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Abstract

The problem how to control defaultreasoningis addressedIn earlier work it was describedhow selection
functions (on defaultconclusions)addedto defaultlogic canbe exploited to describecontrol. In this paper
specific properties of selection functions are described.Moreover, we investigate under which conditions
selection functions can be expressedin the form of declarative control knowledge at the meta-level.
Furthermore we show that normal defaultlogic with additional control by selection functions is (in some
sense) equivalent to default logic in general. Finally, an alternative approadnmtrol is introducedbasedon
inhibition relations between default rules.

1 Introduction

In a defeasiblereasoningprocessoften sometype of non-determinisnplays a role: there exist more than one
extension (in terms odlefaultlogic), andthe reasoningshouldcomeup with a constructionof one of them. This
implies a serious problem concerning the control of the reasoning. Usually some kind of branching waitbfay
i.e., many reasoning paths can be taken in the search space of information states where thetedasmtdng. In
a successful defeasible reasonprgcessa choicewill be madebetweenthe possiblebranchesThe chosenbranch
should have internal consistency (iie.shouldnot defeatitself later on), andshouldleadto a constructionof the
preferred extension among the extensions that are podaiflEr92] it is describechow constructivedefaultlogic
can be exploited to describe the control issue as sketched. Here the notion of a selection function plays a central

In this paper we will establistihat the use of selectionfunctionsallows oneto restrictto normal default
theories (Section 2). Furthermore, we study specific properties of selection furi&&mti®n3) andwe investigate
under what conditions selection functions can be expressed in the form of declarativekoomitetigeat the meta-
level (Section 4). Finally we introduce another selection technique: inhibition relations (Section 5).

Constructivedefaultlogic is defaultlogic in which the normal fixed-point extensionsare replacedby so-called
constructiveextensiongsee[TT92]). Constructiveextensionsare parameterizecby a selection function. A
selection function can be considered as a setting of a sehibl parametershat may guide the reasoning We
assume familiarity with Reiter's default logic (see [Rei80]). THgS) denote the deductive closureagetS of
L -formulas, i.e.Th(S) = {¢ | SF ¢}.

* This work has been carried out as part of the ESPRIT Basic Research project 6156 DRUMS |l



Definition 1.1
A set of sentences is anextensiorof the default theorh =< W, D >, if E = i@O Ej, whereeachlayer

Ej is defined as follows:
fori=0
Eo=W
and fori =0
Ei+1 = Th(E))v{o | @ :B1,...., Bn/w)e D, a € Ej, and =B1,..., = Bne E}.

Note that Definition 1.1 is a fixed-point definition, whiah principle is not constructive In the definition of the
layer Ej+1 it is required that the formulasp1,..., = B n arenot containedin E. Hence,the definition of each

layerEj+1 depends on thinal outcomek.

A selection function, which will be denoted byselects a subsef defaultconclusionsfrom the setof all default
conclusions that can be derived at a certain level. Indfcesy an index sdtare added tindicatethat the selection
is made at theth reasoning step.

Definition 1.2
a) LetL be a logic and lat be a set of ground formulas bf Let P(U) denotethe setof all subsetsv ¢ U, and
let1 be an index set. The function
c:IxPWU) - P
is called aselection functiorif for every subseV of U and every index: o(i, V) € V.
b) LetD be a set of defaults. Tiset of consequence$ D, denoted aSons(D) is defined by
Cons(D) = o | (@ :B1,..., Bn /®) € D}
SupposeA = < W, D >is a default theory and : | x P(U) - P(U) is a selection function. We catt a selection
function related tad\ if U = Cons(D) The set of selection functions relatedAtés denoted bysel).

In this paper the index sewill always be the sedf naturalnumberswith the usualordering.Insteadof o (i, V)
we will alsowrite simply o;(V). It is possiblethati < j, andoi(V) # oj(V). Next we define the notion of a

constructive extension. This is an extension of which the construction is controlled by a selection éunction

Definition 1.3
LetA =< W, D >be a default theory and suppasés a selectionfunction relatedto A. A setof sentence€® is

called theo-constructive extensioof the default theorg, if C° = i(_.jo C¢;, where theC?®; are defined as follows:
fori=0
Coo =W
fori=0
C%4+1 = Th(C®j) U 6i1(CD%s1)
whereCD®;,1 = Cons(DP;;; ) with
D%, = {(a : B1,...., Bh /@) e D|ae C%, and = B4,...,m B, & Th(C®;) }

For a given default theor& = < W, D > thereis a collection of suche-constructiveextensionsparameterized
by selection functions e Sel@).

