Braids, Floer homology and forcing
in two and three dimensional dynamics
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CHAPTER 1

Introduction

1.1. Low dimensional dynamics and topological forcing
A topological structure in 2 and 3 dimensional dynamics

Many problems in the natural sciences can be stated anddtirdithe mathematical
language of dynamical systems. These systems often com@mitnderlying topological
structure, which can be exploited in order to draw conchsiabout their behavior. As an
example of the aforementioned structure, let us considentm-autonomous differential
equation

X = X(x,1),

wherex = (p,q) € R?, t c R andf : R? x §* — R is a sufbciently smooth function. In
such a setting, let(¢) andy(r) be two periodic solutions of period one, that intersect & th
(p.q)-plane. When lifted to the extended phase spg&te¢hey link (see Figuré 1]1). This
link carries the topological information that we will exfilto study the evolution of the
system, or to conclude existence of additional solutiofiss @lso suggests another concept
that is essential to our studies B forcing. The knowledgkeeoivay that the two trajectories
are intertwined may allow us to construct additional solui
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Figure 1.1: The trajectories of two periodic poingsandyo, intersecting in the two dimensional
phase space [left]. Their lifts link as the topological #c(end points are identibed) [right].
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2 1. INTRODUCTION

A similar approach can be applied to autonomous systerf#s,ithat is, to equations

of the form
X =Y(),

wherex € R3. This topological structure cannot be exploited in higherahsional systems
because linking is trivial in dimensions 4 and higher. Nthaless, the above mentioned
approach may be used to obtain results for a wide class olggnsb For example, in
the context of the non-autonomous Hamilton equations withaegree of freedom, or for
systems generated by iterating certain orientation ringediffeomorphisms of the plane.

REMARK 1.1. Throughout the introduction we only number the thear@moved in this
thesis. The references to the results of other authors @@ @i the comments before or
after their statements.

Dynamical order relations

A well known forcing result in dynamics is SharkovskiiO®tam proved in 1964 (see
[64]). It concerns one dimensional discrete dynamical syst@mascan be formulated as
follows. Let f:I — R be a continuous map, whefeC R is a bounded interval. The
function f debnes a dynamical system in a standard way E f(x,)). Before stating the
theorem we introduce an ordering Bin Every positive integer can be uniquely written
in a form Z p, wherep is an odd number andis such that 2is the highest power of 2 that
dividesn. Using this description we order the natural numbers indlewiing way

3-5~7...-2.3-2.5...-2.3-2.5~...-2"=...-2-1
This isSharkovskii’s ordering. With this we can state the following.

THEOREM (Sharkovskii). If f has a point of period n, then it necessary has at least one
point of period ni, provided n > n1.

In particular, if f has a period three point then it has periodic points of albgsr This
explains why this theorem is sometimes referred to as @piéwriee implies chaos®4)).
The proof relies on studying carefully how the intervals fibed by the points of a given
periodic orbit are mapped. In the simplest case one can adatdrmediate value theorem
to obtain forced solutions. This technique, while intérgsaind elementary, is restricted to
dimension one.

PoincareOs geometric theorem

A well-known forcing result in dimension two, is Poincar @ébmetric theorem, origi-
nally presented in 191258]) and proved by Birkhoff in 1917[12]). In its basic form it can
be described as follows. Ldtbe an annulus of which the boundary consists of two circles
C(r1) andC(rp), with radii r, andr, respectively £, > r» > 0). Letf:A — A be a con-
tinuous area-preserving injective map rotating the outetecin the counter clockwise and
inner circle in the clockwise direction (cf. Figure11.2).tWthis we can state the following.

THEOREM (PoincareOs geometric theorebWder the above assumptions, f has at least
two fixed points in A.

This theorem is an example, how general knowledge of a prokdeea preservation)
and some limited information on the behavior of the map fiataat the boundary) allows
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C(ry)

Figure 1.2: The annulus bounded by ciral&s1),C(r2). The arrows indicate the directions in
which the Row induced by twists the boundary. Poincar €Os theorem guaranteesesist at
least two bxed points.

us to conclude the existence of stationary or periodic @rihis kind of methodology will
be central in our work.

Twist maps

PoincareOs geometric theorem above can be interpréteadamtext ofwist maps. We
say that a continuously differentiable mpR? — R? has thewist property if there exist
global coordinategx,y) such thatlt > 0 (& < 0), where(x',)') = f(x,y). We call such a
function f apositive (negative) twist map. As an example, consider tl&non map. 1tis a
invertible map of the plane given by

Fray)=(-y1-o?+ ).

This is an orientation and area preserving negative twigt & well known for its strange
attracting set, known a&éénon attractor, that exhibits Cantor-set like structures.

Let f be a twist map of the annulus in polar coordinate®). Then the graph of
f can be schematically presented as in Fidquré 1.3. This ge@sihat, in a sens¢,
rotates the outer circle faster than the inner circle. Roie®s geometric theorem discussed
above implies thaf has at least two bxed points. Exploiting the fact thag a twist map
gives a simple proof to PoincareOs geometric theorenB@eelf general, let(x’,y') =
f(x,y), then due to the implicit function theorem, there exist fioxts 41, 4, such that
y = hi(x,x)) andy = hy(x,x’). Moreover, area preservation shows that there exist$ a
function A(x,x’) on R? such thathy = 914 andhy = —doh (see B7] or [10]). For bxed
points of an annulus twist map the above yeilds a periodictian’ : S* — R, andh has
at least two critical points (maximum and minimum) whichyese PoincareOs geometric.
In general, ford-periodic points off the trajectory{ f*(x,y) }{-; = {(xx, k) }¢=,, can be
uniquely described using itscoordinates. Moreover, a sequence {x;} yields anf-
trajectory (Prst coordinates thereof) if and only if

aW(x)=0 (variational principle)

whereW (x) E?: L h(xi, x4 1).
For an annulus twist map, its trajectories can be fully determined using only thel@ang
coordinate®;. Consider ar-periodic orbit starting irfrg, ). By the same token as above,
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Figure 1.3: A twist map in the polar coordinatgsd). The radiir; andr, correspond to the
boundary components of the annulus. The factgﬁai 0 guarantees that the circles bounding
the annulus have different rotation speeds under

there exists a functioW such that
aﬂV(Bo,Blp..,en_1)= 0 = 1,”.,n, (1.1)

whereb; denotes the angular coordinates of the periodic orbit. @bghatW is debPned on
then-dimensional torus. The question arises if the topologitaperties of the underlying
manifold can provide us with any information about the caltipoints ofW. Important
contributions to the theory of twist maps were given by Md&€t, Mather @47, Aurby &
Le Daeron[LQ], Angenent /2], and Boyland[16].

Morse theory

Morse theory, in its simplest form, can be described in theving way. Consider
an n-dimensional smooth compact Riemannian manifdlidLet 2 : M — R be a smooth
function such that all its critical points {s critical if dh(x) = 0) are non-degenerate (the
Hessian of: atx, denoted by#2h(x), is invertible). Then to all points in

Crity, := {x € M | dh(x) = O}
one can assign the Morse index
u(x) = dim Eig~H?h(x),
where Eig H?h(x) denotes the space spanned by eigenvectors correspondimgdtive
eigenvalues off2h(x). Also
cx = #Critt = #{x € Crith | u(x) = k},

is the number of critical points of index
Morse theory gives arelation between géihd the topology of the underlying manifold
M. To measure the topological propertiesibone uses concepts from algebraic topology.
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Recall that the Betti numbers &f are debPned by
Brx = dimH (M) ke {0,...,n},

whereH, (M) denotes thé-th singular homology group @f. We can now state the theorem
about theMorse inequalities.

THEOREM (Morse inequalities) For a smooth function h: M — R with only non-degenerate
critical points it holds that

Ck—Cr—1+ ... o> Pr —Pr-1+ ... £ Po,
forallk=0,...,n—1and for k= n we have equality
Ccn—Cp_1t ...t co= x(M),
where x(M) = By — Pr_1+ ... x Po denotes the Euler characteristic of M.

If the condition of non-degeneracy of critical points is mmd then the following esti-
mate holds
#Crit, > Cai(M),

where the C4iM) denotes (Ljusternik-Schnirelmann) category (minimal bamof con-
tractible subsets required to cowd). For example

Ca(T") = n+ 1

In particular, forn = 1 we obtain that the number of critical points of a twist mapaon
annulus is greater than or equal to 2. That is why Morse theamybe considered a gener-
alization of Poincar@QOs geometric theorem.

The theorem gives also a lower bound on the number of cripicats of indexx, i.e.,
¢ > Pr. The theory is due to Morse (se®4]) and was extended into several important
directions by Thomg7], Smale B5], Milnor [[51], Witten [69] and more recently, and most
crucially for our work, by Floer (see Sectibn1l.4).

Thurston-Nielsen theory

Let M be a compact, orientable two-manifold, possibly with bargdand letf : M —
M be an orientation preserving homeomorphism. Iteratiorjsg#gnerate a dynamical sys-
tem. We say that two homeomorphisifys f1 are isotopic (denotegh ~ f1) if there exists
an isotopyf; : M x [0, 1] — M such that for alt € [0, 1] the mapf;(-) is a homeomorphism.
The set of all homeomorphisms #&f can be divided into isotopy classes using the rela-
tion ~, and the collection of all isotopy classes together with position forms a group,
known as thenapping class group, denoted by MC@VM). If M has a boundary, one usually
considers only homeomorphisms that are the identity ondi@dary and isotopes that bx
it pointwise, leading to MCGV, 0M). Additionally, it is very useful to consider isotopy
classes relative to some bnite getthat is, we take into account only homeomorphisms
leaving A invariant and isotopies bxing it. This yields MC& rel A). Combining it with
the boundary case, MQ® rel A,oM). In applications one should think df as being a
known periodic orbit.

The core of the Thurston-Nielsen classibcation theoryas ¢irery homeomorphism
can be decomposed into components on which the dynamicsdesand components
with complicated dynamics. To describe the chaotic pactlt¢he linear hyperbolic toral
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Figure 1.4: Local pictures of two transverse foliationsgaepicted with solid lines and the
other one with dashed lines) with singularities. The bguréhe right presents a foliation near
a boundary component.

automorphisms, namely smooth invertible maps of the tdmat uniformly contract one
direction and stretch the other. Those are standard exaropthaotic maps. It is possible
to extend this concept to other surface maps. One needdacedhe orthogonal directions,
as those may not exist in general. One usesgsverse foliations with singularities, which
we do not introduce formally here (for the intuitive pictafeFigure 1.4). Using the concept
of atransverse measure on foliations (measuring length of arcs transverse to thation),
one can generalize the concept of stretching and contgactife say that a map: M —
M is pseudo-Anosov relative the finite set A if there exist two transverse foliations with
singularities only in points od and corresponding measures such that the imagealtufng
one of the measured foliations is stretched with constantl, whereas along the other it
is contracted by a factc%f. We say that map is pseudo-Anosov (abbreviated pA map) if the
setA is empty.

The dynamics of a pA map is complicated (chaotic). On theratfde of the scale,
we have maps that are fairly simple. We say that a mapf — M is of finite order if
there exists an > 0 such thag” = id. Finally, a mapf is Thurston-Nielsen reducible, if
M can be decomposed (we do not make it precise here) into deeheomponents that
are dynamically separated lfyand such thay restricted to each of them is either pA or
Pnite order. The Thurston-Nielsen classibcation theombe summarized by saying that
every isotopy class in MC@1 rel A) contains a Thurston-Nielsen reducible representative
(provided thatVf \ A has negative Euler characteristic).

The philosophy is to bnd a periodic orbit (a 4¢that may force chaotic, pA behavior.
We should also mention that in general it is far from trivialind a sefd for which one
can conclude that the given map is pA relative the4sefFor an overview of the methods
outlined here, one should consll7]. The details of the proof of the classibcation theorem
can be found ingg].

The above methods fall into two categories. Sharkovskii@sréam and Thurston-
Nielsen theory allow one to prove the existence of periodiatins using the knowledge
of other periodic solutions, due to the dynamical forcinga e other hand, results like
PoicnareOs geometric theorem and Morse theory providemblound on the number of
critical points, using the topology of the underlying maifdf Combining the two above
approaches, can lead to a new class of results that givdntristg the dynamics of the low
dimensional systems. This is the methodology that we wilinghis thesis.
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Figure 1.5: The local picture of the evolution of two soluscof a parabolic PDE that develop

a tangency afp [middle]. The number of intersections among the solutiommpsd by two in a
neighborhood of.
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Figure 1.6: Two solutions of a parabolic equation [left].eiift to (x,u,u,,)-space [right].

1.2. Braids and dynamics
Parabolic equations - braids enter the dynamics

The idea of using the topological structure of linked solusi (braids, knots) to obtain
forcing results in dynamical systems was already used iarakgettings. In particular, we
mention Thurston-Nielsen theory and the lap number teci@sighat we will discuss in this
section.

An important motivation for using braid theory comes frore ttomparison principle.
Consider a parabolic partial differential equation

= o, u, g, ty) = U+ gl u,uy,), x€R/IZ,

whereg is a smooth function. For two solutions of this equatiot{x,r) andu?(x,), debne
the number of crossings between them by

Zul,uz(t) = #{x | M]_(X,I) = MZ(x1t)}'

It turns out thatz is a non-increasing function of time, and:.t and#? intersect non-
transversally (topologically) then the intersection vl destroyed (cf. Figufe 1.5). This
was brst observed by Sturm and later used and extended byautmyys including Matano
[46], Brunovsky and Fiedleil[9], Angenent(B], [6], etc. Similar techniques were used in
the context of curve-shortening to prove existence of gaoden two dimensional mani-
folds (seelf,[5]).

Lifting »* and «? to the (x,u,u,)-space, one recognizes a braid structure (cf. Figure
[1.6) as two solutions wind around each other. The fact#hat is non-increasing in,
translates into the language of the braid theory: alongvhkiton the complexity of the
braid corresponding to those solutions cannot increase.
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Figure 1.7: Two conventions for presenting braids. Horiab® a braid on 5 strands consisting
of two connected components [left]. Vertical B a braid on stvands (a single component)
[right]. Both have the corresponding permutation indidate

Braids and braid classes

Intuitively it is clear what a braid is, and the mathematidabnition ref3ects this in-
tuition. Roughly speaking, a braid consists of severahgsrithat are intertwined. To be
precise, we consider a braid to be a collection obntinuous curves® [0, 1] — R3, called
strands, that are transversal to all planes parallel to one of thections. For example, we
can assuméu > O for all o, whereu® = (uf,u§,u§) (cf. Figure[1¥). Moreover, strands
are assumed to have disjoint images (they do not intersect).

The braids considered in this thesis are closed. This ddaesetessary mean that all
strands are periodic, but that there exists a permutationn elements such that* (1) =
u®(@(0) forall € {1,...,n} (cf. FigureLY). We will denote the braids using bold for,,i
u= {u,...,u"}, omitting the corresponding permutationf it is clear from the context.
Cycles of the permutation divide braids irttaiid components (see again Figuile 1.7).

We say that, two braids are equivalent if one can be deformiedtihe other without
creating any intersections along the path. The equivalelasses of this relation are called
braid classes. For a schematic presentation of a braid class and examplegualent
braids see Figurie 1.8. Observe that two different braidsela®m strands are necessary
separated by so calleghgular braids, i.e., collections of curves thab have intersections
among the strands (cf. Figdre 1.8).

Singular braids can have intersections of different degfedegeneracy ranging from
two strands having a single isolated crossing to two (or jngtrands collapsed onto each
other. They can be viewed as the boundaries between braiskesla Observe that a con-
tinuous path between the representatives of two braidedasisaring a co-dimension one
boundary component contains a singular braid that has ¢aes@ction among the strands
(of course choosing a path through the aforementioned laoyrntbmponents). At this
point recall, the behavior of the parabolic Bow, in whichtfamsversal intersections of two
solutions are destroyed along the evolution.
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Figure 1.8: Schematic picture of a braid class with two repngatives indicated [left] and
[right] and a singular one corresponding to a point on thenbdawy of the class [middle].

/
*ﬁgj =

<
-

| ~_
~—_ _—

X

7><

Figure 1.9: A braid on two strands [left]. The braid diagrae¢ewise linear representant of
the class of the two dimensional projection of the braid)Ht].

The algebraic structure of braids

A discretized braid diagram is created from a braid by considering a (generic) two
dimensional projection and then taking a piecewise linparaimation of it (cf. Figure
[1.9). In this context, strands* are represented a@stuplesu® := (uf,...,u}"), and a braid
as an unordered collection of such tuples. Hemenotes the number of discretization
points. We also keep track of the type of crossings.

Braids carry the following algebraic structure. Let the legaration space be debned
asC, = {z€C"z; # z;,i #Z j} 2, whereX, denotes the permutations @symbols, i.e.C,
is a space of unorderedtuples of distinct points i, or equivalentlyR?. Then the group
of braids onn strands, denotefl,,, is debned as the fundamental groupCpf that is, the
space of equivalence classes of loop€jr{i.e. B, = n(C,)). Observe that a loop on this
space can be viewed as a serzafnordered paths® : [0, 1] — R? such thau®(r) # u®(r)
for a1 7 ap andu®(0) = x°(® (1) for some permutation € 3,,. By drawing graphs i3 it
is easy to see that we obtairstrands connecting the plaf@ y,z) with (1,y,z), which are
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Figure 1.11: The bgure presents two piecewise linear bthmshave equivalent symbolic

description: the one on the lefto,030301 and the one on the riglbozo20103. Observe that
these braids lie in the same braid class.

tangled. Concatenation of two such paths introduces thepgstructure. Again, two paths
are homotopic if their stands can be homotoped withoutsetdirons along the path.

Artin in [9] showed that the braid groug), can be given the following representation.
Let o; be the braid that twists (exchanges) strahdsdi+ 1 with i-th strand passing over
i+ 1-st one positive crossing) and leaving all other strands invariant (the standarderepr
sentation of this generator is presented in Figurel 1.103nThe grou@, can be described
using letters{os,...0,-1} and their inversesd;l twists the same strands as but i-th
strand passes beneath iRel-st; negative crossing) with two equivalence relation among
the combinations of symbols, namely

0;0; = 0;0; for|i—j|>2,1§i,j§n—l
0i0i+10; = Oi10i0+1 forl<i<n-—2

An element of this group is usually presented as a braid amagye. a piecewise linear rep-
resentative of the class (cf. Figure 1.11, which also shbhei@bove equivalence relations).

It is worth to mention two problems related to the algebrtgcsure of braids. The prst
one is the word problem, that is, the question whether itssiiate to decide algorithmically
if the two given sequences of generators represent the damerd in the braid group. The
afbrmative answer was already given by Artin [8).[ The second one is the conjugacy
problem. We ask, given two braidsandy, whether one can algorithmically bnd (and
decide whether it exists) a braidsuch thaty = v~xv. This problem was Prst solved by
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Figure 1.12: Along the evolution of the parabolic Bow crogsican be destroyed, not created.
Compare to Figure115.

Garside in[B2]. The results in this paper, in particular, the Garisde radrimrm of a braid
will be also used in Chaptér 3.

Parabolic Rows and braid diagrams
Let us consider the equations of the form
Ri(ui—1,ui,uiv1) = 0, (1.2)

where®R; : R3 — R are increasing in both the brst and third variable. Moreover, assume
that the sequence &; is periodic, i.e. R+ 4 = R; for somed € N. Such a sequenc® is
called gparabolic recurrence relation (compare with monotone recurrence relations studied
for example inlfl] and [37]). We would like to point out that the properties of a parabol
recurrence relation resemble those obtained via gengrfatirction/s (Sectior 1.11).

A periodic solution of Equation (1.2]; } with u;+ ;, = u;, can be depicted in a diagram
by connecting the pointg; with straight lines. We interpret a collection of such siolog
(sequences) as a (discretized) braid diagram. Due to natuwer problem it is enough
to restrict ourself to positive braids only, i.e., only gve generators. This superimposed
structure becomes natural if we consider pheabolic flow

%Mi = Ri(ui—1,ui, uix 1)

The change of the position of tli¢h point depends on its two nearest neighbors. One can
deduce from the monotonicity properties of the parabokcmeence relation that, along the
Bow, crossings among the strands can be destroyed but mbédrdf the evolution of the
system develops an isolated tangency in a braid diagranct{gxeo points of different

strands collide, Figule 1.112), then the monotonicity ctios onR guarantee that
:Ri(ui—lv Miv Mi+ 1) - :Rl(u-i—lv Mil u:-i+ 1) = M; - u{

has a sign (negative in Figure 1112). That is, the numberaxfsings before the collision
will necessarily be greater than the number of crossings.aft/e already mentioned that
the singular braids (possessing intersections among Iteds) can be seen as boundary
between two classes. With this we obtain the intuitive pefaresented in Figute 1J13 (in
analogy to the parabolic partial differential equation igufe[1.5).

Observe that in this setting a strand is just a sequence pfspdiut for the following
two reasons we connect them piecewise linearly. Firstalligit allows to deduce which
points belong to one strand. Secondly, this formalism plesius with a way to encode the
decreasing of intersections along the parabolic Bow. Ttyeasties described above suggest
that one should look at the boundary of a braid class and eletidut the direction of the
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Figure 1.13: A schematic picture of a parabolic Bow on a bckéds. X denotes the set of

singular braids (boundary of the class).

L T
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Figure 1.14: In the braid on the left, black strands denagesttands Pxed by the Bow and the
gray one is allowed to move. In the middle its conbguraticacsgs shown and the direction

of the parabolic Bow on the boundary is indicated. On thetnghsee how the conbguration

space is positioned with respect to the stationary pointsefiow (black strands), represented
by the four dots.

Bow on the singular braids by comparing the number of crgssimthe adjacent classes. It
turns out that this is indeed possible, but there are issueseeds to resolve to make this
kind of argument precise (see chajter 2 @88))|

To give some intuition of how one can use the properties ropeti above, let us discuss
in more detail the example presented in Figurell.14. Congiéebraid depicted on the left
in this bgure. We deal with the braid diagram with two diszegion points (points on the
left are identiPed with those on the right). Coming back ® itteas of forcing, assume
that we know four two-periodic solutions of the parabolisMidepicted as black strands in
the bgure). We want to investigate the possible behavion edditional grey strand under
the evolution of the Bow. Observe that the crossing progeafys the poinig between the
points of the black strands. Traversing any of them wouldeiase the overall number of
crossings of the braid. The situation fer is different though, as once it touches any of
the stationary strands it will be forced to move past thera (thmber of crossing drops in
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such a case). Drawing a schematic picture of the braid alab®(uo, #1)-plane and noting
the direction of the Row on its boundary yields the picturénimmmiddle of Figuré 1.14. It
suggests a hyperbolic stationary point, hence an addit{feraed) solution.

To prove the existence of forced trajectories one uses #mythof the Conley index
for braid diagrams. For now one should just think of it as gyeltaic topology tool, that
allows us to draw rigorous conclusions about the existehedditional solutions inside of
given braid class. The details of the construction of thexnare carried out ir33] and
some additional explanation can be found in chdgdter 2. Feogéimeral Conley index theory
we refer toRQ] or [53)].

1.3. Orientation reversing twist maps

The above ideas can be used to study orientatiarsing twist maps of the plane.

DEFINITION 1.2. A mapf is called arvrientation reversing twist map of the plane if it is
C1-smooth and if there exist global coordinatesy) € R? such thatf given by (x',y) =
f(x,y) satisbes the following two conditions: (i) d&f) < 0, and (ii)% > 0. Itis called
an orientation reversing twist diffeomorphism of the plane if in addition the functiofiis a
diffeomorphism.

Property (i) is referred to as positive twist property or simply twist property. One
of the questions that Chapfér 2 deals with, is how an orientaeversing twist map (dif-
feomorphism) leads to a parabolic recurrence relaiidsee B3]). In the case wheif is
an orientation reversing map the situation is more comgéta While it is still possible
to express the second coordinates of the trajectory in tefrttee Prst ones and obtain a
recurrence relatio® depending on two nearest neighbors, the monotonicity tiondioes
not hold. That isX is decreasing in the brst and increasing in the third vaxi@dgtails can
be found in Chaptér 2). We introduce the following modikarati

Ro(x_1,%0,x1) ' R(—x_1, —x0,x1)
Rl(x()v X1, x2) d:ef ﬁ( —X0,X1, x2)
Ro(x1,%2,x3) E'—R(x1, x2, —x3)

Ra(x2, x3,x4) T —R(x2, —x3, —xa).

Using the monotonicity conditions 6f we infer thatR; indeed forms a parabolic recurrence
relation in the above (periodic) sense.

Another way to look at this, is observing that for an orieotatreversing map, its
second iterate f2 can be decomposed &8 = f; o f_ with fy = foR, and f_ = R.o f,
whereR, is a linear ref3ection in thg-axis. Observe that botfi, and f_ are orientation
preserving maps, and whilg has a positive twistf_ has a negative twist. Theurth
iterate off can be written as a composition of four orientation presgrmaps with positive
twist:

= fzofao fio fo,

wherefo= —f_, fi= —f+ o(—id), fo= f_o(—id) andf3 = f.. Each of the maps debnes
anX; and brings us back to the theory of parabolic recurrenctionta



14 1. INTRODUCTION

type |

type Il

Figure 1.15: The Rip transformation changes the braid diagrorresponding to a period four
orbit point into a diagram of one of two types.

To introduce the braid diagrams in this setting, 4dde a period four point of and
denote the points on its trajectory ky= z, z1 = f(2), z2 = f%(z) andzz = f3(z). Since
the brst coordinates of the trajectory;; = (x;,y;) determine the trajectory fully, the corre-
sponding braid diagram is obtained by connecting pdints) with piecewise linear graphs.
Three additional strands are given by shifts of this trajggtwith respectively;, z» andzz
as starting points. Now we need to incorporate the moditrcaipplied to the recurrence
relation to turn it into a parabolic recurrence relation.aMzing the debnition of;, we
see that we need to apply the following transformation toctheordinates of points of the
trajectory:

('x01xll-x21x3) - (_x0|x11x2| _x3) .

This will result in a sequence that satisis= 0 if and only if the original{x;} satisfy
R = 0, hence form a trajectory gf. We call the above transformatiorfii.

One also needs to investigate the effects of the Rip on thd diagrams constructed
from a period four orbit. Initially those lead to six differediagrams depending on the
permutation according to which the period four orbit visitspoints. Applying the Rip
transformation to all six diagrams (by reversing the ordepants on the Ripped coor-
dinates) surprisingly results in diagrams that can be ddiohto two types. To be more
precise, the resulting diagrams lie in one of the two braads#s, as shown in Figure 1.15.
If the resulting diagram of a given period-four trajectogldngs to the prst of the classes
we call it type | point and in the second case we call it typ&lir goal is to look for ad-
ditional stationary solutions inside braid classes, wlig $trands corresponding to one of
these two types being bxed. Hence we want to investigatethm@ properties (if any) of
the period four points of type | and type Il, see Figure 11.15.

The above mentioned type of braid diagram is a crucial elémkithe classibcation
of period four orbits for an orientation reversing twist mdp turns out that we need a
technical, but quite natural assumption, namely yhaatisbes théfinite twist condition,
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i.e.,
Iirjrg e f(x,y) = £ forallx e R,
y—o

wherern, denotes the projection onto the brst coordinate. With tl@san prove the fol-
lowing theorem:

THEOREM 1.3 (Chaptel2).An orientation reversing twist map of the plane that satisfies
the infinite twist condition and that has a type I period-4 point, is a chaotic system, i.e., the
topological entropy of some bounded invariant set in R? is positive. Conversely, there exists
an orientation reversing twist map that satisfies the infinite twist condition, has a type Il
period-4 point, and that has zero entropy.

Topological entropy is a measure of how complicated the uhjos of the system is
and it essentially measures the growth of distinguishableogic orbits as the period in-
creases. If this growth is faster than exponential, theopwtis positive. We would like to
stress here that under quite weak assumptions (espeamatlpmpactness is required) it is
possible to obtain a fairly general result that classipesp#riod four orbits. In compari-
son, the Thurston-Nielsen theory does not give a boundednsehich a map is chaotic.
ComapctifyingR? to the sphere allows applying the theory. Neverthelesscaneot obtain
a compact set on which the dynamics is chaotic after retgri@iR? (more knowledge on
the behavior near inPnity is required).

What is crucial in the method is to use the diagram obtaineslithh Ripping from the
period four orbit as bxed (for parabolic Row) strands of ador&hrough these strands we
can thread an additional strand(s) and the braid classedrék this will have a non-trivial
Conley index. This can be seen by comparing Figlres| 1.14 dfi &ince the braid of
type | consist of two copies of the braid depicted on the lefigure[1.1#. The analysis
at this point becomes similar to the one that was describashwliscussing the example in
Figure[1.14. Adjusting it to the braid of type | allows the stmction of many additional
orbits leading to the construction of a semi-conjugacy toghift on three symbols. This
semi-conjugacy is used to obtain a lower bound on the toeaibgntropy and to conclude
the chaotic nature of the system having a period four ortiiyjué I.

To Pnish the classibcation of period four orbits, we needtsituct an example of non-
chaotic twist map having a period four orbit of type Il. Tréglione by lifting a classical and
thoroughly studied one dimensional logistic map to dimamsivo. Details can be found
in Chaptef 2. The rest of that chapter deals with a versiohefibove result that does not
require the inPnite twist condition, but instead requirepinto be a diffeomorphism.

THEOREM 1.4 (Chaptef2).An orientation reversing twist diffeomorphism of the plane
that has a type I period-4 point is a chaotic system, i.e., there exists a compact invariant
subset A C R? for which f | has positive topological entropy. Conversely, there exists
an orientation reversing twist diffeomorphism with a type Il period-4 point that has zero
entropy.

As an example Let us come back to Hénon map. Its general form is

F(xy)=(By1—oy?+ x),

whereo and 3 are real parameters. This map has the twist property f8r0 and for
B > 0, is orientation reversing, while f¢g¥ < O it is orientation preserving. Observe that
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%= B 7 0,and since

aen= (9 5 ).

the Henon map is area preserving if and on|g|ifE 1. The results presented in Theorems
[1.3 and_1.4 can be applied to this map (see Chapter 2.

1.4. Floer homology for relative braids
Area preserving maps and the Hamilton equations on the disc

The area preserving maps of thé can be seen as a generalization of twist maps of the
disc (orR?). On the other hand, there exists a strong connection betiheesolutions of the
Hamilton equations and area preserving maps. Consideradr@glimensional symplectic
manifold (M, w), i.e.,w is a non-degenerate closed 2-formMnLetH : R/ Z x M — R be
smooth, and leXy be the Hamiltonian vector Peld generatedrhyi.e.,

iXH(l)(',')z U)(XH,')z —dH.

Then the Hamilton equations are given by
— =Xy (t,x). (1.3)

The solutions of this equation generate a family of maps M — M satisfying

d
SV = Xgowy vy = 1d. (1.4)

The link between the solutions of the Hamilton equationsaed preserving maps can
be observed by analyzing Equatién {1.4) in the ddse D?. One can prove that the family
Yl preserves the symplectic structusg= dp Adq, which is equivalent, in dimension two,
to preserving the area and orientation. Givénthe Hamilton equations yield a time-1
map? that is area preserving. On the other hand, for each orientateserving map
f:D? — D? that preserves the area, there exists a hamiltatjasuch thatf is the time-1
map of the Bow given by

)= X (1,2).

The above observations allow us to translate the resultsecoimg orientation pre-
serving maps of the disc to the results for the Hamilton égnst and vice versa. The
information about the dynamics of time-1 maps gives insigttt the Row debned by the
Hamilton equations. As an example, bxed pointg obrrespond to 1-periodic orbits of the
Hamiltonian Bow. On the other hand, the periodic orbits of

1) = Xu(r,x),

translate to the periodic orbits for the area and oriemati@serving map (time-1 map of
the Bow).
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Arnold Conjecture

The main motivation of FloerOs original work was a long standonjecture due to
V.I. Arnold. Debne the set of one periodic solutions of theriifon equations, which is
equivalent to the set of bxed points of the time one masee Equatior (114))

% = Xy(t,x) }

We use the notation of critical points analogous to Mors®mhdo stress the fact that
the set of one periodic solutions corresponds to the dripioits of an appropriate action
functional (see below). In this context Crity is called non-degenerate if

det(ld—dmpH(l) (x(O))) 0. (1.5)
The Arnold conjecture was brst proposedidhdnd can be stated as follows.

Crity := {x RIZ—M

THEOREM (Arnold Conjecture).Let (M,w) and H be as above and assume that all x €
Crity are non-degenerate. Then

2n
#Crity > E dImH,(M),
=0

where H;(M) denotes the singular homology of M.

This theorem improves on the Lefschetz bxed point theoresweprin B3], which
bounds the number of one-periodic points by the alternatimg of Betti numbers (dimen-
sions of the homology groups). The result was also knowniquely for Hamiltonians
that arer independent (autonomous systems), as in this casg Gihcides with critical
points ofH; it is then enough to show that the nondegeneracy conditam the theorem
above implies thaH is a Morse function, as we can apply standard Morse theorg Th
prst progress in proving the conjecture in more generahgstivas obtained by Conley
and Zehnder in21], where they proved the conjecture for thxelimensional torus using a
variational principle on the loop space. Then Gromi8h] proved existence of at least one
critical point using pseudo-holomorphic curves. Floehimseries of paper2¥,28/29,
managed to combine the ideas of Conley and Zehnder with thio&€eomov to develop
an alternative for Morse theory that allowed him to proveAheold conjecture for a large
class of symplectic manifolds. Further generalizationthefmethods were done by Hofer
and Salamori3g] and Onob7]. FloerOs proof of the Arnold conjecture has been extend to
all compact symplectic manifolds by Fukaya and Ond3i@],[Liu and Tian in B5].

The example of how Morse theory can be applied to an autonsreggtem suggests
that it is possible to adapt the prove of the Arnold conjextior time dependent Hamil-
tonians. OnD? (or R?) the Hamiltonian action functional on the space of loopsivemy

by
1 1
fu) = — /O o (3 (1)) + /0 H(t,x(0)) dr,

wheredog = wo (i.e.,a = pdgq in the standardR?). In this setting, critical points ofy are
in fact solutions of the Hamilton equations.

When trying to follow the ideas of Morse theory, one is facdthuhe following ob-
structions. The brst one is that the action functional idaooinded, neither from above nor
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from below. Moreover, fact that its spectrum is unboundebdth directions prevents us
from debning a counterpart of the Morse index in any meaunirggnse. Additionally, the

L? gradient Bow offy does not debne a well posed initial value problem. Thosefateo

main reasons why the Arnold conjecture was open until therBle work.

