT t0) E'T (A AT (to), to) — T (AT, Ato), o).

For pairs(A, AT) with only regular crossings the Maslov indgé\, A") is defined in the same
way as above using the crossing form for Lagrangian pairss@§ngA’(t) =V we retrieve
the previous case, anti(t) = V vyields I (V,AT,to) = —[(AT,V,tg). Consider the symplec-
tic space(E,®) = (E x E, (—w) x w), with almost complex structure-J) x J. A crossing
A(to) NAT(tg) # @ is equivalent to a crossin@\ x AT)(tg) € Z(A), whereA c E is the diagonal
Lagrangian plane, and x AT a Lagragian curve ifE, which follows from Equation[{6.111)

using the Lagrangian franm(t) = ( ))((T((tt>> ) Letv= (v,v) = X(to)w, then

FAxAT, At (V) = U)(Y(t w, X (to)w)
—6(X (to)w, X' (to)w) + 6(X T (to)w, X (to)w)
— (A, AT(to), to) (v) + T (AT, Alto)  to) (V).
This justifies the identity
HAAT) = p(a, A x AT. (6.1.2)

3This property shows that we can assuih® be the standard symplectic space without loss of gemterali



BRAID FLOER HOMOLOGY 19

Equation[(6.1R) is used to define the Maslov index for catirs pairs of Lagrangian curves,
and is a special case of the more general formula below=d@a, b] — Sp(E) a symplectic
curve,

M(WA,AT) = p(gr(W), A x AT), (6.1.3)
where gfW) = {(x,Wx) | x € E} is the graph of¥. The curve g{¥)(t) is a Lagrangian curve

in (E,®) andXy(t) = < ) is a Lagrangian frame for ¢#). Indeed, vial(6.1]11) we have

Id
W)

(1d wit)) ( _OJ g) ( W'?t) ) =W (t)JW(t)-J=0,

which proves that gkV)(t) is a Lagrangian curve iE. Via E x E the crossing form is given by
(9r(W).Ax AT to) = (gr(W), (A x AT)(to),to) = (A x AT, gr(W)(to) to)

and upon inspection consists of the three terms making uprtssing form of WA, A') in E.
More specifically, le€ = Xy(tp)&o = X(to)no = N, so that¥Xng = Yo = X™no, which yields

M (9r(W),(Ax AN (to) o) () = (W(t0)E0, ¥ (10)%0)
= w(W(to)X(to)no, ¥ (o) X (to)No),

and
r (/\ X /\T,gr(w)(to),to> )

= —w(X(to)no, X'(to)No) +w(X(to)no, X" (to)no)

= —0(W(to)X(to)no, W(to)X' (to)No) + (X" (to)no, X" (to)no)
which proves Equation[(6.1.3). The crossing form for a moemegal Lagrangian pair
(gr(W),A), whereA(t) is a Lagrangian curve if, is given byl (gr(W),A,to) as described
above. In the special case thfgft) =V x V, then

r (gr(‘l—'),ﬂ, to) (V) = W(W(to)w, W (to)w),

wherev = Xy(to)w.

A particular example of the Maslov index for symplectic gath the @NLEY-ZEHNDER
INDEX on (E,w) = (R?", &), which is defined agcz(W) d:efu(gr(W),A) for pathsW : [a,b] —
Sp(2n,R), with W(a) = Id and Id— W(b) invertible. It holds tha¥’ = JoK(t)W, for some
smooth path — K(t) of symmetric matrices. An intersection of(g§t) andA is equivalent to
the condition deW¥(tg) — Id) = 0, i.e. for&p € ker (W(tp) — Id) it holds that¥(tp)&o = &o. The
crossing form is given by

M (gr(W),At0) (8g) = @o(W(to)&o, W (t0)&0)
= (W(to)&o,K(to)¥(to)&o)
= (&o,K(to)&0)-

In the case of a symplectic path: [0,T] — Sp(2n,R), with W(0) = Id, the extended Conley-
Zehnder index is defined @iz (W, 1) = p(gr(W¥),A).



20 J.B. VAN DEN BERG, R. GHRIST, R.C. VANDERVORST AND W. ®JCIK

6.2. The permuted Conley-Zehnder index.We now define a variation on the Conley-
Zehnder index suitable for the application to braids. Caeisihe symplectic space
E=R*"xR?,  w=(—&p) x &o.

In E we choose coordinates(x,X), with x = (p%---,p"q%---,9") and X =
(pt,---,p",6,---,§") both in R?. Let 0 € S, be a permutation, then the permuted
diagonal)y is defined by:

Bo E{(x%) | (7.4 = (p"¥,0°¥), 1< k<n}. (6.2.1)
It holds thatA; = gr(o), whereo = ( g 2 ) and the permuted diagond}; is a Lagrangian
subspace oE. LetW: [0,T] — Sp(2n,R) be a symplectic path witd’(0) = Id. A crossing

r—P

t = tp is defined by the condition kQHJ( )
[ (gr(W),A0,10) (§5) = @o(W(to)&o, W'(t0)&o)
(W(to)&o, K(to) W(to)&0)
= (0&0,K(to)o&0) = (£0,0 " K(to)a&o), (6.2.2)

where&g = X5&o, and X, the frame forA;. The PERMUTED CONLEY-ZEHNDER INDEX iS
defined as

o) # {0} and the crossing form is given by

Mo (W, T) E u(gr(W), ). (6.2.3)

Based on the properties of the Maslov index the followinpdfdasic properties of the index
Ug can be derived.

< 6.1 Lemma.For¥: [0,7] — Sp(2n,R) a symplectic path with(0) = Id,

(i) Ho(Wx WIT) = lo(W,T) + (W', 1); i
(i) let dk(t) : [0,T] — Sp(2n,R) be a symplectic loop (rotation) given Ity (t) = e Jot,
thenps (OW, 1) = Po(W, 1) + 2kn,

Proof. Property (i) follows from the fact that the equations for thessings uncouple. As for
(i), consider the symplectic curves (usikg0) = Id)

_ ()W) te[0T] k() t € [0,1]
Wolt) = {HJ(T) t € [t,21], alt) = {W(t—'[) t e [t,21.
The curves¥y andW, are homotopic via the homotopy
_ ) eMW((1-Mt)  te[0,1]
b = {W(T-I—)\(t—ZT)) t e [t,21],

with A € [0, 1], andpg(Wo, 2T) = o (W1, 21). By definition of Wy it follows thatps(PW, 1) =
Mo (Yo, 21). Using property (iii) of the Maslov index above, we obtain
Ho(Pk¥,T) = Ho(Wo,21) = Ho(W1,2T) = (gr(W1),A0)
= H(gr(®u)ljo1,80) +H(Gr(W(t—T1))|r21,00)
= H(9r(PW)lj01],A0) + Ho (W, T).
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It remains to evaluatp (gr(d)k)|[07r],Ac). Recall from [29], Remark 2.6, that for a Lagrangian
loopA(t+ 1) = A(t) and any Lagrangian subspa¢ehe Maslov index is given by

H(AV) = Lﬂ““’), det(P(t) +iQ(t)) = €%,

whereX = (P,Q)! is a unitary Lagrangian frame fax. In particular, the index of the loop is
independent of the Lagrangian subspecérom this we derive that

H(9r(Pk) |01, A0) = (9 PK) 0.1, ,

and the latter is computed as follows. Consider the crossm@y: det(eznk/rjoto — Id) =0,

which holds fortg = tn/k, n =0, -- k. Since®y satisfiesd; = 21k /1Jo®Px, the crossing form
is given byl (gr(®y), A, tg) &g = (€0, 2TK/TE0) = 21K/T|&p|, With &g € ker(W(to) — Id) # {0},
and signl (gr(®x),A,tg) = 2n (the dimension of the kernel i From this we derive that
H(gr(Pk)|o,2) = 2knand consequently (gr(Py)|o.1,As) = 2kn. O

6.3. Fredholm theory and the Maslov index for closed braids. The main result of this sec-
tion concerns the relation between the permuted Conlepwd®hindexps and the Fredholm
index of the linearized Cauchy-Riemann operator

0 0
aK7Ao == a_S _JOE — K(S t)

whereK(s,t) is a family of symmetric 8 x 2n matrices parameterized ® x R/Z and the
matrix Jo is standard. The operatdk a, acts on functions satisfying the non-local boundary
conditions(&(s,0),&(s,1)) € Ag, or in other word<(s,1) = o§(s,0). OnK we impose the
following hypotheses:

(k1) there exist continuous function§. : R/Z — M(2n,R) such that lin_ 1 K(s,t) =
K. (t), uniformly int € [0,1];
(k2) the solutionsP_. of the initial value problem

%Wi JoK+ ()WL =0, W.(0)=Id,

have the property that #.. (1)) is transverse td.

Hypothesis (k2) can be rephrased as(tl@(l) — 0') = 0. It follows from the proof below that
this is equivalent to saying that the mappithgs= 30% + K (t) are invertible.
In [30] the following result was proved. Define the functiqgrases
Wo2((0,2;R*) € {n eW"*((0,1])) | (n(0),n(1)) € Ao}
Wi ?(R x [0,1;R™) £ £ e WH2(R x[0,1]) | (£(s,0),8(5,1)) € Ag}.
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<4 6.2 Proposmon Suppose that Hypotheses (k1) and (k2) are satisfied. Theopdetor
oK.A, Wcy — L2 is Fredholm and the Fredholm index is given by

ind 0k a; = Ho(W—,1) —po(W1,1).
As a matter of facthA0 is a Fredholm operator frorWé’p to LP, 1 < p < o, with the same

Fredholm index. >

Proof.  In [30] this result is proved that under Hypotheses (k1) &) on the operator
Ok a,- We will sketch the proof adjusted to the special situatieneh Regard the linearized
Cauchy-Riemann operator as an unbounded operator

d
DL=—-L
L= gs L)
on L2(R;L?([0,1);R?), whereL(s) = Jo& + K(s,t) is a family of unbounded, self-adjoint
operators o.2(]0, 1]; R2"), with (dense) domai:-([0, 1]; R2"). In this special case the result

follows from the spectral flow of(s): for the paths — L(s) a numbersy € R is a crossing if
kerL(s) # {0}. On kerL(s) we have the crossing form

1
rLs0E @0 = [ (20,22 Vew ot

with & € kerL(s). If the paths+— L(s) has only regular crossings — crossings for whiicts
non-degenerate — then the main result.in [30] statesRhas Fredholm with

indD. = ZS|gnF (L,%0) d—ef—uspe((L).

Let W(s,t) be the solution of the-parametrized family of ODEs

L(s)¥(s,t) =0,
Y(s,0) =Id.

Note that& € ker L(s) if and only if &(t) = W(s,1)& and W(s,1)&y = o&o, i.e., & €

ker(¥(s,1) — o). The crossing form fok can be related to the crossing form far(¥),As).