Definition 1.4
LetA=<W, D >be a default theory ansl a selection function related to A default(a. : B4,..., B,/ @) € D

is calledapplicableat stagei if (e : B4,..., Bn / ®) € D%,,. We saya default(a : B4,..., Bn/ @) € D in
principle is usedby o at stagei if it is applicableande € o,,1(CD®;,4). In this casewe also say that the
formulaw is selectedby o at stagd. A default(a : B4,..., B, / @) € D that in principle is usedt stagei by o
is calleddefeatedby o if there is som¢ > i suchthat— By e Th(C?) for somek. We call ¢ self-defeatingf
there is soméand some formule that is selected by at stage suchthat all defaults(a : B4,..., B,/ ®) €
D%;,, with consequence are defeated by.

Notice that sinceC® is the union of all C°; it is deductivelyclosed.Thereforethe conditionin Definition 1.4
that thereis somej > i suchthat— By e Th(C®j) for somek is equivalentto = B, € C® for somek. This
observation can easily be used to prove the following Lemma.



Lemma 1.5

LetA =< W, D >be a default theory and suppesés a selection function related 40 Thenthe following are
equivalent:

(i) o is not self-defeating

(ii) For everyi and every formula that is selected by at stage,

there is a defaulta : B4,..., B, / ®) € D such thatwe C° and-B4,..., = B, & C°.

(i) ¢i(CDY%j) ¢ CDOYj for i< j.

Being not self-defeating is a necessary but not sufficient condition for a seliectaiion to define an extension
in the sense of Definition 1.1. It is eaky give examplesof selectionfunctionsthat are not self-defeatingput
that do not define an extension, simply because they are not exhaustive; e.qg. some applicable defaults may be n
selected at any stage. The notion of exhaustiveness is related to the concept of closedness under a set of default

Definition 1.6
Let D be a set of defaults. The set of senteisiesclosedunderD if for any default(a : B4,..., B,/ ®) € D
withae Sand—=B4,..., = B,¢ Sitholdse € S.

LetA =< W, D >be a default theory and suppasés a selectionfunction relatedto A. We call ¢ exhaustive
for D if C° is closed undeb.

Now we are in a position to state the following result. The proof is given in the Appendix.

Theorem 1.7
Every extensionof a defaulttheoryA = < W, D > can be obtainedas a o-constructiveextensionfor some
selectionfunction o relatedto A. More precisely,for any set of sentences the following conditions are
equivalent.
(i) E is a extension of
(ii) There exists a selection functierrelated toA that is exhaustive and not self-defeating

such thak = c°

Theorem 1.7 shows that, although the original definition of extensions as given by(§f@efinition 1.1) is a

fixed point definition, the extensions of a default theory can be studiedafiemnstructivepoint of view. This is a
greatadvantagevhenit comesto implementingdefaultlogic. Of course,we do not claim that we have shown
default logic to be more tractable than it actually is (for an analysis atimglexity problemsof defaultlogic see
[KS91]). The selection functions efconstructive extensions that generate extensions in the sense of Definition 1.
might be very hard to specify, in the worst casadly evenbe impossibleto definetheseselectionfunctionsin a
constructive manner.

2 Default Logic = Normal Default Logic + Explicit Control

In this section the claim we want to defeisdhat all conflicts betweendefaultscanbe handledby explicit control
expressed by selection functions. Reiter and Criscuolo were thiofssggestin [RC83] that semi-normaldefault
rules were essentialfor adequateknowledgerepresentationA default rule is called semi-normalif its (single)
justification inplies its conclusion,if its justification equalsits conclusionit is called normal Basically, their
argument was that the justification in semi-normal default rules has to be used to block the applicaticunleoif the
it conflicts with a more specific defaultrule. This canbe viewedasa way to codethe control implicitly in the
default rules themselvesheir famous example runs as follows. Consider the default tleory< W, D > with
two defaults(b: f/f) and(p: — f/ = f), whereb stands for birdp for penguinandf for can-fly. If we havethe
information that something is both a bird as well as a penguiWi®e.{b, p}, thenA hastwo extensionsE 1
that contains the conclusidrandE> that contains~ f. The first extensioic 1 is generated by the firstefault, and
the otherEs by the second default. Most peojglee of the opinon that the first defaultshouldbe overruledby the

secondone, becausethe latter one is more specific than the first one. This is called the specificity principle.
Penguins are a subset of birtiencethe seconddefaultgives more adequaténformation than the first one. Reiter
and Criscuolo proposed thtitis overruling can be obtainedby addingthe prerequisiteof the more specific default
rule to the justification of the more general rule. In this particular exartipl&f) has tobe replacedby (b: f A
- p/f). The first default is normal, and the latter daesemi-normal.lt is clearthat with this semi-normaldefault
rule the extensiofq is no longer generated. The message of this example is that conflicts between default rules ¢
be controlledby addingextrainformationto the justifications of defaultrules. The price onehasto pay for this
solution is thatit drivesus out of the computationalbparadiseof normal default rules. Some yearslater Brewka