As natural choices of gradient dynamics we may consider thath? or theW 2.2 gra-
dient Bow. The latter yields an ordinary differential edoatvith a well posed initial value
problem and debnes a Row. Thegradient yields to an elliptic partial partial differertia
equation B the nonlinear Cauchy-Riemann system B for whecimitial value problem is
ill posed. In this case one needs to restrict to the set of dedisolutions. The advantage
of using theL? gradient over théV 22 gradient Row is that it satisPes the so called cross-
ing principle, an analogue of the lap number techniques doallic equations, which is
not satisped by the 7.2 gradient Bow. We will explain the implications of the craogpi
principle in the next section.

The Cauchy-Riemann equations in the setting of braids

To studyn-periodic solutions, or a number of solutions of differerteger periods, we
can employ the structure of braids. Starting withraperiodic solution of[(1J3) we can
describe the whole trajectory on the interf@ll] using its translates, i.e., debne

x) = x(2), ()= x(t+ 1), ..., X)) = x(t+ n—1).

Each of ther’ forms a strand in a braid that corresponds to a given sokitiorDbserve
that if we want to consider the collection of above curves[0,1] — D? as a braid we
need to show that their images are disjoint (we assumentisad minimal period). This
is, indeed the case due to the uniqueness of the initial yalaklem for the Hamilton
equations. In fact, in this way we can superimpose seveffareit solutions, possibly
with different periods, as one braid, by considering thargts generated by the different
solutions together.

To stress this braid oriented approach we use the notafionthe collection of strands
{xt,...,x"}. The associated permutation @symbolsc is debPned by

(1) = x°0(0). (1.6)

For a single solution the permutationof the corresponding braid is just a cyclic permuta-
tion, but for collections of solutions it is of course moremqaicated. The action functional
for the Hamilton equations takes the form

1 1
fiu= = [Caotu)+ [ HE ), (L.7)
with ag = pdq. Letx be a braid, then its action is debned by
()= 3 fulh).
k=1
The Hamilton equations corresponding to this action fumeti can be viewed as a system

of 2n equations or{D?)" with (z,x) = S H(t,xX), coupled via the boundary conditions
given in Equation[(1]6).
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Following the ideas of Morse theory, we want to analyze adbuegyradient BowO of
fy. Formally,

1
dfy(x)dx / [—pf)q/ —dpq'+ H,dp+ Hqéq} dt
0

1
/ [—q’6p+ p'dq+ H,dp+ Hqéq} dt
0

1
/ (Jox' + VH,dx)dt,
0

_ (0 -1
0= (93
We add a new variable time variabléo the system to debne a negative gradient [3ofy of
which reads

where

k k
M 102 VH( b = 0, (1.8)
as ot

Again, the equations far* are coupled through the boundary conditions in Equalics)(1.
Here we use: to denote the solutions of the above equation to stress thendence on

s. The linear part of the above equatior%’é + Jo"’a—":, is the reason why we call them
the Cauchy-Riemann equations. Observe that in this settiegperiodic solutions of the
Hamilton equations are the stationary braids of the Calribyaann equation§ (1.8). The
equations do not debne a well-posed initial value problsmna can obtain a solution only
if the Fourier coefbcients of the initial condition decaytsiently fast. Hence we restrict
our attention to the set of bounded solutions, dendt&d’. The next step is to prove
that M’/ is compact in the?l})c topology. This leads to a version of FloerOs compactness

theorem.

THEOREM 1.5 (Compactness, Chapiér 3)ke set of bounded solutions (braids) M”H is
compact in the topology defined by convergence on compact subsets of R x [0, 1].

The proof of this theorem follows form interior regularitgrfthe Cauchy-Riemann
operator; details can be found in Chajpter 3.

Crossing principle

The crucial interplay of the dynamics of the Cauchy-Riemeaguations and the topo-
logical structure of braids is expressed in thessing principle. The basis of this principle
is the analysis in the case of two strands satisfying the IaRiemann. In the OgenericO
case two strands intersect at a single point (Figure 1.1i6) i the analogue of the prop-
erty of parabolic Rows on the braid diagrams. Observe thdéwko stands of a braid have
disjoint images, they OoverlapO, i.e., intersect in gimjecThis overlap (corresponding
to a generator in the braid word), is calledrassing, and we distinguished positive and
negative types of crossings (cf. Figlre 1.16). The crossinggative if the strand Ocoming
from the left goes below the one from the rightOandive in the other case.

Consider the OgenericO local picture as in Higure 1.16isTtvab strands (solutions)
u! andu? which intersect at an isolated poif, 7). The Cauchy-Riemann equations for
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1

q9./ w2 u u? ul W2
t \ s s /
\ utg u} /
ul
2
— +

1
u; X u;

Figure 1.16: The labeling convention for crossing typeggatige [left] and positive [right].
Two strands (solutions) andy intersecting at a single point [center]. The Bow {)rchanges
negative into positive crossing.

ul = (pl,ql) andu? = (pz,qz) are
0,
0.

ul+ Joul + VH(t,ub)
u?+ Jou?+ VH(t,u?)

Debne the difference= u* — u? and let us investigate how it changes along the evolution
of the system. Observe thasatisbes

2+ Joz + VH(t,u?) — VH(t,u?) = 0,

and at(sg, 7o) it simpliPes to
zs+ Joz, = 0.

In the extended phase space, we have ( pt,4t,7) andu? = ( p?,4?,t) which yields
1,2 q’ll_ %22
U Xy = _].(pZt _Iit)z
Prq:y — Pr4
On the other hand, in the, g-plane, we have, = ( p} — p?,¢* —¢?)". Hence we get
ﬂ:p,q(ut1 X utz) = —Joz,
wherer, , denotes the projection on tipeg-plane. Consequently,
2y T (1) X u?) = —Joz I (TS u?) = ||Joz||>> 0.

That is,z; has the same direction as,,(u! x u?), hence as increases? Omoves downward
fasterO than', as indicated in Figure 1.1L6.
We debne therossing number of a braidx by

Cross(x) = #negative crossings #positive crossings

Observe that the crossing number is only debned for (notisingoraids. Along the evo-
lution under the Cauchy-Riemann equations; M’ may develop an intersection &t
Then CrosYu(sg)) is not debned. We have the following.

LEMMA 1.6 (Crossing lemma, Chaptér 3)here defined, Cross(u(s)) is a non increasing
function as a function of's.
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X .
A [X] relgy’ x rely”
[X] rely”
X' rely”
y" y}’ B y

Figure 1.17: Sketch of a relative braid cldsgel y] and some representatives.

The proof (see Chaptérl 3) relies on the fact that the pr@sedf solutions of the
Cauchy-Riemann equations are similar to those of compliégrentiable functions. In
particular, two solutions are either equal for @llz) or their difference has only isolated
zeros. This is due to the general similarity principle (&3

Floer homology for relative braid classes

The idea of forcing leads to the concept of relative braidsga. Lef2” denote the set
of braids onn strands. DebngUYy for x in Q" andy in Q™ as the collection of strands
of both braids. If none of the strands »fJy intersect therx Uy € Q"*™. The braidy
will be called theskeleton andx the free strands. For bxedy, debPneQ” rely, as the space
consisting of alk € Q", such thak Uy € Q™ ™. We will call elements of this spacelative
braids.

In this settingx] rel y denotes a path componentofel y in Q" rely, that is, all equiv-
alent relative braids with a bPxed skeletpnintuitively, [X] rel y describes a class of braids
that can be deformed onto each other without creating aags@ttions along the homotopy
while keeping the skeletal strangd$xed. The concept of the relative braid class allows us
to obtain a Pner decomposition of the space of braids (cfirBi@.17). Observe that one
may consider a more general version of a relative braid atesaely let

Q"= {(x,y) €Q"xQ" | xUy e Q""},

and denote the path componentafy € Q™™ in Q"™ by [x rel y| (cf. Figure[1.1V).

A relative braid class iproper if its boundary does not contain a representative with
a free strand that has entirely collapsed onto another ané ftee or bPxed), or onto the
boundary of the disc. LdKk] rel y be a proper relative braid class, then we debne

M H([x] rely) == {ue M | u(s,-) €[x]rely for all s € R},

a set of bounded solutions of the Cauchy-Riemann equatidhénva given braid class
(cf. Figure[1.18). The crossing principle guarantees tbiaii®n property for such proper
classes, and with it the associated compactness properties
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[x rely]

M H([X] rely)

Figure 1.18: The set of bounded solutiav&” ([x] rely) restricted to a relative braid class
[X]rely.

From this point on we follow the FloerOs original work, altjto the braid structure
forces us to replace some of the concepts with the countsrfheat take into account the
@-periodicity® of braids. The Prst step is the dePnition @flative indeff for critical
points of the action functional. Then we face the issue ofsivarsality. Solving those two
problems will Pnally allow us to debne chain groups and thentary operator. For the
purpose of this introduction we only indicate the necessaljystments and the reader is
advised to go to Chaptel 3 for the details.

The dePnition of a relative index is an adapted version oflihery presented irbB)
and B(] that develops the Maslov index and Conley-Zehnder index fgrangian paths.
For two stationary solutions_,x; € Crity and an orbitu connecting them, the linearized
Cauchy-Riemann operator can be written as

9 9
& n, = —+ Jo—+ K(s,1),
Ko = g+ Jog, * Kls)

whereK(s,t) is a family of 21 x 2n symmetric matrices. This operator acts on functions
satisfying the boundary conditions given by Equation](1a6)d the familyK satisPes a
certain limit conditions dictated through andx. . For non-degenerate (see Chapiex 3)
andx, , the operatoFk », is Fredholm on appropriate function spaces, that is, itsetend
co-kernel are both Pnite dimensional. Using this propenty @an obtain a relative indeix

for stationary points so that

ind & A, = dimker&x 5, — dimcokex », = p(X_) — p(X+).

The relative index is dePned using Maslov indices (see Chdpter 3).
Roughly speaking, by choosing the Hamiltonians in a largeugh class, bounded
solutions generically have the property t#aty, is Fredholm and surjective. This implies

1Compare with the fact that the Morse index is not well debnetlis context as remarked in the OArnold
Conjecture® section.
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X_
X/
X+ X+
Not possible Possible Possible

Figure 1.19: The possible boundary components of the midnifoconnecting orbits between
points with index difference two. In particular the numbérconnections via intermediate
points is even.

via the implicit function theorem that the spades™,,  M’# of connecting orbits are
smooth manifolds of dimension

dim My, = p(x-) — p(x+ ). (1.9)

DePne the chain groups as free Abelian groups with coeftscieZ, over the points

of indexk, i.e.,
Ci = span,{x € Crity : u(x) = k}.
Under genericity assumptions, Equatibn1.9) guarantessrmodulo reparametrization of
the trajectories, we have only Pnitely many connectiong/d&en points with index differ-
ence one. This is crucial, as it allows us to debne the boyrugeratord, : Cy — Ci_1 as
the linear map that for any € Crity([X] rel y) with u(x) = k is given by
X = E n(x,x')x’,
u(xX)= k-1

wheren(x,x') = #Myj, mod 2.

We say that pointg_, x. with u(x_) —u(X+) = 2 are connected vialaoken trajectory
throughx’ (Figure[IID), ifu(x_) —u(x') = 1, andMy;", and M’ are both non-empty.
In this setting the square of the boundary operator courtauimber of broken trajectories
connectingx_,x+ via all possible intermediate points. Further analysishef Cauchy-
Riemann equations reveals that the connected componeetxaoréé]\/[ﬂf’X+ can only be
homeomorphic tas? or (0,1). The closure o{0,1) in M/ is obtained by adding two
OendsGz01, which corresponds to broken trajectories (gluing pgleicf. Figurd 1.19).
Hence the number of broken trajectories is always even dralds that

00 0k+1 = 0.

We thus conclude thg{Cy, dx) forms a chain complex. With this we can depPne the Floer
homology of a proper relative braid clds$rel y as

ker(dx)
im(dg+ 1)
Floer homology satisbes the following invariance.

FH.(x] rely,J,H) =
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G
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Figure 1.20: Braid with generatocaozoiloil [left] and the representative of the same braid
class in a Garside normal form [right].

LEMMA 1.7 (Continuation).For a proper relative braid class [X] rel y Floer homology does
not depend on the choice of J or the Hamiltonian H fixing y.

Moreover, homotopies of the skeletgn(in an appropriate sense) do not change the
Floer homology allowing us to debne it for a proper braidfasel y] (cf. Figurel1.1V).

THEOREM1.8. Let [X] rely and [X'] rel Y’ be in a proper relative braid class [x rel y], then
it holds that

FH,.([x] rely) = FH.([x]rely).
In particular, the Floer homology is an invariant of the class [X rely]. This justifies the
notation FH,([x rely]).

With this theorem we start investigating the propertieshef Eloer homology for the
relative braid classes. L& be a Hamiltonian bxing a given skeletgnthen we have the
following.

THEOREM 1.9 (Chaptel4) Let [x rely] be a proper braid class. If
FH.([X] rely) 7 0,
then Crity([X] rely) # @.

Additionally, we can obtain the following counterpart oktMorse inequalities. Let
Bx = dimF H,([x rel y]) be thek-th Betti number of the Floer homology. Then, for a generic
HamiltonianH bxingy, the number of critical points of indexin [x] rel y is bounded from
below bypy.

Every braid class has a representative that consist of dyeobraid and a number of
negative half twists. This corresponds to therside normal form of the braid (se€32)).
As a corollary one can deduce that each braid class can besesyied by a braid with a
positive part concatenated withe N full negative twists. In Figuré_1.20 we present an
example of a braid and its normal form. Above guaranteestligag exists a representant
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B(x rely) of the clasgx rely] that can be written as
B(xrely)= O~'.B(x" rely™), (1.10)

wherep(x* rely*) contains only positive generators, denotes a full positive twist and
[ € N. We have the following result

THEOREM 1.10 (Chaptel4) For a proper class [x rely] on n strands (both skeletal and
fixed). Then there exists a minimal natural number  satisfying Equation (1.1Q)such that

FH.(xrely) 2 FH, 5, (x" rely").

This allows us to restrict our attention to braids with pesigenerators only.

1.5. Extensions and future work
Connection with the Conley index for braids

Above we have debned the Floer homology of a relative braissglsuggesting that it
allows us to obtain forcing results for the Hamilton equagio The problem that we face
at this point is that a careful inspection of all the ingretkeused to debne the homology
requires an almost complete knowledge of the system. Exaepbme special cases where
one can continue the problem to integrable system. We neleabte all periodic orbits of
the Hamiltonian Row and all connections between them thel@aRiemann RBow. Such
a detailed knowledge of the system debes the purpose ofataiguit. Ideally, one would
like to exploit topological information about the braid s3ato calculate the homology.

An ultimate goal for future work on this subject is to connéwt Floer homology of a
braid with the Conley index of a discretized braid diagraat ttorresponds to it, and then to
use the latter to draw conclusions about the original systenwere able to prove one step
in this direction. The Pbrst problem that we encounter in earch for a connection between
the Floer homology and the Conley index for braids, is thé tfaat the latter theory deals
only with positive braids, while the former allows also néga crossings. The Garside
normal form of a braid and the shift Theorém 1.10 eliminalés problem.

Connection with Thurston-Nielsen theory

In the case of the disc, the mapping class group relative tdta bet (periodic orbith
is MCG(D? rel A, 9D?). One can identify this group with ArtinOs braid group:esirands
B, divided by its center, where is number of points id (or period in case of a periodic
orbit). This correspondence is best explained via an exambét us consider the case
A= {a1,az,a3}. Words in the braid grouBs are generated by letters™ and o3 ?, with
the relations described earlier in this introduction. Besj letp; € MCG(D? rel A, 9D?)
denote a homeomorphism that interchanggewith a, in a counterclockwise direction (its
inverse does so in the opposite direction), gpdhterchanges in an analogous wayand
az. Observe that

It turns out that the mag : Bz — MCG(D? rel A, 9D?) that sends the generatoy to
an isotopy clas;]~ is a group isomorphism, providing the required correspooeécf.
Figure[1.211). In this sense one can think of an (isotopy @ssomeomorphism as being
represented by a braid (class).
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o1 o1 2 O

Figure 1.21: The schematic picture of the correspondentvecied the representatives and
d2 of MCG(D? rel A, 9D?), and the generators, andos of the braid grougBs.

To explain this intuitively one needs the concepts of thepension manifold and the
suspension Bow. Theuspension manifold corresponding to a homeomorphism is debPned
as the quotient

Moo= M x[0,1]
T 0 ~(f(0), )

In the case of the disc it can be thought of as a torus created drcylinder with the ends
glued alongf. The suspension flow w‘f debned onV/y is just a unit speed Row on the
second coordinate dff x [0, 1] projected ontaV/ r. In this context, a braid is created from
an element of the isotopy class by extracting orbits of thetp@f A in the suspension 3ow.
Observe that all representants of a given isotopy clasg piglids in the same braid class.

So far we have only mentioned the application of the braid$imrston-Nielsen context
as a tool to analyze the group MCI® rel A, 9D?). We now present some results to which
the use of braids may lead. Recall that the periodic orbit lsdbrmeomorphism leads to a
braid in the suspension Row and conversely. One hopes fandad{i Sharkovskii order
among braids, that ideally would lead to a (partial) ordgidm the braid classes in such a
way that the existence of brafas a periodic orbit of a given map, forces existence of all
periodic orbits corresponding to the braids that are lowdné ordering thag. Of course,
in many cases this is too much to ask for, and only partialltesan be obtained. Below
we will try to give some examples followind.¥].

We recall that MC@D? rel A, 9D?) can be identibed with the braid group @istrings
(wheren = #A). In this context, a brai¢ is pseudo-Anosov if its image under the group
morphismG : Bz — MCG(DD? rel 4, 9DD?) introduced above, is a pseudo-Anosov map (or its
isotopy class contains a representant with a componenistpatudo-Anosov, see Section
[L.7).

We Pnally introduce the concept of theonential sum of a braid, debPned as the sum of
exponents of its generators in the word describing the bFaidexample, for the brai@=
oy to30? its exponential sum, denoted(p), is 2. LetR,;,, : D?> — D? denote the rotation
map of the disc, which in polar coordinates can be expressBg a(r,0) = (,0+ ;). The
following classibcation of homeomorphisms of the disc calstained.

THEOREM (Theorem 8.3 inN17]). If f is an orientation-preserving homeomorphism of the
disk that satisfies f™ = id, than f is topologically conjugate to R, ,, for some 0 < n < m.
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It is not too hard to see that for a bréfig;,, corresponding to the mag,,,, we have
thates(p,;,,) = n(m — 1). On the other hand we have the following:

THEOREM (Proposition 9.4 in17]). If a braid (5 on m strands, where m is prime, does not
correspond to any of the maps R, ,,, then the map containing [ is pseudo-Anosov.

In particular, combining these results, we obtain that(f) # n(m — 1) for any 0<
n < m, thenp forces the pA property on the map containing it.

Let us come back for a moment to the case of braids on thremdstraince in such a
setting one is able to obtain a much stronger result in thé spiSharkovskiiOs theorem. It
turns out that any braid on three strands can be describad th@ generators; ando;, 1
only, and with this we obtain the following.

THEOREM (Theorem 9.4 in17]). (a) A braid  on three stands leads to a pA map if and
only if its minimal word in the 01,0, ! description contains both generators.

(b) Let B1,P2 be two pA braid classes. Moreover, assume that the minimal braid word in the
01,05 1 description of B2 is contained as a sub-word in the 61,0, Y word of P1. Then, if
a homeomorphism contains the periodic orbit corresponding to B1, it also has the one
corresponding to 2.

The partial orders on braid types were studied by severhbasjtincluding Matsuoka
[49], Benardete e.allll], de Carvalho and HallZ3]. Despite the fact that the comparison
of the Thurston-Nielsen classibcation theory and our nusttstill requires more elaborate
studies, we would like to point out some of the similaritiesl alistinctions between the
theories.

Orientation reversing twist maps. To explain the differences between our application
of the Conley index to an orientation reversing twist mapthefplane and the Thurston-
Nielsen theory we refer to Chapfdr 2. The differences betwiee two approaches are that
we require the map to have the twist property, and we esfigndigploit the variational
structure that comes with it, while the Thurston-NielsessssiPcation is also suitable for
non-twist maps. On the other hand, Thurston-Nielsen thesyires the underlying man-
ifold to be compact, whereas our maps are debned on the wlasle. pln general, to be
able to restrict the dynamics of such maps onto a disc, ordsremtrol of the behavior at
inPnity, which is irrelevant in our case (for twist diffeorpbisms). This makes the methods
somewhat complementary as they are applicable in diffexettings.

Floer homology. A comparison of the Floer homology for relative braids and th
Thurston-Nielsen theory requires more in-depth studiesth Bheories require the under-
lying manifold to be compact and two-dimensional. As alyeatkentioned above, both
methods use a braid theoretic approach. This makes bothdbeery similar in spirit.
Thurston-Nielsen theory uses a braid algorithm (trainksato study the classibcation of
the dynamics forced by a braid corresponding to a given geriarbit. In the case of Floer
homology additional studies are required to make it conipejao that relevant informa-
tion about the system can be extracted. Nevertheless, pheaqh is intrinsically different
and interesting in its own right. Moreover, it is much moralgtic in nature, which may
have certain advantages, such as being able to deal withiaiitigs, as well as the possi-
bility to study non-equilibrium solutions of the CauchyeRiann equations.






CHAPTER 2

Orientation reversing twist maps of the plane

2.1. Introduction

Orientation preserving twist maps have been studied by raatiyors over the past
decades. In particular we mention the important contriimsti by Moser 55, (54,
Mather 48], Aubry & Le Daeron[[LQ], Angenent[R,[4], Boyland [17] and Le Calvezi42).
Most of these works consider area and orientation presgtwist maps and make use of
the variational principle that comes with it. This is a pofuetool for studying periodic
points, in particular when the domain of the map is an annulus

In this paper we are interested in dynamical systems getkbgbrientation reversing
twist maps that do not necessarily preserve area and thae&med on the whole plane.
Specibcally, we are interested in periodic orbits and themal dynamics they force. We
postpone a discussion of related work to the end of thisdoirtory section. First, we give
the necessary debnitions and introduce a topologicalipkaior such orientation reversing
maps.

A well-known example of a two dimensional orientation reseg twist map is the
family of Henon maps. The discrete time dynamics that deeraal by iterating such maps
have emerged as models from various applications in theigalysciences. Orientation
preserving (twist) maps of (sub-regions of) the plane are often obthamtime-1 maps in
non-autonomous Hamiltonian systems in the plane, or asréitsih maps to a Poincare
section in three dimensional dynamical systems. On ther dthed, maps that reverse
orientation do not occur as such section maps.

In this paper we are mainly concerned wialifeomorphisms of the plane, i.e. bijective
C! maps.

DEFINITION 2.1. A diffeomorphismf : R2 — R? is called arvrientation reversing twist
diffeomorphism of the plane if there exist global coordinatasy) € R? such thatf is given
by (¥',y) = f(x,y) and satispes the assumptions: (iXd¢) < 0, and (ii)% > 0. Due to
the latter condition, which we will refer to as theist property, f is said to haveositive
twist. If the bijectivity assumption is dropped bfits still C* and satisbes properties (i) and
(i) then f is called an orientation reversing twistip.

In the following, to indicate the coordinate functiatisandy’ of f, we use the compo-
sition with the orthogonal projections. andm, onto thex- andy-coordinate respectively,

i.e.x’ = m f(x,y) andy’ = m, f(x,y).
29



30 2. ORIENTATION REVERSING TWIST MAPS

As will be explained in Sectidn 2.3 (see al&3]) (compositions of) orientation preserv-
ing (positive) twist maps have a natural topological stiest which is less straightforward
in the orientation reversing case. There exists an easg@uoe to circumvent this obstacle
and bnd a useful topological tool for orientation revergimigt maps. Note that even pow-
ers of f are orientation preserving maps, but compositions of twmegbs are in general not
twist maps. The second composite itergfecan be written as a composition of two orien-
tation preserving twist maps as followsy? = f, o f_, with f+ = foR,, andf_ = R.o f,
wherer, is a linear rel3ection in the-axis. The drawback is that is a positive twist map
andf_ a negative twist map. If we consider the fourth itergteve have the decomposition

f7= fzof2ofiofo, (2.1)

where the mapg; are debPned as follows:

fo=—f-, fi= —fro(=id), fo= f-o(-id), and f3= fi.
One can easily verify that all four maps are orientation gmaag maps wittpositive twist.
The theory of parabolic recurrence relations/33][(summarized in Section 2.3) is now
applicable since it applies to compaositions of orientajweserving positive twist maps.
Using this formulation we can study periodic points of pdrio= 4k (for other periods
symmetry requirements could be imposed, but we will notyrithis issue here).

Recall that a point = ( x,y) is a periods point for f if f"(z) = z, wheref” denotes the
n-th iterate off. The periodn is assumed to bainimal, i.e. f*(z) # zforall 0< k< n.
Instead of describing a period-4 point in terms of the imaxjes i.e. (z, £(z), f2(2), £3(2).,

a natural way to describe orbits is to do so in accordancestdehomposition given bl (2.1).
We write an orbit agz; }2 ,, withz; = fi(z;_1). This applies to period#points, by depning
fi via firqa = f;, for all i € Z. The theory of parabolic recurrence relations[33][now
dictates that orbitgz;} should be represented as braid diagrams, which we will &xpla
next.

Let z be a period-4 point of. By choosing the points, f(z), f2(z), and f3(z) as
different initial points we obtain four different orbitsrfthe compositionfz o f> o f1 o fo,
namely the orbits debned hy= fi(z,_1) while settingzg = f*(z) for k= 0,1,2,3. For
each orbit we connect the consecutive poffits;) via piecewise linear functions. This
yields a piecewise linear closed braid consisting of fotargts. By projecting the braid
on thex-coordinates one obtains a closed braid diagram. Braid-aliag are discussed in
more detail in Sectioh 2.3. Figure 2.1 depicts the braidrdiag which result from this
construction starting from two different period-4 orbitSince the braid diagram is only
concerned with the-coordinates the construction of the braid diagram is, figpractical
purposes, equivalent to the following: Igf,x%,x%,x3) be thex-coordinates of a period-4
point orbit { f*(2) }3_,, i.e.x’ = m,f'(z), then perform a Rip on these coordinates to obtain
(x0,x1,X2,x3) = ( —x°,x1,x?, —x3), and Pnally connect the points.x;) in the plane by line
segments. This gives one strand and the total braid diagramtained by performing this
transformation to all shifts of the orbit through

Notice that period-4 points can occur in a variety of sixefiéint OpermutationsO (of the
x-coordinates, see also Section| 2.4). However, permutatiomot have topological mean-
ing with respect to parabolic recurrence relations and ptations are thus not suitable for
classifying period-4 points. On the other hand, via the abmnstruction each permuta-
tion yields a unique braid class that has a topological nmganlt follows that period-4
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type |

type Il :

Figure 2.1: Period-4 points lead #oo possible braid classes. In the braid diagrams on the right
one may think of all the crossings as being positive, i.e sth@nd with the larger slope going
on top.

points give rise to exactly two types of braid classes. E@id shows the two possible
braid classes: type | and type Il. In other wordsy period-4 orbits is either of type | or
of type Il, according to the braid class that results fromaheve transformations. More
details on this classibcation are supplied in Sedtioh 2etioB-4 points of type | imply

chaos, while those of type Il do not, as is stated in our masoreém.

THEOREM 2.2. An orientation reversing twist diffeomorphism of the plane that has a type 1
period-4 point is a chaotic system, i.e., there exists a compact invariant subset A C R? for
which f|a has positive topological entropy. Conversely, there exists an orientation reversing
twist diffeomorphism with a type Il period-4 point that has zero entropy.

We want to point out that the theorem is stated under quitk\assumptions; in par-
ticular, there ar@o compactness assumptions (the twist property in a way cosapesthis
lack of compactness). The bijectivity assumption in thetem is certainly stronger than
strictly necessary. In fact, instead, for twist maps it isengatural to assume the inpnite
twist condition: a twist map is said to satisfy thginite rwist condition if

lim . f(xy)= +=  forallxeR. 2.2)
y—E©

For twist maps on the plane this condition in some sense nthahghe map has positive
twist at inPnity (not an inbnite amount of twist). Under theite twist condition we have
the same result as for diffeomorphisms.

THEOREM 2.3. An orientation reversing twist map of the plane that satisfies the infinite
twist condition and that has a type I period-4 point, is a chaotic system — chaotic as ex-
plained in Theorem 2.2 Conversely, there exists an orientation reversing twist map that
satisfies the infinite twist condition, has a type Il period-4 point, and that has zero entropy.
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p2]

P4

D6 T T - T \1

Figure 2.2: Orbits of the map(x,y) = (y,x+ &y — 2)®). A period-4 orbit of type | is indicated
by the large dots.

We can also give a lower bounds on the entropy for Theokemar2lZ.8. Namely the
entropy satisPe(f) > 3 In(1+ v/2) andh(f) > 3In3 in TheoremB 212 arid 2.3 respectively.

The inPnite twist condition makes the topological/vadasl principle we use easier to
apply and the proof less technical. This is strongly rel&tetthe fact that the inPnite twist
condition is a more natural assumption in the context ofttwiaps than bijectivity. We
will therefore explain all the details by proving Theorem.2ln Sectior 27 we make the
necessary technical adaptations to the method in ordepte dtheoren 2]2.

The method discussed in this paper makes extensive use ofvisteproperty. On
the other hand, we stress that it needs no compactnessiocoaditor information about
the asymptotics of near inbnity. It allows us to study periodic solutions ofeotation
reversing twist maps, in particular those of which the gkrioa multiple of four (but other
periods can be dealt with as well). Theordms 2.2[and 2.3 presentative for the kind of
results that can be obtained, but the method is much moreajelide note that there is an
additional variational structure that can be exploitechis setting if the (absolute value of
the) area is preserved (see Remarkb 2.9 and 2.15).

Of course the theorem does not detect all occurrences ofcihaimportant example
of orientation reversing twist maps is the Henon i@py) = ( By, 1 — oy + x), whereo €
R andp > 0 are parameters. It is well known that for various paramefteices the system
is chaotic, while a type | period-4 point is hard/impossiolénd. Nevertheless, concerning
the practical aspects of the above theorem we note thatablisst chaos one can search for
a type | period-4 point with the help of a computer. This cambee in a mathematically
rigorous manner, for example with the help of a software pgeKike GAIO, se€d5,27.
Furthermore, in the family of generalized Henon ma@sy) = ( y,x+ ay — by3), which
are orientation reversing twist maps, a period-4 orbit gty can be found analytically
(exploiting the symmetry) for > 4v/2 and anyb > 0. In Figure[ 2.2 a period-4 orbit of
type | is indicated and the chaotic nature of the dynamicgpsaeent.
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To obtain an example of a non-chaotic map with a period-4t afbiype 1l we return
to the classical Henon map, for convenience rescaled dofteay) = ( y,ex+ Ay — y?]).
Fore = 0 this is a one dimensional map and fonot too large it is non-chaotic. For small
positivee the 1-dimensional map perturbs to a 2-dimensional map,hwfbicappropriately
chosenh has a period-4 point of type Il and which remains non-chaotibe details of
the construction are given in Sectibn]2.6. This providesomfpof second statements in
Theorem$ 2J2 arid 2.3.

We like to point out the similarity of the above theorem ane thmous Sharkovskii
theorem|[64,[44, which states that a one dimensional system having a p&rjpaint nec-
essarily has periodic points of all periods. In our case shadorced by certain period-4
points. In a one dimensional system the Sharkovskii ordenes little implications for a
map containing a period-4 point. Nevertheless, also in theedimensional case certain
types of period-4 orbits (depending on the permutation efgbints) force chaos (proved
via the usual one dimensional techniques).

On compact surfaces of genggwith or without boundary) the results iB¢] and [14]
show that if an orientation reversing diffeomorphism hakastG + 2 periodic points of
distinct odd periods, then there exist periodic points fd¥riitely many different periods,
and in particular the topological entropy of the map is pasitThe maps in this paper are
maps onR? and therefore the above result does not immediately appbwener, in the
special circumstance that an orientation reversing magallows extension tg? with
a bxed point at inPnity, then the existence of a period-3tpomany other odd period for
that matter, implies, by the above mentioned result, thatntlap has positive topological
entropy. To translate this result back to the context of thgiral map onR? one needs
(detailed) information about the local behavior near thimtpat inbnity (the asymptotics
of the map). In contrast, Theorefms]2.2 2.3 are applicaitheut prior knowledge of
asymptotic behavior. Moreover, our result gives insightvimat happens when we have
information about period-4 points, which complements #®uits on periodic orbits with
odd periods in14,34.

The relation to ThurstonOs theory

Once again, the method of proof in this paper strongly reliethe fact that we consider
(compositions of) twist maps, which allows an elementanystmction of inbnitely many
periodic points and a semi-conjugacy to a (sub-)shift on3tsyts. This draws strongly on
the elegant topological principle for twist maps. A diffiet@pproach would be to employ
ThurstonOs classibcation theorem of surface diffeonsongHg]. ThurstonOs result does
not restrict to twist maps, however compactness is reqwedcome back to this point in
a moment).

Since the results for arbitrary maps on compact surfaceBhiestonOs theory are com-
plementary to those for twist maps on the (non-compact)epiiarthe present paper, let us
explain how our results relate to ThurstonOs theory. Ferafaimplicity, let us assume that
the maps can be extended to homeomorphisms on for exddiple that case the classib-
cation theorem is applicable. In order to follow the apphoasing ThurstonOs classibcation
theorem we Prst need to decide what distinguishes periaasp In our approach there
is a natural distinction into two types of period-4 pointa discrete four strand braids. In
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suspension

Figure 2.3: The may is orientation preserving and has the twist property, hémesuspension
looks like a distorted rotation, which leads to a positivaithr

the approach using ThurstonOs result the braids are usettmihe the isotopy class of a
map in question, see e.d.1].

It is easier to visualize this for orientation preservingpsiaso we consideg = 14,
which is an orientation preserving map and which can beewrifts a composition of four
orientation preserving positive twist maps= f3o f>0 fio fo. In the case of a period-4
orbit P = {ff(z)};.’;o for f, the mapg has four bxed point8. Therefore one considers the
mapping class group MQ®? rel P), where the maps are orientation preserving an@ bx
(as a set) andD? (a homeomorphism of the boundary). Using the result& ) it can
be shown easily that MC@®? rel P) ~ Ba/ center, where, is ArtinOs braid group on four
strands, and the center of the braid gr@ipis the inPnite cyclic subgroup generated by
(010203)4, the full twists.