We have that (s)W(s,-) = 0 and thus by differentiating

%w(s,t) + K(s,t)awa(:’t) _ _joangsgst,t)
From this we derive
~(wis g X1 wis o)
— (W(sDEoK(st >"’”’(§S Do)+ (wishtoTo s Vzy)
- (k(syw(s0g0 P30\ 4 (w(s g0 1T oo g,
- (B 2R+ (wis vt n 2 %)

which yields that

~(wisg. X8V g0 = 2 (wis g1 Vo),
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We substitute this identity in the integral crossing formlf¢s) at a crossing = so:

reo® = [ (g0, 20 ar

_ /Ol<w(s,t)ao, aK;z’t)w(s,t)Eo>dt

= (w0803 Ve = (wis g0 TP o Vo)
= an(W(s Do, T Peo) = (G5 1),80,%) (6)

The boundary term at = 0 is zero since¥(s,0) = Id for all s. The relation between the
crossing forms proves that the cungs- L(s) ands+— W(s,1) have the same crossings and
H(gr(W(s,1)),As) = HUspedL). We assume thab(+T,t) = W, (t), and that the crossings= s
are regular, as the general case follows from homotopy iemee. The symplectic path along
the boundary of the cylindgrT,T] x R/Z C R x R/Z yields

_“<A7 AU) o p0'<LP+7 1) + U'Spe((l-) + p0'<LP*7 1) =0.
Indeed, since the loop is contractible the sum of the termmeis. The individual terms

(iii)

¢

(iv) \ J
.

FIGURE 6.1. The symplectic contour iR? and as cylindef—T,T] x R/Z.

along the boundary components are found as follows, seedd@d: (i) for—T <s<T,
it holds that¥(s,0) = Id, and thus gi¥(s,0)) = A and p(gr(¥(s,0)),As) = WA, Ag); (ii)
for 0 <t <1, we have¥(T,t) = W, (t), and thereforqu(gr(¥;),As) = po(W4,1); (iii) for
—T < s< T (opposite direction) the previous calculations with thessing form forL(s)
show thatp(gr(W(s,1)),As) = MspedL); (iv) for 0 <t < 1 (opposite direction), it holds that
W(-T,t) = W_(t), and thereforgu(gr(¥_),As) = Uo(W—_,1). Since indDL = —psped L) We
obtain
ind DL =ind 0k o, = Ho(W—,1) — ho(W4, 1) + H(A, Ag).

SincelA\; andA are both constant Lagrangian curves, it follows @, A;) = 0, which con-
cludes the proof of the Theorem. O

We recall from Sectiori]4 that the Hamiltonian for multi-stlabraids is defined as
H(t,x(t)) = SR_; H(t,xX(t)). The linearization around a braidis given by

Ly &' —d2.44(x) :jO%erzﬁ(t,x). (6.3.1)
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Define the symplectic pat# : [0,1] — Sp(2n,R) by

Z—T —Jod?H(t,x(1))W=0, W) =Id. (6.3.2)
For convenience we writk (t) = d?H (t, X(t)), so that the linearized equation becon%y -

JoK(W =0.

< 6.3 Lemma.lf det(W(1) — o) #0, thenps(W, 1) is an integer. >

Proof.  Since crossings between(ff) and Aq occur when det(t) — o) = 0, the only
endpoint that may lead to a non-integer contribution is theting point. There the crossing

form is, as in[(6.22), given by
M (gr(W),46,0)(8%) = (£,0TK(0)o8),

for all & € ker(W(0) — o). The kernel of¥(0) — o = Id — o is even dimensional, since in
coordinates[(6.2]1) it is of the form Keédo, — o) = ker(ld, — 0) x ker(ld, — 0). Therefore,
signl(gr(¥),As,0) is always even, andy(¥, 1) is an integer. O
The non-degeneracy condition leads to an integer valuete@gaehnder index for braids.
< 6.4 Definition. A stationary braidx is said to be non-degenerate if (1) — 02 #0. The
Conley-Zehnder index of a non-degenerate stationary bragddefined byu(x) d:fuo(LIJ, 1),

whereo € S, is the associated permutationyaf >

<« 6.5Remarklf x = {xX(t)} is a stationary non-degenerate braid, thi¢x) can be related to
the Morse indicesgiy (x") provided that the matrix norm &f = d?H (xX) is not too large, e.g. if

K| < 21t Forpy (x) € 3y (X6),

HX) = pa(:2) = 3 (1= (29) =n—p (). (6.3.3)

This relation can be useful in some instances for computingrfhomology, see Sedt. 11.2.
Indeed, in dimension tw¥’ satisfies:W(t) = exp(JoKt), whereK = d?H(xX(t)) is a constant
matrix. Theru(x) = pcz(W) = 1—p~ (K), wherep (K) is the number of negative eigenvalues
of eigenvalues. The latter equality follows from Thm. 3.334]. >

7. TRANSVERSALITY AND CONNECTING ORBIT SPACES

Central to the analysis of the Cauchy-Riemann equationgaai@us generic non-degeneracy
and transversality properties. The firstimportant staténmethis direction involves the generic
non-degeneracy of critical points.

7.1. Generic properties of critical points. Define Crity ([x] rel Y) to be those critical points
in Crity that are contained in the braid cldgs$rel v.

<« 7.1 Proposition. Let [x] rel Y be a proper relative braid class. Then, for any Hamiltonian
H e J#, with y € Crity (Q™), there exists &, > 0 such that for ang < &, there exists a nearby
HamiltonianH’ € 77 satisfying

(i) [H—H|c= <8;

(i) v € Crity/(QM),
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such that Crit ([X] rel Y) consists of only finitely many non-degenerate critical p®fior the
action.%y:. >

We say that the property that Gyit[X] rel Y) consists of only non-degenerate critical points
is a generic property, and is satisfied by generic Hamiltmnia the above sense.
Proof. GivenH € 27 we start off with defining a class of perturbations. For adbrae Q™,
define the tubular neighborhodd(Y) of Y in R/Z x D? by :

Ne(v) = [J Be(¥ (1))
telo]
If € > 0 is sufficiently small, then a neighborhobdl(Y) consists oim disjoint cylinders. Let
De = {x€D? | 1—¢ < |x| < 1} be a small neighborhood of the boundary, and define

Ae=Ng(Y)U(R/Z xDg), AS=(R/ZxD?)\Ae.

Let 79H([x] rel v) represent the paths in the cylinder traced out by the element
IR ([x] rel v):

TI([x] relv) £ {1, %) | 1< k<n,t€[0,1],x € #IM([x] rel v)}.

Since [X] rel Y is proper, there exists as, > 0, such that for alle < g, it holds that
T ([x] rel v) Cint(AS,). Now fix € € (0,&,]. ONnC(R/Z x D% R) we define the norm

o0
def

Ihlle= = &llhlcx,
2

for a sufficiently fast decaying sequenge> 0, such thaC” equipped with this norm is a
separable Banach space, densg?inLet

% £ {heC®(R/Z x D%R) | supph C A%},
Vs {he 7 | [Ihllc- < &},

and consider Hamiltonians of the fordl = H + hs € 7, with hs € 75¢. Then, by construc-
tion, v € Crity/(Q™), and by Proposition 5.8 the set?H’([x] rel v) is compact and isolated
in the proper braid clagx] rel v for all perturbatiorhs € 75 .. A straightforward compactness
argument using the compactness result of Propositidn ®&ssthat.7H+Ms([x] rel v) con-
verges to.7 Y ([x] rel v) in the Hausdorff metric a8 — 0. Therefore, there exists@ > 0,
such that73H+1s([x] rel v) C int(AS,), for all 0< & < &,. In particular Crityyn,, C int(AS,),
forall 0 < 5 < &,. Now fix & € (0,3,]. |

The Hamilton equations fdd’ arex — Jo[IH (t, x¥) — JoOh(t,x) = 0, with periodic boundary
conditions int. Define%¢ C Wé’z([o, 1];R?" to be the open subset of functiors= {x} such
thatxX(t) e int(AS,) and define the nonlinear mapping

G U x V5 — L2([0,1;R?),
which represents the above system of equations and bouecdiadytions. Explicitly,
G(x,h) = Jox¢ + OH(t, x) + Oh(t, x),

def

whereH(t,x) = T H(t,x¢), and likewise forh. The mappingg is linear inh. Since§ is
defined on; and bothH andh are of clas€®, the mappingg is of classC!. The derivative
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with respect to variation§&,, dh) € Wcl’z([O, 1]; R?") x ¥ is given by

dg(x,h)(€,8h) = Jo& +d?H(t,x)E +d?h(t,x)E + OdN(t, X)
- LxE‘l‘Déﬁ(t,X),

whereLy = Jo& + d?H(t,x) +d?h(t, x), by analogy with Equatiori {6.3.1). We see that there
is a one-to-one correspondence between elemgrnitsthe kernel ofLy and symplectic paths
described by Equation (6.3.2) with d&t(1) — o) = 0. In other words, the stationary braid
is non-degenerate if and onlylif has trivial kernel.

The operatoL is a self-adjoint operator dr?([0, 1]; R2") with domainwg2([0, 1];R?") and
is Fredholm with indLy ) = 0. Thereforegy, _f9( h) is a (proper) nonlinear Fredholm operator
with

ind(Sp) =ind(Lx) = 0.
Define the set
Z ={(X,h) € % x V55| G(x,h) =0} = g1

We show tha¥ is a Banach manifold by demonstrating td&t{x, h) is surjective foral(x,h) €
Z. Sinced§G(x, h)(&,8h) = Lx& — 0dh(t, x), and the (closed) range b, has finite codimension,
we need to show there is a (finite dimensional) complemeR(bf ) in the image of 18h(t, x).
It suffices to show thafldh(t, x) is dense irL?([0, 1]; R?").

Recall that for any paifx,h) € Z, it holds thatx € Crity C int(AS,). As before consider a
neighborhood\g(x), so thatNg(x) C int(AS) and consists of disjoint cylindersNg (x). Let
@(t,x) € CF (Ne(x¥)), such thatg = 1 onN;»(x¥). Define, for arbitraryfk € C*(R/Z;R?),

- 5 L0

Sinceg(t,XK(t)) = 1 it holds thadh(t, x) = $1_, (fK(t),x€) 2 for x € Crityy,, and therefore the
gradient satlsfleﬁéh(t,x) =f = (1K) e C*(R/Z;R?). Moreover,dh € ¥ by construction,
and becaus€®(R/Z;R?") is dense irL?([0, 1]; R?") it follows thatdS(x, h) is surjective.

Consider the projectiont: 2° — 75, defined byr(x, h) = h. The projectiorrtis a Fredholm
operator. Indeedtt: T n) 2" — ¥, with d1i(X, h) (&, dh) = oh, and

Toow 2 = { (8,30) €Wg? x % | L — 08h =0} .

