
Problem 6.
(Evans problems 11 and 12, page 427)

1. Let {S(t)}t≥0 be a contraction semi-group on a real Banach space X,
with infinitesimal generator A : D(A) ⊂ X → X. Show that the following
identity holds:

A

∫ ∞
0

e−λtS(t)udt =
∫ ∞

0

e−λtAS(t)udt,

for all u ∈ D(A).

2. Show that for λ, µ ∈ ρ(A) it holds that

Rλ −Rµ = (µ− λ)RλRµ,

and
RλRµ = RµRλ,

where Rλ = (λI −A)−1 : X → X is the resolvent operator at λ.

3. Consider the parabolic equation

ut + ∆2u = 0,

on DT = D × (0, T ), where D ⊂ Rm is a bounded open set with smooth
boundary. Consider the boundary conditions: u(x, 0) = g ∈ L2(D) and
u = ∂u

∂n = 0 on ∂D × [0, T ]. Show the existence of a weak solution (Hint:
show that −∆2 generates a contraction semi-group on L2(U)).
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