In general it is quite hard to determine the mapping classmép, but for twist maps
this is a little easier. In fact, identifying the mappingssdavith the braid group, the mapping
class for f* is exactly the positive braid we have constructed above. IWstrate this
for the prst of the composite mags for a type | period-4 orbit in Figure_2.3. Besides
the permutation of thex{coordinates of the) points iR, the twist property gives global
information about the map, so that the suspension can besiadd (note thaty does not
Px P, but this does not lead to undue complications). The othreetmaps are similar and
the total braid is obtained by the natural addition in thedbgeoup. We refer to15] for a
further discussion on the application of ThurstonOs thiedwist maps on an annulus. As a
Pnal point, the same construction can be carried out forf4= £, o f_. One needs to take
into account thayf_ has negative twist and thus leads to a braid with negativergéors.
Of course, repeating the braid fgtwice leads to a braid that is equivalent to the onegfor

Using ThurstonOs classiPcation the braid of type | is ps&ndsov, and thus the corre-
sponding mapping class is also pseudo-Anosov, hence chaotrder to draw conclusions
for the original map oR? one needs to bPnd a compact invariant set initheior of D?
on which the entropy is positive. This requires detailedrmfation about the behavior near
aD?, and thus about the asymptotic behavior of the original nreg% This isnor needed
in our results however. The braid of type Il is reducible andtains only components of
Pnite type (and thus no pseudo-Anosov component, in fadbrihid is a cable of cabled
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braids), hence the corresponding map is not necessaribtich&Ve point out that our con-
struction of a non-chaotic map with a type Il period-4 poimhlerms the latter conclusion.
However, ThurstonOs classiPcation theorem does not @rvidn-chaotic map within the
class of twist maps as required here. See d8pfpr details on pseudo-Anosov maps and
mapping classes.

The organization of the paper is as follows. In Section 2.2aweall some facts about
twist maps and for orientation reversing maps we introducarsformation that associates
a parabolic recurrence relation to such maps. In SeCtidnv@.8ummarize the concepts
we need from braid theory and parabolic Rows, which wereotighly studied in(33].

In Section Z.# the focus shifts to period-4 orbits and thkeissibcation in types | and II.
We combine these concepts in Secfiod 2.5 to prove the besttiassin Theoreni 213 by
constructing a semi-conjugacy to the shift on three symbhbisSection 2.6 we show an
example of a non-chaotic map with a period-4 orbit of typevhijch establishes the second
part of the theorem. Finally, Sectibn .7 is devoted to editepthe techniques to bijective
maps and proving Theordm 2.2.
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2.2. Twist Maps

We collect some facts about both orientation preservingrewersing twist maps.

Recurrence relations for twist maps

A C! map fromR? to R?, denoted byf(x,y) = ( m.f,m,f), is a (positive) twist map if
o f is orientati ing i ientati ing i
"a‘y > 0. Itis orientation preserving if dgtf) > 0 and orientation reversing if detf) <

0. Of course, one could also consid%xﬂ( > 0 and/or negative twist, but a change of
coordinates reduces these case&4b> 0.
'y

Note that iterateg* of a twist map are not necessarily twist maps, but the crpcap-
erty of twist maps is that they allow us to retrieve wholedetpries{ (x;, yx) } = {f*(x0,y0) }
from just the sequencgx, }. To show this we follow4] (see alsoi2]). Let us start with the
observation that the twist property implies that theretexas open sdt such that for any
pairx, X' € U there exists a unique solutidf(x,x’) of the equation

e f(x, Y (x,x)) = X.

It also follows from the twist property thatis monotone in’:
aYy
ox’

From the functiort’ we construct yet another function:

Y(x,x) €', f(x, Y (x,X)).

> 0.

This second functiorY also has a monotonicity property that follows directly frohe
inverse function theorem. The mgpis locally invertible and the derivative of its inverse
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ftis given bydo(m, f 1) = —(dedf)) taa(m.f) o f1, hence
da(mf <0 and (;—Y <0 if fis orientation preserving
X

oY o :
d(nf >0 and o >0 if fis orientation reversing
X

Obviously the reason for these debnitions is thétdf 1, vi+ 1) = f(x, yx) then

Yk = Y (X, X+ 1) and  yee1= Y (g, 01)-

That is, the functiong’ andY can be used to retrieve the whole trajectdtyx, yx) } from
the sequencéx;}. It easily follows that a sequendgxy,y:)} forms an orbit off if and
only if the x-coordinates satisfy

Y(xxe1) —Y(—1,x) = 0 forallk e Z.
We therefore introduce the notation
RO 1,500 1) S Y (o X 1) — ¥ (e 1,%). (2.3)

Solutions{x; } of the recurrence relatiof®(x;_1,xt,xx+1) = O thus correspond to trajec-
tories of the magf. From the properties df andY we see thafR is increasing in. 1,
and if f is orientation preserving theR is also increasing im;_;. In this caseR will be
referred to as aarabolic recurrence relation. WWhen f is orientation reversing theR is
not increasing, but decreasingiin ;. In Sectiorl 2.2 we explain how we can, nevertheless,
associate a parabolic recurrence relation to an orientatieersing map.

The functiony (and similarlyY) has a domain of the form

D= {(x,X)|x€R,g(x) < ¥ < h(x)},

where the functiong, 4 : R — [—, «] are upper/lower semi-continuous wikx) < h(x),

see Section 217 for more details. A way to ensure that the moMas the whole plane,

is to assume theéfinite twist condition [2.2). To simplify the exposition in the follovgn
sections we assume that= R2. In Sectiori 2.7 we show how to extend our results to maps
that are bijective t&R? (i.e. diffeomorphisms of the plane). Note that bijectivityes not
imply the inPnite twist condition, nor does it guaranted tha R2.

REMARK 2.4. Any twist map that satisbes the inPnite twist conditsoinjective. Namely,
let f(xo,y0) = f(x1,y1) = (X,Y). If xo = x1 then it follows from the twist property that
Yo = y1. Supposeyp ¥ x1, sSayxp < x1, then the inPnite twist condition implies that for any
x € [xo,x1] there is a (uniquey(x) such thatr, f(x, y(x)) = X/, with y(xg) = yo andy(x1) =

yi. Since%) < 0 we have/20) < o, contradiction the fact that, f(xo, y(x0)) =

my f(x1,y(x1)) = .

REMARK 2.5. Whenjf is an orientation andrea preserving twist map there exists an
additional structure, namely generating functions (sggd). A smooth functions : R —

R exists with the property that (f/,y") = f(x,y), theny = 915(x,x’), andy’ = —25(x,x').
This generating functiof allows one to formulate the existence of periodic pointeimis

of critical points of an action function. A periadpoint corresponds to a critical point of

n—1
W (x0,1, .., Xn_1) &' EbS(xi,xH 1), with x,, = xo.
=
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The parabolic recurrence relation is then given by the gradifW: R(x;_1,x;,xi+1) = %

For orientation reversing area preserving maps a similaati@nal structure exists. The
difference is that the relations between the generatingtims$ and they coordinates are
y = 918(x,x’) andy’ = 9,5(x,x’), i.e. with the same sign. A period«Zpoint corresponds to
a critical point of

def

om—1
W(x0,x1,...,Xom—1) = Z) (—1)'S(xi, xi+ 1), with x2,, = xo.
=

The recurrence relation is not quite given by the gradienmpg—fc‘j =(—1)'R(xj_1, X, X+ 1),
so there is still a correspondence between critical poini® and solutions ofR. However,
itis more convenient to deal with such a situation through(Bip) transformation described
in Sectior 2.2 below.

We Pnish this section with an example.

EXAMPLE 2.6. Let us consider the well knowkiénon map. The Henon map is a two-
dimensional invertible map given by formula:

e By
f: — 2 .
y 1-oys+x
It is an orientation reversing twist map for @l 0 anda € R. It is bijective and also sat-
isPes the inPnite twist condition (2.2). It is not difpculicbnstruct the recurrence relation:
R(k—1,%8 X+ 1) = —L—xp_ 1+ af 22+ B e 1.
Parabolic recurrence relations for orientation reversingtwist maps

Consider the case thgtis an orientationeversing twist map. From the previous sub-
section it then follows that the trajectory of a periodiciiaian be retrieved from the se-
quence{x} satisfying the recurrence relation

R(%- 1, %0 5+1) = O,

whereR is debPned by[{2]3), witd;R < 0 andazR > 0. Since the theory of braid Rows
(see Sectioh 213) is debPned using parabolic recurrend®reldi.e.d;R > 0 andisR > 0),
we need to make a modibcation. In Secfiod 2.1 we explaingdfthean be written as a
composition of four orientation preserving positive twisdpsf;. For eachf; we can derive
the recurrence functioiR;, which has the properties that

01R;> 0 and d03R; > 0.
This is equivalent to debning the functidRsas follows
Ro(x_1,%0,1) T R(—x_1, —x0,%1)
Ra(x0,x1,x2) &' R(—x0,11,12)
Ra(x1,x2,x3) £ —R(x1, %2, —x3)

Ra(x2,x3,x4) T —R(x2, —x3, —x4).
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It is easily veribed that the recurrence functions are iddesabolic and we debne the
sequencegR;} periodically: R+ 4 = R;. This change of coordinates naturally also effects
the trajectoryr = {x;}. To make this precise we debne the transformation

—x, fork= 0,3 mod4

M) = { xy  fork=1,2mod 4 (24)

We call the transformatioh on sequencesjfép. Clearlyxzf id and it commutes witlo?,

whereao is the shift mapy(x); = xi+ 1. Nowx = {x;} solves® = 0 if and only ifA(x) solves
R,’ = 0.

LEMMA 2.7. Every solution x = {x;} of R; = 0 yields a solution \(x) ofﬁv% = 0, and thus
corresponds to a trajectory of f, namely {(X(x) on Y (M) ks M) e+ 1)) }

2.3. Braid diagrams and the Conley index
Discretized braids and braid diagrams

In this section we debPne and describe the main topologinattate which is used in
the proofs of Theorenis 2.2 ahd2.3. As pointed out in Se€tidirtie way we deal with
sequences is to consider them as piecewise linear fundiipnennecting the consecutive
points via linear interpolation.

DEFINITION 2.8 ([33]). The space ofliscretized period d braids on n strands, denotedD?},
is the space of all pairu,t), wheret € S, is a permutation om elements, and is an
unordered collection of strandsu = {u“}”_,, which satisfy the following properties:

a=1’
(a) Each strand consist gf+ 1 anchor pointsu® = (u§,u§,...,us) € R¥* 1,
(b) periodicity ® For all. = 1,...,n, one hasu% = g™,

(c) transversality B For any pair of distinct strandsando’ such that$ = u?/ for somei,
we have:

(g — )l —ulh 1) < O, (2.5)

We equipD’; with the standard topology @& "¢ on the strands, and the discrete topol-
ogy with respect to the permutati@nmodulo permutations which change the order of the
strands (i.e., two pairfu,t) and(u,<) are close if there exists a permutatiore S,, with
0o0¥= to0), such thau®® is close taa* (as points ifR"?) for all a.

We will say that two discretized braigsu’ € D’ are of the saméiscretized braid class
(denotedu] = [u']) if they are in the same path component®f. The discrete topology on
the permutations leads to the following useful interpretatConsider a continuous family
of braids and pick one of the permutations in the equivaletess (subsequently dropped
from the notation). These discretized braids of pedooh n strands are then completely
determined by their coordinatgs{*}%=-, i.e., every discretized braid corresponds to a
point in the conbguration spaf&“. We come back to this point of view later.

Let us now compare the notion of a discretized braid with tfiat topological braid.

In topology a braidd onn strands is a collection of embedding¥™ : [0, 1] — R3}g= 1 With
disjoint images such that (8)(0) =( 0, «, 0), (b) *(1) = ( 1,t(c),0) for some permutation
T € §,,, and (c) the image of eadt is transverse to all the plan¢s= constan.
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Figure 2.4: Example of a braid on three strands. [left] Atbkaith all crossings positive (bottom

over top), [middle] its 2-d projection, and [right] the as&ded piecewise linear braid diagram,

a discretized braid. Its braid word ¢c1020203.

The projection of a topological braid onto an appropriatnpl e.g. théx, y)-plane, is
called abraid diagram if all crossings of strands are transversal in this progectiln this
braid diagram a marking+() indicates a crossing which is Obottom over topO, whereas a
marking (-) indicates a crossing Otop over bottomO. A positiyelossing of the-th and
(i + 1)-st strands corresponds to a generatgrwhile a negative crossing corresponds to
0;1. The use of these generatardeads to a natural group structure (see &.8] for more
background). The sequence of generators (OreadingQith&draleft to right) is called
the braid word.

The link between discretized braids and topological bredke following. Any dis-
cretized braidu can be interpreted as the braid diagram of a topological brdien we
use linear interpolation between the poiiss*) € R?, whereu{ are the anchor points
of stranda.. Here we choose the convention that all crossings in thigetized braid di-
agram arepositive. The resulting positive piecewise linear braid diagrameaaaled by
B(u). Itis also useful to consider braid diagrams that are naguiese linear. A (positive,
closed) topological braid diagram is a collection of stsafg”* < C([0,1]) }”_, such that
(@) p*(1) = B (0) for some permutation € S,,, and (b) all intersections among pairs of
strands are isolated and topologically transverse. rdpdogical braid class {u} is a path
component of(u) in the space of positive topological braid diagrams. Fifufedepicts a
braid in its various appearances. Since for positive bithielbraid word consists of positive
generators only, it follows that the number of generatorthiénbraid word, théraid word
length, is an invariant of a discretized braid class, and even gbalégical braid class. For
a more detailed account we refer [88].

Since discretized braids are periodic we extend all straadsdically:

uh = U@ foralliez, o=1,...,n.

1

As explained above))’; is a subset of a collection of copies®t (one for each equivalence
class of permutations). Fixing an appropriate permutatiom may identify a discretized
braid class with a subset Bf*, its conbguration space. The connected componenig of
i.e. the discretized braid classes, are separated by ceadion-1 varieties ifiR"¢, called
the singular braids:

DEFINITION 2.9. LetD" denote the collection ofd-dimensional vector spaces of all
discretized braid diagrams satisfying properties (1) and (2) of DePnitibn]2.8. Now
s & D\ DY is the set okingular discretized braids.

The setD” is the closure ofD”, hence its elements do not necessarily satisfy the
transversality conditiod (2.5). The braidsinare said to have angency. A moments
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reection shows that in singular braids of sufbciently ligidimensiorn(m > d), different
strands can collapse onto each other. This set of specibalaiities plays an important
role later on and is debned as

3" d:ef{u eS|ul = u¥ Vi€ Z, for somea Z o}

If one wants to braid a strand, one needs something to bréidoigh. This leads us
to the introduction of a so-callegteleron braid through which we can braid so-callgee
strands. DebneuUv € D}*™, with u € D andv € D7 as the (unordered) union of strands.
Then for given av € D} we debne

D’ relvE {ue D2 uuv e DY,

It is important to remember that the transversality coodi{Z.5) is imposed on the strands
inuuv.

The path components @b’ relv form relative discretized braid classes, denoted by
[urelv]. The braidv is usually called thekeleton, andu are called thgree strands. Now
it is easy to debne relative versions of the concepts preseattove, i.eZ relv, £ relv,
D" relv, and{u rel v} (astopological relative braid class).

It is also possible that two classpsrel v] and [u’ rel V'] are topologically the same.
The set of equivalent topological relative braid clas{smasel {v}} is debned by the relation
{urelv} ~ {U’ relV'} if and only if there exist a continuous family of topologi¢pbsitive,
closed) braid diagram pairs deformifg, v) to (u’,Vv'). See[B3] for more details.

Parabolic Rows on braid diagrams

In [33] the topology of discretized braids is used to bnd solutigingarabolic recur-
rence relations. This is done by embedding the problem intagpropriate dynamical
setting. Before briel3y explaining the ideas we recall tHeritton of parabolic recurrence
relations.

DEFINITION 2.10 (B3]). A sequence of function® = ( R;)icz, with R; € C}(R3,R), sat-
isfying

() 91R; > 0andosR; > Oforalli € Z,

(ii) for somed € N we haveR;,, = R; foralli € Z,

is called gparabolic recurrence relation.

Here we only consider parabolic recurrence relations déln®?3, although one can
also study parabolic recurrence relations on more genenahihs, see Secti¢n 2.7.
Let R be a parabolic recurrence relation and consider the diffileequation
du;
dt
It is straightforward to show that such an equation debné&sal{Ct-Bowy’ on X under
periodic boundary conditions, provided they are of per@dwWe call such a Row, generated
by a parabolic recurrence relationparabolic flow on X. Notice that it is easy to regard
this Bow as a 3ow on the spat¥ by considering the equation
du?

dtl = Ri(u 1, uf,ufs 1), whereu € D. (2.6)

= Ri(ui_1,ui,ui+1) Whereu(s) € X = R? andr € R.
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Figure 2.5: A schematic picture of a parabolic Row on a (bedrehd proper) braid class.

This equation is well-debned by the periodicity requiremerebnition 2.1D. The next-
neighbor coupling and the monotonicity of a parabolic resnre relation have far reaching
consequences for the corresponding parabolic Row. Naalehyg Bow lines the total num-
ber of intersections in a braid, i.e. the braid word lengtm only decrease in time (as
indicated in Figuré@ 215). The following proposition is agse statement of this property.

PROPOSITION2.11 (B3]). Let y' be a parabolic flow on D).

(@) For each point u € 2\ X, the local orbit {y'(u) |t € [—¢,¢€]} intersects Z uniquely at
U for all € sufficiently small.

(b) For any such u, the braid word length of the braid diagram ' (u) for t > 0 is strictly
less then that of the braid diagram ' (u) for t < 0.

As a direct consequence of this proposition Row lines careienter a braid class after
leaving it. In other words, the dynamics bf (2.6) obeys thenrshco-orientation of the braid
classes, i.e., if we co-orient the boundaryX~ in the direction of decreasing intersection
number, then the vector beld, and thus the Row, is co-oddntthe same way.

In Section[2.B we will debne the Conley index of a braid classce we need the
braid class to be isolating, i.e., the Bow at the boundarylghtmave no internal tangencies.
Propositior 2,111 shows that we are Oin dangerO when ounsygitves near t&~, since
a parabolic Bow displays invariant behavioran. For this reason, a discretized relative
braid clasqu rel v] is calledproper if its boundary (which is a subset &frel v) does not
intersectz~ relv. Figure[2.6 gives a simple examples of a proper and an impiwpéd
class. Besides properness we also need the braid classesctoripact. A discretized
relative braid clasfu relv] is calledbounded if the set[u rel v] c R** " is bounded.

Conley index for braids

The Conley index is a powerful tool for studying the compiexif dynamical systems.
For braid classes the Conley index is dePne@8hdnd we refer to that paper for all details,
proofs and much additional information. For more detailsudtthe general setting of the
Conley index, se€20,/54. Proposition 2.111 implies that @l rel v]) is isolating for the
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S I

Figure 2.6: Two bounded braids with the same skeleton (biaek); the free strand is the gray
line. The braid on the left is improper (one can deform the B&and to one of the strands of
the skeleton), the one on the right is proper.

Bow generated by a parabolic recurrence relation, providedraid class is proper and
bounded. LelV denote df[u rel v]), and letN~ C dN be the exit set for a parabolic Ray.
Then the Conley inde#(u rel v) is the homotopy type of the pointed spddd N—,[N7]),
denoted byN/ N_]. Note thatN~ can also be characterized purely in terms of braids by
using the co-orientation &\ .

PROPOSITION2.12 ([83]). Suppose [u rel V] is a bounded proper relative discretized braid

class and ' is a parabolic flow that fixes the skeleton V. Then

(1) cl(furelv)) is an isolating neighborhood for ', which yields a well-defined Conley
index h(u relv,y").

(2) The index h(u rel v,\") is independent of the choice of the parabolic flow ' as long as
V' (V) = V. Therefore the index is denoted by h(u relv).

REMARK 2.13. The Conley index is in fact an invariant of the topatagjirelative braid
class{u relv}, provided one slightly generalizes the debnitions. Filst,debnitions of
proper and bounded are extended in a straightforward maorerrel v}. Furthermore,
an equivalence class of topological relative brgidsel {v}} is proper/bounded if for all
v € {v} any clasg{u’ relvV'} € {u rel {v}} is proper/bounded.

Second, several discretized braid classes may be part dfadnt topological braid
classes. For bxed periat] let [u(0) rel V'] be a discretized braid class such that on the
topological level{u(0) relv'} € {urel {v}}. Let[u()) relV], j= 0,...,m denoteal! the
different discretized braid classes relativevtsuch that{u() relv'} € {urel{v}}. The
setN = U= ocl([u(/) relv']) is isolating for any parabolic Bow bxing, and the exit set

is denoted byV~. The Conley indexH(u rel V') of the topological relative braid class
{urelV'} is the homotopy type of the pointed spg@é N—,[N~]). It does not depend on
the periodd, the choice ofv’ or the parabolic Bow. The Conley indék(u rel V') is an
invariant of {u rel {v}}.

The homotopy index is usually not very convenient to workweihd therefore we use
the homological Conley index
def

CH,(urelv) = H,(N,N")



2.3 BRAID DIAGRAMS AND THE CONLEY INDEX 43

L T
44 B i 28
] AN
ug ug 1, ~
" — . |
U1 L L / L Th
1 R s—71 1% AN
o I

Figure 2.7: In the relative braid on the left black lines derthe skeleton and gray lines the free
strand. In the middle its conbguration space is shown anditbetion of the parabolic 3ow on
the boundary is indicated. On the right we see how the cordtigurspace is positioned with
respect to the stationary points of the skeleton, repreddnt the four dots.

whereN = cl(Jurelv]), N~ is its exit set, andH. is the relative homology of the pair
(N,N7). One can assign to such an index a characteristic polynomial

CP(urelv) &' > Brt,
=0
wheref, is a free rank o€CH,(u rel v). For the parabolic R3ows under consideration Morse
inequality can be used to draw conclusions from the chaiatitepolynomial about bxed
points and periodic orbits (see Section 7[23]). In this paper we use the only the simplest
consequence:

LEMMA 2.14. Let [u rel V] be a discretized relative braid class that is bounded and proper.
If CP_1(u rel V) is nonzero, then there is at least one stationary point in [U relV] for any
parabolic flow ' that leaves V invariant.

REMARK 2.15. A special situation occurs when the recurrence oslasi exact, i.e., when
there exists a@-periodic sequence @f?(R?) functionss; such that

Ri(wi—1,ui, uir 1) = 028i—1(ui—1, ;) + 918 (i, i+ 1) forallie Z.

Note that a recurrence relation is exact if it originatesnfiaoacomposition of area preserving
twist maps, see Rematk 2.5. The main example in our contexhén the orientation
reversing twist may is area preserving. Settifg(u) = Ef-i 1Si(ui, uir 1) the corresponding
parabolic Row is a gradient 80\@% = VW. This implies that invariant sets consists of bxed
points and connecting orbits only. The second order charadtthe recurrence relation
leads to the following strong result (s3] section 7]): for an exact parabolic 3ow on a
bounded proper relative braid clgssrel v], the number of Pxed points is bounded below
by the number of distinct nonzero monomials in the charetiepolynomialCP,(u rel v).

EXAMPLE 2.16. We calculate the homotopy index of the braid shown eteft in Fig-
ure[2.T. Itis of period two and it is proper and bounded. Adrcan evolve only in such a
way as to decrease the number of intersections (cf. Prapo&ifl1 and Figure 215). Hence
along the Bow the free anchor poim§ cannot cross the anchor points of skeleton since
this would lead to an increased number of crossing, igis OtrappedO between anchor
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points of the skeleton. On the other hand, the middle paimf the free strand can evolve

in such a way that it crosses the nearest anchor points, siiscdecreases the number of
crossings. Of course, on crossing the anchor point of thetske the free strand leaves the
braid class. The conbguration space and the 3ow on the bguawgashown in the middle

in Figure[2.T. The exit se¥~ consists of the top and bottom boundaries. The homotopy
index of this braid class v/ N~] ~ (S%, pt), henceCP, = r and any parabolic Row leaving

v invariant has at least one bxed point inside the braid class.

2.4. Period-4 points for orientation reversing twist maps

We now apply the theory of braids and parabolic 3ows to caignt reversing twist
maps. Letf be an orientation reversing twist map. As explained in theduction and
Section 2.2 we can write it as the composition of four origatapreserving twist maps.
This leads to a parabolic recurrence relatie ( R;);cz which is 4-periodic:R;+ 4 = R;.
Lemma2.Y gives the correspondence between trajectoriésanél solutions of the recur-
rence relation via the Rip transformatidn (2.4).

Suppose now tha{l(x",y")}f'= 1 Is a period-4 orbit off, i.e., its minimal period is four. Let
x = {x'}icz, then the Ripped sequenaér) is a solution of the recurrence relatiGh= 0.
Obviously, any shifto®(x) of the sequence corresponds to the same period-4 orbit of
f. HenceA(c%(x)) for a = 1,2,3,4 are four solutions of the parabolic recurrence rela-
tion R = 0, labeledv!,v2,v3,v* respectively, and they thus form the four stationary ssand
of a closed discretized braid diagrams {v*} € D3. A priori vis only in D, butifv € X,
then necessarily € =, since Proposition 2.11 implies there are no stationargtpaf a
parabolic Bow orE\ 2. On the other hand, ¥ € £, then at least two of the strands
Mo“(x)) coincide, hence the minimal period is smaller than four. E\my, we are assum-
ing that the initial orbit is a true period-4 orbit and henlse torresponding braid diagram
v is a discretized braid i},

The next question is: which braid classes do these periathits sepresent? Because
we need to make sure that we consider all possible casesamysistply from the quadruple
(x%,x%,x,x%). Assume, without loss of generality, thét= min{x'}. There are six non-
degenerate orderings (degenerate ones are discussed, melovely

Oc 1o 2« 43 Oc e 3c 42 0c 2¢ 1 43

X< x < x<Xxv, X< xt< x°< x4, X< x < x<x,

2.7
O<2< Byl O<B<alay? O< Bc <ol (2.7)

For each of these six possibilities the procedure descebede leads to a closed discretized
braid diagram. The easiest way to do this is depicted in E[@u8. Namely, one draws the
four iterates of the four shifts of the periodic solution. ehhone inverts the order of the
points at the zeroth and third coordinates to obtabmad diagram. It is perhaps good to
point out that the picture in the middle of Figurel2.8, i.efobe the Rip, isot interpreted
as a braid diagram, since it is not related to a parabolic Bowthe six possible orderings
the resulting braid diagrams are shown shown in Figure 2.9.

The six discretized braid diagrams can be grouped in twandtstopological braid
classes, type | and type Il, see Fighreg 2.9. We note that tteein dour distinct discretized
braid classes iDj, but on the topologically level these reduce to two clas3gpe | has
(periodic) braid words30303050203 and corresponds to ordering$< x3 < x! < x? and

x0 < xt < x® < 2, while the (periodic) braid word of type 1l i8202020203020305.
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Ripped

Figure 2.8: Starting from an ordering of the poifit§,x%,x%,x3) on the left (f permutes the
ordered points), one uses four iterates (middle) and thphesthe Rip (i.e. inverting the order

at the zeroth and third coordinates) to obtain&héd diagram on the right.

Figure 2.9: The six period-4 orbits and their correspondiregd diagrams.
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As discussed above, since the braid consists of stationdurtians of a parabolic Zow,
the braid cannot have tangencies. Of course, anchor pa@intsavertheless coincide, which
corresponds to a degenerate case in the ordering of theugleeft, x*, x2, x3. That is, some
of the inequalities in(2]17) are replaced by equalitiesc&itangencies in the braid diagram
are excluded and since we start from a true period-4 orletotily possible degenerate
cases turn out to be

0. 1_- 2. 3

x < Xx X< Xx 1

and P< =< 4,
which both lead to a braid of type II.

REMARK 2.17. The fact that we have four different discretized bdiédjrams but only two
topological braid classes may lead to notational difpesilthat we clarify here while we
are at it. The two discretized braid classes within one tagioal braid class are related by
a shifto or a double shift®. We can thus go back and forth between the two by applying
shifts to bothv andR. When we obtain results for a parabolic R3ow generatef® liyat has
stationary braids, then these results carry overd@R) ando(v), sincec(R) is a parabolic
recurrence relation that Pxegv). We may thus restrict our attention to just one of the
discretized braid classes in each topological braid class.

2.5. Positive topological entropy

We are ready to assemble the machinery previously presantader to prove that a
twist map with a period-4 point of type | is chaotic. Throughdthis section we assume
the inPnite twist conditior (212), which leads to a proof tebreni 2.8, see Sectibn .7 for
the case of a diffeomorphism. We will show that fothere exists a compact invariant set
A C R? on which f has positive topological entropy.

Our strategy is to brst consider the second itefatand to show that there is a compact
setA; C R?, invariant underf2, on which it is semi-conjugate to the shift map on three
symbols, which has positive entropy. Standard results tatheuentropy then imply that
the mapf also has positive entropy o= A1 U f(A1). The set of all sequences on three
symbols is denoted byiz = {—1,0,+1}4, ando: 23 — 23 maps{a, },cz to the shifted
sequenced,+1}nez-

Let Z be a period-4 point of type I. According to Sectlonl2.4 thisamethat we may
assume that the-coordinates of its orbit, denoted by= n, f/(z), are ordered in a certain
way. In particular, in view of Remaik 2.117 and consideringtarate ofz if necessary, we
may without loss of generality assume that

x0< x3< xl< xz.

Let S C R? be the set of all complete orbits gfand debne
A E {2 eS| mf2(2) € 1 2?] and i, f24 () € [ xY] forall i € Z 1. (2.8)

RemarkZ#% shows that ! is well-debned (at least on the imagefdf We note that and
f2(z) are elements oky. The setA is invariant underf? and it is bounded. By debnition
the x-coordinates are uniformly bounded @1, while boundedness of thecoordinate
follows from the fact that the function&(x,x’) andY (x,x’) from Sectio 2.2 are continuous
on R? and thus bounded on bounded sets. Furthermore, girarel f~* are continuous
(differentiable) functions it is not hard to see tiAgtis compact.
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Let g : A1 — =3 be the function that assigns a symbol sequence to each paiatas
follows:
a,=+ 1 if m f2(z) € (x1, 7],
0(2) = {an}nez = a,=0 if mf2(z) € [x3,x1], (2.9)
a,= =1 if . f?(2) € [(%,x3).
The sequencéa, },cz will be called the symbolic description of a point (trajegfoin A;.
We note that

9@ = {(-D)" ez and (/%2 = {(-1)"}nez- (2.10)

Our goal is to show thap is a semi-conjugacy. It follows from the construction that
@o f2(z) = oog(z) for all z € A1. We still need to show tha is surjective and continuous.
Continuity is proved in Lemma2.21, while surjectivity fmis from Lemma 2.20. Leading
up to that we Prst state and prove the crucial lemma, which teeconcepts of the Rip
transformation, braid diagrams and their Conley index.

LEMMA 2.18. For any periodic symbol sequence {a,}ncz € 23 there exists a point in Aq
that has {ay }nez as its symbolic description.

PROOF Let p be the minimal period of the sequen{e, },cz, and let 4 denote the
smallest common multiple of;2and 4.

Step 1. Construction of relative braid classes.
In Section 2% we explained in detail how a period-4 pointdgea braidv € D3 that is
stationary for the parabolic Row associated to the recoerealation®R = ( R;);cz. In this
sectionv is assumed to be a type | braid. By concatenatirfgist repeating it) we obtain
more stationary skeletons. To be precise, debuéd#e theg-concatenation of. Clearly
AVES l)f;q, and it is a stationary skeleton ftr(cf. Figure[2.10D).

Using the skeletons# we can now construct numerous relative braid classes by-weav
ing in a free strand with the skeletal strands. Given a parisgimbol sequencéq, }, a free

strandu = ( ui)?fgl can be characterized as follows:

(i) Foriodd,u; € (x*,x*) wheni = 1 mod 4, andy; € (—x%, —x3) wheni = 3 mod 4.
(i) The position of the even anchors is determined by thelsaqe{a,,}fﬁ_ol:

if a, = +1 thenuy, € (x},x?) for n odd, anduy, € (—x2, —x1) for n even;
if a, = 0 thenuy, € (x3,x%) for nodd, anduy, € (—x*, —x3) for n even;
if a, = —1 thenuy, € (x%,x3) for n odd, anduy, € (—x3, —x°) for n even.

Moreover, letus, = up. The subdivision of the range af (basicallyn = 0,3 mod 4 and
n= 1,2 mod 4) is needed since we are working with the (3ipped) ¢oatels for parabolic
recurrence relations. Figure 2110 shows an example of aveelaraid class obtained in
this way. Denote the equivalence class of the relative brdégcribed above lu rel #,v].
If a, % £(—1)", then the these braid classes are bounded and proper. Feedhences
a, = +(—1)" the corresponding points ik, are given by[(2.70), and we will exclude these
special sequences from our considerations.

Step 2. Non-triviality of the Conley index.
We now calculate the Conley index for the braid classes ibestin step 1. Since each
coordinatay; can only move in the designated intervals as described athe/eonbguration
spaceN = cl([u rel #,V]) is a cartesian product of intervals, i~ 1%, a 4-dimensional
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Figure 2.10: Braid diagrams corresponding tf...,a0,a1,a2,a3,a4,as,d6,...} =
{...,0,+1,+1,0,—1,+1,0,...}. At the top is a generic non-symmetric situation, while
at the bottom the skeleton is deformed into a symmetric omé;twhas the same topological
information and has the advantage that it is a lot easiereegu The homotopy type of this
braid class is the pointed spac®, pt).

hypercube. We now proceed by determinivig, the exit set. As in Example 2.16 the Bow
can only decrease the total number of intersections,ifc (x3,x) or up, € (—x%, —x3).
Then the number of intersections decreases whgmoves through the boundary of these
intervals. The number of anchor points for which this is paess equal to the number of
zeroes in{a,,}ﬁi‘ol. Denote this number by. This wayN~— consists only of opposite faces.
Thereforer = [N/ N~] ~ (S¥, pt). A standard result from homology theory then shows that

-\ _ k _ R if x= k,

H.(N.N7) = H.((S",pD) = { 0 otherwise,
andCP;(h) = *, proving that the Conley index is non-trivial for any pelmdymbol se-
quence{a, } with a, # £(—1)". Such symbol sequences will be earmarked as non-trivial.