From this it follows that inddm) = ind(Ly) = 0. The Sard-Smale Theorem implies that the set
of perturbationsh € ”I/reg C 75, for which h is a regular value oftis an open and dense
subset. It remains to show thhte V5o yields thatLy is surjective. Leth € 75¢°, and
(x,h) € Z, thend§(x,h) is surjective, |e for any € L2([0,1];R?") there are(E,dh) such
thatd§(x, h)(€,0h) = ¢. On the other hand, since sinieés a regular value for, there exists a

€ such thatim(x, h)(€,3h) = 8h,, (€, 3h) €TxmZ,ie. L& — 08h = 0. Now

~

Lx(§—&) = dS(x,h)(E—¢,0)
= dS(x,h)((&,8h) — (§,n)) =L -0={,

which proves that for ath € ”//589 the operatolLy is surjective, and hence also injective, imply-
ing thatx is non-degenerate. O
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For x4+ € Crity, let ///fﬂ'X+([x] rely) be the space of all bounded solutions une
P ([x] rel Y) such that ling .+ U(S,-) = X+(+), i.e., connecting orbits in the relative braid
class[x] rely. If x_ = x4, then the set consists of just this one critical point. Thacsp
t%ffh([x] rel Y), as usual, consists of the corresponding trajectories.

< 7.2 Lemma.Let [x] rel Y be a proper braid class and léte .7 be a generic Hamiltonian.
Then

A0 (Xrely) e | " (X rel Y),
X+ €Crity
where Crity = Crity ([X] rel ). >
See[32] for a detailed proof.

<« 7.3 Corollary. Let [x] rel Y be a proper relative braid class and ketbe a generic Hamil-

tonian with Y € Crity (ﬁm). Then the space of bounded solutions is given by the union

//[JH([X] rel Y) = UxieCritH //&]i'm([x] rel Y)- >

Proof. The key observation is that since. rel Y € [X] rel v, alsou(s,-) rel Y € [x] relY,

for all s€ R (the crossing number cannot change). Therefore,Laay///ffM([x] rely) is

contained in[x] rel v, and thus//ﬁ’:'m([x] rely) c .#>H([x] rel Y). The remainder of the

proof follows from Lemma7]2. O
Note that the set%/ifm([x] rel v) are not necessarily compact@n. The following corol-

lary gives a more precise statement about the compactndbg csbaces%/ﬁfh([x] rel v),

which will be referred to as geometric convergence.

< 7.4 Corollary. Let [x] rel Y be a proper relative braid class aAdbe a generic Hamiltonian
with v € Crity(Q"). Then for any sequendes,} C ,/lifX+([x] rel v) (along a subsequence)
there exist stationary braide € Crity([x] rel ), i =0,...,m, orbitsu' € ///;;t'(i,l([x] rely)
and timess,, i = 1,...,m, such that 7

Un(-+§n,-) —>Ui, n— oo,

in Cl .(R x R/Z), for anyr > 1. Moreoverx? = x. andx™ = x_ and % (x") > L4 (x'1)

fori=1,...,m The sequencey is said to geometrically converge to the broken trajectory

(u,...,um. >
See, again[[32] for a proof.

7.2. Generic properties for connecting orbits. As for critical points, non-degeneracy can also
be defined for connecting orbits. This closely follows theas in the previous subsection. Set
W5 P =W5P(R x [0,1]; R?") andLP = LP(R x [0, 1];R?").
Letx_, X € Crity (ﬁn) be non-degenerate stationary braids. A connecting orebigt///i’f,'><+
is said to beNON-DEGENERATE or TRANSVERSE if the linearized Cauchy-Riemann operator
0 -0 —— o 1
— —J— +J3Jod?H(t,u(s,t)) : WyP —LP
as at + 0 ( ) ( y )) o - )
is a surjective operator (for all& p < ).
As before we equit®(R/Z x D?;R) with a Banach structure, cf. Sect.17.1.
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<« 7.5 Proposition. Let [x] rel Y be a proper relative braid class, aHde .7 be a generic
Hamiltonian such that € Crity (ﬁm). Then, there exists@. > 0 such that for ang < 9, there
exists a nearby Hamiltonian’ € .# with |[H — H'||c= < 8 andy & Crity/(Q") such that

(i) Crity/([X] rely) = Critq([X] rel Y) and consists of only non-degenerate stationary
points for the action?;

and for any paix_, X € Crity/ ([X] rel Y)
(i) yﬁf'>/<+([x] rel v) is isolated in[x] rel v;
(iii) ///ff'h([x] rel Y) consists of non-degenerate connecting orbits;
(iv) ///ff'h([x] rel v) are smooth manifolds without boundary and

dim ™ (] rel v) = p(x_) — p(x),
wherep is the Conley-Zehnder index defined in Definition|6.4. >

Proof.  Since[x] rel Y is a proper braid class it follows from Proposition]5.8 tbéi;f';+ is
isolated in[x] rel Yy for anyH’ € J# providedy & Crity.

As for the transversality properties we follow Salamon aetiier([34], where perturbations
in R2" are considered. We adapt the proof for HamiltoniariB3nThe proof is similar in spirit
to the genericity of critical points.

As in the proof of Proposition 7.1 we denote ty the set of perturbations € C*(R/Z x
D?;R) whose support is bounded away frdmy (t)), (t,x.(t)) anddD? (this yields a corre-
sponding sef as in the proof of Propositidn 7.1). If we chodse 75 there exists &, such
that Crity/ ([X] rel Y) = Crity([X] rel Y) and consists of only non-degenerate stationary points
for the actiony,. For details of this construction we refer to the proof ofgysition 7.1.

Define the Cauchy-Riemann operator

G(U,h) = Us— Juy +JJo0OH(t, U) + JJp0h(t, v).

Based on the a priori regularity of bounded solutions of tleichy-Riemann equations we
define for 2< p < o the affine spaces

WUP(x_,x1) Ey+E | E e W P(R x [0,1;R?)}, (7.2.1)

and balls%"P = {u € 1P| I€]lyp < €}, Wherey(s;t) € C3(R x [0,1];(D?)") is a fixed
connecting path such that lim..y(s,-) = X+ andy(s,t) € int(D?)" for all (s,t) € R x [0, 1].
Therefore, forp > 2, functionsu e u§7p(x_,x+> satisfy the limits lim 1o U(S,-) = X+ and
if £ > 0 is chosen sufficiently small then alsgs,t) € int(D?)" for all (s,t) € R x [0,1]. The

mapping
G %-P(X_,X1) x Vg — LP(R x [0,1];R?"),
is smooth. Define
P x, Z(Uh) € UFP(X_, x4 ) x ¥ | §(u,h) =0} = G2
which is Banach manifold provided thd§(u, h) is onto on for all(u, h) € %(,,x+, where
dS(u,h)(&,8h) = di (U, 3h)E + ITo[13h.

Assume thatlG(u, h) is not onto. Then there exists a non-zero functjagnL9 which annihilates
the range otl§(u, h) and thus also the range@fG(u, h), which is a Fredholm operator of index
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M(X_) —H(x4); see Proposition 6.2. The relatiddy G(u, h)(§),n) = 0 for all & implies that
chS(u,h)*n = —ns—Ine+IJod®H (t,u)n = 0.
Since(dS(u,h)(&,dh),n) = 0 it follows that

() 1 _
/ / (N(s,t), OB gndtds=0,  Wah. (7.2.2)
— 00 O

Due to the assumptions drandH, the regularity theory for the linear Cauchy-Riemann oper-
ator implies that) is smooth. It remains to show that no such non-zero funatierists._

Stepl: The functionn satisfies the following perturbed Laplace’s equatian:= 05051 =
07JJ0d?H (t,u)n. If at some(so,to) all derivatives ofn vanish, it follows from Aronszajn’s
unique continuation [5] that = 0 is a neighborhood df&, to). Thereforen(s,t) # 0 for almost
all (s;t) e R x [0,1].

Step2: The vectors)(s,t) andug(s,t) are linearly dependent for adlandt. Suppose not,
then these vector are linearly independent at some p&jng). By Theorem 8.2 in[34] we may
assume without loss of generality thaf(so,tg) # 0 andu(so,to) # X+ (tg) — a regular point.
We now follow the arguments as in the proof of Theorem 8.4 #j {8ith some modifications.
Since(sp, to) is a regular point there exists a small neighborhidge: Iy, x U,1 x - - - x Uyn, such
thatVo = {(s,t) | (t,uU(s,t)) € Up} is a neighborhooll of (sy,tg) andUpNAs = &. The setd) «
are neighborhoods of (s, to) and have the important property thak NUw = o forallk#K.
The proof in [34] shows that the map,t) — (t,u(s,t)) fromVp to Ug is a diffeomorphism. By
choosingVp small enoughus andn are linearly independent ovy. As in [34] this yields the
existence of coordinateg : (D?)" — R2" in a neighborhoodito, U(so,to)) € Ug such that

@(U(st)) = (s—,0,...,0), dg(u(s,t))n(st)=(0,1,0,...,0).

Defineg: R? x S — R via g(y1,...,Yon,t) = B(t —to)B(y1)B(Y2)y2, wherep > 0 is aC®
cutoff function such thaB = 1 on a ball centered at zey, (0) for sufficiently small pos-
itive 8, and B = 0 outside ofBys (0). We define a Hamiltoniar : S* x (D?)" — R via
X(t,X1,...,Xon) = 9(@(Xq,...,%2n),t). By constructiony vanishes outsidep, x(t,u(s,t)) =
9((s—0,0,...,0),t) = 0, anddy(t,u(s,t))n(s,t) = B(s—so)B(t —to) for all (s,t) € Vp. In or-
der to have an admissible perturbation we need a Hamiltdfian?;: such thaty = dh. Since

X vanishes outsidegp and sincdJ,«NU .« = @ for all k # k' we can solve this equation. Set
(8h)(t,u¥(s0,1)) = X(t, U(S0,t0))/n and definedh on the disjoint set),« as follows:

(Bh) (£, = X(t, Ul(S0,1), ... X6, U (s,1)) — n%lx(t,u(so,t)).

Since the setb,« are disjointdh is well-definedS! x D? and zero outsidg, x (UgUy). With
this choice of perturbatiodh the integral in Equation (7.2.2) is non-zero which contrégithe
assumption om.

The remaining steps are identical to those in the proof ofofdra 8.4 in[[34]: we outline
these for completeness.

Step3: The previous step implies the existence of a funcharR x [0,1] — R such that
n(st) = }\(s,t)%(s,t), for all s;t for whichn(s,t) # 0. Using a contradiction argument with
respect to Equatio (7.2.2) yiel(%%(s,t) =0, for almost all(s,t). In particular we obtain that
A is s-independent and we can assume #&f > & > 0 for allt € [0, 1] (invoking again unique
continuation).
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Step4: This final step provides a contradiction to the assumghatd§ is not onto. It holds

that
/01<%—Z(s,t),r](s,t)>dt—/ )\()‘ (s.t) a

The functionsus andn satisfy the equationd; G(u, h)us =0, d19(u h)*n = 0, respectively.
From these equations we can derive expressionsdaandns, from which:

dES/Ol@LS’(st) n(s, )>dt:O.