Step 3. Existence of periodic points.
From the previous step we have tiia_1(h) = ( —1)* # 0. Lemmd_2.14 then proves that
there exists at least one stationary point, i.e. a solutidR ® 0, in the relative braid class
[u rel #,v] that is associated to each of the non-trivial periodic syimbquence$a,}. The
considerations in Sectidn 2.2, in particular Lenimd 2.7 lyntipat the stationary solution
u constructed this way corresponds to a periodic point.oflence it corresponds to & 2
periodic orbit of f2 and the construction of the braid classes ensures thatefiadjc orbit
is in A1 and has symbolic descriptida,, }. O
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The proof of Lemm&a2.18 does not show that every periodic sysdguences of min-
imal periodp corresponds to a periodic trajectory with perjdf 2 (only whenp is even
this is clear). Nor do we obtain uniqueness of pointajnthat have a particular periodic
symbolic description. However, since we are only buildingemi-conjugacy, neither of
these points matter.

REMARK 2.19. For anyz € A; the x-coordinates of the even iterates cannot be on the
boundary of the intervals distinguishing the different bgiic descriptions, i.et, f%(z) 7
xt,x3. Namely, suppose, f2'(z) = x* or x, then after applying the Rip transformation and
interpreting the Ripped trajectory efas a strand in the braid diagram (see Fidure]2.10),
this strand is stationary and has a tangency at anchor poimit2 one of the strands of the
skeleton. This is impossible, as stated in Propositionl 2Ahlalternative is to compare the
trajectories ot andz and to use the twist property of the orientation reversingttmap f

to obtain a contradiction directly.

The periodic symbol sequences from Lemma .18 allow us tbwiga the general
case.

LEMMA 2.20. For any sequence {a, }ncz € 23 there exist a point in Aj that has {ay }ncz as
its symbolic description.

PROOF Leta = {a,},cz be any sequence ;. We can approach by periodic se-
quencesi € =3, whereaX = a, for |n| < k with periodic extensiomt = a* , , for all n.
Clearlya* — a ask — o, with ¢ being periodic (the metric is given explicitly in the proof
of the next lemma). Lemnia 218 shows that there exist pgjrtsA; such thatp(z;) = a*.
SinceA; is compact, there exists a convergent subsequance z € A; asm — «. Let
¢(z) = b € 23, then we claim thab = a. For any bxed: € Z, . f'(z) is either in[x°,x%),
(x3,x1) or (x%,x%], because the valued andx® are excluded by Remafk 2]19. Hence it
follows that form sufbciently larger, f2*(zx,) is in the same of these intervalsag?(z).
Since the intervals encode the symbolic description, thigliesb, = a* for sufbciently
largem, and thus indeed = a. O

LEMMA 2.21. The map ¢ defined in (2.9) is continuous.

PROOF The arguments resemble the ones used in the previous pYeafse the metric
d(a,b) = 2~ ma{mla=biforin<m} on 3, Let z; be any convergent sequenceAn, z; —
7€ A1 Leto(z) = be 33 andg(z) = b*. For any bxeth € Z, m,f?'(z) is either in
[x%,x3), (x3,x1) or (x%,x%], because the values sandx® are excluded by Remafk 2]19.
Hence it follows that foik sufbciently larger, f*(z) is in the same of these intervals as
. f2(z), which impliesh, = bk for sufpciently large. In particular, for any (largey € N
there exists & (m) € N such thatb, = b* for all [n| < m andk > K. In other words,
lp(z) — 9(z)| < 21 for k > K, which establishes continuity. O

From the previous lemmas we conclude thats debned by (2.9) is a semi-conjugacy
from f2|4, to ols,. To carry over this information to the majpwe debne
def

A= AU f(A),

which is invariant underf, and the entropy of on A can be estimated in terms of the
entropy of the shift on three symbols.
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THEOREM 2.22. An orientation reversing twist map of the plane that satisfies the infinite
twist condition and that has a type I period-4 point, has positive topological entropy re-
stricted to the compact invariant set A.

PROOF We use the semi-conjugagyto estimates the entrogy f|5) of f onA. Stan-
dard properties of the entropy (e.g. s2d]] give the estimates

WAN = ZH710) = S > S0l = 5In(3).
g

REMARK 2.23. As an alternative strategy one can consider the fitertite off instead of
the second one. This is perhaps more natural in view of thenagasition off* in terms
of orientation preserving twist maps, as discussed in ttiedoction. On the other hand,
the notation becomes a bit more involved. Anyway, it is néibclilt to see that arguments
analogous to the ones used for the second iterate lead toiasejugacy off*|,, to the
shift on the spac&gy of sequences on nine symbols. This approach gives exaetlyatime
lower bound for the topological entropy ¢f

WA = gh(Fn) > Fh(ols)= ZIn@)= 2in(3).

2.6. Type Il periodic points

In the previous section we have proved that a period-4 oflyipe | forces orientation
reversing twist maps to be chaotic. Now we will show that theotem is OsharpO in the
sense that we construct an example of a map with a periodiddbrype Il that has zero
topological entropy, i.e., the entropy of the dynamicsrreistd to any bounded invariant set
is zero.

We start with the well known quadratic family of one dimemsibmaps

Xer 1= Ae(1—xx),

wherel is a parameter. This map is a good starting point since it sa®gle formula and
its dynamics has been studied extensively. The propertyost mterest to us is that far
slightly larger than
A= 1+ V6,

the system has a period-4 orbit which is stable (the periob undergoes a period dou-
bling bifurcation at. = A*). Moreover, the topological entropy of the map on the makima
bounded invariant set is zero.

We want to embed this system inR? and turn it into an orientation reversing twist
map. To accomplish this we use the family of maps

(x y
Je: <y> - <8x+ %y(l—y)>’

which are orientation reversing twist diffeomorphisms &tire > 0, while fore = 0 we
retrieve the quadratic family in disguisg (s not a diffeomorphism). Notice that far= 0,
and A slightly larger thari\*, the period-4 orbit is of type Il (cf. Sectidn_2.4). Intuiio
suggests that for smadl> 0 the perturbatiorex will not change the dynamics much (in
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particular, the entropy remains zero). The remainder sfdattion is spent on making this
precise.

Since our aim is to show that the maps for 0 have zero topological entropy we
prove that their non-wandering sets are all Othe sameQy arsgmnse OcopiesO of the non-
wandering setat= 0, i.e., we will prove a version d®-stability for this particular situation.
Let S¢ be the set of all all points iR? through which there is a complete bounded orbif.of
and letQ? be the set of non-wandering pointsff We start with proving that all interesting
dynamics is contained in the compactNethf[ —-1,2] x[-1,2].

LEMMA 2.24. For ¢ € [0,1 2) and ) € [1,4] it holds that QF C S® C int(N).

PROOFE The cases = 0 corresponds to the one-dimensional quadratic map and the
statements are easily seen to hold. We turn to theeca$8, 1/ 2), for which f; is invertible.
First we show tha§® C N. Let us start with the boung,,y, < 2. By contradiction, assume
thatxp > 2, then sincevy,(1—y,) < 1 we have
x,—1

Xp—-2 = e

Hence the sequengey,, — o, ask — . This contradicts the fact that trajectory is bounded,
so indeed, < 2 for all n. Sincey, = x,+1 we then also have, < 2.
Next we prove that,,y, > —1. If yg < —1 then the inequality

Y1 < )"yn(l_Yn) +1

implies thaty, — —o ask — «. Thereforey, > —1 and again the same holds fior

We now show that als@® C N. From the previous argument we see that if this is not
the case then there has to be some pgigtyg) € Q¢ for which xg > 2. It then follows
thatx_y, — o0, and sincexg is non-wandering._»,,+ 1 has to be arbitrarily close tg > 2
for somem € N. The same reasoning as before then showsithat. 1o — © ask — oo,
contradicting the fact thdtc, yo) € QF. We have thus established that C N. Finally, if
z € QF, thenf,(z) € QF andf,1(z) € QF, henceQ® C S¢. O

In Q-stability theory the concept of axiom A maps and the no&ycbperty are usually
essential (see for examplé1]). Let us recall their standard debnitions. For a compact
manifold M, we say that a may : M — M satisbeswiom A if the setQ( f) is hyperbolic
and the periodic points are densé&i(f). Whenf satisbes axiom A then the non-wandering
setQ(f) can be written as a Pnite disjoint uniéh= QU --- U, of closed invariant sets
on which f is topologically transitive (the spectral decompositibadrem, cf.[61]). The
setsQ; are called basic sets. We say tipt< Q; if (W*(Q;) \ ;) N(W*(Q)\Q)) Z &,
where the stable and unstable sets are given by

Wi(Q) = {xeM| f'(x) — Q; asn — =}
W)= {xeM|f"(x) - Q asn — o}.

A map f satisfying axiom A has the no-cycle property if for every icecf distinct indices
{ix}i=1, n > 1itis impossible to have the inequalities

Q,<Q,<...<Q <Q.
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Figure 2.11: The graph of the fourth power of the quadratip.mBhe parametek is set to
A"+ 0.04. The intervalsty, A andAs (bounded by the extrema) are indicated.
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Figure 2.12: One of the two trapping regions of the perioabitoWe choosé. so close to\.*
that the function is monotone between the three bxed pcim;é o the picture.

Since our case does not bt in the usual setting of diffeon®mEhon a compact mani-
fold we will now adapt these concepts to the famyily For £ the invariant set is

$%= {(x,y)|x €[0,M 4] andy = Ax(1—x)}.

For values o slightly larger thar\.* there are two unstable bxed points, an unstable period-
2 orbit and stable period-4 orbit. For simplicity we write

Q, D period-4 orbit;

Q, D period-2 orbit;

Q3 D non-trivial bxed point;

Q4 D bxed poin(0,0).
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We would like to show that these are the only non-wanderirigtpo To analyze the dy-
namics we observe that for the fourth pow/7§‘rof guadratic mag, (x) = Ax(1—x) even-
tually maps any poinkg € (0,1) into the intervalA = [ K, (M 4), M 4] (cf. Figure[2.11).
On the other hand, i we can distinguish three interval§; = [ /(M 4),Ff(x/4)],
Ar=( Ff’(k/ 4),Ff()»/ 4)) andA3 = [Ff(k/ 4), M 4]. Monotonicity ofo4 oNnA;N (Ff)—l(Ag)
guarantees that any point . with the exception of the bxed poi€¥, will eventually en-
ter A1 or Az under iterates oFf. Apart from the period-2 orbit any point iA; and A3
approaches the period-4 orbit due to monotonicitﬂ‘bbn these intervals (cf. Figure 2112).
Our choice ofh is sufpciently close ta.* so that the functiorF;* is monotone between
the three bxed points dfl\“ in Ay andAsz. Since fp mimics the dynamics of;, it follows
that any point ins® that is not eventually periodic h&3 as itsw-limit set. Moreover, we
have proved that there are no other non-wandering pointstiieeorbits contained i€; for
i=1234,.i.e.

Q%= QUQUQIUQ,.
One can easily see that the eigenvalued ffin a point inQ° area; = 0 ando, which
is equal to the eigenvalue of the corresponding poirfi,0fAgain, since for\ sufbciently
close toA*, and\ > A*, we haveF] ¥ +1 at the bxed points, the period-2 and the period-4
orbit. Hence, they are all hyperbolic, af¥lis hyperbolic fori = 1,2,3,4.

The reasoning above shows th@thas a hyperbolic non-wandering set which only
consists of periodic orbits. Moreover, we have identipeal lihsic sets to b&; with
i=1,2,34. Now we turn to the no-cycle property. To simplify the naiatwe write
WS(Q:) = WH(Q) \Q: andW*(Q;) = W*(RQ;) \ Q:. To exclude the existence of a cycle let us
start with the observation that*(Q,) NS° = @. This ensures th&®; £ Q4 fori= 1,2,3,4.

On the other han®*(Q1) = @, soQ; £ Q; for i = 1,2,3,4. From the arguments above
(illustrated in Figure$ 2.11 arld 2112) it follows that“(Q3) C W5 (Q1) UWS(RQ,) and
W*(Q,) C W5(Q41). Combining these observation we see that there are no cgoiesg
{Q;}£ . This reasoning shows that

LEMMA 2.25. For \ slightly larger than N* the map fo has a finite hyperbolic non-
wandering set, and there are no cycles among the basic sets.

We are now in a position to prov@-stability and in particular
LEMMA 2.26. There exists an €* such that for all € € [0,€*] the set QF is finite.

PrRoOF We will mimic the proof oiQ2-stability theorem for diffeomorphisms on a com-
pact set in[g1]. From the lemmas above we know ttt = per(fo) = Q1 UQ,UQ3UQ4.
It is well know that for fy there exist a Lyapunov function (se€Q]). So there exists a
functionV: N — R satisfying the following conditions. It is decreasing ajdrajectories
of fo, exceptorR;, i= 1,2,3,4, whereV is constant. Furthermore, because of the no-cycle
property we may assume th#(Q2;) 7 V(Q;) for i #Z j. Also, we can rescal¥ so that
V:N—(3,43]andV(Q) = i. We debne the (compact) sets

M;E'VY(~w, j+ U 2) NN.

The setsV/; have the properties of a bltration:
(1) N=MysDM3DMy>DM DMy= &,
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(2)  fo(M}) Cint(M;);
3) Qj C int(Mj\Mj,]_);

@) Q= Nz fo(M;\M;-1);

wherefo"‘ denotes thé-th pre-image. These properties follow from the debnitibro
and the structure a2°. For simplicity denote

def
Ui S M \M;_1.

By the continuity of the familyf, and the compactness Sfwe can choose; so small that
property [2) holds for alt < ¢4, i.e. f(M;) C int(M;) for all ;.

SinceQ; consists of a hyperbolic periodic orbi?; continues under perturbations. The
perturbed periodic orbit, denoted 163, is again hyperbolic foe sufbciently small, say
e <& <¢g1. ClearlyQ; c QF for all i. To conclude the proof we show the other inclusion
QF CQIUQSUQLU QY.

We will prove the two following claims. Firstly, for sufpciently small€2’ = S*(U;),
whereS*(U;) is the set of all points ifR? whose complete orbits lie entirely in;. Secondly,
if z€ Q°NU, for somee < ¢, and somej, thenfi(z) € U, for all i € Z. Let us assume for
the moment that the claims are true foK &¢* < g,. Letzg € QF for somee € (0,¢*]. By
property [1) of the set¥; the pointzg has to be in som&,. By the second claim the whole
trajectory ofzg is contained irU ,. Then the Prst claim shows thate Q% This proves that
the non-wandering set fgt consists entirely of the perturbation of the non-wandeseg
of fo. In particular,Q¢ is Pnite. Now we return to the proof of the claims.

Claim 1: Q= S¢(U;) for all j and alle sufpciently small. Because of propetity (3) of
the setV; we getQ’ C S¥(U;) for € sufbciently small. For the other inclusion we argue by
contradiction. Setting = 1/ n we assume that for all > ng € N there is &, € Sl’"(Uj)
such that,, ¢ Qy". By the hyperbolicity of2; (and<2) there is &> 0 such thap‘]’j(;’)(z,,)

is not in ad-ball By(Q,) around®; for somek(n) € Z. Setw, = fi")(z,), thenw, €

sYnu i)\ B5(R)). By compactness d¥ there exists a subsequeneg(n) so thatw,,,y —

vo € Uj\ B5(RQ)). We want to show thaty € U; and that there is an complete orbit in
U; throughvo. First we prove thatfi(vo) € U; for all i > 0. If this would not be the
case thenfi(vo) € M;_1 for somei > 0. From the property[{2) of the sel; we get
fé" Yvg) € int(M;_1), and from the continuity of the family, and the continuity of the map
it follows that fi,* n:iio(n)(me(”)) € int(M;_,) for n large, which contradicts the assumption
thatw,,,,) € U;. We thus have tha(vo) € U, for all i > 0. To get the same for pre-images
of vo we need to extract further subsequences.

From the sequenagy(n) we extract yet another subsequenggn) such thatf, i () (Wina(n))
converges to, say_j;. It easily follows thatfp(v_1) = vo. Similarly, from the se-
guencemi(n) we can extract a subsequensg(n) such thatf[/iz(,,)(wmz(n)) — v_p, and
fo(v—2) = v_1. We can repeat this procedure inductively and we end up wibgaience
{Vk}gz o C Fj andfo(v,k) = v_4+1. Infact,v_; € Uj (k S N), because iV_; € Fj\U',
thenv_j+ 1= f(v_) € int(M;_1), a contradiction.
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We have now constructed a whole trajectry}?_ U {f&(vo) }7, Of fo contained in
SO(Uj). By property [(#) of the seta/; this trajectory has to be contained<y, but since
vo € B5(€2;) we get a contradiction, which concludes the proof of thewlhi

Claim 2: For all z € Q¢ with ¢ € (0,¢2] it holds that ifz € U;, then fi(z) € U; for
all i € Z. It is worth recalling that < e, implies thatf,(M;) C int(M;). Assume that
z € Q*NU, for somej.

Firstly, we show thatfi(z) € U; for all i > 0. Sincez is in M; we know thatfi(z)
is in the interior ofM; for every positivei. Next, fi(z) € M;_, for all i > 0. Namely, if
fi(z) € M;_1 for somei > 0, then the next iterate is in the interior @f;_;. The continuity
of the map guarantees thaf }(Bs(z)) C int(M;_1), for & sufbciently small, which also
implies £* 1 (By(z)) C int(M;_1) for all k € N. On the other hand3s(z) N\M;_1 = &, for
sufbciently smalb. Hence,f* 1*¥(Bs(z)) N Bs(z) = @ for all positivek andd sufbciently
small, which contradicts € Q°.

Secondly, we show that also the negative iterge$z) € U;, for all i > 0. We have
to show thatf, /(z) ¢ M;_1 and thatf, /(z) & Uj+m, Wherei,m > 0. As above it follows
that if £, /(z) € M;_1, thenz = f, () € int(M;_1), whereas € U;, which shows that
f:(2) € M;_1. To prove thatf,(z) € Uj+m, m > 0, we observe that the non-wandering
setQf is invariant underf, and £, 1. If we would have that = f,(z) € Ujs,, for some
i> 0 and somen > 0, thenz-€ Qf andf*(2) € Ujs+ », for all k > 0, by the result on positive
iterates established above. This contradicts the facfit@t= z € U;, concluding the proof
of claim 2 and therefore the lemma. O

We have thus found our counterexample.

LEMMA 2.27. The orientation reversing twist maps fz, with A slightly larger than \* and €
sufficiently small, which have a period-4 orbit of type 11, have zero topological entropy (as
explained at the beginning of this section).

PROOF Lemmal2.2b proves that the non-wandering @etof f, is Pnite. Standard
results on the topological entropy show that the entropy @ S¢ is equal to the entropy
on Q¢, and the entropy of the map on a bnite set is zero (e.gl6dBe [ O

2.7. Twist diffeomorphisms of the plane

We now extend our results to situations where the parabediarrence relation is not
debned on the whole &3. Since this requires some careful analysis, this sectisulis
stantially more technical than the previous ones. We btaidace the necessary frame
work and in Section 217 we apply it to period-4 orbits of otadion reversing twist diffeo-
morphisms and we prove Theorém]|2.2.

The domain of parabolic recurrence relations

We are interested ibijective orientation reversing twist maps. In the introduction & ha
been explained that the fourth iterate can be decomposediimfientation preserving pos-
itive twist maps, to which we can apply the theory of parab8lbws. We thus restrict our
attention here to orientatigpreserving twist diffeomorphisms, and compositions thereof.
We assumef is an orientation preserving twist diffeomorphism, ifeis bijective toR?,
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Figure 2.13: The domaib of the functions’s and17f for a twist diffeomorphisny.

df 7 0, anda,(mt.f) > 0. By dePnition the functiorr ! is dePned oiR?, it is differen-
tiable by the inverse function theorem, andr, f~1) < 0, i.e. f~1 has negative twist.

We recall and rePne some notation from Sedfioh 2.2.(Ket') = f(x,y), then there
are differentiable functiong; andY; with 9,Y; > 0 andd;¥; < 0, such that

y= Yf(x,x) and y = Yf(x,x). (2.11)
Since f~1 has negative twist, the same reasoning as in SeCfidn 2.2 differentiable
funciionszfl andY,-1 with 9¥,1 < 0 anda1¥y-1 > 0, such thaty’ = ¥,-1(x',x) and
y = Y;1(x',x). Obviously

Ye(o, )= Ypa(¥,x)  and  Yp(x,X)= Ypa(¥,x).
Let us consider the domain of Yy andY;, and dePne
¢ E lim mf(xy)  and  h(x) E'lim S, y). (2.12)
y——00 y—®©

These are functions froR to [—, ]. Since they are limits of monotone sequences of
continuous functionsg is upper semi-continuous ahdower semi-continuous, angx) <
h(x) for all x € R. The domain of’; andY; is the open set given by

D= {(xX)]|x€R, g(x) < ¥ < h(x)}.

When f is invertible we can use the same arguments fot. We debneG(x) =
limy—ce mf " Y(x,y) andH(x) = lim,_ _..7,f~Y(x,y). The domain ot’;: and¥; 1 is given
byD {(¥,x)|¥ € R, G(X) < x< H(¥')}. Obviously(x,x') € D if and only if (x,x) € D,
i.e. D= D1 This gives us a lot of information opandh. In fact, the boundaryD of
D consists of at most four pieces, each of which is a monotoaghgrThis is depicted in
Figure[Z2.18.

It takes some notation to make this precise. The fundtiofR — (—oo, 0] is lower
semi-continuous; there is a poingt € [—», ] such that:i(x;) = « andh is non-decreasing
for x < x;, and non-increasing for> x;,. This means thai consists of at most two pieces
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of real-valued functions on (semi-)inbnite intervals, a+decreasing functioh™ and a
non-increasing ong~. Sinceh and/orx;, can be inPnites~ and/orh* may be nonexistent.
The associated graphs are

hE = gr(h) = 9{(x,x') € R?|x e dom(h),x' < h¥(x)} c R2

In Figure[Z.IBh* is the northwest boundary ard is the northeast boundary. A similar
description is valid fog, with g* being non-decreasing (the southeast) gndbeing non-
increasing (the southwest). The boundaryDof: R? thus consists of the (at most four)
graphsg® andh*.

Since the parabolic recurrence relation, and hence thbgard&ow, is not debned on
the boundaryD, we need to debne (preferably smooth) approximations tuVe. con-
struct here the smooth approximations to the northwestdary*. The other bound-
aries are dealt with similarly. Let*¢ be a cutoff/extension function df": h*¢(x) =
min{e~%, h* (x)} for x € dom(h*) andh™ ¢(x) = e~ for x £ dom(k*). We make it smooth
by using a one-sided mollibcation as follows. k@t) be a nonnegative function with sup-
portin[0,1] and integral/r z = 1; letz.(x) = £ 1z(x/ ). DePne

i =TIy ey
R

Thee-approximationz} of #* is smooth orR. Because of the one-sided molliPcation and
the addition of a small increasing ternd, is increasing, hence’ ' > 0, and

n(x—g) —e< k' (x) < bt (x) (2.13)

providedx — ¢ € dom(/*). This means that ¢h; ) is v/2e-close toh* on the piece where
h! < ¢, The cut-off along the’ coordinate will cause no problems since we will only be
interested in bounded braid classes, i.e. bounded sub®e&t dfurthermorep; is strictly

increasing ire. It follows from (2.11), [2.1P) and (Z.13) that
Iirr})Y(x,h: (x)= for all x € dom(n™"), (2.14a)

Iirrg)?((h: ) 1K), x) = for all x' € rangdh*). (2.14b)

Since we are interested in compositigfys; o f;_20--- o f1 0 fp Of orientation preserv-
ing twist maps, we index the correspondigignd accordingly. The-approximation of
the domainD; of Y; is thus

Die = {(xi,xir 1) | g7 (%) < xiw1 < B (x) )
Restricted braid classes
The spaces ofestricted braid diagrams are debPned as (88])
& LD A fu| (u®,ul,) € D;fori= 0...d—1ando = 1...n},
&l ‘éEf@Zm{u](u?,uﬁ,l) eD;fori=0...d—1ando= 1...n},
3 e en,
Foru € & the restricted braid clags]¢ is dePned agi]N €. Forv € €7 anduUv € CD:;*’"
the restricted relative braid claBsrel v]¢ is [u rel vin{u € £/ }.
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(@) (b)

X

Figure 2.14: (a) The northwest corner andsitapproximation with the direction of the Row.
(b) Cartoon of the four pieces of boundary of the domain.

The boundary of a restricted relative braid cldegelv]e consists of two parts,
namely the singular braids i#[u rel v]le NX¢, and the braids that violate the restriction
in dlurelvle \ Z¢. The parabolic Bow is well-debPned @fu relvle NZ¢ but not on
dlurelv]e \ Z¢. To overcome this difbculty we may of course use ¢kspproximations
of Sectior 2.7:

[urelv]e =[urelvle N{u|(u,uf 1) € Dic fori= 0...d—1ando = 1...n}.
Now the 3ow is well-dePned on the whole boundajiy rel v]5.

As an example, let us suppoge., u+ 1) is close to the northwest boundaty of Dy,
sayui+1 = h () ande — 0. If all other pairs of coordinate$,u;+1), i # k are not close
to the boundary, then, by (2114), we have for sufbcientlyliserthat

duy,

= Ye(utgey e 1) — Yo (-1, ug) > 0, (2.15)
du ~
;;1 = Yier 1(utper 1, uper 2) — Y, ugr 1) < 0.

Sinceh, > 0 the Bow is thus directed inwards at this point, see Figutde2.On the other
boundaries similar arguments hold, which leads to the (afepicture in Figuré 2.14b.

However, we may have a problem when for examplg 1,u;) also approaches a
boundary. If it approaches the southeast or northeast boyitkden there is no problem,
since thenY,_1(ux_1,ux) < 0 and [2.Ib) still holds. On the other hand (if_1, ) ap-
proaches the northwest or southwest boundary then the tms te (2.15) do not cooperate
and we can draw no conclusion about the sign. In that caseawenable to conclude that
[u rel v]}; is isolating for the parabolic Bow. We therefore need toomhiice the notion of
cooperation.

DEFINITION 2.28. Arestricted relative braid clagsrel v]¢ is cooperating, if for any braid
u in the boundary piece[u rel v]¢ \ Z¢, the following holds:

(1) if (u®,us ) € hF, then(u® ,u) EhF [ Ug ;;

(2) if (uf,ufy ) € gli, then(u ,,u®) € b Ug! .
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We want to link the index of the restricted braid class to tifahe unrestricted braid
class. For that purpose we need a stronger assumption |sbatkes points ifu rel v]\
[u rel v]¢ into account.

DEFINITION 2.29. A restricted relative braid clafsrel v]¢ is strongly cooperating if for
anyu € cl([u rel v]) the following holds:

(1) 1 y > 7 (), thenu? < B y(u ) andu? > gy );
(2) ifug, < gli(u?), thenu® < i (u* ;) anduf* > gF ;(u ;).

We are now ready to state the main result. The statement aoflgme similar to Sec-
tion 8.3 in B3], where the restrictions on the domain were simpler and e@tjpn was
automatic.

THEOREM 2.30. Let [urelV]e be a cooperating restricted braid class and let the unre-
stricted braid class [u rel V] be bounded and proper.

(@) Then the e-approximation Ng = cl([u rel V]%) is an isolating neighborhood for the para-
bolic flow for all sufficiently small €, which yields a well-defined Conley index, denoted
by h(urelv,§).

(b) Moreover, if [urelV]e is strongly cooperating, then the index of the restricted braid
class is the same as that of the unrestricted braid class: h(urelv,&) = h(urelv).

PrRoOOFE Denote byJNQ,- the parabolic recurrence relation under consideratioth par-
abolic Bowyp’ debned onV, for all smalle. We brst need to show that is isolating for
sufpbciently smalk. For any pointu € dN; N Z¢ the Bowy' leavesN; in forward or back-
ward time by Proposition 2.11. For any poin€ oN; \ =¢ the Bowy’ leavesV, in forward
or backward direction by the debnition of a cooperatingchcddss and the arguments that
lead up to its DePnition 2.29. We thus conclude fHais isolating, hence its Conley index
is well-debned and is independent of (sufbciently snsall)

Next consider the unrestricted braid cl@ssel v]. There exists a parabolic 3ow that
pxesv (see Appendix of33]), given by a recurrence relatidR® debned orR3. We are
going to change the recurrence relation so that it still pxeshile the invariant set is
guaranteed to be in the smaller Betel v]e. Clearlyv € € and alsov € €, for sufpciently
smalle. Letn € C*(R) such thai(x) = 0 forx < 0 andn(x) = Ke V> for x> 0, with large
K to be chosen later. We construct a nonnegative funionx’) that is 0 onD; ». and that
is large in some sense (see below) on the complement of tielgllargerD; .. Namely,
we debne

Cilx, ') = (o =I5 (x)) + (¥ = hip (%) —n(8] 2 (x) —x') =M (g% (x) —¥');
i) = (W = R (%) =M (¥ =Ry (x)) =M (872 (x) —x') + (gi2 () — ).

It is important thatd,C; > 0 andd1&; < 0 (they mirror the behavior of; and 17,~). For

any large squar&’ in R? we can choose sufbciently small, so that the four terms have
disjoint support inV. Additionally, for anyC > 0 there is (by a straightforward compactness
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argument) a sufbciently largé so that

i, X)) = (' — hfzg(x)) >C onNN{x > hfs(x)}; (2.16a)
Gxnx)= (g —x)< —C  onNN{¥ <g ()} (2.16b)
Ei(x,X)= In( —hi(x)) 2+£C  onNN{X > K (0} (2.16c)
Ei(xx)= (g —¥)STC  onNN{X¥ <g (v} (2.16d)

We debne fos € [0, 1]
RI(xim1, X0, x4 1) = RO 1, %7504 1) + 8 [Cili, xiv 1) — Eima(xi-1,%) ]

Lety’ be the Bow generated BR/. By computingd; R anddzR?, it is not difbcult to check
that R* is a parabolic recurrence relation ap{ a parabolic Bow for alk € [0,1]. Since
Rs = RO on &, the whole family bxes. Since[u relv] is bounded it is contained in a
large cube, sayu?,u?; ;) € N for all i anda. Using the strongly cooperating property of
[u rel v] we can deduce froni (2.116) that for sufPciently lakgthe recurrence relatiorg}
and®R}, ; have bxed sign whenevex;, x;+ 1) € N\ D;, for exampleR} > 0 andR}, ; < 0
whenx;; 1 > h;',g(xz')- This implies that in forward or backward time the orbit tigh such

a point leavesv. Therefore the invariant set fay; in [u rel v] is completely contained in
[urelv]%.

We now use the fact that the Conley index is a property not ohfn isolating neigh-
borhood, but also of an invariant set. L&be the invariant set i rel v] under the Row
;. Since[u rel V][5 is also an isolating neighborhood ®for v}, we see that the Conley
indexes ofu rel v] and[u rel v]; are the same, namely the indexSof

Finally, consider the Rows given by the interpolating paligbrecurrence relations
(1—A)R+ AR, A €0, 1], with parabolic Bowg, . Note thatpy = " andyp; = ), and the
whole family Pxess. Furthermore[u rel v]: is an isolating neighborhood f@fv& for any
A € [0,1], since the signs dR} and®; on the restricting boundaries are the same. Hence
the Conley index does not change along the continuation ot v :

h(u relv, &) = h([u relv]e,¢') = A([u rel vie,p5) = h([u rel v],¢h) = A(u relv).
This Pnishes the proof. O

Positive entropy for bijective twist diffeomorphisms

Let us apply the theory developed in the previous sectiorrdeepTheoreni 2]2. We
can try to emulate Sectidn 2.5 up to the point where we needltolate the Conley index,
which is now replaced by the restricted indigfu rel v], £). We need to be sure that the
restricted index is well-debPned. The braid classes undesideration are bounded and
proper, but they might not all be cooperating.

Let us look at the shape of the domains Since the skeleton (cf. Figureg 2.I7 (right)
and[2.10) consists of stationary points, it must be thitv: ;) € D; for a = 1,2,3,4.
These points are shown in Figlire 2.15 for even andiodr each the projection of the
unrestricted braid clagsi rel v] under consideration onto tife;, #;+ 1)-plane is one of the
three blocks indicated in Figufe 2]115. As a consequenceeofdtt that(v*,v{; ;) € D;
and of our knowledge about the shape of the boundary we see that the northeast and
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¢ / \ ®
N | | 7R

L . u2k+2[

Uk Uk+ 1

Ui+ 1

Figure 2.15: The dots represent the poiws v{; ;) € D;, a = 1,2,3,4 for everi (left) and odd
i (right). The domairD; is indicated in gray. The projections of the unrestrictegidclasses
onto the(u;, u;+ 1)-plane are hatched. Of the four boundariedDpbnly two can intersect the
unrestricted braid classes.

southwest boundary never come into play for any of the braiskes under consideration,
see Figuré 2.15 again.

According to the debnition of cooperating braid classes wednto prevent that
(u;i—1,u;) and (u;,u;+1) can be both on the northeast or both on the southwest bound-
ary. When one retraces the steps, in particular the apiplicatf a Rip in the proof of
Lemmd2.1B, one sees that this can only happen if in the assd@ymbol sequencel is
adjacent to-1 or+ 1 is adjacent t&- 1, and we thus need to exclude these possibilities. To
ensure the braid class is cooperating we therefore go baep asd replace the (full) shift
on three symbols by a subshift with adjacency matrix

011
A= |1 1 1}.
110

In words, only sequences in whiehl is followed by 0 o+ 1, and+ 1 is followed by—1 or

0, are allowed. The corresponding braid classes are nowatlecrating, and even strongly
cooperating, so the remainder of the proof follows the patitdbed in Section 2.5, using
Theoren 2.30 to compute the restricted Conley index.

There is one more issue to deal with, namely compactness. sdtre; as debned
in (2.8) is not necessarily bounded, since, as should beai¢iais point, it is harder to con-
trol they-coordinates” andY for diffeomorphisms than it is for maps with the inbnite twis
condition. To resolve this problem, consider the/sgof periodic orbits off? that is Ocon-
structedO in the same way as in Lenimal2.18 with the restrictidhe symbol sequences
due to the cooperating braid classes described above. Toleprecise, for every sym-
bol sequence in the subshift dePnedthe proof of Lemma 2.18 gives a corresponding
periodic point/orbit off?, and the collection of these orbits we cAj.
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SinceA, consists of orbits it is invariant undgf and we claim that it is also bounded.
Clearly thex-coordinates are uniformly bounded. The paramettrat is used to regularize
in Sectio 2.77, can be chosen in a uniform manner, since #rerenly four different maps
and four different domain®; . to consider. In the-approximationdu rel v]; of the braid
classes considered in Lemina 2.18, the p@irs;+ 1) are in a bounded subset bf, and
on these sets the continuous functiahandY are bounded. Hence also theoordinates
of the points inA, are uniformly bounded.