Combining this with the previous estimate yields t}igf fol |Us(s,1)|?dt = o, which, combined
with the compactness properties, contradicts the facttl&at#y . ; thusd$(u, h) is onto for
all (u,h) e 2% «..

We can now apply the Sard-Smale theorem as in the proof ofoBitbpn[7.1. The only
difference here is that application of the Sard-Smale regju(x ) — (X ) + 1)-smoothness
of G which is guaranteed by the smoothness off andh. O

We can label a Hamiltonian to be generic now if both ik | rel v) and.#x_ x, ([X] rel Y),
X4 € Crity([x] rel Y), are non-degenerate. The terminology ‘generic’ is justifisce by the
taken finitely many intersections for the different pairswe obtain a dense set of Hamiltonian,
denoted by/#ey. For generic Hamiltoniand € Jeq the convergence of Corollary 7.4 can be
extended with estimates on the Conley-Zehnder indiceseo$titionary braids.

dt>0

« 7.6 Corollary. Let [x] rel Y be a proper relative braid class add: 7eq be a generic Hamil-
tonian withy e Crity (ﬁm). If u, geometrically converges to the broken trajectary, ..., u™),

withu' e /// x, (([X]rely),i=1,...,mandx' € Crity([x] rel v),i =0,...,m, then

u(x') > p(xh),
fori=1....m >
Proof. Seel[32] for a detailed proof of this statement. O

Since Proposition 715 provides a dense set of Hamiltonifsg the intersection of dense
sets over all pairéx_, X ;) yields a dense set of Hamiltonians for which (i)-(iv) in Posfiion
[Z.3 holds for all pairs pairéx__,x ;) and thus for all of 7 ([x] rel v).

The above proof also carries over to the Cauchy-Riemanrtiegsaviths-dependent Hamil-
toniansH (s, -,-). Exploiting the Fredholm index property for tisedependent case we obtain
the following corollary. Les— H(s,-,-) be a smooth path i’ with the propertyHs = 0 for
|s| > R. We have the following non-autonomous version of Proposii.5, see [34].

< 7.7 Corollary. Let [x rel Y] be a proper relative braid class with fibgxgrel v, [x'] rel Y” in
[x rel Y]. Lets— H(s,-,-) be a smooth path i’ as described above witth, = H (£, -,-) €
Jtegandy € Crity_, Y’ € Crity,. Then there exists &, > 0 such that for any < 6, there
exist a path of Hamiltoniars— H'(s,-,-) in ., withH{ =0 for || > R, H(£,-,-) = H and
|H —H’||c» < & such that

(i) M ([x rel v]) is isolated in[x rel v];
(i) //i’HX, ([x rel Y]) consist of non-degenerate connecting orbits with respethd s-
X,
dependent CRE;
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(iii) ‘///;i';;([x rel v]) are smooth manifolds without boundary with

dim. 2", = u(x )~ p(x,) + 1.

X_ X/, -

wherep is the Conley-Zehnder indices with respect to the HamidnaH . . >

8. FLOER HOMOLOGY FOR PROPER BRAID CLASSES

8.1. Definition. Lety € Q™ be a smooth braid and] rel Y a proper relative braid class. Let
H € Jfeq be a generic Hamiltonian with respect to the proper braidsda) rel v (as per
Proposition 711). Then the set of bounded solutios#SH ([x] rel v) is compact and non-
degenerate, Cyit([X] rel ) is non-degenerate, ang>H([x] rely) is isolated in[x] rel v.
Since Crify([x] rel Y) is a finite set we can define the chain groups

Ci([x] rel Y,H; Zy) def b z-x, (8.1.1)
x! eCrityy ([x] rel Y)
H(x")=k

as products ofZ,. We define the boundary operatdy : Cx — Cy¢_, in the standard manner
as follows. By Propositiof 7.5, the orbitse ,///;3 HX ([x] rel v) are non-degenerate for all
pairsx_,xy € Crity([x] rel v). Let ///X Xy = X ><+/IR be the equivalence classes of orbits
identified by translation in the-variable. Consequently, thd/lxﬂ><+ are smooth manifolds of
dimension dirn%//:‘(]fjX+ =MU(X_) —H(X4)—1.

< 8.1 Lemma.lf p(X_) —pu(X4+) =1, then///l:ffh([x] rel v) consists of finitely many equiv-
alence classes. >

Proof. = From the compactness Theoréml|4.1, the geometric converger€orollaried 7.4
and[7.6 and gluing we derive that any sequefieg} C .. J H x. ([X] rel'Y) geometrically con-
verges to a broken trajectorgu,...,u™), with U' € /// X, 1([ Jrely), i=1..., mand

x' € Crity([x] relY), i = 0,...,m, such thatu(x') > u(x' 1), fori =1,...,m Since by
assumptionu(x_) = p(x4) + 1, it follows thatm = 1 and u, converges to a single orbit
ul e ///ﬁ’HX ([x] relY). Therefore, the seIZ/;fM([x] rely) is compact. From Proposi-
tion[7.5 it follows that the orbits i A‘] ) x, ([X] rel'y) occur as isolated points and therefore

M ([X] rel y) is a finite set. O
Define the boundary operator by

d(J,H)x & > n(x,x’;J,H)x’, (8.1.2)
x"eCrity ([
ew%ﬂ

wheren(x,x’;J,H) = [#/// X,] mod 2€ Z,. The final property that the boundary operator has

to satisfy isdx_1 o dx = 0. The composition counts the number of ‘broken connectimos x
to X" modulo 2.
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<€ 8.2 Lemma.lf pu(x_) —p(X4) =2, then////\ffh([x] rel Y) is a smooth 1-dimensional mani-
fold with finitely many connected components. The non-cochpamponents can be identified
with (0,1) and the closure wit0,1]. The limits{0,1} correspond to unique pairs of distinct
broken trajectories

(U, U?) e M (X Tel v) x .y ((x] rel v),

and
(01, 0%) € " (X rel v) x Aty ([X] rel v),

X//
with p(x”) = u(x’) = u(x_) —1. >
We point out that properness of rel Y] and thus the isolation of#?" is crucial for the

validity of Lemmd8.2. From Lemnia 8.2 it follows that the fatamber of broken connections
from x to x” is even; hencéy_1 0 dx = 0, and consequently,

(C*([x] reIY,H;Zz),a*(J,H))

is a (finite) chain complex. The Floer homology(@k] rely,J, H) is the homology of the chain

complex(C,,0.):

det Keroy
Mo 1

This Floer homology is finite. It is not yet established that.Hs independent of,H and

whether HE is an invariant for proper relative braid cldssrel v].

HF([X] rel v,J,H;Z,) = (8.1.3)

8.2. Continuation. Floer homology has a powerful invariance property with eespo ‘large’
variations in its parameters [12]. Lét] rely be a proper relative braid class and consider
almost complex structured J € ¥, and generic Hamiltonian, H e Jieg SUCh thaty e

Crity N Crity Then the Floer homologies HEx] rel v,J,H;Z>) and HE ([x] rel Y,J,H,Zz)
are WeII-defined.

< 8.3 Proposition.Given a proper relative braid claps| rel v,
HF. ([X] rel Y,J,H; Z,) = HF. ([x] rel v,J,H; Z>),

under the hypotheses ¢&, H) and(J,H) as stated above. >

In order to prove the isomorphism we follow the standard edoce in Floer homology. The
main steps can be summarized as follows. Consider the cbaiplexes

(C*([x] rel Y,H;Zz),a*(J,H)) and <C*([x] reIY,ﬁ;Zz),a*(Iﬁ)),
and construct homomorphisrhgsatisfying the commutative diagram

(I H 3 1(JH
- —— Cy(H) 2GH), Ck-1(H) Jcald), Ck2(H) —— -+

N

d_1(JH ~
s C(H) 2 )Ckl(>MCKZ(H)_’"'
To definehy consider the homotopigs— (Jy,H,) in _# x 2 with A € [0,1]. In particular
chooseH), = (1—A)H +AH such thaty € Crity, for all A € [0,1]. Note that at the end points

A = 0,1 the systems are generic, ildg = H € HfegandHy = He Jieg this is not necessarily
true for allA € (0,1). Define the smooth functioh(s) such thatA(s) = 0 for s< —R and
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A(s) =1 fors> R, for someR > 0 and O< A(s) < 1 onR. The non-autonomous Cauchy-
Riemann equations become

Us — J)\(S)Ut - DgsH)\(s) (t, U) =0. (8.2.1)

By settingJ(s,-,-) = J(s)(+,-) andH(s,-,-) = Hy(s), Equation[(8.211) fits in the framework of
Equation[(4.3.11). By Corollary 7.7 the padlh— H(s,-,-) can be to chosen be generic with the
same limits.

As before, denote the space of bounded solutionsdyth = .75 Q™). The requisite
basic compactness result is as follows:

< 8.4 Proposition. The space# " is compact in the topology of uniform convergence on
compact sets ifis,t) € R?, with derivatives up to ordaer. Moreover, 4}, is uniformly bounded
along trajectories) € .#» and

Nim 124, (u(s, )] = lex (V)] <C(I,,H,H),

1 n 1 L
/R/O |Us\2dtds:Z/R/0 uk|dtds< C'(IF,H,A).
k=1

Moreover, lim_. o U(s,-) € Crity, and lims, 1 U(s,-) € Critg. >

Proof. Compactness follows from the estimates in Sedtioh 4.3 amddmpactness in Propo-
sition[4.1. Due to genericity, bounded solutions have BrmtCrity U Crit, see Corollary 713.
O

We define a homomorphishy = hy(Jy, H,) as follows:

heX = Z n(x,x"; 3, Hy)x',
x’eCritﬁ
H(x)=k
wheren(x,X’;J\,Hy) = [# ,////:‘(];',J'A} mod 2€ Z,. Using similar gluing constructions and the
isolation of the sets”?H and.»”?H', it is straightforward to show that the mappingysare
chain homomorphisms and induce a homomorphigjren Floer homology:

hﬁ(J)\,H)\) tHFE.(x relY;J,H) — HF.(X re|y;j:ﬁ)‘

Further analysis of the non-autonomous CRE and standamguees in Floer theory show
that any two homotopieg,, H,) and(J,,H,) between(J,H) and(J,H) descend to the same
homomorphism in Floer homology:

< 8.5 Proposition.For any two homotopiegl,, Hy) and(J, Hy) betweenJ,H) and(J,H),
hi(h, Ha) = hi(3, Hh).-
Moreover, for a homotop{d,, H, ) between(J,H) and(J,H), and a homotopyd, , Hy ) between
(J,H) and(J,H), the induced homomorphism between the Floer homologieisés dpy
hi - HE.([X] rel Y,J,H) — HF.([x] rel Y,J H),
wherehi = hi(Jy,Hy) o hi(J, Hy) andhy is thus an isomorphism. >
Proof of Proposition 813. Consider the homotopties
hy; : HE, (x rel v;J,H) — HF,(x rel v;J,H),
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and .
hy : HE, (x rel v;J,H) — HF,(x rel v;J,H),
then .
hiohy i HE. (X rel v;J,H) — HF.(x rel Y;J,H).
Since a homotopy frongJ,H) to itself induces the identity homomorphism on homology, it
holds that; o hy = Id. By the same token it follows thaik o hj = Id, which provesdy; = (h;)~*
and thus the proposition. O

8.3. Admissible pairs and independence of the skeletonBy Proposition[8.8 the Floer
homology of [x] rel Y is independent of a generic p&id,H), which justifies the notation
HF.([x] rel Y;Z2). It remains to show that, firstly, for any braid clgsg rel Yy a pair exists,
and thus the Floer homology is defined, and secondly thatltdex Romology depends only on
the braid clas$x rel v].

Given a skeletory, Proposition A.b implies the existence of an appropriatenttanian H
having invariant sef\y, with U 4 (Am) ~ Y (t), i.e. [WH(Am)] = [Y]. If Y is a smooth repre-
sentative of its braid class, théhcan be chosen such thiity (Am) = v (t) [ This establishes
that HE.([x] rel Y) is well-defined for any proper relative braid clds$rel Y € Q" rel v, with
Yy € QM"NC*”. We still need to establish independence of the braid ctagsiiel ], i.e., that
the Floer homology is the same for any two relative braidsgal] rel v, [x'] rel Y’ such that
[x rel Y] =[x’ rel Y']. This leads to the first main result of this paper.

< 8.6 Theorem.Let [x rel Y] be a proper relative braid class. Then,
HF.([x] rel Y) = HF,([x] rel Y'),
for any two fibergx] rel y and[x’] rel " in [x rel Y]. In particular,
HB..([x rel Y]) d:‘EfHF*([x] rely)
is an invariant ofx rel y]. >

Proof. Lety,y' € QMNC*® and let(x(A),Y(A)), A € [0,1] be a smooth patfx rel Y] which
connects the pairg rel Yy andx’ rel Y'. Sincex(A) rel Y(A) € [X rel Y], for all A € [0,1], the
sets.#; = [X(A)] rel Y(A) are isolating neighborhoods for all Choose smooth Hamiltonians
H, such thatv (A) € Crity,. There are two philosophies one can follow to prove this ri&eo
On the one hand, using the genericity theory in Sedfion 7 dlGoy [7.7), we can choose a
generic family(J,,H, ) for any smooth homotopy of almost complex structuigs Then by
repeating the proof (of Proposition 8.3) for this homotopg, conclude that HF [X] rel v) =
HF.([x'] rel Y'). On the other hand, without having to redo the homotopy the@ note that
W ([x(N)] rel Y (M) is compact and isolated irt;; thus, there exists am, for eachi € [0, 1]
such that4; isolates ([x(\')] rel Y(X')) for all A" in [A —&y,A +€,]. Fix Ag € (0,1); then, by
arguments similar to those of Propositionl8.3, we have

HF. (A2 Mg, Hag) = HFE (A, v, Hi ),
forall ' € [Ag—€),,A0+€),]. A compactness argument shows that,sf)%rsufficiently small,

the sets of bounded solutiong ™M (_13,) and.#fv (.13 ) are identical, for al\' € [Ag —
83\0, Ao+ 83\0] . Together these imply that

HB. ([x(\) rel Y(N)]) =2 HB. ([x (Ao) rel Y (Ao)])

4A Hamiltonian function can also be constructed by choosprapriate cut-off functions in a neighborhood
of v.
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for [N —Ag| < min{exo,eg\o}. Since|[0,1] is compact, any covering has a finite subcovering,
which proves that HF [x] rel Y) = HF,([X'] rel /).

Finally, since any skeleton in 1([x rel Y]) can be approximated by a smooth skeletdn
the isolating neighborhoad” = Tr1(v) N [x rel Y] is also isolating for’, i.e., we can define
HF. (/) d:efHF*(JV’). This defines HE[x] rel Y) = HF.(.#") foranyy e i([X rel Y]). O

9. PROPERTIES AND INTERPRETATION OF THE BRAID CLASS INVARIANT

The braid Floer homology HR|x rel Y]) entwines braiding and dynamical features of solu-
tions of the Hamilton equations (Z.1.1) on the 2-digc One such property — the non-triviality
of the invariant yields braided solutions — will form the Isasf a forcing theory.

< 9.1 Theorem.Let H € 2 and lety € Crity(Q"). Let[x rel Y] be a proper relative braid
class. If HB.([x rel Y]) # 0, then Criy ([x] rel Y) # @. >

Proof. LetH, € 7 be a sequence of Hamiltonians such tHat— H, i.e. H,—H — 0 in
C>, see Sect.]7. If HR([x rel Y]) # 0, thenC.,.([x] rel Y,Hn;Z>) # O for anyn, since

H. (C.([x] rel Y,Hn; Z2),0.) = FH.([x rel Y]) # 0,

whered, = 0.(J,Hy)(see Sectiof]8). Consequently, Gritix] rel v) # @. The strands¢
satisfy the equationixt)’ = Xy, (t,xK) and therefor§|xm\cl([071]) < C. By the compactness of
C%([0,1]) — C°([0,1)) it follows that (along a subsequence) — x€ € C°([0,1]). The right
hand side of the Hamilton equations now converggg(t, xX(t)) — Xn (t,x(t)) pointwise in
t € [0,1]; thusxk — xKin C1([0,1]). This holds for any strang and therefore produces a limit
X € Crity ([x] rel v). O
Let Bk = dimHBy([X rel Y|; Zp) be theZj-Betti numbers of the braid class invariant. Its
Poincaré series s is defined as

R(xrely])= 3 Bu([xrel v])tk.

keZ

<€ 9.2 Theorem.The braid Floer homology of any proper relative braid cladmite. >

Proof. Assume without loss of generality that is a smooth skeleton and choose a
smooth generic Hamiltoniatd such thaty € Crity. Since the Floer homology is the
same for all braid class€g] rel y € [x rel Y] and all HamiltoniandH satisfying the above:
FH. ([x] rel Y,J,H,h) = FH,([x rel Y]). Letc = dimCy; then,

ck([X] rel y,H) > dimkerCy > By([X] rel Y,J,H) = Bk([X rel Y]).

SinceH is generic it follows from compactness thgtcy < . Thereforec, < « andcy # 0 for
finitely manyk. By the above bounfly < ¢, < . O

In the case thaH is a generic Hamiltonian a more detailed result follows. IBot
@D FHk([x rel Y];Z,) and @, Ck([X] rel Y,H;Z,) are gradedZ,-modules, their Poincaré se-
ries are well-defined, and

R(Crity ([x] rel v)) = 3 ([x] rel v, H)t¥,
kez

wherecy = dimCy([X] rel Y, H; Z).
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< 9.3 Theorem.Let [x rel Y] be a proper relative braid class dfda generic Hamiltonian such
thaty € Crity for a given skeletory. Then

R (Critn ([x] rel Y)) = R([x rel Y]) + (1+1)Q, (9.0.1)

whereQ; > 0. In addition, # Crig ([X] rel Y) > Py([X rel Y]). >

Proof. LetY’ be a smooth skeleton that approximategrbitrarily close inC? and letH’ be an
associated smooth generic Hamiltonian. We start by prof@@1) in the smooth case. Define
Z = kerdy, By =im 01 andZ C B C Cy([x] rel Y/, H’) by the fact thad.. is a boundary map.
This yields the following short exact sequence

Id

0 By — . 7, — %, FH, =2 _%, 0

The mapsy and ji are defined as followsi(x) = x and jx(X) = {x}, the equivalence class in
FHk. Exactness is satisfied since ke 0=1im Id, ker jx = Bx =im ix and ker 0= FH, =im jy.
Upon inspection of the short exact sequence we obtain

dimZy = dimBy + dim FHy.

Indeed, by exactnessfy O kerjx = Bx and imjx = FHx (onto) and therefore di@ =
dimkerjx+dimim j, = dimBy + dim FHx. SinceCy = Z & By_1 it holds that

dimCy = dimZ, +dimBy_1.

Combining these equalities gives diip= dimFHx + dimBy_1 + Bi. On the level of Poincaré
series this gives
R (©KkC«) = R (&kFHk) + (L + )R (DxBx)

which proves[(9.0]1) in the case of smooth skeletons.

Now choose sequenceg — Y andH, — H in C” (H,, generic). For eachthe above identity
is satisfied and since al$bis generic it follows from hyperbolicity tha (Crity, ([X] rel vn)) =
R (Crity ([x] rel v)) for n large enough. This then proves (9]0.1). By substitutienl and
using the fact that all series are positive gives the lowamidoon the number of stationary
braids. 0

An important question is whether HBX rely]) also contains information about
Crity ([x] rel ) in the non-generic case besides the result in Thebrem 9[17]rsuch a result
was indeed obtained and detailed study of the spectral grepef stationary braids will most
likely reveal a similar property. We conjecture that # G({x] rel ) > length(HB, ([x rel v])),
where lengtkHB..) equals the number of monomial termsAri[x rel Y])).

10. HOMOLOGY SHIFTS AND GARSIDE’'S NORMAL FORM

In this section we show that composing a braid class withtkts yields a shift in braid
Floer homology. Consider the symplectic tw&t [0,1] — Sp(2,R) defined byS(t) = ™,
which rotates the variables counter clock wise ovea2t goes from 0 to 1. On the product
R? x --- x R? = R?" this yields the product rotatio®(t) = €™t in Sp(2n,R).

Lifting to the Hamiltonian givesSx € Critg,,, Where the rotated Hamiltonig®H € 7 is
given by SH(t,Sx) = H(t,x) + (|S¥? — 1). Substitution yields the transformed Hamilton
equations:

(SX)t —SPHOH(t, x) — 21IpSX = 0, (10.0.2)

SWe do not assume thatis a smooth skeleton.
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which are the Hamilton equations f8H. This twisting induces a a shift between the Conley-
Zehnder indicegi(x) andp(SX:

< 10.1 Lemma.For x € Crity, i(Sx) = W(X) + 2n, wheren equal the number of strandsn
>

Proof. In Definition[6.4 the Conley-Zehnder index of a stationagithx € Crity was given
as the permuted Conley-Zehnder index of the symplecticatl®, 1] — Sp(2n,R) defined by

O PR XO)W=0 (0 =1d (10.0.3)

In order to compute the Conley-Zehnder indexSxfwe linearize Eq.[(10.012) i&x, which
yields

% —St)Jpd?H(t,x ()W —2mJeSH)W =0,  F0O)¥(0) = Id.
From Lemma6J1(ii) and the fact thate’™") = 2 it follows that
U(SX) = Ho(S¥,1)
= Po(W,1) +U(S) = po(W. 1) + np(e™!)
H(X) +2n,
which proves the lemma. g
We relate the Floer homologies pf rel Y] with HamiltonianH and[Sx rel Sv] with Hamil-

tonianSH via the index shift in Lemma10.1. Since the Floer homolodiesot depend on the
choice of Hamiltonian we obtain the following:

< 10.2 Theorem. [Shift Theorem]Let [x rel Y] denote a braid class with havingn strands.
Then

HB, ([(x rel Y) -A%)) 2 HB,_on([x rel Y]).