The setA; in Section 2.5 is now replaced by the (smaller) compaciset cl(A),
which is invariant undey?. Clearly this set\; also sufbces in Lemnia 2120, because that
lemma essentially consists of taking the closure of theoparitrajectories. Replacing;
by A1 does not change any of the other arguments in S€ctibn 2.5e§hking lower bound
on the entropy of the bijective twist map is half of the enyrogbp the subshift, which is log
of 1+ v/2, the largest eigenvalue of the matsixcf. [41]).



CHAPTER 3

Floer homology for relative braid classes

3.1. Hamiltonian systems on the 2-disc

Let D? C R? be the 2-disc given bP? = {x=(p,q) € R? | |x]? < 1}, and letwg =
dp A dgq be the standard area form &%. The pair(D?, wg) is a 2-dimensional symplectic
manifold. We consider a class of Hamiltonian functigiis R x R? — R that satisfy the
following hypotheses (with respect i?):

(h1) H € CYR x R%R);

(h2) H(t+ 1,x) = H(t,x) for allt € R and allx € R?;

(h3) H(t,x) = Oforallx € 9D? and allr € R.
We denote this class of Hamiltonians B§(ID?), or K for short if there is no ambiguity
about the symplectic manifold.

For a given Hamiltonia®? € H we debne the time-dependent Hamilton vector &gld
by

ix,wo = —dH.

In other words Xy (¢,x) = JoVH(¢,x) = —Hq(t,x)a—"; + Hp(t,x)%, and

_ (0 -1
w=(579)
is the standard symplectic matrix, which is dePned via thaios (-,-) = wo(-,Jo-). If R?
is regarded as the complex pla@ethenJy corresponds to complex multiplication with
The vector beldy is aCl-function fromR/ Z x R? to R2. We restrictXy to R/ Z x D2
Since the Hamiltonia# is 1-periodic in time (Hypothesis (h2)) closed charactiess

or trajectories of(y in R/ Z x D? correspond ta-periodic ¢ € N) solutions(x(t +n)=
x(t), Vt) of the Hamilton differential equations

x = Xu(t,x), (t,x) € RIZ x D2 (3.1)

This system has a variational structure. In particularltperiodic solutions(z) are critical
points of the Hamilton action functional

1 1
()= - /O ol (1)) dr + /O H(t,x(1)) dr, (3.2)

63
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whereag = pdq. The brst variation is given by

1 1
dfy(x)E /0 w0 (3 (1), E(1) ) di + /O dH (1, x(1)E()dr

/01 wo (xt(t) — Xy (t,x(2)), g(,)> dt.

REMARK 3.1. Hypothesis (h3) reRects tHat is invariant for the Hamiltonian Row, and
so is9D?. In that setting, hypothesis (h3) is not a restrictionfdn Namely, in order for

D? to be invariant for the Hamilton equatios (3.1) we need H¥at-)|,p2 = constant for
eachr € R. For such Hamiltoniang/, the same Row is obtained from the OnormalizedO
HamiltonianH (¢,x) = H(t,x) — H(t,")|,p2, Which satispes (h3). Therefore, we can assume
(h3) without loss of generality.

The initial value problem for Equation (3.1) debnes the temiuoperator, or time-
mapW¥ = W' as follows: W(xp) d=6fx(1:;xo), x € D?. By compactness db? the initial value
problem yields solutions fot € [—1o, o] for sometg > 0. Since the boundar§D? = st
is invariant for Equatior (311) solution$r; xo), xo € int(D?), cannot intersect the boundary
in Pnite time and therefor(z; xp)| < 1. This implies thaty = « and the times map is
debned for alt € R. The timez mapW¥ is area preserving

lP*(Do = .

At eachr € D? it holds that dei?¥(x)) = 1 and at each € D?, d¥(x) is a symplectic matrix
with respect tang. Recall that symplectic 2 2 matricesS are debned by the relation

ST JoS = Jo,

which is derived from the conditiofi*wg = wg, i.e. wp(SE,SM) = wo(E,m). In particular,
for 2 x 2 matrices this is equivalent to ¢8) = 1. The symplectic % 2 matrices form a
group which is denoted by $A R), which (in dimension two) is equal to the special linear
group SI(2,R).

A 1-periodic solution of Equatior_(3.1) is equivalent to aebxpoint of the time-1
mapW!. Letx(r+ 1) = x(r) be a solution of Equation (3.1), th&¥(x(¢)) = x(r) for any
t € R, and vice versa, ¥W(xo) = xp thenx(¢;xo) is a 1-periodic solution of Equation (3.1).
For n-periodic solutions the same holdsperiodic solutions are equivalent teperiodic
points of the time-1 ma@'?, i.e. x(t + n) = x(¢) implies that¥”(x(r)) = x(z) for allt € R
and if ®"(xg) = xg thenx(¢; xp) is ann-periodic solution.

3.2. Closed braids

In order to study:-periodic solutions of Equatiofn (3.1) we exploit a topotagistruc-
ture that is available only in 2-dimensional Hamiltoniarsteyns. Letx be a periodic so-
lution of Equation[(3.11) of integer periad By restrictings to the interval[0, 1] we can
describex via its translates

) = x(2), ()= x(t+ 1), ..., X)) = x(t+ n—1),

see also Figure 3.1. Sinae,...,x" are solutions of Equation (3.1), the uniqueness of the
initial value problem implies that, if the periads minimal, then OcurvesO, sarands, never
intersect, i.ex*(r) # X (¢), for anyk # k¥’ and anyr € [0,1]. If the period is not minimal
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|0 1 2 |0 1 2

Figure 3.1: A periodic function with minimal period 2; a pagtic function and its integer
translates; the restriction to the fundamental interea|0, 1].

then some strands coincide. Since the collection of cunvesands is constructed from an
n-periodic solutionx it holds that

{x'),... "D} = {x}0),....x"(0)}

as (unordered) sets. Of course, if we consider a singlegiesolution with minimal period
n, the values of*(1) andx*(0) do not match pointwise ik. As a matter of fact given a
family of solutions curves (not l-periodi@c"(t)}gz , for which the end points are cyclicly
permuted, is equivalent to having asperiodic solutiont by concatenating the strands. As
such, appropriate collections of functions can be regaedesblutions of Equation (3.1).
This lead to the following dePnition.

DeFINITION 3.2. The space of closed braids @rstrands, denotef®”, consists of pairs
(x,0), whereo € S, is a permutation, and an unordered collection af°-functions
x = {x}, k= 1,...,n, with x*: [0,1] — D?, called strands, which satisfy the following
properties;

(i) forall k= 1,...,n it holds thate(1) = x®(0)fi
(ii) for any pair of strands 7 £, it holds that(r) # x*'(¢) for all r € [0, 1].

On Q" we consider the standard (strong) metric topologyf([0, 1];D?))", and the dis-
crete topology with respect to permutations, modulo peatians that change the ordering
of strands. To be more specibc, two braidss) and(x, &) are close in the topology @”

if and only if for some permutatiof € S,, it holds that®®) andx£ are close irc?, for all &,
andg= 0~100.

We remark that identibcation of braids which are equivalemer permutation of the
strands is not necessary to develop the theory. On the onk ha&nelegant topologically,
but on the other hand, it is a bit cumbersome computatian&tiynost of the arguments
we shall (silently) order the strands, and it will be imgligtiat all arguments are invariant
under the choice of this ordering (i.e. choosing a represiga). A collectionx satisfying
Condition[(i} in fact dePnes a permutation Therefore, we often omi from the notation
if there is no ambiguity about the permutation

1 The action ofo is debned by ((1,...,n)) = (o(1),...,0(n)).
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In the spirit of this depbnitiom-periodic solutions yield closed braids which can be
interpreted as a solutions of the product system of EquéBdhA In general a closed-
braid is a collection of periodic solution of Equatidn (3if1all its strands satisfy Equation
(3.1). The sets of strands that correspond to the same dyttle permutatioro are called
the components of the braid. The number of components determines the nuafilperiodic
solutions that is represented by the braid. In this contastnatural to extend any strand
x*(1),t €[0,1] to all t € R by requiring that

e+ 1)= °0() forallr e Randk= 1,...,n. (3.3)

Whenn = 1, thenQ! = @' = ([0, 1]; D?). Condition (if) make<2" disconnected for
all n > 2, and we are especially interested in plag: components of Q".

DEFINITION 3.3. Two closed braidg andx’ in Q" are in the saméraid class, denoted
[X] =[x, if and only if there exists a continuous patfy) € Q", for all s € [0, 1], such that
x(0) = x andx(1) = x'.

The (°-)closure ofQ", denoted?”, can be characterized as the set of all maps{x*}
satisfying Condition (j) of the DePnitidn 3.2 but not ne@edg Condition[(ii]. The braids
failing to satisfy the Conditiop (if) of Debnitidn 3.2 arellea singular braids.

DEFINITION 3.4. 2" = Q" \ Q" is the set ofingular braids.

It is easy to see that, generically, a singular braid is actitin of strandx for which
x(10) = x¥ (1) for exactly one paik 7 k' and exactly one € [0, 1]. We will say that such
a collection of strands is a codimension 1 singularity ambtiethe set consisting of such
braids as¥} C Z". We can also debng; C X" as the set of co~dimensidnsingularities,
which consists of singular braidswith at most intersectionsO. The Stserves as the
OwallsO between path componeng of

At the other extreme, an important subset of singular braidshe so-calledollapsed
singularities " C Z". This may happen in two slightly different ways, either a poment
collapses into a braid with fewer strands, or two differeminponents coalesce into one
component. To be more precise

=" dzef{xez"]x"(t) = XX (1), forall € R, for somek 7 k’}.

Note thatt” can be identibed with the spacﬁg, n’ < n, under the appropriate identibca-
tion of collapsed strands. Wherr 1, thenz!= 31 = &,

In the casen = 1 the variational principle for Equation (3.1) is given by thction
functional in [3.2). For closed-braids we can adjust the variational principle as follows.
Given anyx € Q" debne its action by

W09= S ful), (3.4)
k=1

where fy is debned by (312). We may also regard the action as a Hamift@ction for a
Hamiltonian system o(D?)", with @g = wg X --- X wg, andH(¢,X) = S H(t,x5), i.e. an

2The product system is obtained by constructing an uncolgyisem o{D%)" by repeating the equations
n times. The only coupling is in the boundary conditions aggiby Conditior (i) of DePnitioh 3]2.
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uncoupled system with coupled boundary conditions. Thetfonalf is well-dePned on
Q"N The stationary, or critical closed braids, including sitag braids, are denoted by

Crity(Q") = {x € Q"NC? | dfy(x) = 0}.
Since the boundary conditions are given by Conditign (i) @pbitior 3.2, the brst variation

of the action yields that the individual strands satisfy &@pn [3.1). We can establish the
following property with respect to critical points f onQ".

LEMMA 3.5. The set Crity (Q") is compact in Q" . As a matter of fact Crity (Q") is compact
in the C?-topology.

PROOF From Equation[(3]1) we derive thaf| = |[VH(¢,x*)| < C, by the assumptions
onH. Sincelx*| < 1, for all k, we obtain the a priori estimate

[X[lw1= <C,

which holds for allx € Crit;(Q"). Via compact embeddings (Arzela-Ascoli) we have that
a sequence, € Crity converges inC?, along a subsequence, to a limie Q". Using
the equation we obtain the convergenc&€inandx satisbes the equation with the bound-
ary conditions given by Conditidn [i) of DePnitién B.2. Tefarex ¢ Crity(Q"), thereby
establishing the compactness of G(®") in Q". TheC?-convergence is achieved by dif-
ferentiating Equatiod (3/1) once. This concludes the catmess of Crig(Q") inC2. O

REMARK 3.6. The critical braids in Crit(Q") have one additional property that plays an
important role. For the strand$ of x e Crit;(Q") it holds that eithetx(s)| = 1, for allz,

or [¥*(r)| < 1, for allz. This is a consequence of the uniqueness of solutions fdnited
value problem for(3]1). We say that a braiéh supported in irD?) if [x*(¢)| < 1, for all ¢
and for allk.

In the same spirit, we can debne the subset of stationargisbrastricted to a braid
class[x], notation Crit;([X]). Due to the fact that strands can coalesce, this space is not
necessarily compact ®". By the same token, the union of all braid classes, i.eC#t),
is not necessarily compact and G(i€") C Crity(Q"). The following proposition gives a
rebPned compactness statement for set of stationary bi@fere stating this result let us
Prst explain the conjugacy classes of permutations of dlbsaids. Let, = {1,...,n},
ands, is the group of permutations dp. A permutationo’ € S;, for somel < n, is said
to coarsen a permutatioro € S,,, if there exist disjoint setd; C I, i = 1,...,[ satisfying
U;A; = I,, such that

def
Ao’(i) = o(A) = {O’(a) \a S A,‘},
foralli= 1,...,1. In terms of braids, the coarsening means that the strarmuiseobr more
components of the braid are identibed.

PROPOSITION3.7. The compact space Crity(Q") can be decomposed as follows:

n
Crity(Q") = | Crity(Q).
=1
Elements in Crity(Q'), I < n, can occur as limits of sequences in Crity(Q") when strands
are counted with multiplicity. The compactness in Cl’itH(Q") can, in view of the decompo-
sition above, be described as follows; let [X] be a braid class in Q", then for any sequence
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{(Xm,0m) } C Crity([X]), o € [0], there exists a subsequence {(X,;,0')} C Crity([X]) (i.e.
o' € [0]), and a braid (%,&) € Crity(Q'), for some | < n, such that & coarsens & with
respect to a decomposition {A;} of I,, and

0

ki € i
— X, mj—)OO,

X,
mj

forallk; € A;and for all i = 1,...,1. For the action it holds that
I
fH(ij)%E’Ai‘fH(ﬁ)l mj_>oov
=1

where |A;| is the number of elements in A;.

PrRoOOF Compactness follows from LemrhaB.5, and the uniquenesweonitial value
problem for Equation[(311) implies that limits are nece§satosed braids, possibly with
strands coalescing. Simple inspection of limits reveals tlosed braids may collapse and
how the action of the limits relates the action along a secglen O

3.3. The Cauchy-Riemann equations

The matrixJy debnes a compatible almost complex structuréDdn In general, a
constant compatible almost complex structurelidnis a matrixJ : 7,D? & R? — T,D?
satisfying

and such that the quadratic forg(-,-) = wp(:,J-) debnes a Riemannian metric, or inner
productg on R?.

The set of constant almost complex structures is denoteft band it follows that/
is a symplectic matrix (for the constructions in this paper amly need/ to be constant
matrix, i.e. independent ofor x). Indeed, let

_[(a b o[ d®+bc blatd)\_ [ -1 0
/= <c d)’ then /== <c(a+d) Z2be )50 -1 )
which implies that/ = —a and det/) = —a® —bc = 1. The set of all matrices for which
J2= —Id is denoted by

d= {J: <Z _ba> ‘a2+bc= -1, a,b,cGR},

which is a smooth 2-dimensional submanifold of §R) with two connected components
J"={J€d|c>0}andd” = {J€J|c< 0}, of whichg" are the constant almost complex
structures. For instanc € J* corresponds to complex multiplication.

In terms of the standard inner prodyct) the metricg is given byg(€,m) = (—JoJE,n),
where—JyJ is positive debnite symmetric matrix wher» 0. With respect to the metric
g it holds that/V,H = Xy. The extended class of almost complex structureodns
not needed in the present work, but it may be exploited inréugpplications (e.g., when
considering the connection between Cauchy-Riemann emsatind parabolic heat 3ows).

In order to study 1-periodic solutions of Equatign {3.1) vaeational method due to
Floer and Gromov explores the perturbed (non-linear) Cadibmann equations

& 1 (u) d=efus+ J[ut —XH(t,u)] = 0. (3.5)
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for functionsu : R x R — D2, In the case of 1-periodic solutions we invoke the boundary
conditionsu(s,t + 1) = u(s,t). It is immediate that stationary solutions, is,t) = x(¢),
are 1-periodic solutions of the Hamilton equationsl(3.1he Pparameters in the equation
areH € H, andJ € J*. The latter yields another means of writing the Cauchy-Riem
equations:

us+ Ju + Vo H(t,u) = 0, (3.6)
whereV,H = —JXp.

In order to bnd closed braids as critical pointsfgfon Q" we invoke the Cauchy-
Riemann equations. The bounded ORowlinesO or solutidres @auchy-Riemann equa-
tions are used to devise a Morse type theory for critical isaifif; in the spirit of FloerOs
construction29]. A collection of Ct-functionsu(s,7) = {u*(s,z)} is said to satisfy the
Cauchy-Riemann equations if its componemtssatisfy Equation[{3]5) for alt and the
boundary conditions im, given by Condition (i) of Debnitioh 3.2, are satisped fdrsal
The Cauchy-Riemann equations for the collectiocan be given the structure of Cauchy-
Riemann equations in the symplectic prod((dDz)",Eo), wherewg = wg X - -+ X wg. For
a given almost complex matrikc J* the induced almost complex mathe Sp(21,R) is
debned by the relation

() = o(-,J),
whereg = g x --- x g. The equations
& 7(u)= u+ Ju, + VgH(t,u) = 0, (3.7)

are Cauchy-Riemann equationg{fD?)", @o) with almost complex matriX and Hamilton-
ianH(r,u) = S H(t,u*). These form an uncoupled systermaéientical equations coupled
only via the boundary conditions of DePnition]3.2. In Setfios we show that for generic
HamiltoniansH the set of stationary solutions is non-degenerate. By edibgdEquation
(3.7) into Hamiltonian perturbatiorig on R/ Z x (D?)" we can put the equations in gen-
eral position with respect to generic properties for cotingoorbits, see Sectidn 3.7. In
FloerOs original articl@g] the Equations[(3]7) are studied on Oisolating neighbdsgidno
In the subsequent sections we adopt this philosophy by dermsg proper braid classes
as isolating neighborhoods. In this case the Equatlon} §Be7put in general positions as
Cauchy-Riemann equations (h?)”.
Debne the set of entire solutions as

f = {u= (i | € CHRX0,1DY), 8 4(0) = 0.
We still need to incorporate the OperiodicityO condition
{12 (),...,u" (1)} = {«}0),...,u"(0)} (3.8)

in our notion of solution. This requirement is fulblled deaty by braidsu(s,-) € Q" for
all s. We therefore debne the space of bounded solutions_of (8(8)4) by

MH = M@Y= {ueF)y0€S8, | (u(s,),0) eQ"}

As before, we will drop the permutatiam from our notation. Note that solutions ¥/:#
extend taC-functionsu® : R x R — D2, by periodic extension inof u= {u*} (see[[3.B)).
If there is no ambiguity about the dependenced amdH we abbreviate notation by writing
F andM.
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Compactness
The following statement is in essence FloerOs compactmessm adjusted to the
present situation. We will give a self-contained proof here

PROPOSITION 3.8. The space M” is compact in the topology of uniform convergence
on compact sets in (s,t) € R, with derivatives up to order 1. Moreover, Ty is uniformly
bounded along trajectories U € M, and

lim [f(u(s, )| = [ex(W)] < CW,H),

1 n - rl
2 - k|2 !
Uy|2dtds = 2// uf|2drds < C'(J,H),
/R/o‘s‘g kleo‘S’g SCUH)

for all u € M?H | and some constants c.(u), and C, C' depending on J and H only.

PROOEF In this proof, the constar changes from line to line. Debne the operators

d d

Equation[(3.6) can now be written as

G = —V H(t,u") E f*(s,1),  forallk.
By the hypotheses oH and the fact thatu*| < 1 for all k we have thaif*(s,7) € L*(R?).
The latter follows from the fact that the solutiomScan be regarded as functions BAvia
periodic extension inof the collectioru = {#*}. From the interior regularity estimates due
to Douglis and Nirenberg for elliptic systenfg], and in particular the operatoés and&;
we have the following.”-estimates for functions € Wy *(B1(0)), 1< p< », and 0< k:

Jullygerr < CDasullir, ullypers < CO D) Bl

which also follow from the Calderon-Zygmund inequality the LaplaciamA = &9, =
0,8, seeB4]. Using a partition of unity we derive the standard interiegularity estimates
for the Cauchy-Riemann operator from the above interiametes, e.9.162). Let K CC
G C R?, with K, G compact domains, then

Jullwroy < C(p . K, G) (118l + llrgay ) (39)

for 1< p < «. Indeed, lete < dis{K,dG), then the compact s& can be covered by
balls B,/ »(xo) for Pnitely manyxo € K. Furthermore, le{w, ,, }., be a partition of unity
of U, Ber2(x0) D K subordinate tqB.(xo) }.,- Recall that||fgl|rr < || f||z=|gllzr, which

yields the estimate
lestllwir < Clloegullyr

C|| & (werott) || r

CH(DE,XOgJuHLP + CH“gIJU)E,XO llr

IN AN CIAIA

C||&ullrc) + Cllullrr(c)-
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Since{ws ., }, iS @ partition of unity it follows that

oo = [| S 0usei] 1 < 3 Ioesmtlwsocs o

which proves[(3.9).
We apply these basic regularity estimates to the non-li@earchy-Riemann equation
(3.5) to obtain a prirori estimates on the H-elder np#ify1.rz) - DePne the nested sets

Gh=[T—j, T+ j+1x[—jj+1, j=012

Note thatT just represents a shift in the (periodic) variahleHence, althoug! is arbi-
trary, the estimates will be independentZaf Choosek = G+ CC G2 = G. It holds that
11| o2) < Colp, H), sincef* € L*. Similarly, [|u[| g2y < Cp(p) by the assumption that
|u¥| < 1. Therefore,

IN

() (18 oz * 14 lunie
= ) (11l * 1 ey ) < Calpd H) < .

In order to further bootstrap the regularity of solutionsamgue as follows. Recall that
I £gllwsr < C I fllwrrllglle=+ ligllwee || fl=). As before, on ballB(xo) we obtain

w2y

[|wexottllwzr = H(OS,XOMHWOZ'I’ SCH‘%(U)&XOU)”WLP
CH(DE,XOgJuHWl’p + CH”gIJ(De,mHWLP

<
< Cl&ulli=)+ Cl&ullwroe + Cllull=c) + Cllullwro(c)-

Since{we x, }, IS @ partition of unity we obtain the estimate

lullvary < €' (0.0, K.G) (18ullwsoi * lalhwasey + 18li=cey + i ).

for compact domaink cC G, and 1< p < . Now choos& = G$ CC G = G. Inorder to
estimate the terrﬂg’]u"HWl,p(G%) in the above inequality, observe ti#u* = —V, H(z,u").
Then, by thew 1 -interior estimates, the components

gh(s.) E'o,(~VH(t,1h) = —dy o VoH (1,u")(0,ub),
85(5,0) E'a,(—VH(t,u") = —dp VoH (1,u)(1,uf),

both lie in LP(G}), and thus alsg* = (g, ¢%) lies in LP(G:). From theW?2P-interior
estimates it then follows that

lullens) < €0 (11 1oy

1 ey * 1 oy * 16t l=(op) ) < Calp,d H) < o0

Additional regularity is obtained from the Sobolev embaddi [, Theorem 4.12],
W2r(G9) — CLYM(GY), for 0< A < 1—2/ p. This yields the a priori estimate

[ullcanrey < C'(J,H). (3.10)
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The estimate foiR? makes use of the following fact. From the Sobolev embeddirg w
derive thaq|U||C1,)»([T’T+ 1x[d,d+1]) < C/(J, H), and thuﬂ|u”C1‘)‘(Bl(Z)) < C/(J, H), for anyz
R2. For functionsy we have that

sup Iw(Z)—%Z)I
7,7 €R? ’Z —Z ’
- max) sup (=) —1/P£Z)|, sup () —%Z)I
lz—7/|<1 ’Z -z ’ lz—Z|>1 ’Z -z ’
< sup BOZYE, 5 gpy(a)
lz—2/|<1 ‘Z_Z ‘ zeR?

Consequently,
Jullerrqrey < [Ullcrr(pyy + 2VUll=Rxoa) < 3C'(J,H).

With these a priori estimates in place, we tackle the cormgastassertion in the propo-
sition. Letu, be a sequence iM/#. In view of the compactness of the embedding
CY(R?) s CY(K), for any compact domaik  R2, and 0< A/ < A, there exists a
subsequence, again denoteduiyand a functiori € C1*', such that.

u,— 10, in CY™(K), as n— c.

The limit functionU satisbes the equatid y(0) = 0 and the periodicity condition (3.8),
and therefor@ € M/#, which proves the compactness of the space of boundedttnagec
MIH,

Due to the a priori bound i@* it holds for the actiorfy that [f;(u(s,-))| < C(J, H).
Since

ifw@)r-—/ﬂuﬁh<o
dS H ] 0 A‘g _— ]

it follows then that the limits lim_ . f5(u(s,-)) = c4 exist and are a priori bounded by the
sameC(J, H). Finally, for any7y,7>> 0

T 1 n T 1
[y Volids = %, [ [ s = (T2 ) ~ (-T2,
-T1 JO =171 0

By the uniform boundedness of the action along all onbisM; ; we obtain the estimate

1
[ | ufZdras < .,
RJO

which completes our proof. O

REMARK 3.9. In the compactness proof 2] a condition on the symplectic manifold$

is that
/ h*(x)o =0,
SZ

for any smooth mapping : $2 — M. This property is used in the compactness proof for
more general symplectic manifold$. It implies that holomorphic maps: $2 — M must
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be constant due to the identiti. #*wg = %fsz |Vh|2. This property is used in the blow-
up analysis to obtain a priori bounds &u. For comparison, if¥ = D?, we have that
wo = dag, and thus by Stokes Theorem

/h*u)(): / h*dOLo: / d(h*(lo): 0.
§2 $2 $2

Therefore, the topological condition &7 is automatically satisped.

REMARK 3.10. If we reverse timg+— —s and consider the conjugate action

1 1
A= [“aolu)di— [ HEx)dr= ~fil),
then the conjugate Cauchy-Riemann equations become

dym(u) = ug—Ju, —VH(t,u) = 0,

which is again a negative gradient Bow equation, igseﬁ(u(s, -)) < 0. We still assume
thatJ € J*. All results discussed here also hold for the conjugate taapeexcept for an

occasional minus sign. We will point out these differencesva go along.

Additional compactness
Consider the non-autonomous Cauchy-Riemann equations
ug+ J(s)u; + VoH(s,t,u) = 0, (3.11)

wheres — J(s) is a smooth path if* ands+— H(s,-,-) is a smooth path ifi(. Assume that
|H,| <(s) — 0 ass — oo uniformly in (¢,x) € R/ Z x D?, with k € L1(R). Moreover, both
paths have the property that the limits» +o exists. Choose the change of variahle
®(s)v, where the path — ®(s) in GL(2,R) satisbes the identit{(s)®(s) = ®(s)Jy. Such

a smooth path in G{2,R) can be chosen by solving the above matrix equation. Indbed, t
almost complex structur(s) is given by

J(s) = (Zég _bc(lg) ) with a®+ be= —1.

The space of matrices satisfying the above matrix equation is given by

_ ( Ma(s)+ . —\+ pa(s)
®= ( Ae(s) jc(s) > MR,

and det®) = (A%+ u?) c(s). By choosingh andu constant we obtain a path— ®(s)
with def{(®(s)) > 0, sinceJ(s) is a path inJ* and therefore:(s) > 0. The positivity of
det(®(s)) will be used in Sectioh 3l4. As matter of fact, sine) has limits it holds that
0< c_ <c(s) <cs, and the function$(s) anda(s) are bounded as well.

The Cauchy-Riemann equations now transform to

v+ Jov, — @ Y(s)JJo(@Y(s)) T VH(s,1,v) = O,

whereH(s,7,v) = H(s,t,®(s)v). This equation is again of the for,v = f(s,1). In the
new coordinates is again a priori bounded ih* and the compactness for Equatibn (3.11)
follows from Propositiofi 318, using the boundsagn), b(s) andc(s). DebPney(s,x) as the
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action with HamiltoniarH(s, -,-). The brst variation with respect tacan be computed as
in Sectior 3.1

d 8f
d—fH(S,U(S,-)) = ZH, ;/ (Do — Xy (1, uk) u)
S
— ofu k ky (2
_ K_;/ otk — X (1, %) 2t
- af" / U, 2dr.

The partial derivative with respect tas given by

afH E/la s, 1, uk (s, t))dt

and “’;—?‘ < Ck(s) — 0 ass — xo. For a non-stationary solution it holds that

fol\us\f,dt > 0, and thus forls| sufbciently Iarge%fH(s,u(s, -)) < 0 which proves that
the limits lim,_ o Ty (s,u(s,-)) = ¢+ exist. Sincex € LY(R) we also obtain the integral
Jr Jg |ug|2dtds < C(J, H).

This non-autonomous version of the Cauchy-Riemann eqstidl! be used in Section
[3.8 to establish continuation for Floer homology.

3.4. Crossing numbers and a priori estimates

We start with an important property of the Cauchy-Riemanma#gns in dimension
two. We consider Equation (3.5), or more generally Equaff6), and local solutions of
the formu : G ¢ R? — R?, whereG =[ o, ¢'] x [t,7']. For two local solutions, «’ : G — R?
of (3.5) assume that

u(s,t) # u'(s,t), forall (s,7) € 9G.

Intersections ofi andu/, i.e. u(so, 10) = u'(s0,0) for some(so,70) € G, have special proper-
ties. Consider the difference functiers,z) = u(s,t) —u/(s,z), then by the assumptions on
u andu’ we have thatv|,; # 0, and intersections are given b¥so,7p) = 0. The following
lemma is a special property of Cauchy-Riemann equationsriemsion two.

LEMMA 3.11. Let u,u’ and G be as defined above. Assume that w(sg,to) = O for some
(s0,70) € G, then (so,tg) is an isolated zero and

degw, G,0) > 0.

PROOF. We start with deriving an equation for. SinceH is C? we can use Taylor
expansions as follows:

VH(t, ') =V H(t,u)+ Ri(t,u,u’ —u)(u' —u),
whereR; is a continuous function of its arguments. Upon substitutios gives
ws+ J(s)w; + A(s,t)w= 0, w(so,20)= 0

whereA(s,t) = R1(¢,u,—w). The functionA(s, ¢) is continuous oIG.
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Debne complex coordinatess s —so+ i(t — 7). Then by B9, Appendix A.6], there
exists a < 0, sufpciently small, a disbs = {z | |z| < 8}, a holomorphic map : Ds — C,
and a continuous mappin : Ds — GLR(C) such that

detd(z) >0, J(2)®(2) = P(2)i, w(z) = @(2)h(z),

for all z € Dg. Clearly,® can be represented by a reak 2 matrix function of invertible
matrices.

Sincew = ®#h, it holds that the conditiom(zg) = 0 implies thati(zg) = 0. The analyt-
icity of h then implies that eitherp is an isolated zero i®g, or h = 0 on D;. If the latter
holds, then alsa = 0 onDjg. If we repeat the above arguments we concludeyhatO on
G (compare analytic continuation), which is a contradictrath the boundary conditions.
Therefore, all zeroes of in G are isolated, and there are Pnitely many zerpesnt(G).

For the degree we have that, sinceds) > 0,

deqw,G,0)= 3\ deg By(z),0)= 3, degth, By, (2),0)
=1 =1

and for an analytic function with an isolated zerdt holds that def, Be,(z;),0) = n; > 1,
and thus de@v, G,0) > 0. O

For a curvel : I — R2 \ {(0,0)}, with I a bounded interval, we debne the winding
number about the origin By

W(T,0) “:ef%/lr*a: % @

wherea = =244 044 is g closed 1-form ofR2\ {(0,0)}. In particular, for curvesi(s,) :
pPtq

[t,7] — R?\ {(0,0)}, s = 0,0’ we have the winding number

def 1 . 1

o= fors= o,0.

W " 10 = A_ 1
(w(s,).0) = o A o | &

We denote these winding numberswg’r/](w) andW([,f’T,](w) respectively. In the case that
[t,7] = [0,1] we simply writeWy(w) £ w3 (). Similarly, we have winding numbers
for the curvese(-,) : [o,0'] — R2\ {(0,0)}, 7 = ,¥, which we denote by *“1(w) and
VVT[,O'OI](W) respectively. The following lemma gives a relation betwiéese (local) winding
numbers and degree of the map G — R2.

LEMMA 3.12. Let u,u’ : G — R? be local solutions of Equation 3.8), with w|yg 7 0. Then
wETlw) — W([,”’](w)} - [W}f’"”](w) — oo ](w)] = degw, G, 0). (3.12)
In particular, for each zero (so,t0) € INt(G), there exists an g9 > O such that
W['c,r’](w) B W,[T'T/](W) > WT[,SO_S'SO+ S](W) _ ‘/Vc[so—s,so+ S](W),

sot e S0—¢€

3For closed curvek € C\ {0} we have thatz% $r %dz = 5 [ro. For a general pathi, with starting point

P and end poinQ, we have
1 71 1 PIy 1 7
E/er“ Elog<@) = o rot.
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Figure 3.2: The contour arourdg

forall 0< g <egg.

PROOFE We abuse notation by regardingas a map from the complex plane to itself.
Let the contoury = dG be positively oriented, see Figure 13.2. The winding numbé¢n®
contourw(y) about Oc C in complex notation is given by

dz

W(w(y),0) = hil f %= dequi G0,

which is equal to the degree of: G — R? with respect to the value 0. Using the special
form of the contoury we can write out the the Cauchy integral using the 1-form
2 Juy) z 2t Iwe,) 2wy 2)won) 2T Jw(q)

(WET ) =Wl | = (Wl Nw) — W),

which proves the prst statement.

As for the second statement we argue as follows. Leinma 3atdssthat all zeroes
of w are isolated and have positive degree. Therefore, thestsexineg > 0 such that
Ge = [so—¢,50+ €] x [t,7] contains no zeroes on the boundary, for aft @ < ¢q, from
which the second statement follows. O

On the level of comparing two local solutions of EquatibrBf3he winding number
behaves like a discrete Lyapunov function with respect édtithe variables. This can be
further formalized for solutions of Cauchy-Riemann @h. For a closed braid € Q",
debne the total crossing number

Crosgx) &' Sw (¥ —,0)= 2 T w(x¥—x,0),

kK {kA"}
14

where the second sum is over all unordered pfit¢’}, using the fact that the winding
number is invariant under the inversi¢p,¢g) — (—p, —¢). The number Crogg) is equal
to the total linking/self-linking number of all componenisa closed braik. The local
winding number as introduced above is not necessarily agént However, for closed
curves the winding number is integer valued. We claim thantimber Crogs) as debned
above is also an integer. One way to interpret Cross is viacaged braid diagrams. One
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XX

Figure 3.3: The time direction and the convention for negedind positive crossings.

can always project onto a plane by projecting the coordinatgsg) onto a lineL ¢ R?
and counting the number positive and negative crossings.