>

Proof. It is clear that the application & acts on braids by concatenating with the full pos-
itive twist A2. As A? generates the center of the braid group, we do not need ty\@bout
whether the twist occurs before, during, or after the braidherefore suffices to show that
HB..([Sx rel Sy]) = HB,_on([x rel Y]).

The Floer homology fofx rel Y] is defined by choosing a generic Hamiltonidn From
LemmaI0.1l we have thafSx) = u(x) + 2n and therefore

Ci([Sx] rel Sv, SH; Z2) = C—zn([X] rel Y, H; Z).
Since the solutions inz?:SHare obtained vi&, it also also holds that
6k(J,§H) = Ok_2n(J,H),

and thusFHy ([Sx] rel Sy) = FHy_on([X] rel v). O

Recall that a positive braid is one all of whose crossingsoatbe same (‘left-over-right’)
sign; equivalently, in the standard (Artin) presentatidrtiee braid groupB,, only positive
powers of generators are utilized. Positive braids possessnber of remarkable and usually
restrictive properties. Such is not the case for braid Rh@anology.
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< 10.3 Corollary. Positive braids realize, up to shifts, all possible braigegflhomologies. »

Proof. It follows from GARSIDE'S THEOREM [16, (6] that every brai@ € B, has a unique
presentation as the product of a positive braid along witmiaitmal) number ohegativefull
twistsA~29 for someg > 0. From Theorern 101.2, the braid Floer homology of any givéatike
braid class is equal to that of its (positive!) Garside ndrfoan, shifted to the left by degree
2gn, wheren is the number of free strands. a

This reduces the problem of computing braid Floer homologii¢ subclass of positive braid
pairs. We believe this to be a considerable simplification.

11. CrcCLIC BRAID CLASSES AND THEIRFLOER HOMOLOGY

In this section we compute examples of braid Floer homolag\cyclic type braid classes.
The cases we consider can be computed by continuing thetakelad the Hamiltonians to a
Hamiltonian system for which the space of bounded solutbamsbe determined explicitly: the
integrable case.

11.1. Single-strand rotations and symplectic polar coordinates Choose complex coordi-
natesx = p-+iq and consider Hamiltonians of the form

H(X) = F(Ix) + 95(/x))G(arg(x)), (11.1.1)

where arg@x) = 0 is the argument an@ (6 + 2m) = G(8). The cut-off functiongs is chosen such
that@s(|x|) = 0 for x| < dand|x| > 1— 9, and@s(|x|) = 1 for 25 < |x| < 1—24. In the special
case tha6G(0) = 0, then the Hamilton equations are given by
/
X =i0OH(x) = i%x

)

Solutions of the Hamilton equations are givenXjy) = rexp(i@t), wherer = |x|. This

gives the periodl = Fz,—T(‘{) SinceH is autonomous all solutions of the Hamilton equations
occur as circles of solutions. The CRE are given by

Us—iuy — OH(u) = 0. (11.1.2)

Consider the natural change to syrpplectic polar coordiné&ted) vig the relationp =
V2l cog0), g = +/2Isin(8), and defineH (1,0) = H(p,q). In particular,H(I,8) = F(+/2I) +
@5(\/21)G(8). The CRE become

Is+218,—2IH(1,8) = 0,
1, 1

If we restrictx to the annulusi,s = {x € D?: 28 < |x| < 1— 28}, the particular choice off
described above yields

Is+216,—V2IF'(vV2I) = 0,
Bs— —h——G(B) = O.

Before giving a general result for braid classes for whighk a single-strand rotation we employ
the above model to get insight into the Floer homology of theudus.
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11.2. Floer homology of the annulus. Consider an annulug = Ay with HamiltoniansH
satisfying the hypotheses:

(al) H € C*(R x R%R);

(@2) H(t+1,x) = H(t,x) for all t € R and allx € R?;

(a3) H(t,x) = 0 for all x € 0A and allt € R.

This class of Hamiltonians is denoted B¢ (A). We consider Floer homology of the annulus
in the case thatl has prescribed behavior @&. The boundary orientation is the canonical
Stokes orientation and the orientation form @ is given byA = izw, with n the outward
pointing normal. We will consider the Floer homology of thenalus in the case that has
prescribed behavior od:

(@4") ix,A > 0 0noA;

(a4™) ix A <0 ondA.
The class of Hamiltonians that satisfy (al)-(a3),"(p#% denoted by#* and those satisfying
(al)-(a3), (a&) are denoted by# . For Hamiltonians in7#" the boundary orientation in-
duced byXy is coherent with the canonical orientationd¥, while for Hamiltonians in7z—
the boundary orientation induced By is opposite to the canonical orientationds.

For pairs(J,H) € _# x " (A) letHF/ (A;J,H) denote the Floer homology for contractible
loops inA. Similarly, for H € s#~ the Floer homology is denoted by HFA;J,H). For
Hamiltonians of the formr{(11.1.1) it can also be interpretedhe Floer homology of the space
of single strand braids that wind zero times around the annulus, i.e. any consteandis a
representative. In view of (&3 this braid class is proper.

< 11.1 Theorem.The Floer homology HF(A;J,H) is independent of the pafd,H) € _# x
AT (A) and is denoted by HF A). There is a natural isomorphism

Zp fork=0,1

HFC(A) = Ha(A,04) = {O otherwise

Similarly, the Floer homology HF(A;J,H) is independent of the paifd,H) € ¢ x 7~ (A)
and is denoted by HH A) and there is a natural isomorphism

Zp fork=-1,0

HF (A) = Hiia(A) = {0 otherwise

whereH, denotes the singular homology with coefficientZin >
Proof. Let us start with Hamiltonians in the clasg . ConsiderA = Ag and chooséd =
F + @G, with F(r) = 3 (r — %)2 —-3(5- %)2 and G(8) = scog8). Using symplectic polar
coordinates we obtain that
N _1
OgH(1,8) = ( 2 =3V +ev2g(V2)codh) )
— £ g5(v/21) sin(6)

For 6% <1 <28?and for}(1—-25)? <1 < (1- )% it holds that|v/2I — 3| > 3 — 25 and thus
if we chooses < 4—15 —1 all zeroes of]gI-AI lie in the annulus seh,s C As. The zeroes oﬂgﬂ

are found al = % and 6 = 0,1, which are both non-degenerate critical points. Linediora
yields

d0gH (1/8,0) = ( é _38 ) d0gH (1/8,10) = ( é 42 )
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i.e. a saddle point (index 1) and a minimum (index OHofespectively. For < 1 it follows
from RemarK 6.5 that the Conley-Zehnder indices of the aasmtsymplectic paths defined by
W = JodOgHW are given by (W, 1) = 0,1. Therefore the indeps (W, 1) =1 —py = 0,1 for
(1,8) equal to(§,0) and(§, ) respectively.

Next consider Hamiltonians of the foroiH and the associated CRE— Jou; — T0OH (u) = 0.
Rescales — s, it — t andu(s/1,t/1) — u(s,t); thenu satisfies[(11.1]12) again with periodicity
u(s,t+1) = u(s,t). The 1-periodic solutions of the CRE with are transformed to-periodic
solutions of [11.1]2). Note that if is sufficiently small then alt-periodic solutions of the
stationary CRE are independent oftafnd thus critical points dfi.

If we linearize around-independent solutions df (11.1.2), thgg— dOH (u(s)) is Fredholm
and thus also

0 0

Op=——J——K
KA= %8s ot

with K = dOH(u(s)), is Fredholm, see [34]. We claim thattfis sufficiently small then all
contractiblet-periodic bounded solutiongs,t + 1) = u(s,t) of (11.1.2) are-independent, i.e.
solutions of the equations = [OH (u). Let us sketch the argument following [34]. Assume
by contradiction that there exists a sequence,ef> 0 and bounded solutions, of Equation
(I1.1.2). If we embed\ into the 2-disdD? we can use the compactness results for the 2-disc.
One can assume without loss of generality tiyat .27 % (A; 1) = .2%™(A). Following the
proof in [34] we conclude that far > 0 small all solutions in# aret-independent. The system
(J,H) can be continued ttJy, TH) for which we know.# %™ (A) explicitly via us — TOH = 0
and therefore the desired homology is found as follows.

Note thatA is an isolating neighborhood for the gradient flow generateds = t0H (u) =
f(u), and forH € 77 the exit set i9A. Using the Morse relations for the Conley index we
obtain for any generiél € 77+ that

£ — B(A,0A) + (1+1)Q,
xeFix(f)

where indx) = dimWY(x). Using [32] the Poincaré polynomial follows, provided weoose
the appropriate grading. By the previous considerationtherConley-Zehnder index in Re-
mark[6.5 we have thaly(W,7) = 1— py(X) = 1— (2—ind(x)) = ind(x) — 1. This yields
ind(x) = k+ 1, wherek is the grading of Floer homology and therefdfig(C,0; Jo, TH) =
Hik:1(A,0A), which proves the first statement.

As for Hamiltonians it~ we chooseF () = —3 (r — %)24— 3 (50— %)2 The proof is iden-
tical to the previous case except for the indices of themtatly points. The Morse indices
of (§,0) and(3,m) are 1 and 2 anglg(¥,7) = 1— py = 0,1 for (1,8) equal to(3,0) and
(18, ) respectively. As beford is an isolating neighborhood for the gradient flowtef and
for H € 7~ the exit set isz. This yields the slightly different Morse relations

thd) — B (A) + (1+1)Q.
xeFix(f)

By the same grading as before we obtain tHatC,0;Jo,TH) = Hy.1(A), which proves the
second statement. O

11.3. Floer homology for single-strand cyclic braid classesWe apply the results in the pre-
vious subsection to compute the Floer homology of familiesyslic braid classe$x rel v].
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The skeletony consist of two braid components: and Y2, which are given by (in complex
notation)

2m. 2m. 2m’ . 2m’.
vl {rlewﬂy... ,rleﬁ'“*mﬂ)}, v2— {rzeW'ty... 7r2eW'(t*””1>}, (11.3.1)

where 0<r; <rp,<1,mm €N, n,n € Z andn# 0, m> 2. Without loss of generality we take
both pairs(n,m) and(n’, n7) relatively prime. In the braid group, the braidy?! is represented
by the wordB! = (01 ---0m_1)", m> 2, andn € Z, and similarly fory2. In order to describe the
relative braid clas$x rel Y] with the skeleton defined above we consider a single straaid br
x = {x}(t)} with

Xl(t) _ reZT[Eit

where O<ry <r <rp <1 and/ e Z. We now consider two cases for whichrel v is a
representative.