LEMMA 3.13. The number CrosgX) is an integer, and

Crosgx) = # positive crossings —# negative crossings
The (braid) crossing number is an invariant for a braid class, i.e. Crosg§x) = Crosgx’) for
all x,x' € [x].

PROOF The expression for Crogg is twice the sum o local winding num-

n
2
bers. On the unordered paifs,k'} there the exists the following equivalence relation.
Two pairs{k,k'} and {h,h'} are equivalent if for some integer> 0, {x*(d),x" (d)} =
{x"(0),x" (0)} as unordered pairs. The equivalence classes of unordeirsd{pa’} are
denoted byr; and the number of elementssin is denoted byr;|, see Figuré 3]4. For each
classr; dePnewy, = x* —x¥', for some representativg, k'} € ;. Forr € [0,2|x;|], the
functionswy (¢) represent closed loops R regardless of the choice of the representative
{k,k'} € m;, Namely, note tha{x N} = {x*(0),x*(0)} as unordered pairs,
which imlies that

K(mg)= X0 or  H(ml) = A(0). (3.13)

For the crossing number we have

Crosgx) = 22( 2 (xk_xk',o)) = 23 WG, 0= S WG, 0),
{k,K' }em; J J

(3.14)
where the (outer) sum is over all equivalence classesor the bPnal equality we have used
(3.13) and the invariance of the winding number under thergienw — —w. Since the
latter winding numbers are winding numbers for closed loaipsut O (linking numbers),
they are all integers, and thus Crpgsis an integer.

As for the expression in terms of positive and negative angsswe argue as follows.
Upon inspectioniv (xk —x"’,O) equals all positive minus negative crossings between the
two strands, see Figure 8.4. The invariance of QpQsaith respect tdx] follows from the
homotopy invariance of the winding number. a

Using the representation of the crossing number for a braidrms of winding num-
bers, we can prove a Lyapunov property. Before stating thdtreve introduce theonju-
gate crossing number as

Cross(x) = —Crosgx),
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Figure 3.4: In this example the equivalence classestare {(1,2),(4,1),(3,4),(2,3)} and
2= {(1,3),(4,2)}. IS THE LAST PART OF THE FIGURE NEEDED?

SeBERERE
SEBERERE

which will be shown to be decreasing Lyapunov function for the Cauchy-Riemann 3ow.
Note that elements of M are not necessarily i®" for all s. Therefore Crosgu(s,-)) is
only well-debned whenever(s, -) € Q".

PROPOSITION 3.14. Let u € M, then Cross(u(s,-)), where defined, is a non-increasing

function as s — . To be more precise, if u*(so,t0) = uf (so,20) for some (so,t0) € R xR/ Z,
and k 7 k', then either there exists an g > 0 such that

Cross(u(so —¢,-)) > Cross(u(so+ &,)),
forall0< ¢ < g, or uk =¥,

PROOF. Letu= {uf} € M, then Crosfu(s,-)) is well-debned for alk € R for which
u(s,-) € Q". As in the proof of Lemma 3.13 we debng (s,7) = uk(s,1) — u¥ (s,1) for
some representativgk,k’} € w;. From the proof of Lemm&3.11 we know thab, o)
is either isolated, or* = u¥. In the case thafso, 70) is an isolated zero there exists an
g0 > 0, such thatso, 7o) is the only zero ifjso —¢,s0+ €] x [to—€,70+ €], for all 0< ¢ < gq.

By periodicity it holds thatw, (s, + [r;]) = wy,(s,2), for all (s,) € R?, and therefore

wloo] (wx)) = Vl/t([fif](wnj), for anyo < o’. From Lemma&3.12 it then follows that

to—e+ |m;
[ro—e.r0—e+ |m;] > [to—eto—e+ |m;]]
W (Wn]) W (an),

sot e S0—¢€

and since these terms make up the expression for Qufss)) in Equation [(3.14), we
obtain the desired inequality. O

From Lemmd_3.12 we can also derive the following a priorineate for solutions of
the Cauchy-Riemann equations.

PROPOSITION3.15. Let u : G — D? be a local solution of Equation [3.8), then either

lu(s,1)| = 1, or lu(s,1)| < 1,
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for all (s,t) € G. In particular, solutions U € M have the property that components u* either
lie entirely on 9D?, or entirely in the interior of D?.

PrROOF By the hypotheses (h3) the boundary of the disc is invaf@nky, and thus
consists of a solutionsg(r), with |x(¢)| = 1. Assume that(so,0) = x(r0) for some(so, 7o)
and some boundary trajectar{r). For convenience, we writ€(s,?) = x(¢), and we con-
sider the differencev(s,z) = u/(s,t) — u(s,t) = x(t) — u(s,t). By the arguments presented
in the proof of Lemma_3.11, we know that either all zeroes @fre isolated, ow = 0. In
the latter case = x, henceu(s,#)| = 1. We consider the remaining possibility, namely that
(so,10) is an isolated zero of, and we show that it leads to a contradiction.

We can choose a rectangle= [ 0,0'] x [r,T'] containing(so, %), such thatv|,; Z O.
From Lemma 3.12 we have that, witte 0G positively oriented,

W(w(y),0) = dedw,G,0) > 1.

The latter is due to the assumption tldatontains a zero. Consider on the other hand the
loopsu(y) andu/(y). By assumption

(@ —w)(Y)| = [uly)| < [u'(v)] = 1.
If we now apply the ODog-on-a-LeashO Léfrfroan the theory of winding numbers, we
conclude that

1<W(w(y),00= W((y),0)= 0,
which contradicts the assumption thebuchesiD?. Hencelu(s,)| < 1 for all (s,z). O

As a consequence of this proposition we have following tefeml connecting orbit
spaces. Fox, € Crit(Q"), debne

My x, = {ueM| im u(s, ) = Xs ).

COROLLARY 3.16. For u € My_ x, , with |X4| < 1, it holds that
lu(s,1)| < 1,
for all (s,t) e R xR/ Z.

This is an isolating property of the connecting orbit spabasplays an important role
later on in the debnition of Floer homology.

REMARK 3.17. To get a sense for the evolution of the (conjugatesargsiumber, consider
the linear Cauchy-Riemann equations,

ug+ iu;+ 2nu= 0,

where we identify: with p+ ig € C. Consider the solutiong(s,r) = e~ %%zp+ ¥, 707 0,
andu? = 0, and the braidi = {u',4?}. Then the conjugate crossing number Ctasp
decreases from 0 as— —o to —2 ass — . Similarly, for the solutioru! = ¢~%w—2u
andu® = ¥+ 4% e have that Crosgu) is decreasing from 2 te-4. Finally, whenu?! =

e ™t andu? = —e ™t then Crosgu) = —1 for all s.

“The ODog-on-a-LeashO Leni&ih¢an be viewed as an extension RoucheOs theorem in thicaraly,
and states that if two closed path§&) N dog N and I'(r) N walker N in R2, parameterized overe I,
have the propertyt”’(r) —I'(r)| < |I’(¢) — P| N leash is shorter then the walkers distance to the goféthen
W(T,P)= W(I",P). Here we seP = (0,0), T = (¢ —u)(y) = w(y), andl’ = «/(y).
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3.5. Relative braids

Given two braidx € Q", y € Q™, one can debne their unieruy € Q" ", as the union
of all strands inx andy. If the collection of all strandguy = {x*} U{y'} satisPes the
conditions in Debnition 3]2, thenuy € Q"*™ andx Uy is a braid. The crossing number
CrosgxUy) counts all crossings between strands,istrands irny, and crossings between
strands ik andy.

The reason to consider braids with a split into two sub-isrésddictated by the appli-
cation to the Hamilton equations Equatién {3.1). One carkthfy as a stationary braid of
(3.1), i.e. these strandsare periodic solutions of the Hamilton equations. Now wetdry
Pnd new solutionsg that are weaved throughin a certain way. Question: Caf called a
skeleton, force additional solutions? This leads us to the followdiedpnitions.

Relative braid classes and components

Consider the space
Q" = {(x,y) € Q"x Q" | xUyeQ""}.
In particular, for(x,y) € Q™™ it holds thatx € Q" andy € Q™. OnQ"" debne the projection
QY — Q" (X,y) — Y.
The projectionr is surjective.

DEFINITION 3.18. The path connected component®bf* are calledelative braid classes
and are denoted bl rel y]. The element$x,y) in [x rely] are called relative braids and
are usually denoted byrely. For a givery’ € n([x rely]), the pber

[X]rely’ = JT_l‘[[x rel y]](y/)

is called arelative braid class with fixed skeleton'y'. The bPber$x] rely are not necessarily
path connected. For any givene Q™, the bbermt~(y) = Q" rely denotes the space of
relative braid classes with Pxed skeleton

Relative braid classes have the property that two relatiezdd x rely,x' rely €
[x rely] lie in the samdx] rel y if they lie in the same path component[id rel y, but also,
more generally, if there exists a continuous patfy),y(s)) in [x rely], for all s € [0,1],
andx(0) rely(0) = x rely andx(1) rel y(1) = X' rely.

This can also be characterized in terms of the invariants<{ty Crosgy), and
Crosgxuy). A fourth dependent invariant can added to the list:

Crosgx,y) = CrosgxUy) — Crosgx) — Crosgy),

and is called theelative crossing number.

For the purpose of debning invariants farel y] we need to understand the closure of
PberQ” rely. As before this is achieved by allowing braixls y which do not necessarily
satisfy Condition (i) of Debnition 312, and the closure éndted byQ" rely. The singular
braids are

> rely = Q" rely\Q" rely,
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[xrely]

Figure 3.5: The relative braid clasde$rel y and[x rely].

and in particular contain the s&f. The condition thak Uy is a braid, puts additional
restriction onQ”, so thatQ” rely can be regarded as Oputting upO additional walls (the set
3" rel y\Z"). The collapsed relative braids can be debned as

" rely E'smmn (=" rely),

which are singular braids for which(r) = x¥ (1), k # k', or x(s) = y'(¢), for all t € [0, 1].
This leads to the following essential debnition.

DEFINITION 3.19. A relative braid clask rel y] is calledproper if
(i) for anyx’ rely € cl([x] rely) it holds that|x*(z)| # 1 for any strand;
(ii) cl([x]rely) N (=" rely) = &,
for anyy € n([x rely]) supported in ir?). The Oclosure is with respect to the topology

described in Debnition 3.2. A relative braidel y in a proper braid class is called a proper
braid.

An intuitive way of looking at this debnition is that a braidss is proper when strands
in X cannot collapse on each othetpr on strands o/, nor on the boundaryd? x [0, 1].
Moreover, this has to be the case faty Pber in[x rely]. Note that braid classdg] are
never proper.

Isolation for proper relative braid classes

For proper braid classex] rely introduced in the previous section, the Cauchy-
Riemann equations have special properties. The most iangoproperty is that proper
braid classes Oisolate® the set of bounded solutions diyRiamann inside a relative
braid class. Before stating the main result of this sectetnys Prst introduce some nota-
tion. Following Floer 29 we debne the set of bounded solutions inside a propervelati
braid clasgx] rel y:

M([rely) £ {u e M@") |u(s,) e rely, VseR},
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We are also interested in the paths traversed (as a fundtirbyp these bounded solutions
in phase space, hence we debne, since the Cauchy-Riemanioes(3.5) are autonomous
when seen as a Row in

8([x] rely) d:ef{x: u(0,-) | ueM([x] rely)}.

If there is no ambiguity about the relative braid class weptymwvrite S. We recall that
M carries theCL (R x [0,1];D?)" topology, while§ is endowed with the}([0, 1], D?)"
topology.

PROPOSITION 3.20. For any proper relative braid class [X] rely the set JV[([X] rel y) is
compact, and 8 is a compact isolated set in [X] rely, i.e. (i) |u(s,t)| < 1, for all s,t and (ii)
u(s,)Nx*rely= &, forall s.

PROOF The setM([x] rely) is contained in the compact S&i(Q") (Propositiori 3.8).
Let {u,} C M([x]rely) be a sequence, then for any compact intefyahe limit u =
lim,_. U,y lies inM(Q") and has the property thags, ) € cl([x] rely), for all s € 1. We
will show now thatu(s, -) is in the relative braid cladg] rely, by eliminating the possible
boundary behaviors.

If |u(s0,20)| = 1, for some(so, o), andk, then Proposition 3.15 implies that| = 1,
hence]u’;n,] — 1 asm’ — o uniformly on compact sets iy, ). This contradicts the fact that
[X] rely is proper, and therefore the limit satishes< 1.

If uk(s0,20) = ¥ (s0,10) for some(so, 70) and some paifk, '}, then by Proposition 3.14
either Cros§(u(so — ¢,-)) > Cross(u(so+ ¢,-)), for some 0< ¢ < g, or uf = u¥. The
former case will be dealt with alittle later, while in thetltcases € =" rely, contradicting
thatx rely is proper as before.

If u*(s0,20) = ¥ (to) for some(so, 7o) andk andy €y, then by Proposition 3.14 either
Cross(u(so—¢,-) Uy) > Cross(u(so+ €,-) Uy), for some < & < gg, oruf =y". Again,
the former case will be dealt with below, while in the lattaseu € " rely, contradicting
thatx rely is proper.

Finally, the two statements about the conjugate crossingoeuos imply that bothki(sg —
€,-),U(so+ ¢&,-) € Q"rely, and thusu(so —¢,-),U(so + ¢€,-) € [x] rely. On the other hand,
since at least one crossing numbesgat € has strictly decreased si+ ¢, the braidsu(sg—
g,-) andu(so+ €,-) cannot belong to the same relative braid class, which is tagtiation.
As a consequenads, -) rely € [X] rel y for all s, which proves thaM([x] rel y) is compact,
and therefore als C [x] rely is compact. O

3.6. The Maslov index for braids and Fredholm theory

The actionf; debned of2" has the property that stationary braids have a doubly un-
bounded spectrum, i.e., if we consider W, (x) at a stationary braic, thend?fy(x)
is a self-adjoint operator whose (real) spectrum consisisotated eigenvalues and is not
bounded from above nor below. The classical Morse indextédionary braids is therefore
not well-debned. The theory of the Maslov index for Lagrangiubspaces can be used
to replace the classical Morse ind&8J[60,59; in combination with Fredholm theory the
Maslov index will play the same role the Morse index.
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The Maslov index

Let (E,w) be a (real) symplectic vector space of dimension Bim 2., with compat-
ible almost complex structutec Sp" (E,w). An n-dimensional subspadeé C E is called
Lagrangian if o(v,v') = 0 for all v,»/ € V. Denote the space of Lagrangian subspaces of
(E,w) by L(E,w), or L for short.

LEMMA 3.21. A subspace V C E is Lagrangian if and only if V = range(X) for some linear
map X : W — E of rank n and some n-dimensional (real) vector space W, with X satisfying

xTJjx =0, (3.15)

where the transpose is defined via the inner product (-,-) d=efu)(-,J ).

PROOE LetV =[vq,---,v,] which yields a mafX : R* — E of rankn such thatv =
X(R"). This establishes that amydimensional subspace is of the foxi{W). LetV =
X (W) and suppos¥ is Lagrangian. Then)(Xw,Xw’) = O for allw,w’ € W. It holds that

o(Xw, Xw') = (Xw,—JXw') = (w,—X"IX W)= 0, Yw,w' €W,

which implies thatx”JX = 0.
Conversely, ifX : W — E is given and satispes’ /X = 0 then(w, —X"JX w') = O for
all w,w’ € W andV = X(W) is Lagrangian by retracing the steps above. O

The mapX is called aLagrangian frame for V. If we restrict to the special ca¢g, w) =
(R?",m0), with standard/y € J*, then for a pointx in R?* one can choose symplectic
coordinates: = (pt,---,p*, ¢, -+ ,¢") and the standard symplectic form is givendiy=
dpt Ndgt+ -+ dp" Ndq", see Section 313. In this case a subspaceR?” is Lagrangian

if X = < g , with P,Q n x n matrices satisfyingP” Q = Q' P, andX has rankn. The

condition onP andQ follows immediately from Equation (3.115).
For any bxed € L, the spacél can be decomposed in str&gV):

L= [JEV).
k=0
The strat&E (V) of Lagrangian subspac&$ which intersecV in a subspace of dimensian
are submanifolds of co-dimensi@(k + 1)/ 2. TheMaslov cycle is debPned as
(V)= [JE(V).
k=1
Let A(r) be a smooth curve of Lagrangian subspacesXafda smooth Lagrangian frame
for A(#). A crossing is a numbeyg such thatA(zg) € E(V), i.e.,X(to)w = v € V, for some
weW,veV. Fora curveA : [a,b] — L, the set of crossings in compact, and for each

crossingr € [a, b] we can debne the crossing form A&rp) NV:

T(A,V,10)(v) & o (X (10)w, X' (t0) w).

A crossingy is called regular if" is a nondegenerate form.Af: [a,b] — L is a Lagrangian
curve that has only regular crossings thenihsiov index of the pair(A,V) is debPned by

u(A, V)= %signl‘(A,V,a)+ E signT'(A,V, 1) + %signF(A,V,b),

a<to<b
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wherel'(A,V,a) andI'(A, V, b) are zero when or b are not crossings. The notation OsignO is
the signature of a quadratic form, i.e. the number of pasitiinus the number of negative
eigenvalues and the sum is over the crossiggs(a,b). Since the Maslov index is homo-
topy invariant and every path is homotopic to a regular pa¢hatbove debnition extends
to arbitrary continuous Lagrangian paths, using propeiijybglow. In the special case of
(R?*, o) we have that

I'(A,V,10)(v) [ON) (X(to)W,X/(to)W)

(P(to)w, Q' (to)w) — (P'(t0)w, Q(t0) w).
A list of properties of the Maslov index can be found (and wved) in 9], of which we
mention the most important ones:
(i) for anyW € SHE), u(PA, ¥V) = u(A, V)
(i) for W: [a,b] — L it holds thatu(A,V) = u(Alf,, V) + u(Alp, V), foranya < c < b;
(i) two paths Ag, A1 : [a,b] — L with the same end points are homotopic if and only if

(Ao, V) = u(A,V);
(iv) for any pathA : [a,b] — Er(V) it holds thatu(A,V) = 0.

The same can be carried out for pairs of Lagrangian cufveés : [a,b] — L. The
crossing form om\(zp) N A (#o) is then given by

(A A L10) E'T(AA (10),10) — T(A , Alto). t0).

For pairs(A, A ) with only regular crossings the Maslov indgfA, A ) is debPned in the
same way as above using the crossing form for Lagrangias.pBiy settingA (1) =V
we retrieve the previous case, aAnft) =V yieldsT'(V,A 1) = —T'(A ,V,1p). Consider
the symplectic spadg,®) = ( E x E,(—w) x ), with almost complex structure-J) x J.
A crossingA(to) NA (to) # @ is equivalent to a crossin@\ x A )(to) € Z(A), whereA C E
is the diagonal Lagrangian plane, ahck A a Lagragian curve i, which follows from
Equation [3I5) using the Lagrangian frafig) = ( ;(((’t)) ) Letv = (v,v) = X(io)w,

then

T(AXA A)T) = ©(X(t0)w, X (10)w)
= —o(X{)w X (lo)w) + o(X (t)wX '(to)w)
= —T(AA (10),10)(v) + T(A , A(t0), 10)(v).

This justibes the identity

u(ALA )= u(ALAXA). (3.16)
Equation [(3.16) is used to debne the Maslov index for coatisupairs of Lagrangian
curves, and is a special case of the more general formulavbélet ¥ : [¢,b] — SNE)
be a symplectic curve, then

HWAA )= pu(gr(W),Ax A ), (3.17)
where gf®¥) = {(x,Wx) | x € E} is the graph of¥. The curve gf¥)(r) is a Lagrangian
curve in(E,®) andXy(t) = < qjl?t) > is a Lagrangian frame for ¢¥). Indeed, vial(3.15)

SThis property shows that we can assuf® be the standard symplectic space without loss of geterali
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we have
T —-J 0 Id T _
(1d W) ) ( 0 J > ( w() )= v (1)Jw(r) —J = 0,
which proves that gi¥)(¢) is a Lagrangian curve iA. Via E x E the crossing form is given
by
L (gr(®),Ax A ,10) = T (gr(®), (A x A )(t0),70) — T (Ax A ,gr(¥)(to), 1) -

and upon inspection consists of the three terms making ugrdissing form of WA, A ) in
E. More specibcally, let = Xy (f0)Eo = X(fo)no = M, SO that¥Xng= WEy = X 1o, Which
yields

w(P(t0)Eo, W' (10)Eo)

w(P(t0)X (10)Mo, W' (10) X (to)N0)

T (gr(W), (A x A )(to), 1o) (€)

and
I (Ax A ,gr(¥)(t0),t0) (n)
= —o(X(10)no, X (fo)no) + ©(X (10)no, X /(to)ﬂo)
= —o(P(10)X(10)no, W(10)X'(10)n0) + (X (t)no,X (10)no)
which proves Equatior (3.17). The crossing form for a momeega@l Lagrangian pair of

the form(gr(¥), A), whereA() is a Lagrangian curve i, is given byI’ (gr(¥), A, 7o) as
described above. In the special case fh@) =V x V, then

T (9r(W), A, 10) (7) = (W (t0) w, ¥'(r0) w),

wherev = Xy(to)w.

A particular example of the Maslov index for symplectic gaihthe Conley-Zehnder
index on(E,w) = (R?,mp), which is debPned agcz(¥) dzefM(gr(‘l’),A) for pathsW¥ :
[a,b] — Sp(2n,R), with W(a) = Id and Id—W(b) invertible. It holds thatl’ = JoK ()W,
for some smooth path— K(¢) of symmetric matrices. An intersection of(§) andA is
equivalent to the condition d@¥(r) —Id) = 0, i.e. for&g € ker (¥(7o) — Id) it holds that
W(19)Ep = Ep. The crossing form is given by

L(gr(P), A, 10) (Ep) @o(¥(10)Eo, ¥ (t0)Eo)
(W(t0)E0, K (10) ¥(10)E0)
(Eo0, K (10)€0)-

In the case of a symplectic path: [0,t] — Sp(2n,R), with W(0) = Id, the extended Conley-
Zehnder index is debned asz (¥, t) = u(gr(¥),A).

The permuted Conley-Zehnder index

We now debne a variation on the Conley-Zehnder index seiffablthe application to
braids. Consider the symplectic space

E= RanRzn, (D:(—mo)xmo.
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In E we choose coordinatés, x), withx=( p*,---, p*, ¢4, -+, ¢") andx=(p*, -, p*, ¢, -+, 6%)
both inR%. Leto € S, be a permutation, then the permuted diagangis debned by:

Ao = (@A) | ()= (p70,°0), 1<k <n}. (3-18)

0

It holds thatAs = gr(o), whereo = and the permuted diagonal, is a La-

(o)
0
grangian subspace éf LetW : [0,t] — Sp(2n,R) be a symplectic path wit#(0) = Id. A
crossings = fo is dePned by the condition ké¥(7) — o) # {0} and the crossing form is
given by

@o(¥(0)Eo, ¥'(10)Eo)

(W(t0)E0, K (0) W(t0) Eo)

(080, K(t0)o€0) = (E0,0” K(t0)oEo), (3.19)
wheregg = X&o, andX, the frame forA,. Thepermuted Conley-Zehnder index is dePned
as

r(gr(lp) ’ AO! tO) (Eg)

def

Ho(¥,7) = pu(gr(¥), As). (3.20)
Based on the properties of the Maslov index the followingdfdasic properties of the
indexus can be derived.
LEMMA 3.22. Let W : [0,t] — Sp(21,R) be a symplectic path with P(0) = Id, then

(I) l’tO(III X III !T) = MO(IP!T)-'- l’tO(III !T); .
(ii) let dy(r) : [0,T] — SP(2n,R) be a symplectic loop (rotation) given by ®y(t) = e= /o,
then us(®W, 1) = us(W,t)+ 2kn,

PrROOF Property (i) follows from the fact that the equations fa tnossings uncouple.

As for (ii) we argue as follows. Consider the symplectic e@srqusing?(0) = Id)

D (1)W(r) te[07 D (1 t€[0,t

wyy= [POYO re0d o [0 [0.7]

(1) t € [t, 21], Y(r—1) t€]r,21].

The curvesPy and¥; are homotopic via the homotopy
_ o) P((1-M)t) e[0T
W(1) =
W(t+ Mt —21)) 1€[v, 21,

with A € [0,1], and ps(Wo,2t) = us(W¥1,2t). By the debnition of¥, it follows that
1o (DWW, T) = us(Wo,2t). Using property (iii) of the Maslov index mentioned beforee
obtain

Us(PW, 1) = ps(Wo,2t) = po(W1,2t) = u(gr(¥1),As)
1 (9P [o: As) + 1 (I — 7)) |, Ao)
1 (O Pi) [0 As) + (W, ).

It remains to evaluatg (gr((bk)\[o,ﬂ,Ao). Recall from [B9], Remark 2.6, that for a La-
grangian loopA(z + 1) = A(r) and any Lagrangian subspakehe Maslov index is given
by

. det(P(t)+ iQ(r)) = €0,

_ D) - a(0
HAY)= B2
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whereX = ( P,Q)’ is a unitary Lagrangian frame fax. In particular, the index of the loop
is independent of the Lagrangian subspecé&rom this we derive that

1 (9P [0, As) = 1 (NP [0, A)

and the latter is computed as follows. Consider the crossing,: det<e¥7°f0 — Id) =0,

which holds forrp= %, n=0,--- k. Sinced; satisPespb| = %7()(1),{, the crossing form
is given byT'(gr(®), A, to0) Eo = (o, Z£Eq) = ZE[Eo|?, with & € ker(¥(1o) — Id) # {0},
and signl" (gr(®y), A, tp) = 2n (the dimension of the kernel is:2 From this we derive that
1 (9r(Pk) [0 A) = 2kn and consequently (gr(P) |0, As) = 2kn. O

Fredholm theory and the Maslov index for closed braids

The main result of this section concerns the relation betwhe permuted Conley-
Zehnder indexs and the Fredholm index of the linearized Cauchy-Riemanmnabqe

3 - 0
Fxn, = —+ Jo—+ K(s,1),
Ka, = oo+ Jog + K(s)

whereK(s,t) is a family of symmetrﬁZn x 2n matrices parameterized ®/x R/ Z. The
matrix Jo is the standard symplectic ®&?”, with (-,) = @o(-,Jo*). The operatoﬁ’K,Aq acts
on functions satisfying the non-local boundary conditi()z(s, 0),&(s, 1)) € Ag, or in other
wordsg(s, 1) = o&(s,0). OnK we impose the following hypotheses:

(k1) there exist continuous functios, : R/ Z — M(2n,]R{)H such that lim_ 1 K(s,7) =
K4 (z), uniforminz € [0, 1];
(k2) the solutionsP.. of the initial value problem

d _
E‘I’i —JoK: ()WL =0, W.(0)=Id,
have the property that ¥, (1)) is transverse td.

Hypothesis (k2) can be rephrased as(ﬁl@(l) — 0') Z 0. It follows from the proof below
that this is equivalent to saying that the mappihgs= —70% — K. (¢) are invertible.
In [60] the following result was proved. Debne the function spaces

Wo?([0,;R™) £ {n e w'([0,1]) | (n(0),n(D)) € Ao}
Wo?(Rx [0, 1 R*") €' {ge W(R x[0,1]) | (§(s,0),§(5,1)) € Ao}

PROPOSITION3.23. Suppose that Hypotheses (k1) and (k2) are satisfied. Then the operator
8’1“0 : WAl(’J2 — L2 is Fredholm and the Fredholm index is given by

def

1Hg 1

ind g,K,AO = ﬂo(qj+ ) 1) —]40(1}’_,1),

As a matter of fact &(,AO is a Fredholm operator from W(,1 PtoLP, 1< p< o, with the same
Fredholm index.

5The theory also holds for familig$(s, ) for which only the limits are symmetric.
"The 21 x 2n real matrices are denoted bi(2n,R).
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PrROOE In [60Q] this result is proved that under Hypotheses (k1) and (k2hemperator
& . We will sketch the proof adjusted to the special situatierenRegard the linearized
Cauchy-Riemann operator as an unbounded operator

d
D= ——L
L ds (5),

on L?(R;L2([0,1];R?")), whereL(s) = —Jo4 — K(s,t) is a family of unbounded, self-
adjoint operators o&2([0, 1];R2"), with (dense) domaiW*([0,1];R?"). In this special
case the result follows from the spectral RowZgf), which can be described as follows.
For the pathy — L(s) a numberg € R is a crossing if keL(s) # {0}. On kerL(s) we have
the crossing form

1
D(L.so)s (5, (922 = — [ (20, e

(1) ),

with & € ker L(s). If the paths — L(s) has only regular crossings N crossings for whicis
non-degenerate N then the main result/69] states thaD; is Fredholm and the Fredholm
index is given by

indD; = — E signI'(L, sq) &t —psped L)
S0

Let®(s,t) be the solution of the parametrized (®yfamily of ODEs

L(s)®¥(s,t) = 0,
Y(s,0) = Id.

Note thatg € ker L(s) if and only if E(¢) = W(s,1)E and ¥(s,1)& = o&p, i.e. & €
ker(W(s,1) — o). The crossing form forL can be related to the crossing form for
(gr(¥P),As). We have thaL(s)®(s,-) = 0, and thus by differentiating

oK (s, 1 oW (s, 1 — 9%W(s,t
S s,y + ks, o) o7, WD),
as as dsot

From this we derive

0K (s,1)
as

—(W(s,0%0, " W(5,1)o )

2
- <lp(s’t)E°’K(s't) alp;z’t) §0> + <‘I’(s,l‘)§o.7oa ;I;(; 1 §o>

2
<K(S’I)IP(SJ)§0, alp;::,;) §o> + <‘I’(s,t)§o,7oa ;I;(ast,t) §0>

2
—<70 alp;: " €o, alp;j " §0> + <‘I’(S, 1)50,706 1;;(; " Eo>,

which yields that
0K (s,1)

W(s.050) = (W5, e To o).

(W%, -
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Figure 3.6: The symplectic contour R? and as cylindef—7,T] x R/ Z.

We substitute this identity in the integral crossing formZ@s) at a crossing = sq:

- [z, KD

- /O 1<‘I’(s,t)Eo, aK;j”) lp(s,t)go>dt

(L, 50)(8)

(w(s,0%0.70 e | < (s, )20, 7670 D)
oW¥(s,1)

as

—o (W(s, Do, %) = ~T(Qr(¥(5.1), Ao,50) (£5).

The boundary term at= 0 is zero sincél(s,0) = Id for all s. The relation between the
crossing forms proves that the curves L(s) ands — W¥(s,1) have the same crossings, and
u(ar(W(s,1)),As) = —pspedL). We assume thaP(+7,¢r) = W, (¢), and that the crossings
s = sg are regular, as the general case follows from homotopyisvee. The symplectic
path along the boundary of the cylinderT, T] x R/ Z C R x R/ Z yields

A, A) + po(Ws 1)+ psped L) — po(¥-,1) = 0.

Indeed, since the loop is contractible the sum of the ternzelis. The individual terms
along the boundary components are found as follows, seedfiyb: (i) for—7 <s<T,

it holds thatW¥(s,0) = Id, and thus gi¥(s,0)) = A andu(gr(¥(s,0)),As) = u(A,Ay); (ii)
for0<r <1, we haveP?(T,t) = W, (¢), and thereforg(gr(¥. ), As) = us(P+,1); (iii) for
—T < s < T (opposite direction) the previous calculations with thessing form forL(s)
show thap(gr(W(s,1)),As) = —uspedL); (iv) for 0 <t <1 (opposite direction), it holds that
Y(-T,t)= W_(r), and thereforg(gr(¥-),As) = us(¥_,1). Since indD; = —usped L) We
obtain

ind Dy, = ind gK,Ao = po(W+, 1) —puo(W-, 1)+ u(A,Ao).

SinceAs andA are both constant Lagrangian curves, it follows tin@, A;) = 0, which
concludes the proof of the Theorem. O
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We recall from Sectiof 313 that the Hamiltonian for multiasid braids is debned as
H(t,X(1)) = Sr_,H(t,x(¢)). The linearization around a braids given by

L &' a%(x) = —70% — d%H(1,X). (3.21)
Debne the symplectic pat#i: [0, 1] — Sp(21,R) by
(\
iz_z —Jod’H(t,x(t))¥ =0,  W(0)= Id. (3.22)

For convenience we writ&(r) = d?H(r,x(r)), so that the linearized equation becomes
Ly — JoK(t)¥ = 0.

LEMMA 3.24. Ifdet(‘P(l) — a) Z 0, then us(W,1) is an integer.

PROOF Since crossings betweer(§f) andA, exactly occur when dé¥(r) — o) = 0,
the only endpoint that may lead to a non-integer contrilouigsdhe starting point. There the
crossing form is given by, sele (3]19),

T(gr(W), As, 0)(E%) = w(& 0" K(0)aE),

for all § € ke(W(0) — o). The kernel of(0) — o = Id — & is even dimensional, since in
coordinates[(3.18) it is of the form

ker(ldy, — o) = ker(ld,, — o) x ker(ld,, — 0).
Therefore, sign'(gr(¥), Ag, 0) is always even, angd,(¥, 1) is an integer. O

The non-degeneracy condition leads to an integer valuede@®hnder index for
braids.

DEFINITION 3.25. A stationary braid is said to be non-degenerate if (&(1) — o) 7 0.
The Conley-Zehnder index of a non-degenerate stationaig kis debned by

u(X) E —po (W, 1),

whereo € S, is the associated permutationyof

3.7. Transversality and connecting orbit spaces

Central to the analysis of the Cauchy-Riemann equations/aieus generic non-
degeneracy and transversality properties. The brst imapogstatement in this direction
involves the generic non-degeneracy of critical points.

Generic properties of critical points
DebPne

def

Crity ([x] rely) £ Crity (Q") N [x] rely.

PROPOSITION3.26. Let [X] rely be a proper relative braid class. Then, for any Hamilton-
ian H € K, withy € Crity(Q"), there exists a 8, > 0 such that for any 8 < §, there exists a
nearby Hamiltonian H' € H satisfying |H — H'||c2 < §, with'y € Crity/(Q") and such that
Crity ([X] rely) consists of only finitely many non-degenerate critical points for the action
frr.
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Figure 3.7: Tubular neighborhoods of a skeleyojteft] and a cross section indicating the set
A [right].

(RI Z x D?)\ Az

©)
- (2

Figure 3.8: The invariant sét avoiding bothN,(y) and D, [left] and a cross section which
shows howT is contained ifR/ Z x D?\ Az [right].

We say that the property that Gyif[x] rel y) consists of only non-degenerate critical
points is ageneric property, and is satisped lyneric Hamiltonians in the above sense.

PROOF GivenH € H we start off with debPning a class of perturbations. For adbrai
y € Q™ debne the tubular neighborhodg(y) of y in R/ Z x D? by :

Ne(y)= U BOM ().
refod]
If ¢ > 0 is sufpciently small, then a neighborhoddy) consists ofin disjoint cylinders.
LetD, = {x€D?|1—e< |x| <1} be a small neighborhood of the boundary, and dePne

A= Ne()U (RIZx D), AS= (RIZxD?)\A,,

see Figuré_3]7. LeT’([x]rely) represent the paths in the cylinder traced out by the
elements o8’ ([x] rel y):

TH([X] rely) E{x (1) | 1<k <n, 1 €[0,1], x € §"F([x] rely) }.

Since[x] rely is proper, there exists af), > 0, such that for alle < ¢, it holds that
J/H ([x] rely) C int(AS,), see Figuré&3]8. Now bxe (0,¢,]. Let
def

Ve £ {heC¥RI/ZxD?R) | supph C AS},

Ve E {heVe||hlc < 8},
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and consider Hamiltonians of the forff = H + hy € H, with ks € V5. Then, by con-
structiony e Crit(Q™), and by Proposition 3.20 the s&t'([x] rely) is compact and
isolated in theproper braid class[x] rely for all perturbationksy € Vs.. A straightfor-
ward compactness argument, using the compactness regubmdsitiori 3.20, shows that
JH*hs ([x] rel y) converges t@”# ([x] rely) in the Hausdorff metric a8 — 0. Therefore,
there exists &. > 0, such thaf”/* s ([x] rel y) C int(A$,), for all 0 < & < .. In particular
Crity+ 5y, C INt(AS,), for all 0 <8 < .. Now Px3 € (0,9.].
The Hamilton equations fai’ arex’ — JoVH(t,x*) — JoVh(t,x) = 0, or

—Jox¥ —VH(t,x) — Vh(t,x) = 0,

with the boundary conditions given in Debnition]3.2. Dekle- WX2([0, 1];R2") to be
the open subset of functions= {x*} such that(r) € int(AS,) and dePne the nonlinear
mapping
G: U x Vs, — L*([0,1]; R?"),
which represents the above system of equations and bouodagytions. Explicitly,
S(x,h) = —JoX, — VH(t,X) — Vh(t,X),

whereH(t,X) = S H(t,x*), and the same fdr. The mappingg is linear inA. Sinceg is
debned ofi(; and bothH andh are of clas€?, the mapping; is of classCt. The derivative
with respect to variationge, ) € Wol’z([o, 1];R?") x V, is given by

dS(x,h)(E,m) —Jo& — d?H(t,X)E — d®h(t,X)& — Vn(t,X)
L& — Vi(t,x),

whereLy = —Jo4 — d?H(t,X) — d?h(t,x), analogous td (3.21) in the previous section. We
see that there is a one-to-one correspondence betweemététhim the kernel ofLy and
symplectic paths described ly(3.22) with @1) — o) = 0. In other words, the stationary
braidx is non-degenerate if and onlylif has trivial kernel.

The operatof., is a self-adjoint operator di:?(T[O, 1]; R2") with domainWw,22([0, 1]; R2")
and is Fredholm with in@.x) = 0. Thereforeg,, & S(-,h) is a (proper) nonlinear Fredholm
operator with

ind(S,) = ind(Ly) = O.
Debne the set
Z= {(x.h) €U x Vs | G(x, 1) = 0} = G0),

and we show thaZ is a Banach manifold. In order to prove this we show t@tx, 4) is
surjective for all(x,h) € Z. SincedSG(x,h)(E,n) = L& — Vn(¢,X), and the (closed) range
of Ly has Pnite codimension, we need to show there is a (Pnite diovet) complement of
R(Ly) in the image oV (z,x). It sufbces to show tham(z,x) is dense inL2([0, 1]; R?").

Recall that for any pai(x, /) € Z, it holds thatx € Crity C int(A5,). As before con-
sider a neighborhood;(x), so thatN:(x) C int(AS) and consists ofi disjoint cylinders
Ne(x¥). Let ¢X(r,x) € CT(Ne(x*)), such thatpt = 1 on N »(x*). Debne, for arbitrary
f* e Cc*(RI Z;R?),

n(n,x) =3 G0 (40,00 2.
k=1
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Since¢X(t,x*(r)) = 1 it holds thaf(z,x) = S 1 (f*(r),x*)2 for x € Crity, and therefore
the gradient satisPén(z,x) = f = ( f¥) € C*(R/ Z;R?"). Moreover,y € V, by construc-
tion, and becaus€®(R/ Z; R?") is dense ir.2([0, 1]; R?") it follows thatdG(x, k) is surjec-
tive.

Consider the projectior : Z — Vs ., debPned byrt(x,4) = h. The projectionr is a
Fredholm operator. Indeeds : Ty ,yZ — Ve, With dn(X, h)(E,m) = n, and

TixnZ = {(E,n) € W(,l’2 X Ve | Lx§ — V1 = 0} )
From this it follows that in@dn) = ind(Ly) = 0. The Sard-Smale Theore/®§] implies that

the set of perturbationk ¢ Vgef C Vs for which i is a regular value of is an open and

dense subset. It remains to show that V. yields thatZy is surjective. Let € V2, and

(x,h) € Z, thendS(x, k) is surjective, i.e., for ang € L?([0,1]; R?") there arg(E,n) such
thatdG(x, h)(€,m) = C. On the other hand, since sinkés a regular value for, there exists
ag such thatdn(x,7)(§,m) = n, (§,M) € TxnZ, i.. LxE — V= 0. Now

L(E—E) = dS(xh)(E—E,0)
d9(X,h) ((Eﬂl) —(E’Tl)) = t.:_o: C’

which proves that for alk € Vgesg the operatolly is surjective, and hence also injective,
implying thatx is non-degenerate. O

For x. € Crity, let My, ([X] rely) be the space of all bounded solutionsuire

M ([x] rely) such that lim_, .. u(s,-) = x+(-), i.e., connecting orbits in the relative
braid class. Ifx_ = x, then the set consists of just this one critical point. Thecgpa
$x". (] rely), as usual, consists of the corresponding trajectories.

LEMMA 3.27. Let [X] rel y be a proper braid class and let H € H be a generic Hamiltonian.
Then
MHErelyy < |J M, (X rely),
X+ €Crity

where Crity = Crity([X] rely).

PROOF Using the a priori estimaté (3]10) we establish that bodrat#utions have
limits:
slrgmu(s,t): X4,
for somex. in Crity([X] rel y), where the convergence is uniformsirand limy_, 1. Ug(s,7)
goes to 0, uniformly irr. Indeed, by assuming the contrary we have a sequéneg),

with |s,| — oo, such thau(s,, ,) stays strictly away fronx(z,) for any of the Pnitely many
x € Crity(x rely) asn — «. We may assume that— ¢, and thus

|Uu(0,z,) —x(¢.)| >6> 0 for all x € Critg([X] rely). (3.23)
Debneu,(s,t) = u(s+ s,,t). For the sequencfu, } we have the a priori estimate
[Unllcirrey < C(J,H), n— o,
where 0< A < 1—2/ p. In view of the compactness of the embedding
CHM(R?) 1 €Y (K),



94 3. LOER HOMOLOGY FOR RELATIVE BRAID CLASSES

for any compact domaik ¢ R? and 0< )’ < A, there exists a subsequence, again denoted
by u,,, and a function functiofi € C** (K) such that

u,— 14, in CY(K), as n— .

The limit functionU satisbes the equatid® y(0) = 0 and the boundary conditions, and
thereforel € M7#. Foranyl' > 0 we have thaf”, o |Us|2dtds = lim,, .o [ [o |(Un)s[?dtds.
By dePnition, sinces,| — o, it holds that

T 1 T—s, 1
Iim/ / ((Un)s [2dids = Iim/ / lu,|%drds = 0.
n—J 1 Jo n— ) 15 Jo

Therefore, the limit functiort is independent of and U € Crity([x] rely), contradic-

tion (3.23). 0O

COROLLARY 3.28. Let [X] rely be a proper relative braid class and let H be a generic

Hamiltonian with'y € Crity (Q"). Then the space of bounded solutions is given by
MHEIrely) = |J M, (X rely).

X+ €Crity
PRoOOF The key observation is that since. rely € [x] rely, also u(s,-) rely €
[X] rely, for all s € R (the crossing number cannot change). Therefore, @any
My, ([x] rely) is contained ifjx] rely, and thusvty™, ([X] rely) € M7 ([x] rely). The
remainder of the proof follows from Lemrha 3127. O

Note that the setsvty”y, ([X] rely) are not necessarily compact @'. The fol-

lowing corollary gives a more precise statement about thmpegtness of the spaces
M. ([x] rely), which will be referred to ageometric convergence [62).

COROLLARY 3.29. Let [X] rely be a proper relative braid class and H be a generic

Hamiltonian with y € Crity(Q"). Then for any sequence {u,} C Mifh ([x] rely) (along
a subsequence) there exist stationary braids X' € Crity([x] rely), i = O,---,m, orbits
u' e Mi}l){(,-,l([x] rely) and times s',i=1,--- ,m, such that

un('+ Sip') —)ui! n— o,

in C&)C(R x R/ Z). Moreover, X0 = X4 and X" = X_ and fy(x) > fy(xX 1) fori= 1,--- ,m.
The sequence Uy, is said to geometrically converge to the broken trajectory (ut,--- ,u™).

REMARK 3.30. In the case of smooth Hamiltoni&ine H NC* we can bnd generic Hamil-
tonians in the same smooth cla&&" C*. Then Proposition_3.26 holds with respect to
smooth Hamiltonians.

Generic properties for connecting orbits

As for critical points, non-degeneracy can also be debPneddionecting orbits. This
closely follows the ideas in the previous subsection.m;lef( = Wol”’(IRi x [0,1];R?") and
L? = LP(R x [0,1];R?"). In order to dePne transversality of connecting orbits whesirthe
Cauchy-Riemann equations for braidgiff. Recall thaiog = wg x - - - X wg is the standard
symplectic form on(D?)” andJ € Sp' (21,R) is debned frony € J* ¢ Sp(2,R) via the
relationwo(-,J-) = g(-,-), Whereg = (g x--- x g). DePneXy via the relationy, @o = —dH.
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DEFINITION 3.31. Letx_,x: € Crity(Q") be non-degenerate stationary braids. A connect-
ing orbitu e Mﬁf’x is said to bewn-degenerate, or transverse, if the linearized Cauchy-
Riemann operator

L 7L Ta%u e u(s,)  WE L,

as ot
is a surjective operator (for alld p < ).

For smooth perturbations € C* (Rl 7 X (DZ)";R), consider the following extension
of the nonlinear Cauchy-Riemann equations

us+ Ju, + VzH(t,u)+ Vzh(z,u) = 0.

Note that we allow perturbatiortg that change the dynamics for each of thetrands in

a (slightly) different way. The space of bounded solutiond tajectories are denoted by
M/HD and8/H:h, respectively. The compactness properties of these spaeesmpletely
analogous to the ones df/* and$’*’. In order to get genericity for connecting orbits we
start off with smooth Hamiltonians and smooth braids, i.e assume that is a smooth
skeleton. OiC* we debne a Banach space structure by debning the norm

o0

def
18l 2 el

k=0

for a sufbciently fast decaying sequenrge> 0, such that equipped with this noi@t is a
separable Banach space, that is dendé&.in

PROPOSITION 3.32. Let [X]rely be a proper relative braid class and let X_,X4+ €
Crity([X] rel y) be non-degenerate stationary braids for some Hamiltonian H € H NC*.
Then there exists a 0, > 0 such that for any 8 < d, there exists a Hamiltonian perturbation

h € C*(R/ Z x (D?)™;R), with ||b||c= < 8, so that that
() S0 (X rely) is isolated in [X] rel y;
(i) X4 C Critg, p([x] rely);
(iii) Miflx? ([x] rely) consists of non-degenerate connecting orbits,
(iv) MLHXE ([x] rely) are smooth manifolds without boundary and

dimM = pu(x2) — (x4 ),
where i is the Conley-Zehnder index defined in Definition[3.23.

PROOF By assumptiorsiff'x+ is isolated in[x] rel y. In order to prove that the same

holds for$y™5? whens, is sufbciently small we argue by contradiction. Supposaich,
exists, then there is sequertige— 0 ask — o, functionsh, with ||hx||c= < O and solutions

U € ME([x] rel y) such that either

(@) |uk(sk,tx)| = 1 for some(s, ) € R x [0,1], or

(b) ui(sg,-)NZ" rely # @ for somes;.

By shifting with s, in s we may assume without loss of generality that 0. By compact-
ness lim_. u; = u € M>H([x] rel y) with either (a) or (b) satisbed. This contradicts the

isolation of$y, and proves ().
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As for the transversality properties we refer to Salamonzetthder[63], where per-
turbations in inR?" are considered. The proof is similar in spirit to the gerigriof critical
points. We sketch the main steps based on the pro@3jn [

Denote byCy (R/ Z x (D?)", H) the subset o€ of perturbations) whose support is
bounded away from Ciit([x] rely). Therefore Crig, (([X] rely) = Crity([x] rely) for b
small enough (by the compactness properties). As in thef pifd@roposition 3.26 debne
the Cauchy-Riemann equations

S(u,h) = us+ Ju, + VgH(r,u) + Vgh(z,u).

Based on the a priori regularity of bounded solutions of thegy-Riemann equations we
debne for X p < « the afPne spaces

UM (x_,x: ) E' {y+ & | Ec WY, (3.24)

and ballsi;” = {u € UM ||[g]|,,1» < €}, wherey(s,r) € C2(R x [0,1];(D?)") is a bxed
connecting path such that I}mi;y(s, )= X+ andy(s,7) € int(D?)" for all (s,7) € R x [0, 1].
Therefore, fop > 2, functionsu € ui"’(x,,xJ,) satisfy the limits lim_, .. u(s,-) = X+ and
if ¢ > 0is chosen sufbciently small then als@, r) € int(D?)" for all (s,7) € R x[0,1]. The
mapping
G UM (X_, X+ ) X C§ — LP(R x [0, 1]; R,

is a smooth mapping. Debne

Z x EH{(u,h) €UFP(x_,x:) x CF | §(u,b) = 0} = §70),
which is Banach manifold provided th@§(u, ) is onto on for all(u, b) € Z;_«, , where

d3(u,b)(E,dh) = d15(u,dh)E+ Vigdh.

We summarize the most important ingredients of the prooffandetails we refer to
[63]. Assume that/G(u, ) is not onto. Then there exists a non-zero functioa L7 which
annihilates the range @G(u, ) and thus also the range @fS(u, ), which is a Fredholm
operator of indexu(x_) — u(x+), see Proposition 3.23. The relatiday G(u, h)(€),m) = 0
for all € implies that

dlg(u! h)*n = —Y]s"' 7nt + dvgﬁ(ﬁu)n = 0’
and since alsedS(u, h)(E,dh),m) = O it follows that

/w /0 C0(5.1), Vdb)rudtds = 0, for all o, (3.25)

Due to the assumptions dnandH the regularity theory for the linear Cauchy-Riemann
operator implies that) is smooth. It remains to show that no such non-zero funagion
exists.

Step 1. Sincen satisbes a perturbed LaplaceOs equation it follows froms2anOs
unique continuatiorid] theorem thaty(s,#) # 0 for almost all(s,z) € R x [0, 1].

Step 2. The vectors(s,r) andu(s,¢) are linearly dependent for allands. Suppose
not, then these vector are linearly independent in somd sigighborhood of sg, 79). This
allows the construction dff(u,s) € CZ’ which violates the integral condition in (3]125). See
[63] for the details.
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Step 3. The previous step implies the existence of a funckiomR x [0,1] — R such
that
au
7](SJ) = X(s,t)—(s,t),
as
for all s,¢ for whichn(s,¢) # 0. Using a contradiction argument with respect to equation

(3.28) yields that
o\
_ =0
ds (5,7) ’

for almost all(s,z). In particular we obtain that is s-independent and we can assume that
At) > 6> Ofor allr € [0, 1] (follows again from AronszajnOs unique continuation gradr
Step 4: This bPnal step provides a contradiction to the assumiltiata/G is not onto. It
Jau
- ,t
o, 1)

holds that
1/0u 1 2 1
/ <—(s,t),n(s,t)>dt=/ 1) dtzé/
0 as 0 0
The functionau,; andr satisfy the equations

respectively. From these equations we can derive expresiiou,, andn, from which we

get that
d (1/du
5/0 <£(s’t)’“(w)>dt— 0.

Combining this with the previous estimate yields tfi&t fol |us(s,2)|?dt = =, which, com-
bined with the compactness properties, contradicts thetfeat u € My_x,, and thus
dS(u,b) is onto for all(u,b) € Zx_«, .

We can now apply the Sard-Smale theorem as in the proof ofoBitaqm[3.26. The
only difference here is that application of the Sard-Smabpiires(p(X_) — p(x+) + 1)-
smoothness df which is guaranteed by the smoothnesy,dff andh. O

2
Jau

—(s,1)| dt> 0.
as

For generic pair§H,h) the convergence of Corollary 3129 can be extended with esti-
mates on the Conley-Zehnder indices of the stationary fraid

COROLLARY 3.33. Let [X]rely be a proper relative braid class and H be a generic
Hamiltonian with y € CritH(ﬁm). If U, geometrically converges to the broken trajectory
(Ut um), with u' € Myt i ([X] rely), i= 1, ,mand X' € Crity([x] rely), i= 0,--- ,m,
then

H(X) > (x4,
fori=1,--- m.

Since Propositioh 3.32 provides a dense set of perturlsajitime intersection of dense
sets over all pairéx_, x. ) yields a dense set of perturbatianor which (i)-(iv) in Propo-
sition[3.32 holds for all pairs paifs_, x+ ) and thus for all ofV/7:9([x] rel y).

The above proof also carries over to the Cauchy-Riemanrtieqaawith s-dependent
HamiltonianH (s, -,-). The only difference will be that one needs to consider pleations
h:R xR/ Zx (D?)" — R. Exploiting the Fredholm index property for th@lependent case
we obtain the following corollary. Let— H(s, -, -) be a smooth path ifi( with the property
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H; = 0 for |s| > R. We have the following non-autonomous version of Propos8@®2,
seelB3].

COROLLARY 3.34. Let [xrely] be a proper relative braid class with fibers [x_]rely_,
[x+]relys in[xrely]. Let s — H(s,-,-) be a smooth path in H such that Crity, ([X+] rely),
with Hy. = H(%®,-,-), consist of non-degenerate stationary braids and M*=([x.] rel y.)
of only non-degenerate connections. Then there exists a 8, > Q such that for any § < J,
there exist s-dependent perturbations b € C*(R x R/ Z x (D?)™;R), with ||blc2 < & and
bhs = Ofor |s| > R (and by = h(L,,")), so that for ', Crity, ([x] rel y)
0] Si’/h"zhi ([x+] rel y4) are isolated in [X+] rel y4 respectively;

(i) Critg, 4y, ([Xe] relys) = Crity, ([xc] relys);

(i) Mi,HX? consist of non-degenerate connecting orbits with respect to the s-dependent

CaL;chy-Riemann equations;
(iv) Mi,HX? are smooth manifolds without boundary with

dimMg™"? = pu(x) =)+ 1,

where u(X'.) are the Conley-Zehnder indices with respect to the Hamiltonians H...

3.8. Floer homology for proper braid classes

Since proper relative braid classes have the propertyhibagts([x] rel y) are isolated
in [X] rely we can assign Floer homology groups following the celebratanstruction of
building a chain complex due to Floé29]. As pointed out before the isolating neighbor-
hoods are found via proper relative braid clagggeel y and we embed the debning system
of Cauchy-Riemann equatioﬁﬁﬁ(u) = 0 as Cauchy-Riemann equations in the symplectic
product

(M,0) = (D?x -+ x D% wg x -+ X wp),

which are given in[(3]7). InZ9 the idea of debning Floer homology for isolating neigh-
borhoods was introduced and it provides the natural framefoo relative braid classes. In
this section we outline the debnition of Floer homology smiating neighborhoods applied
to proper braid classes.

Debnition

Lety € Q™ be a smooth braid angk] rely a proper relative braid class. L&t €
HNC* be a generic Hamiltonian with respect to the proper braissfi rel y (Proposition
[3.28). Then the set of bounded solutiovi$” ([x] rel y) is compact, Cri([x] rely) is non-
degenerate an®!"” ([x] rel y) is isolated inx] rel y. Since Crif;([x] rely) is a bnite set we
can debne the chain groups

Ce([X] rely,H; Z>) 4 b z-X, (3.26)
x'eCrit(H()[x] rel y)
u(x=k

which are free abelian groups isomorphicox - - - x Z,. In order to have a chain complex
also a boundary operatey, : C, — Ci_1 is needed. By Propositidn_3]32 we can choose
a perturbatiorh such that the se&’*9([x] rely) is isolated in[x] rel y and the orbitsi €
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M9 ([x] rely) are non-degenerate for all pais,x, € Crity([x] rely). Let My™d =

M9 IR be the equivalence classes of orbits identiped by traoslati the s-variable.
Consequently)M;™ are smooth manifolds of dimension divif,%;? = p(x_) — u(x+ ) — 1.
LEMMA 3.35. If u(x_) —u(x+) = 1, then JT/[Q{X? ([x] rely) consists of finitely many equiv-
alence classes.

PROOR From the compactness Theorem| 3.8 and the geometric cemgergn Corol-
laries3.29 and 3.33 we derive that for any sequgiugé C Mﬁflxh ([x] rel y) geometrically
converges to a broken trajectoy?, - - - ,u™), with u’ € Mi;il(,.,l([x] rely),i=1,--- ,mand
xi € Crity([x] rely), i = 0,---,m, such thatu(x) > u(x~1), fori= 1,---,m. Since by
assumptioru(x_) = u(x+)+ 1 it follows thatm = 1 andu, converges to a single orbit
ul e ML™I ([x] rely). Therefore, the seviy™s) ([x] rely) is compact. From Proposition
332 it follows that the orbits ifviy™ ([x] rely) occur as isolated points and therefore

MO ([x] rely) is a Pnite set. O

Debne the boundary operator by

def

0(J,H,h)x = n(x,x;J,H,p)X, (3.27)

X' eCrity ([x] rel y)
H(x)= k=1

where

X, X!

n(x,x;J,H,b) = [#J\A/EJ’H’[’] mod 2¢ Zo.

The boundary operatat; can be represented by a matrix consisting of 00s and 10s. The
Pnal property that the boundary operator has to satisfy iso 9, = 0. Let us compute the
expression

ak_l(akX) Or_1 E I’l(X,X/;],H,f))X/

x! eCritgy (x rel y)
u(x"= k-1
= E n(x,X';J,H,6)d;_1X

X/ eCrityy (x rel y)
H(X')= k-1

= N axXSLHD) [N (X H p)X
X' eCrityy X! Critgy
u(x"= k-1 u(x"y= k-2

= E n(x,X';J,H,0)n(xX',x";J,H,h)x".
x"eCrityy X' Crity
u(xX")= k=2 u(x')=k-1

The sumy veciy, n(X,X';J,H,b)n(X',x";J,H,b) = m(x,x") is the number of Obroken con-
o H)=k-1

nectionsO fromto x” modulo 2.
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LEMMA 3.36. If u(X_) —u(X+) = 2, then J\A/[Q{x? ([x] rely) is a smooth 1-dimensional man-
ifold with finitely many connected components. The non-compactomponents can be iden-
tified with (0,1) and the “closure” with [0, 1ﬂ. The limits ( “boundary”) {0, 1} correspond
to unique pairs of distinct broken trajectories

(ut,u?) € MO (K] rely) x MZED([x] rel y),

X_ X! X X+

and J.H.b J.H.b

1,2 H, H,

(&, 6%) € M ([x] rely) x MG '([X] rely),
with u(X") = p(x') = p(x-) —1.
PROOFR As in the proof of Lemma_3.35, from the compactness The@r&aBd the

geometric convergence in Corollaries 3.29 And|3.33 we el¢hiat any sequencg, } C
Mﬁfixh ([X] rel y) geometrically converges to a broken trajecttuy, u?).

The results by Floef29] show that for each paiu?,u?) € J\A/Eif;(? X J\A/Ei;,HX;h there exists

a unique local family of connecting orbits' € JV[Q’X" N the gluing construction. Due to
the local uniqueness of the gluing construction, the O8ratfs®D1 cannot coincide, and the
OclosureO of the non-compact components can be identithgd, bt O

This implies that the total number of broken connectionsfroto x” is even and thus
m(x,x") = 0, which proves that;_; o 9, = 0. Consequently,

(C*([x] rer,H;Zg),a*(J,H,h))

is a (Pnite) chain complex.
The homology of the chain complék,, d,) is debPned as
def keroy

FH([X] rely,J,H,b;Z) = Mo’ (3.28)

and is called the Floer homology @] rely,J,H, ). The Floer homology takes values in
Z» and is bnite. It is not clear at this point tha#, is independent af, H,h and whether
FH, is an invariant for proper relative braid clgssrel y].

Continuation

Floer homology has a powerful invariance property with eespo OlargeQ variations in
its parameters29). Let[x] rely be a proper relative braid class and consider almost complex
structures/,J € J*, generic Hamiltoniang/, H such thaty € Crity N Critﬁ and functions

h,H such that the connecting orbits are non-degenerate. Thdfldlbr homologies
FH.(X]rely,J,H,h;Z,) and FH.([X]rely,J,H,b;Z),
are well-debned.
PROPOSITION3.37. Given a proper relative braid class [X] rely it holds that
FH.([X] rely,J,H,9;Z,) = FH,([X] rely,J,H,b;Z),
under the hypotheses on (J,H,b) and (J,H H) as stated above.

8This can more easily be formalized by considering the cpmeding sesiflg?, but we do not go into

details here.
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In order to prove the isomorphism we follow the standard @doce in Floer homology.
Consider the chain complexes

(C.(K rely, H:Zz),0.(,H,1) ) and (C*([x] rely,H;25),0.(J,1.1))

and construct homomorphismg satisfying the commutative diagram

ox(J,H.,b) dx-1(J,H,b)
— —_—

- —— C(H) Cr-1(H) Cr2(H) —— -+
hkl hk—ll hk—Zl
- —— G 2D Gg(l) B O () ——

To debnés; consider the homotopigs— (Jy, Hy, b;) in J* x H x C* with A € [0, 1].
In particular choose4, = (1 —A)H + AH so thaty € Crity, for all A € [0,1] and b, =
(1-Mp+ Xﬁ. It is important to notice that at the end points= 0,1 the systems are
generic, but this is not necessarily true foriaét (0,1). Debne the smooth functidi(s) as
a function that satispes<O\(s) < 1 and

0 fors<-—R
As) = -
() {1 fors > R,

for someR > 0. The non-autonomous Cauchy-Riemann equatiof®%)’ then are
Ug + 7;\“) u; + Vgﬁ;\(s) (z,u)+ Vghk(s) (r,u)+ Vgh’(s, t,u) = 0, (3.29)
wherel’ is a perturbation as described in Corollary 8.34. By sett{@y= Jy), H(s,-,-) =
H, ;) andb(s,-,-) = by, then Equation(3.29) bts in the framework of Equatlon](3rid) a
for generic perturbations the bounded orbits are non-degenerate. To simplify notavie
will write b} = by + b’
As before, denote the space of bounded solutions of the anigch€auchy-Riemann

equations byV/-Hub. = MaHub(Q™), and we derive the following basic compactness
result.

PROPOSITION3.38. The space M w0y g compact in the topology of uniform convergence
on compact sets in (s,t) € R2, with derivatives up to order 1. Moreover, fu, is uniformly

bounded along trajectories U € Mt and

Jim_ [t (u(s, )| = lex(w)] < (1),

1 n 1
// |us|2dzds:;// Wk Pdeds < C'(J, H),
rR.Jo < Jr Jo

for all u € M. Moreover,

Iirp u(s,-) € Crity, and lim u(s,-)Critz,

s—+

for any u € NrH by

PROOR The compactness follows from the estimates in Se€tian r&d3tee compact-
ness in Proposition 3.8. Due to genericity, bounded saiatlmave limits in Crig U Crit,
see Corollary 3.28. O
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We can debPne a homomorphigm= h(J,, H,,b;) Via the non-autonomous Cauchy-
Riemann equations between the chain groups as follows. ¥d# tieat when we writg(X)
for x € Crity or x € Critg, then this is the Conley-Zehnder indegx) with respect to the

HamiltonianH or H, respectively. For any € Crity with x(x) = k we debne
X = E I’l(X, X/;J)\,H)\, b;»)xl,

! ECrit ~
X eCntH
nx')=k

where
JrHh b,
X, X!

n(x,X'; ., Hy,b,) = [#J\A/[ } mod 2¢€ Zj.

LEMMA 3.39. The homomorphisms hy defined above are chain homomorphisms, i.e.,
9e(J,H,b) o by = hy_100x(J, H,b),
forallkeZ.
PROOF As for the boundary operator it holds that

0(J, H, ) (IeX) = DD n(x, X5y, Hy, 05 )n(X', X" J, H, h)X",
x”eCritﬁ x’eCritﬁ
XM= k=1 p(x')=k

and
hk*l(ak(‘]!H!h)X) = E E n(X,X’;J,H,h)n(X’,X”;J;»,H;\,h&)x”,

X" eCritz X/ eCrity
u(x"M=k-1 H(x')=k-1

We need to show that
n(x,X';J., Hy, b, )n(X',x";J, H,b)

! ECrit ~
X eCntH
H(X')=k

n(x,X;J,H,b)n(X',X"; 1, Hy,h,) mod 2 (3.30)
X/ Critgy
u(x"= k-1

In order to establish this, one has to investigate sﬁd&éﬁﬁ’hh, with u(x_) = u(x+)+ 1;

see P] for all details. As before we use the characterizationjvdﬂiﬁ’h” and a non-

autonomous version of the gluing lemma. From genericity @mpactness we conclude

that dinmiﬁ’,Hxﬁ’hk = 1 and the closure of non-compact components can be identitted

[0,1]. A sequencdu,} C Mﬁﬁ’{iﬁ’h& geometrically to broken trajectori¢s®, u?) in either

b Hy B g H b, . . —~ . )
ML s M0 or M B M1, with x € Crity or X € Crit;, respectively. A non-

autonomous version of the gluing principle shows that nealidn trajectories of the above
type there exist unique connecting orbits?\iiiﬁ’,];ﬁ’h&. This reveals three possible possible
types of boundaries for the non-compact components, seeeffy9. The left and right
diagrams contribute a broken connection to each of the suif&30), whereas the middle
one contributes two broken connections to the sum on thiealedt side, and none to the
righthand side. Consequently, the sumgin (8.30) can offgrdiy an even integer, which
proves the lemma. O
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Figure 3.9: The three types of boundary behavior of non-amhgomponents.

The mapping#; are chain homomorphisms and induce a homomorphigros Floer

homology:
K (D, Hy,b,) : FH,(x rely;J,H,b) — FH,(x rely;J, H,b).
From a further analysis of the non-autonomous Cauchy-Riengguations the standard
procedures in Floer homology theory show that any two hopieso(J,,H,,b;) and
(R, A, 8,) between(J,H,b) and(J, H,b) yield the same homomorphism in Floer homol-
ogy:
LEMMA 3.40. It holds, for any two homotopies (J,,H,,b,) and (Ri@kﬁ’x) between
(J,H,b) and (J,H,b), that
W (o By 0) = hi(R, 18, 8).
Moreover, for a homotopy (J,,Hy,b},) between (J,H,b) and (J,H H) and a homotopy
(R, B, 8,) between (J,H,b) and (N H,V) the induced homomorphism between the Floer
homologies is given by
ki FH.([X] rely,J,H,b) — FH,([X] rely, 5 5, ¥),

where i} = (R, B, 8,) o b (J, Hy, b).

PROOF Let (J,Hs,b}) and (R, &, §,) be two generic homotopies frofd, H,b) to
(f,fl,ﬁ) andh, and®, the corresponding chain homomgrphisms. We will debPne aesegu
of homomorphismey, : Cr([X] rely, H) — Ci+1([X] rel y, H) such that

Be— i = 9ks 1(J.H,B) 0§ — de—10 0x(J, H. ). (3.31)
Since¢ is thus a chain homotopy betwegmnd®, it follows from standard arguments that
h and R induce the same homomorphisms on homology. We start withielirnition of
o LetJsy,HY,b), v € [0,1], be a smooth homotopy betwe@h, Hy, b}) and(R, B, K,).
Consider the spaces

MY . = {(v,u) [veD1], ueMEh™),
for anyx_ € Crity([x] rely) andx. € Critz([x] rely). For generic homotopieg’, H,', b}
the spacé\(} ,, is a smooth manifold with boundary of dimension @i} ,, = u(x_) —
pu(xe )+ Lo pu(x-) — p(x+ )+ 1= O thenMy . consists of Pnitely many pai(s;,u;) and
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s

-

ULP(x_,x+) A

o\/o

T >
v

0 1

Figure 3.10: A schematic picture df} ,, and the different possible connected components.

since the OendsO are regme{ivj,’ﬁﬁ’h = @ for v= 0,1. Now debne, fox € Crity with
uXx) = k,
OIS N (XS L)X
x’eCritﬁ
H(X')= k1
where

n(x, X0 HY bY) = [#M;,X,} mod 2¢ Zo.

Let us start with®, — i
[9/( — hk] X= E (}’l(X, X”;R-IQ)»- ﬁ’}\) —n (X, X”;J;L,H;L, f);\)) XN,

X" Crit
H(X")=k

and fordi+ 1 0 o — dx_1.0 g
[3k+ 100 —Pg—10 3/(} X
- DERLCESTAN: A b )n(x',x";J, H, )X

1 it / i
x"eCrit>  x eCntH

u(xXM=k p(x")=k+1

/. /! . !