11.3.1. The casel < ¢ < % The relative braid clasx rel Y] is a proper braid class since the
inequalities are strict.

<« 11.2 Lemma.The Floer homology is given by

Zo fork=2¢,20+1

HBw([x el ], Z2) = {O otherwise

The Poincaré polynomial is given By/([x rel Y]) = t% +t2+1, >
Proof.  Since HB.([x rel Y],Z) is independent of the representative we consider the class
[X] rel Y with x andy as defined above. Apphy¢ full twists to x rel v: (X,Y) = é_g(x,v).
Then by Theoreri 10.2

HBK([X rel ¥]) = HBy2¢([X rel Y]). (11.3.2)
We now compute the homology KX rel ¥]) using Theorerh 1111. The free strakdgiven
by %X(t) = r, in X rel ¥ is unlinked with they*. Consider an explicit Hamiltoniahl (x) =
F(|x|) +w(|x|)G(argx)) and choos& such thaf (r1) = F(r2) =0 and

F'(rp)

F'(r1) n
50 =——{<0, and o, = —{(>0 (11.3.3)

Clearlyy € Crity and the circlegx| = r1 and|x| = rz are invariant for the Hamiltonian vector

field Xy. Fort > 0 sufficient small it holds thatz %™ ([X] rel v) = .#%H(A), and from the

boundary conditions in Eql_(11.3.3) it follows thdtc s# . From Theoreni 1111 we deduce

that HRy([X] rel ¥) =2 HF} (A) = Z, and HR([X] rel ¥) = HF{ (A) = Z,. This proves, using

Eq. (11.3.2), that Hfz ([x] rel Y) = Zp and HRy41([X] rel Y) = Z», which completes the proof.
O

11.3.2. The casell > ¢ > ”W/ The relative braid clasx rel Y] with the reversed inequalities is
also a proper braid class. We have
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<« 11.3 Lemma.The Floer homology is given by

Zo fork=20—-12¢

HBw([x el Y], Zo) = {O otherwise

The Poincaré polynomial is given By([x rel v]) = t2~1 4+t >
Proof. = The proof is identical to the proof of Lemnia_I[1.2. Becauseitiegualities are
reversed we construct a Hamiltonian such that

F'(ro) o

F'(r1) n
———¢>0, and = — (<0
2Ty, m =% an 2, m <

This yields a Hamiltonian i~ for which we repeat the above argument using the homology
HF, (A). O

11.4. Applications to disc maps. We demonstrate how these simple computed examples of
HB. yield forcing results at the level of dynamics. The follogiresults are not so much novel
(cf. Franks’ work on rotation sets) as illustrative of howearses a Floer-type forcing theory.

< 11.4 Theorem.Let f : D? — D? be an area-preserving diffeomorphism with invariant set
A c D? having as braid class representatijewvhere[v] is as described in Eq[_(I1.3.1), with

3 £ ”ﬁl relatively prime. Then, for for eadhe Z andk € N, satisfying

n<l<n’ or n>l>n’

m k m’ m- k™ m’
there exists a distinct periddorbit of f. In particular,f has infinitely many distinct periodic
orbits. >

Proof. By PropositioAb there exists a Hamiltonibine .77 (D?) such thatf = g3 4, where
Y 1 the Hamlitonian flow generated by the Hamiltonian syskes Xy (t, x) on (]Dz,ooo). Upto
full twists A2, the invariant sef generates a braigk 1 (A) of braid clasgy 4 (A)] = [Y] mod A2
with

W (A) =¥ = (74,92},

We begin with the cask = 1. There exists an integ& (depending on the choice &f)
such that the numbers of turns of the straydsand y? arer—r;‘1 = 2 +N and ”W/ = % +N
respectively. Consider a free strakdsuch thatX rel¥ ~ (x rely)-AN, with [x rel Y]
as in Lemma$ 1112 and 11.3, and wittsatisfying the inequalities abofle.By Lemmas
[11.2 and_11]3 the Floer homology pf rel Y] is non-trivial, and Theorem10.2 implies that
HBx ([X rel Y]) = HBy_onn([X rel Y]). Therefore the Floer homology ¢X rel Y] is non-trivial.
From Theoreni 9]1 the existence of a stationary relativedbrallows, which yields a fixed
point for f.

For the cas& > 1, consider the HamiltonakH; the time-1 map associated with Hamiltonian
systemx; = Xy is equal tofX. The fixed point implied by the proof above descends te a
periodic point off. O

8GeometricallyX turnsl + N times around’* and each strand in? turns%’ times around.
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<« 11.5 Remark.As pointed out in Sectiom]|9, we conjecture that the Floer Homo
HB. ([X rel Y]) = Z» & Z, implies the existence of at least two fixed points of diff¢iedices.
This agrees with the generic setting where centers andesaddtur in pairs. >

12. REMARKS AND FUTURE STEPS

In this section we outline a number of remarks and futurectimes. The results in this paper
are a first step to a more in depth theory.

12.1. Floer homology, Morse homology and the Conley indexThe perennial problem with
Floer homologies is their general lack of computabﬂit\y«le outline a strategy for algorithmic
computation of braid Floer homology.

(1) Use Garside’s Theorem and Theofem [10.2 to reduce cotiguta the case of positive
braids.

(2) Prove that braid Floer homology is isomorphic to the @gridraid index of[[17] in the
case of positive braids.

(3) Invoke the computational results in [17].

Steps 1 and 3 above are in place; Step 2 is conjectural.

To be more precise, lgx rel Y| be a proper relative braid class. It follows from the Garside
theorem that fog > 0 sufficiently large, the braid clagsrel Q] = [ rel Y] - A% is positive —
there exist representatives of the braid class which argiy@braids. Given such a positive
braid, its LEGENDRIAN REPRESENTATIVE(roughly speaking, an image of the braid under a
certain planar projection, lifted back via a 1-jet extengicaptures the braid class. From[17],
one starts with a Legendrian braid representative and mesfa spatial discretization, reducing
the braid to a finite set of points which can be reconstruaténl & piecewise-linear braid in
[Prel Q.

There is an analogousdMOLOGICAL INDEX for Legendrian braids, introduced (n[17]. This
index, HC.([Prel Q]), is defined as the (homological) Conley index of the diszeetbraid class
under an appropriate class of parabolic dynamics. Thisxihds finite-dimensionality built in
and computation of several classes of examples have beégnrapted using current homology
computational code.

This index shares some features with the braid Floer horyoBesides finite dimensionality
of the index, there is a precise analogue of the Shift Thedoeproducts with full twists. Even
the underlying dynamical constructs are consonant. Foehégan braid classes the same
construction as in this paper can be carried out using ameenliheat equation instead of the
nonlinear CRE. Consider the scalar parabolic equation

Us — Ut — g(t,u) =0, (12.1.1)
whereu(s,t) takes values in the interval-1,1]. Such equations can be obtained as a limiting
case of the nonlinear CRE. For the functpwe assume the following hypotheses:

(91) g C*(R x R;R);

(92) g(t+1,q) =g(t,q) forall (t,q) € R x R;
(93) g(t,—1)=g(t,1) =0fort e R.

"Much excitement in Heegaard Floer homology surrounds tdmreakthroughs in combinatorial formulae for
(still challenging!) computation of examples.
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This equation generates a local semi-figton periodic functions iI€*(R/Z;R). For a braid
diagramp we define the intersection numlép) as the total number of intersections, and since
all intersections in a Legendrian braid of this type coroggpto positive crossings, the total
intersection number is equal to the crossing number definedea The classicalaAP-NUMBER
PROPERTY[2] of nonlinear scalar heat equations states that the nuafli@ersections between
two graphs can only decrease as tiste «. As before lefP|_ rel Q be a relative braid class
fiber with skeletonQ; we can choose a nonlinearigysuch that the skeletal strandsgnare
solutions of the equatiog: + g(t,q) = 0. Letv(s) rel Q denote a local solution (is) of the
Eq. (2.11), then (v rel Q)|s,—e > 1 (v rel Q)|s, e, Whenevem(so,to) = u(so,to) for somek,
and as before we define the sets of all bounded solutiofgimel Q, which we denote by
A ([P]Lrel Q). Similarly, .7 ([P|L rel Q) € C*(R/Z;R), the image under the map— u(O0, ),

is compact in the appropriate sense. We can now build a cloanplex in the usual way which
yields the Morse homology HM[P rel Q]).

< 12.1 Conjecture.Let [X rel Y] be a proper relative braid class withhavingn strands. Let
[Prel Q] = [x rel Y] - A% be sufficiently twisted so as to be positive. Then,

HB._ong([X rel Y]) = HM, ([P rel Q]) = HC,([Prel Q]). (12.1.2)

>

A result of this type would be crucial for computing the Fl@ed Morse homology via the
discrete invariants.

12.2. Mapping tori and J-holomorphic curves. In this paper we consider the Floer equations
on the open symplectic manifol@(ID?). Another way to approach this problem is to consider
appropriate mapping tori. For simplicity consider the casel and an area-preserving map-
ping f : D? — D?. We define the mapping torus 6foy

D2(f) LR x D?/((t+1,%) ~ (t, f(x))).

Loopsy: R — D? satisfyingy(t +1) = f(y(t)) for the space of twisted loo®(D?(f)) and a
fixed pointx of f can be regarded as a constant loo@ifD?(f)). Instead of considering the
Floer equations in a relative braid class we may consldelomorphic curves(s,t) satisfying
u(s,t+1) = f(u(s,t)), lims tou(s,-) = xx and

Us+J(t,u)u = 0.

For more details for general closed surfaces/see [9], [88],This approach has various advan-
tages for defining braid class invariants and will be subpéétrther study.

For the case = 1 the nature of our problem only requires periodic boundarnddions on
u. In order to study anti-symplectomorphisrisi.e. f*w = —w, we can invoke appropriate
boundary conditions and go through the same proceduredit®dgoer invariants.

12.3. Further structures. In [36] and [8] Floer homology for mapping classes of symfuec
morphisms of closed surfaces are defined and computed. fipar interest is the work in [8]
where the Floer homology of pseudo-Anosov mapping classesmputed. In this article we
computed the Floer homology of relative braid classes whah be realized by autonomous
(integrable) Hamiltonians, which is strongly related toppiag classes of finite type. In this
case one typically obtains homology for two consecutivécesl (the casa = 1). Of particular
interest are skeletonsthat correspond to pseudo-Anosov mapping classes. The fdoeol-
ogy in this article seeks associated proper relative briaissegx rel Y] for which the Floer
homology is well-defined. There are two questions that avenprent in this setting: (1) Find
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the proper relative braid classes for the giverand (2) compute the Floer homology. If we go
the route of the Se€._12.1 we can reduce this question to dydimiée dimensional problem
which can be solved using some basic combinatorics and codribical homology. Another
approach is to use algorithms using representation of td lgroup, as where used In |21], to
determine the proper relative braid clasfesel Y] for a given pseudo-Anosov braid The
arguments in [8] suggest that the Floer homology of suchivelaraid classes can be evaluated
by considering appropriate pseudo-Anosov representat®ased on some earlier calculations
in [17] we suspect that the Floer homology will be non-triviar exactly one index (the case
n=1). In the casa > 1 richer Floer homology should be possible: a subject fah&mrstudy.
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APPENDIXA. BACKGROUND: MAPPING CLASSES OF SURFACES

In this appendix, a number of well-known facts and resultstapping classes of area-
preserving diffeomorphisms of the 2-disc are stated anggaoculminating in Proposition
[A.5. This result can be found as, e.g., Lemma 1(b) in the papBoyland [7]. We include
background and the proof for the sake of readers wishingaastils in the (not so commonly
stated) case of invariant-but-not-pointwise-fixed bouieda

A.l. Isotopies of area forms.Let M be a smooth compact orientable 2-manifold. Two area
formswandw areisoTopicif there exists a smooth 1-parameter family of area fofmg o 1
such thata |t—o = wandw |t—1 = w, and f,, ux is constant for alt € [0, 1]. Two area forms are
STRONGLY ISOTOPICIs if there exists an isotopji }c(o,1) 0f M such thatpjw’ = w, in which
case it holds thap;wx = wfor all t € [0,1] (viz. [24]).