- E E n(x,X;J,H,p)n(X', X", J)  Hy , 5})X".
X’ €Crity X' €Crity
n(x")=k u(x= k-1

In order to prove that the two expressions are equal module Zansider the spaces
MY, with u(x-) = u(x+). ThenMy , is a smooth manifold with boundary with
dimMj,_,, = 1. As a matter of facMy,_,, c UMP(x_,x:), seel(3.24), and it is schemat-
ically depicted in Figur€ 3.10. The connected componermsdantibed with eithej0, 1],

S, [0,%), (—,1], or (—o,). Via yet another version of the gluing principle the Oopen0
ends are identibped with broken trajectori€% [Let us go through the different cases in
order to prove the desired identity. Components diffeomiorpo S* do not contribute to



3.8 HOER HOMOLOGY FOR PROPER BRAID CLASSES 105

(., Hy., b)) 1

(JM H)u h;»)
or \

(.88,

(‘])\YH}\J b;\)
X or \

(H,B.8)

(3 By 53)

X+ X+

Figure 3.12: The two types of boundary behavior of non-carhpamponents.

the above expressions. If a component corresponds to alaluseval[0, 1] then the limits
(O,u) and(1,u) liein II\/[XA Xﬁ & orilv[x Xi .8, respectively. Therefore,

[n(x,x"; 0,8, §,) —n(x,x";J,,H,b})] mod?2

counts the Oclosed® ends modulo 2. For components cainaagsnor( o0, 0) we have
to following cases of geometric convergence to the OopeissO tee broken trajectories

(ul,u?) lie in eitherML™D s Wi % or MQH x M{H[’ Figure[3.1]1 shows the dif-

ferent possibilities. The terms i+ 1 0 ox — dx_10 9% obtaln an even contribution from the

ends described in Figuie 3]11. Modulo 2 these terms cotgri®un i 1 o ¢x — Px_1 0 .
Finally for components correspondmg[ﬁ;)oo) ‘or(—c, 1] the broken trajectories also lie in

either M0 s iy % orMJVH x M{Hb Figure[3.12 shows the different possibil-

ities. Clearly, the broken trajectories are balanced kgdtaries inM;" Xﬁ % or Mﬁ?ﬂgk

and therefore modulo 2 the termsdj, 1 o ¢ — ¢y_1 0 9; add up to(l%( ) modulo 2,
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which proves the identity. The identity implies now tt@t: h; as induced homomor-
phisms in Floer homology.
To prove the composition property we construct yet anotberdiopy. Let(Jy, Hy, b} )

and(f, B, 8. ) be two homotopies frorty, H,h) to (J,H, ) and form(J, H, ) to (¥ &, ¥)

respectively. Debne

(R HE 55 = (r(s+ R), Hy (s + R’ ). (s + R’ 7)) fors<o,

(R(s—R),B.(s—R,-,),B,(s—R,-")) fors>0,
for R sufbciently large. Using convergence and the gluing pulecive conclude that faR
sufpbciently large it holds that )
hi = Reohy

wherehy, B, are chain homomorphisms corresponding.kg H;,h}) and (8,8, §,) re-
spectlvely By the previous we know that the choice of horpwis arbitrary, and therefore

(h®)* = B¢ ok is the homomorphism betwedtH, ([X] rel y,J, H, ) andF H.([X] rel y, N H, y).
O

PrROOF. (of Propositiori 3.37). The properties given by this lemmargntee that; is
an isomorphism. To be more precise, consider the homosoptie

hi:FH,(xrely;J,H,b) — FH,(xrely;J,H,¥),

and
B :FH,(xrely;J,H,b) — FH,(xrely;J,H,p),
then
B oh; : FH.(xrely;J,H,b) — FH.(xrely;J,H,b).
Since a homotopy frorfy, H, b) to itself induces the identity homomorphism on homology,
it holds that®; o h; = 1d. By the same token it follows thaj o # = 1d, which proves that
= (h;)~! and therefore the proposition. O

3.9. Admissible triples and independence of the skeleton

By proposition[3.3]7 the Floer homology ff] rely, under the assumption thgtis
smooth andy € Crity for some HamiltoniarnH € H, is independent of a generic triple
(J,H,b), which justibes the notatiofiH,([X] rel y;Z,). It remains to show that, prstly, for
any braid clas§x] rel y a triple exists, and thus the Floer homology is debned, azahsiéy
that the Floer homology only depends on the braid dassly].

LEMMA 3.41. Lety € Q™ NC3, then there exists a Hamiltonian H € H such that y € Crity.
In particular, when Yy is smooth, then H can be chosen to be in HNC™.

PROOF Lety = {y*}7-, and debndi*(r,x) = (y¥,Jox), which is aC?-function on
R x R2. Note thatH*(s + 1,x) = H°® (¢,x), andH* is smooth ify is smooth. The strang
is a solution of the Hamilton equations 8. This construction works for arky= 1,...,m.
Debne tubular neighborhood$ = (J,.g B:(*(t)) C R xD? andD; = {xcD? |1—¢<
|x| < 1}. Choose > 0 so small that the sefst*}7- . andD; are all disjoint.

Debne a cut-off functiofh, € C*([0,»),R) such thatA(r) = 1 for 0<r < ¢/4 and
Mr) = 0forr>el 2. LetAk(t,x) = Ae(Jx —y*(#)]). Thenifis aC® function with support
in AX, andr(e+ 1,x) = 220 (z,x).
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Now debne
H(t,%) ":‘”; M@, ) H (1, %).
=1
We claim that? € H. Indeed,

H(t+ 1,x)

> M@+ Lx)H*(t + 1,x)
k=

1
3200002 = H,).
k=1

By the construction off, it holds thaty* = X, (¢,y*) = Xu(t,y"), sinceH restricts taH* in
a neighborhood of*. O

Lemmal[3.4]l establishes that the Floer homolady.([x] rely) is debned for any
proper relative braid clags] rely € Q" rel y withy € Q" NC*. In order to refer to the Floer
homology as an invariant we need to establish independdrtbe braid class irfjx rel y],
i.e. the Floer homology is the same for any two relative bekadse$x] rel y, [x'] rel y’such
that[x rely] = [x’ rel y’]. This leads to the Prst main result of this paper.

THEOREM 3.42. Let [x rely] be a proper relative braid class. It holds that
FH,([x] rely) = FH.([X] rely),
for any two fibers [X] rely and [X'] rely’ that are both in [x rely]. In particular,
FH.([x rely]; Z2) € FH.(x] rel y)
is an invariant of [x rely].

PROOF Lety,y’ € Q"NC* and let(x(\),y(\)), A € [0, 1] be a smooth paﬁﬂx rely]
which connects the pairsrely and x' rely’. Since x()) rely(\) € [xrely], for all
A €[0,1], the sets\; =[x(A\)] rel y(A) are isolating neighborhoods for all Choose smooth
HamiltoniansH,, such thaty(A) € Critg, . The construction in the proof of Lemrha 3.41 al-
lows us to construck; such thatH, depends smoothly on the parameteiThere are two
philosophies one can follow now to prove this theorem. Orotie hand, using the gener-
icity theory in Sectiof 3]7 (Corollafy 3.B4) we can chooseasgic family(J;, H,, b, ), for
any smooth homotopy of almost complex structufgs Then by repeating the proof (of
Propositior_3.37) for this homotopy, we conclude that

FH,(x] rely) = FH.([X] rely).

On the other hand, without having to redo to homotopy the@yate thag’»+([x(\)] rel y(A))
is compact and isolated IN; . Due to compactness and isolation there exists, dar each

A\ €[0,1] such thaiN, isolatesS(x(\') rely()\')) forall A" in [A—¢;, A+ &,]. Fix Ao € (0,1),
then, by arguments similar to those used in the proof of Ritipa[3.37, we have

FH,(Nyg,Jng, Hygs bg) & FH(Nyy, Jor s Hy b)),

A property of the braid clasfx rely] is that continuous paths can be approximated arbitrarigecby
smooth paths.
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for all ' € [ho — &3, Ao + €3,]. A compactness argument shows that, a”;%r sufbciently

small, the sets of bounded solutiahg % (N,,) andM/ H-bw (N, ) are identical, for
all M € [ho—¢, ,ho+ € ]. Together these imply that
FH, ([x(\) rely(\)]) & FH.([x(Mo) rel y(ho)])
for [\ — kol < min{ey,, 8;»0}' Since|0, 1] is compact, any covering has a Pnite subcovering,
which proves that' H,([x] rel y) = FH,([x] rel y').
Finally, since any skeletonin rt([x rel y]) can be approximated by a smooth skeleton

y', the isolating neighborhoody = n~1(y) N [x rely] is also isolating foxy’, i.e., we can

debPneFH,.(N) =efFH*(N’). This dePne#& H..([x] rely) = FH.(N) for anyy € n([x rel y]).
O



CHAPTER 4

Properties and applications

4.1. Properties and interpretation of the braid class invarant

The braid class invarianft H,.([x rel y]) for proper relative braid classes has specibc
properties with respect to braided solutions of the Hamiktguations[(3]1) on the 2-disc
D?; non-triviality of the invariant yields braided solutions

THEOREM4.1. Let H € H and let y € Crity(Q"). Let [x rely] be a proper relative braid
class. If

FH,([xrely]) # 0,
then Crity([x] rely) # @.

PROOFE LetH, € H be a sequence of Hamiltonians such tHat— H in J, i.e. con-
vergence irC2(R/ Z x D?;R). If FH.([x rely]) # 0, thenC,([x] rely,H,;Z>) # 0, for any
n since

H.(C.([X]rely,H,;Z5),d,) = FH.([xrely]) Z O,
whered. = d.(J,H,,b,) (see Section 318). Consequently, g1ffx] rely) 7 @. The strands
& satisfy the equation!’ = Xy, (1,x) and therefordix¥ |01 < C. By the compactness
of c([0,1]) - €°([0,1]) it follows that (along a subsequencé)— x* € C°([0,1]). The
right hand side of the Hamilton equations now converges, X (¢, (1)) — Xu(t,x(t))

pointwise inz € [0, 1], and thus alsa® — x* in C1([0,1]). This holds for any stranef and
therefore produces a limite Critg([X] rel y), which proves the theorem. a

Let Bx = dimF H([x rel y]; Z,) be theZ,-Betti numbers of the braid class invariant. Its
Poincare series is debned as

P(Ixrely]) = Bu([x rely)i*.

kel
A fundamental property of the braid class invariant can lgaessed as follows.

THEOREM4.2. Let [x rely] be a proper relative braid class. Then, there exists an integer
ng > 0 such that

P ([x rely]) € Z* 1]
i.e. "P, is polynomial with coefficients in Z.* .

109
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PrROOFE Assume without loss of generality thgtis a smooth skeleton and choose
a smooth generic HamiltoniaH such thaty € Crity. Since the Floer homology is the
same for all braid class€g] rely € [x rely] and all Hamiltoniang? satisfying the above,
FH.([x]rely,J,H,b) = FH.([xrely]). Letc; = dimCy, then by debnition of the Betti
numbers

cx([x] rely, H) > dimkerC; > Be([x] rely,J,H,b) = By([x rel y]).

SinceH is generic, all critical points are non-degenerate, anadllibws from compactness
that ¥, cx < . Thereforec; < », andc, 7 0 for Pnitely manyk. By the above bound
Bx < cx < o, which proves the bniteness of the Floer homology. Now ahe@s min{n >
0| ck= 0, Vk< —n}> 0, which completes the proof. O

In the case thaH is a generic Hamiltonian a more detailed result follows. MBot
@ FH([x rely]; Zz) and®, Ck([X] rel y, H; Z,) are graded,-modules and their Poincare
series are well-debned and

P, (Crity([X] rely)) = > ci([x] rely, H)",
kel
wherec, = dimCi([X] rel y, H; Z>).

THEOREM4.3. Let [x rel y]| be a proper relative braid class and H a generic Hamiltonian
such that y € Critg [1 for a given skeleton y. Then

P, (Crity([x] rely)) = P([xrely])+( 1+ 1)Q;, (4.1)
where Q; > 0. In addition, # Crity ([X] rel y) > P1([x rely]).

PROOF. Lety’ be a smooth skeleton that approximagesrbitrarily close inC2 and let
H'’ be an associated smooth generic Hamiltonian. We start lyngr¢4.1) in the smooth
case. Debng; = kerdy, By = im d,+1 andBy C Z, C Ci([x] rely’,H’) by the fact thab, is
a boundary map. This yields the following short exact segeien
Ze I FH= % 0 g
By

0 Id B, i

The maps; and j; are debned as follows;(x) = x and jx(x) = {x}, the equivalence class
in FH;. Exactness is satisbed since ker 0= imId, kerj, = B, = im i, and ker0O=
FH, = im j,. Upon inspection of the short exact sequence we obtain that

dimZ, = dimB; + dimFH,.

Indeed, by exactnesgy D kerj, = B, and imj;, = FH; (onto) and therefore dif, =
dimkerj,+ dimim j, = dimB;+ dimF H;.. Similarly, we have the short exact sequence

0 Id Z i

HenceC, & Z, ® Br_1, and it holds that

d 0
d B, —— 0.

Ci

dimC; = dimZ, + dimB;_1.

IWe do not assume thgtis a smooth skeleton!
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Combining these equalities gives dim= dimFH; + dimB;_1 + B;. On the level of
Poincare series this gives

P,(®kCr) = P(SkFHy)+( 1+ t)P(DBy),

which proves[(4.]1) in the case of smooth skeletons.

Now choose sequencgs — y andH, — H in C? (H, generic). For each the above
identity is satisped and since algois generic (by assumption), it follows from hyperbol-
icity that P, (Crity, ([X] rely,)) = P;(Crity([x] rely)) for n large enough. This then proves
(4.1). Using the fact that all series are positive, the suitisin 7 = 1 gives the lower bound
on the number of stationary braids. O

An important question is whethar H.([x rel y]) also contains information about
Crity([x] rel y) in the non-generic case besides the result in Thegrem 4.133]rsuch
a result was indeed obtained for the Conley index of distdtrelative braid classes, and
a detailed study of the spectral properties of stationaajdbrwill most likely reveal a sim-
ilar property here. We conjecture that # G(ix] rely) > Iength(FH*([[x rel y]])), where
length(FH.) equals the number of monomial termsHi[x rel y]])).

4.2. Homology shifts and GarsideOs normal form

In this section we show that composing a braid class withtfulbts yields a shift in
Floer homology.

Full twists and homology shifts

In the Debnitiori 3.25 the Conley-Zehnder index of a statipitmaid x € Crity was
debned as the permuted Conley-Zehnder index of the synggbathW : [0, 1] — Sp(21, R)
debned by

d¥

E—jodzﬁ(t,x(t))lpz 0, w(0)= Id. 4.2)

Consider the symplectic path: [0,1] — Sp(2,R) debned bys(r) = ¢!, which rotates
the variables over2asr goes from 0 to 1. On the produlf x - -- x R? 2 R?" this yields
S(r) = ¢#7o which is a path in S@n,R). LetX = S(¢)x, or equivalentlyx = S(—#)X, then
X € Crit;, whereH (1,3) = H(r,e ?Y0'%)+ n|%]2 —n andH € H. Indeed, upon substitution
in (3.1) we obtain the transformed Hamilton equationsxtor

3 — PNl JoVH (1, e~ Z0 34 — 2mJox* = 0, (4.3)

which are the Hamilton equations féf. There exists a relation between the Conley-
Zehnder indiceg(x) andu(X):

LEMMA 4.4. Let X € Crity and X = S(r)x, with X € Crity;, then
H(X) = u(x)+ 2n, (4.4)

where n equals the number of strands in X. More generally, for any g € 7. and X = S ()X it
holds that u(X) = u(x)+ 2ng.



112 4. PROPERTIES AND APPLICATIONS

PROOF In order to compute the Conley-Zehnder indeX ofe linearize Equation (4.3)
in X, which yields

~

v o o~ ~
C;—t —S()Jod?H(t,S(—1)X(1)) S(—1)¥ — 2] oW = O, w(0)= Id.
One veribes tha¥ in Equation [Z.2) andV are related as follows® = S(—¢)®¥. From
Lemmd3.2P and the fact thate>™) = 2, it follows that

PR = po(W,1) = p(SP, 1)
Ho(W, 1)+ p(5) = po(W, 1)+ np(e”™)
Hu(x)+ 2n.

The proof of the second statement is a straightforward gémation of this argument. [
Consider the braid clag rel y] and debne the rotation
(%.9) = SOxY) = (Si(D)x.55(1)y),

Via the rotationS* we can relate the Floer homologies[afrel y] with HamiltonianH and
[X rel y] with HamiltonianH via the index shift in Lemm@a 4.4. Since the Floer homologies
do not depend on the choice of Hamiltonian we obtain theviotig relation.

THEOREMA4.5. Let [x rel y| be a proper relative braid class and let [X rel Y| be as defined
above. Then
FH([XrelY]) & FH_o, ([ rely]), VkeZ,

for any g € Z.

PrRoOOFE The Floer homology fofx rely] is debPned by choosing a generic Hamiltonian
H. From Lemma&4J4 we have thatX) = u(x)+ 2ng and therefore

Ci([X] rel Y, H; Z2) = Cr_ang([X] rely, H; Z2).

Since the solutiond € M*#) are obtained from the solutionse M’ via G = S5,
it also holds that .

0k(J,H,H) = 0r_24e(J,H,b),
and thusF H([X rel ]) & FHy_on([x rely]). O

GarsideOs normal form

For a given braikk € Q" denote by3(x) € B, a representation of in the braid group,
and letp; be the positive generators Bf,. For any given closed braide Q" there exists a
unique representation of the form

BX)= AS-BT = @ -A8, geZ, PBTeS,, (4.5)
whereA = (B1---Bu_1)(Pr- - Pn_2) - - (B1B2)P1 represents a (positive) half-twist, or Gar-
side element, in braid group, and B* is a unique word ir8,,, the semi-group of positive
braids inB,. The word@* is found fromp* by replacing allp; by p,—;. The integerg
is called thepower of B, andp™ thetail of B. Equation[(4.b) is referred to as tigrside

normal form of B, see e.g. 7, [32]. Roughly speaking; is thelargest integer such that
A~ - B(x) is equivalent inB,, to a positive braid word. The unique choice of the positive
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word B* follows from the algorithm, se€?], [32]. The Garside normal form provides a
solution to the word problem i,,: two wordsp, f’ € B,, are equivalent irB,, if and only
if their Garside normal forms coincide.
For example conside®Bs with generator$; andp, and consider the worfl = [31[351;
its Garside normal form is given by

B=A1p3pL=pipo-Ah

SinceQ" consists of equivalence classes of closed braids, the tlesdx] corresponds to
the conjugacy class of[(x)] in the braid grou,,. For instance the words= B1f, Land
p' = [351[51 are conjugate ifB3 but the left normal forms are different:

B=A-p3P1, B'=A1 PPl

Clearly, the Garside normal form is not a normal form for cgaicy classes and therefore
not suited to solving the conjugacy problem%r. However, in a similar spirit one can
derive normal forms for conjugacy classes from Garsidef@sahéorm. These are used to
solve the more complicated conjugacy problem, see & gl32].

A second unique normal form of a braid= Q" is obtained by consideringii twists:

B(x)= o2 (A"B*), g€z, BT eS,, (4.6)

where = A% = (B1---B,_1)" represents a full twist, and generates the center of thd brai
group B, |g/ 2] is the largest integer less or equalgi®, andr = g — 2| g/ 2| € {0,1}.
This form is derived from the Garside normal form forSlightly abusing terminilogy, we
will again call this the Garside normal form. Since full tigigenerate the center B8f, they
commute with all elements iB,,.

LEMMA 4.6. Let X,X € Q" be such that B(X) = O - B(X), for some " € Z. Then Eu(t)x € [X].
If" is sufficiently large then B(X) is conjugate to a positive braid word and [X] is a positive
braid class.

PrRoOOF DePne the homotopy — X141y in [X], A € [0, 1], where

y ()= x(t/ (1+(e—1)2)) forre[0,1+(e—1)A]
PO x() fort € [1+(e— 1), 1].

If &> 0 is sufbciently small thef(S (r)x.) is a composition oB(x.) = B(x) with " full
twists:

B(S (%) = 0" -p(x) = O B(x) = B(R).
By construction?n(t)xh( ¢—1) IS @ path in", and therefor@ll(t)x is homotopic t0§"(t)xs,
ie., [Eu(t)xe] = [Eu(z)x], and consequently
B(S (%) = B(S (%) = B(R),

which proves thaf"(t)x € [X]. From [4.6) we choosé= —|g/ 2|, which then guarantees
thatB(X) represents a positive conjugacy class. O
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If we apply the above tg Uy, we obtain a minimal integérsuch that
B(X" Uy*)= O -B(xUY)

is a positive braid, and for the paix,y) = Ell(t)(x,y) it holds thatx rely € [x* rely™].
This yields the following theorem that relates the Floer btmgy of arbitrary proper braid
classes to the Floer homology of proper positive relatiegdoclasses.

THEOREMA4.7. Let [X rely] be a proper relative braid type, and its Garside normal form
be given by B(xUy) = O~ -B(x* Uy*). Then [x* rely*] is a proper positive relative braid
class, and

FH([xrely]) & FHis2([X" rely™]), forallk € Z.

PROOF. Let (X,¥) = S (£)(x,y), then by Lemm&4l& rely € [x* rely*], and since
FH, is an invariant of[x* rely*] it follows that FH,([x* rely*]) = FH([X rely]). By
Theorem[ 4.6 FH,([X rely]) & FHy_»([x rely]), which proves the second part of the
theorem.

We still need to prove thafx* rely* ] is proper. Suppose, by contradiction, that
[x* rely*] is not proper. Then there is a bHef ] rely* C [x" rely*] such that there
is a OcollapsingO continuous paths € [0,1], i.e.,x, € [x*] rely* for s € [0,1), whereas
X1 € (2_ rely*) UoD?.

Let us debne th&rotated extension of as

) _ | x(2) 0
E (X)(1) = { S(2r— %) 3

For any integer* and any braidx, the rotated extensioB (x) is again a braid, since
E"(x)%(1) = x(1) = x°®(0) = E"(x)°®(0). Similarly, if x rely is a relative braid, then
E"(xUy) is a braid, henc&” (x) rel E'(y) is again a relative braid.

We conclude thaE~"(x,) is a collapsing path in the PbgE " (x*)] rel E~"(y*) C
[x rely], contradicting the properness of the relative braid dasel y]. O

4.3. Cyclic braid classes and their Floer homology

In this section we compute the Floer homology groups of warlaraid classes of cyclic
type. The cases we consider here can be computed by comtitheénskeletion and the
Hamiltonians to a Hamiltonian system for which the spaceamfridled solutions can be
determined.

Single-strand rotations and symplectic polar coordinates

Consider Hamiltonians of the form
H(x)= F(|x])+ ws(|x)G(argx)),
where argx) = 6 is the argument an@ (6 + 2r) = G(0). The cut-off functionwg is chosen

such thaiws(|x|) = O for |x] <d and|x| > 1—9, andws(|x]) = 1for 20 < |x| <1—26. In
the special case thét(6) = 0, then the Hamilton equations are given by

S(x)

x|

X,
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wheref(r) = F’'(r). Solutions of the Hamilton equations are givendy = l(rcosl(@ﬁ
0%r),rsin (@t + eor)) , Wherer = |x|. This yields a relation between the peribé&nd the

radiusr: T = % SinceH is autonomous all solutions of the Hamilton equations accur
as circles of solutions. On order to compute Floer homolaggnfan explicit system we
need the autonomous Hamiltonians given above, i.e. chGaggpropriately. To construct
such a Hamiltonian we perform a change of coordinates. Thel§aRiemann equations
are given by

ug+ Jou; + VH(u) = 0. 4.7)

Choose symplectic polar coordinatgst) via the relatiorp = /2/ cog6), g = v/2I'sin(6),
and debné?(1,0) = H(p,q). In particular,

B(1,0) = F(V2)+ ws(V21)G(0).

Under this symplectic change of coordinates the CauchyBmm equations become

Ix - 216t+ 21]91(1!6) = 01 (48)
1 1.
85+ th‘l' ZI%(I,B) = 0. (49)

If we restrictx to the annulusi,s = {x € D?: 28 < |x| < 1— 28}, the particular choice of
H described above yields the following equations

Is_216t+ \/Zf(\/ﬁ)

1 1

A+ —L+ — =

0 ZIIt 218(6) 0,

whereg = G'. Before giving a general result for braid classes for whigha single-strand
rotation we employ the above model to get insight into theFlmmology of]x rel y].

0,

Floer homology of the annulus

The formal calculation in the above example indicates tleeihomology of a the
relative braid clas$x rel y] described above. We will now prove a theorem about the Floer
homology of a larger set of braid classes of which the aboaengie is a special case. To
do this we will employ the Floer homology of a annulus.

In the example above to method to compute the Floer homolbtheaiven braid class
is to continue to a special system for which explicit knowedf the space of bounded
solutions gives the Floer complex. Note that we cannot naetto the case of contracted
loops as is done in Floer homology of symplectic manifdRB}.[ The reason is that the free
strandsx in [x rel y] are not contractible. By employing the result about commpbraids
with full twist we can relate the Floer homology of certaitat&re braid class to a situation
in which the free strands are contractible.

As for the 2-disc we can consider an annulus= As. The boundary orientation
is the canonical Stokes orientation and the orientatiomfon dA is given by A =
inw.HamiltoniansH satisfy the hypotheses:

(al) H € C3(R x R%R);
(@2) H(r+ 1,x) = H(z,x) for all € R and allx € R?;
(a3) H(t,x) = Ofor allx € 0A and allt € R.
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This class of Hamiltonians is denoted B§(A). We will consider Floer homology of the
annulus in the case that has prescribed behavior or.

(ad+) ix, A> 0 0NoA,

(a4-) ix, A < 0 ondA.
The class of Hamiltonians that satisfy (al)-(a3), (a4+pisaded byH* and those satisfying
(al)-(a3), (a4-) are denoted Iy ~. For Hamiltonians inH* the boundary orientation
induced byXy is coherent with the canonical orientation a, and for Hamiltonians in
H~ the boundary orientation induced &y; is opposite to the canonical orientationad.

THEOREM 4.8. For the pairs (J,H) € J* x H* (A) the Floer homology FH,(A;J,H) is
denoted by FH,(A;H") and there is a natural isomorphism

Zo fork= —1,0

FH(A; ) 2 Hee1(A) =
k( ) kra(A) {0 otherwise.

Similarly, for the pairs (J,H) € J° x H ™ (A) the Floer homology FH,.(A;J,H) is denoted
by FH.(A;H™) and there is a natural isomorphism

Zo fork=10,1

FH(AIC) = H(A) = {O otherwise

where H, denotes the singular homology with coefficients in Z>.

PROOF Let us start with Hamiltonians in the cla§". ConsiderA = Ay and choose
H=F+ oG, withF(r)= 1 (r—1)?~1(5-1)*andG(6) = cog6). Using the symplec-
tic polar coordinates we obtain that

(2= 32T+ eVl cogo)
Vg”“"”‘( * s o(v2) sin(0) )

For 26% <1< 25? and forJ(1—28)2 < 1 < 3(1—9)?it holds that|v/2/ — 3| >  — 25 and

thus if we choose < % —1 all zeroes ongH'J lie in the annulus set,s C As. The zeroes

of Vgl@ are found at/ = % and 6 = 0,7, which are both non-degenerate critical points.
Linearization yields

4V, (1 8,0) = ((1) o > AV (1 8,7) = <é 42>,

an index-1 saddle point and a minimum (index-0). £eat 1 the Conley-Zehnder indices
of the associated symplectic paths debnedhy JodVgl@lll are given byus(W,t) =
0,1. Therefore the indep(1,0) = —us(¥,7) = 0,—1 for (1,0) equal to(§,0) and(3,x)
respectively.

Next consider Hamiltonians of the fora# and the associated Cauchy-Riemann equa-
tions areu, + Jou, + TVH(u) = 0. Rescalas — s, ©t — ¢ andu(s/ t,#/ t) — u(s,t) , then the
satisbes the Cauchy-Riemann equationk in (4.7) again estbdicity u(s,z + t) = u(s,1).
The 1-periodic solutions of the Cauchy-Riemann equatioitis v#/ are transformed te-
periodic solutions of[(4]7). Note that1ifis sufbciently small then all-periodic solutions
of the stationary Cauchy-Riemann equatidnsl(4.7) are amtdgnt of of and thus critical
points ofH.
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If we linearize around:-independent solutions of (4.7) theﬁ + dVH(u(s)) is

Fremholm and thus also
B = 2. Ji + K,
' as ot

with K = dVH(u(s)), is Fredholm, see63]. We claim that ift is sufpciently small then
all contractiblet-periodic bounded solutiongs,r + t) = u(s,t) of (4.4) arer-independent,
i.e. solutions of the equatiom, = —VH(u). Let us sketch the argument following3.
Assume by contradiction that there exists a sequenag -6f 0 and bounded solutions,
of Equation [4.J7). If we embed into the 2-disdD? we can use the compact results for
the 2-disc. One can assume without loss of generalityhat M0 (A;t) = MO (A).
Following the proof in[63] we conclude that forr > 0 small all solutions M are¢-
independent. The syste, H)can be continued @/, tH) for which we knowM/ ™ (4)

explicitly viau; + T™VH = 0 and gives the desired homology.

As for Hamiltonians irf{~ we choose(r) = —31(r— 37)%+ 5 (8 — %)2 The proof is

identical to the previous case except for the indices of thgosary points. Here we have
thatu-(1,0) = —us(¥,t) = 1,0 for (,0) equal to(3,0) and(§, ) respectively, which gives
the homology indicated above. O

Floer homology for single-strand cyclic braid classes

We apply the results in the previous subsection to compet€lier homology of fam-
ily of cyclic braid classegx rel y]. The skeletong consist of two braid componeny$ and
y2. The Prst component can be described as follows. In completionp + ig we have

yl = {rle%”, rle%i(”t_l) o ,rle%i(’”—”” 1) } ,
where 0< r; < 1. In the braid groudB,, the braidy? is represented by the woRt =
(o1 0Op_1)", m> 2, andn € Z. In a similar fashion we debne the bra&i

2w’ - 2t 2
y? = {rge A YA G B S L m+1)},

where 0< r1 < r» < 1. In the braid grougB,, the braidy? is represented by the word
B2=(01---Omw_1)",m' >2,andd’ € Z. In order to describe the relative braid clgssel y]
with the skeleton dePned above we consider a single stradxor {x'(r)} with

xL(r) = re?sit

where 0< r1 < r< r, < 1 andg € Z. We now consider two cases for whiglrely is a
representative.
The case & < g < ;. The relative braid clasi rel y] is a proper braid class since the

inequalities are strict. We have
LEMMA 4.9. The Floer homology is given by

Zo fork= —2¢g—1,—2¢
0  otherwise.

FH([xrely],Z) = {

The Poincaré polynomial is given by Py([x rely]) = t=27 1+ =2,
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PROOF SinceFH.([x rely],Zy) is independent of the representative we consider the
class[x] rely with x andy as debned above. Apphyg full twists to x rely: (%,¥) =

S #(x,y). Then by Theoren 415
FHi([®rel¥]) & FHi+ 20([x rely]). (4.10)

We now compute the homologyH,([¥rel §]) using Theorenl 418. The free strakdn
Yrel Yis unlinked with the* and can be deformed to the constant streltid = ». Consider
an explicit HamiltonianH (x) = F(|x]) + o(|x|)G(arg(x)). ChooseF such thatF(r;) =
F(r2)= 0and

f(r2) _ n_’_g> 0.

!/

f(r1) _n

2nry E_g< 0. and 2nr, m
Clearlyy € Crity and the circle$yx| = r1 and|x| = rp are invariant for the Hamiltonian vector
peldXy. Thereforev’oH ([ rely) = M7H(A). It holds thatd € 3* and by Theorern 4.8
it follows thatFH_1([%)] rel Y) = FH_1(A;H*) = Z, andF Ho([X)] rel Y) = FHo(A;H*) =
Zy. This proves, using (4.10), th@H o, 1([X] rely) = Z, and FH_»,([x] rely) = Z;
which completes the proof. O

The case . > g > ,77 The relative braid clasp rel y] with the reversed inequalities is
also a proper braid class. We have

LEMMA 4.10. The Floer homology is given by

Zo fork= —2g,—2¢g+1
0  otherwise.

FHy([xrely],Z) = {
The Poincaré polynomial is given by Py([x rely]) = t=28 + =28+ 1,

PROOF The proof is identical to the proof of Lemra#.9. Becauseartbqualities are
reversed we construct a Hamiltonian such that

flra) _n flra) _ o
= — —90o> = — —9o< (0.
2nry m >0, and 2nry  m! <0
This yields a Hamiltonian ifH~ and we therefore repeat the above argument using the
homologyF H,(A;H ™), which proves the lemma. O

REMARK 4.11. If we debne the Floer homology for braid class witheesfo the conjugate
equations by reRecting the time- —s, the homology in the Lemmas 4.9 dnd 4.10 becomes

Zo fork= 2g,2¢+ 1

FH([[xrely],Z>) = .
1 vl Z2) { 0 otherwise
when’ < ¢g< I and

Zo fork=2¢g—1,2¢

FH([xrely], Z) = {0 otherwise

when’ > ¢> ,’1’7’, This agrees with the calculations B3] for positive relative braid classes.
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Applications to disc maps

Let W = x(1;-) : D? — D? be the time-1 map for a Hamiltonian system= X on
(D?, ) with H € H(D?). ThenW is an area and orientation preserving map (diffeomor-
phism) of the 2-dis®?.

Tl—!EOREM 4.12. Let y' € [y], with y as described above with % 7 :1—/, Assume that y' €
Crity, then for any g € Z such that
n n n !
—<g< — or —>g¢> —
m m m m

the associated time-1 map W has distinct fixed points.

PROOF The existence of a stationary relative braid follows frohe®reni 4.1l since by
Lemmag 4.0 and 4.10 the Floer homology[efel y] is non-trivial. A stationary strand
yields a bxed point foW. O

As a direct consequence of Theorem 4.12 we obtain the failpworollary.

COROLLARY 4.13. Let y' € [y], with' y as described above with % :1—/, Assume that
y' € Crity, then for any g € Z and k € N such that
/ /
nog noon s n
m k m m k m
the associated time-1 map W has distinct k-periodic points, i.e. W*(x) = x (see Figure
below).

PrRoOF Consider the HamiltonaikH, then the time-1 map associated with Hamilton-
ian systenx, = X,y is equal toP*. Applying Theoreni 4,12 gives the desired result. O]

REMARK 4.14. As pointed out in Sectign 4.1 we conjecture that thefHomology implies
the existence of at least two bxed points. This agrees wapir€i4.1.

TO BE DRAWN

Figure 4.1: Thek-periodic points circle around the skeletal points anditperiodic points
occur in pairs, i.e. saddle-like and elliptic points (Pgisréaken from J. Jose and E. Saletan,
Classical Dynamics).
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