< A.1 Lemma. Cohomologous area forms «' on ]D% are strongly isotopic. >

Proof. Consider the homotopyx = w-+t(w/ — w). Denote the embeddirg = D2 c R? by
¢. With respect to the area fornag = (¢ 1)*wx, the embeddingd : (M,wy) — (DZ,&y) are
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symplectomorphisms for dlle [0, 1]. Sinceg is a diffeomorphism it has degree 1 and therefore
fD% w = [y & are constant and the forms are cohomologous for alle [0, 1].

Write @ = a(x)dpAdg, o = &' (x)dpAdqwith a(x),a (x) > 0 andux = a(x)dpA dqg with
a(X) = a(x) +t(a(x) —a(x)) >0on[0,1] x D2. We seek a smooth isotogy in Diff o(D2) such
thaty;ox = wfor all t € [0,1]. Such an isotopy can be found via Moser’s stability prireijpl
see[24]. In order to apply Moser’s stability principle weedeo find a 1-parameter family of

1-formso; on ]D% such that% = do;. Define the vector fielck via the relationo; = —1x, ox

and consider the equaticgﬂ‘l’rt = Xt oWx. This gives the desired isotopy providéd(x),n) = 0,
wheren is the outward pointing normal cﬁiDD%.

Seto; = —0q@ (X)d p+ dp@ (X)dg, whereg (X) is a smooth potential function d0, 1] x DZ.
The vector fieldX; is then given byX; = ﬁﬂ(ﬂ(x). The differential equation fop becomes
% = (& —a)(x) = A@(x) on [0,1] x DZ. A boundary condition is found as follows. The
condition(X(x),n) = 0 is equivalent to the condition thg\w =0.

The potentialp. = ¢ satisfies the Neumann boundary value problem for the Lagpia8ince
the formsuy are cohomologous, it follows that

0= (a’—a)(x)dp/\dq:/ A(p(x)dp/\dq:—/ M:O.
D? D? a2 On

The Neumann problem is therefore well-posed and has a usiau@eth solutiorp up to an
additive constant. By construction we have thatx = w and the thuso andw’ are strongly
isotopic viad 1y . O

< A2 Corollary. LetM = D2, then any symplectomorphisf (M, ) — (M, w) is conjugate
to a symplectomorphisrh: (D2, w) — (D2, wy). >
Proof. lety: M — DZ be a diffeomorphism and = (¢~1)*w. This yields a commutative
diagram of symplectomorphisms

M,00) —¥— (D2,®)

[ e

M,@) —— (D2,&)
with (Qfg—)*o= (W H)* o= P H* f*o= (U 1)*0w=®. By LemmdA.l there exists
a diffeomorphismp : D2 — D2 such thath*® = coup with co = Jpz @/ fpz wo. The mapping

f= o tpfy—ld preservesowp and thuswy is the desired symplectomorphism. a
From this point on we restrict ourselves to area-presergifigomorphisms of the standard
disc withb inner discs removed.

A.2. Symplectic mapping classesTwo symplectomorphism$,g € SympM, w) are SYM-
PLECTICALLY ISOTOPIC if there exists an isotopy; such thatpp =g, P1 = f andyfw = w
for all t € [0,1]. The symplectic isotopy classes form a group under comipasiind is called
the symplectic mapping class grolgymp(M, w) d:efrro(Symp(M,co)). For any smooth surface

M = D? it follows from CorollaryfA2 thatl symp(M, @) = I symp(D3, wo).
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< A.3 Proposition. It holds that symp(ID2, wo) = ' (DZ), wherel * (D) is the mapping class
group of orientation-preserving diffeomorphismémﬁ. >
Proof. Let f,g € SympD?Z wp) be isotopic via a symplectic isotopy;, so thatg=1f
Sympy(DZ,0x). Next letf,g € SympgD2, wy) be isotopic in Diff D), theng1f € Diffo(D2).
Leth; bea smooth isotopy between id agidt f. The isotopyh; does not necessarily presenisg
and we setq h;kooo It holds thattx = wyp att = 0 andt = 1. We claim thath%wt fD%ooo =

aree(]D)%) for all't € [0,1]. Indeed, sincéy is a smooth 1-parameter family of diffeomorphisms
it holds that

1
1=degihy) = aregD?) /Dg “

Write ux = & (x)d pA dgwith a(x) > 0 on[0, 1] x D2 andag = a; = 1. Define the 2-parameter
family of cohomologous area formne§ = wp + S(wx — wX) and consider the equati&d‘*g dof.
Define the vector fieldk® = 1 qu via the relationof = —1xswy for some potential function

@ : ]D>2 — R and consider the equatl(ﬂgfs— = XZoX{. This gives the desired isotopy provided
<X{S(x), n) = 0 for x € dD2. The potential satisfies the differential equat®(x) — 1 = AgP(X)

on[0,1] x D2 and@ = @. As before we assume the Neumann boundary condiﬁ%ﬁ% =0

on 6]])%. This problem is well-posed since the formsare cohomologous, and the Neumann
problem has, up to an additive constant, a unique smoothrélmﬂer family of solutiong .

is clear thatX® = —s—)D(g 0 fort = 0 andt = 1 and thereforg{ = id fort = 0 andt = 1.

Via x§ we have thatxi)*wx = (xi)*h wo = wp and thus the isotopl o x{ is a symplectic
isotopy. We have shown now that two symplectomorphigngss SympD?Z, wy) are symplec-
tically isotopic if and only if they are (smoothly) isotopiwhich proves the proposition. O

It is a simple generalization to show that in the cas@@fn that is, DZ with a set ofm
marked pomts in the interior, the mapping that leave theoen points |nvar|ant satisfies

I symp(IDf, s W0) = T (D ).

A.3. Hamiltonian diffeomorphisms and isotopies. Any path ) in Symp, (D2, wy) satisfies
the initial value problem@yr = X oy, for % = oyt Sincew;wo = wy it holds that

dix,wp = 0 for allt € [0, 1]. A symplectic isotopy is AMILTONIAN if this closed form is exact:
if there existsH : [0,1] x D2 — R such thatx,wp = —dH(t,-). In this casep = Y is called

a Hamiltonian (or exact) symplectomorphism. The subgrdudamiltonian symplectomor-
phisms is denoted Hafi?, wy).

< A.4 Proposition. Symp, (D2, ax) = Ham(DZ, wp). >
Proof.  For (x € Symp(DZ,wn) a symplectic isotopy; = ixuy is a closed 1-form and
i*6; = 0, wherei : 9D2 — D2. In other words, the 1-form§ are normal with respect @D3.
From the Hodge decomposition theorem for 1-forys+ —dh + hg, wherehdaD% = 0 andht

is a harmonic 1-field (i.edhy = d*h; = 0) withi*h; = 0. By the fundamental theorem of Hodge
theory it follows that the space of harmonic 1-fiefd$ is isomorphic td—|1(]D>§,0]D>2;R) ~ Rb,
see e.g. [[26] and [37]. In particular, the isomorphism isgivia the periods. To be more
precise, lety,-- -, yp be generators for; (D2, 0DZ; R), then there exists a unique harmonic 1-
field h with prescribed periodg, h: = ci(t) € R. We choose; as a connection betwe@i?

and theith inner boundary circle. The terms in the Hodge decompmsére found as follows.
Apply d*, then—Ah; = d*8; with the Dirichlet boundary conditions @2, which provides
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a unique smooth solutioh. Next, seth; = dh, then, sinceh; is normal it holds thafihy is
normal todD? and therefordy = const on dDZ. Sincehy is harmonicfy satisfiesAhy = 0. If
we apply Stokes’ Theorem to the generatgrs/e obtainc;(t) def fw 6 = fw dh, = F\tlaw- On
aD? sethy =0 and on theth inner boundary circles sht=¢ (t). There exists a unique smooth
harmonic solutiorty. Since the Hodge decomposition is unique this givesFinally, define
H(t,-) = —h + h to be the desired Hamiltonian. O

Similarly,

Sympy(D§ m, wo) = Ham(Dj ., o).

This result about the identity components being Hamiltomsaused now to iterate symplec-
tomorphisms via Hamiltonian systems. We start with the solng of the symplectic map-
ping class group‘symp(]])ﬁm,wo) and letg be a representative of a mapping class. Since

Fsymp(]])ﬁm,u)o) is a subgroup oBp,m/Z(Bprm) We can represent a mapping clagsby a
braid consisting of strands and cylinders. Choose a syriplEntopy g in SympD?, wy)
tracing out a braid and not deforming the boundary circlegigD?. Since Symg(D?, ap) =
Ham(D?, wy), the isotopyg; is Hamiltonian and there exists a Hamiltonirt, -) which gen-
eratesy. Now let f € [g] € Fsymp(Df ,,, o), then since SymyiDf |, w) = Ham(Df ,, w) there

b,m> b,m>
exists a Hamiltonianﬁ(t, -) that generates a Hamiltonian isotofpypetween id and 1. Now
extend the Hamiltoniaf to all of D?, then the Hamiltoniam (t,-) = K(t,-) + H (t, (g %(-))
generates the Hamiltonian isotogyf; between id and in Ham(ID2, uy).

The above HamiltonianK (t,-) can be chosen to be periodictini.e. H(t+1,-) = H(t,-).
Reparametrize timeby t(t) wheret is a smooth increasing function bbn [0, 1] with support
in (0,1) andt(0) =0 andt(1) =1. Thent/(t)H(1(t), ) can be extended periodicallyinThese
consideration bring us to the following class of Hamiltorsaz’ (D?):

(h1) H € C*(R x D% R);
(h2) H(t+1,x) = H(t,x) for allt € R and allx € D?;
(h3) H(t,x) = 0 for all x € dD? and for allt € R.

<« A.5 Proposition. Given a symplectomorphism € Sym[(]D%vm, wy), then there exists a
HamiltonianH € J# such thatf = @14, wherey y is the Hamiltonian isotopy generated
by H. >
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