argued in [Br92] that this implicit control can be replacedbgtingproof pathsas he did in his cumulativedefault
logic. Brewkamadea casethat if the control aboutspecificity is codedexplicitly, asis doneby addingthe proof
paths, then one doemt needsemi-normaldefaultsany more; normal defaultrules suffice. More recently, Brewka
published several papers that further elaborate on this idea by introducing default logio$ythize normal default
rules, and in which the specificity conflicts between default are handled by explicit priority orderings that are addec
the logic (see[Br94a] and[Bro4b]). We wantto generalizethis perspective Selectionfunctions as introducedin
[TT92] can be viewed as a generalizatiorBogéwka'sexplicit priority orderings.The basicintuition is that instead
of using justifications as techniques to contita specificity conflicts betweendefaultsimplicitly, we canaswell
code all the control explicitly in selection functions and restigselfto normal defaultrules only. The advantage
of sucha moveis obvious, sincecomputationfor normal defaultrulesis much simpler than for generaldefault
rules. Our claim could be expressed in the following equation.

Default Logic = Normal Default Logic + Explicit Control

In this equationexplicit control hasto be understoochs selectionfunction. Below we will presenta proposition
which supports this claim. The proposition states thate havea defaulttheoryA = < W, D >, andwe replace
this theory by the correspondingdefault theory A* = < W, D* > in which every defaultrule (a0 : B 1, ...,

Bn / ®) from D is replacedby its ‘normalized version(a : ® / @ ) in D*, thenthereis a set of selection

functionsthat generateexactly the set of constructiveextensionsfor A* which is identical to the set of Reiter
extensions oh.

First we introduce some notation. If D is a set of default rules, then we say that D* is the set
D ={(v:®@/®)| @ :B1,.... Pn/ ®)e D} of normalizeddefault rules. We will alssaythat D* is the

correspondingnormalizeddefaultsetof D. If < W, D > is a defaulttheory,thenwe saythat< W, D* > is the
correspondingnormalized default theory. Furthermore,we use the notation CGD(Ej) to denote the set of

conclusions of generating defaults of legglbf an extensioE of a default theory W, D >, i.e.
CGD(Ej,E)={®o | (@ : B1,..., Bh/®)e D,a€e Ej.1, and=B1,..., = Bn e E}.
If E is an extension, then we say tbgtis thecharacteristicselection function foE if
oe(i, V) = CGD(Cj, E)n V.
Proposition 2.1
If E is anextensionof a defaulttheory < W, D >, then the characteristicselectionfunction 6g generateghe
constructive extensio@ of the corresponding normalized default theewy, D* > such thak = C.

The converse of this proposition, that every characteristic selection function generates a Reiter extensiaty holds
if every characteristic selection function is non-self-defeating and exhaustive. Fortunately, this is the case.

Proposition 2.2
Every characteristic selection function is non-self-defeating and exhaustive.

Now the following result follows.

Theorem 2.3
If A = < W, D > is adefaulttheory, thenthe set of extensionsof this default theory is identical to the set of
constructive extensions that are generated by all the characteristic selection fungct{imns®ach Reiter extensidn

of A) of the corresponding normalized default theot@s D*>.

3 Alternative types of selection functions

In this sectionwe introduce some specific types of selectionfunctions, called incrementaland strict selection
functions. Moreover,we discussunderwhich conditionsthe dependencyf a selectionfunction e (i+1,V) on the
indexi (the stage of the construction) can be replaced by a dependency on what has been generatgd so far:



Definition 3.1
Let o be a selection function related to the default thaory< W, D >.
We callo strict if at eachnon-final stageit selectsat leastone defaultconclusionthat is not alreadycontainedin
Th(C9)), i.e. for alli € | with C°®,,; # CC it holds
6i:1(CD%.1) € Th(CY))
We callo incrementalif for all i, j € | withi <j it holds
6;{(CD%) ¢ o6;(CD9))

The following Lemma gives some properties of strict and incremental selection functions.

Lemma 3.2
Let o be a selection function related to the default thaory< W, D >.
a) o is strict if and only if for ali
0i+.1(CD%41) € Th(C%;) = C®,, =C°.
b) If o is strict then the sequence@s; is strictly increasing as long &$§ has not been reached, i.e. in the case that
Co;#Co° for alli, j e I it holds
i <j= C°% c C° (proper subset)
c) If o is strict and incremental then for &l| € I with C®; # C° it holds
i <j= 0;(CD%) c 6;(CD%) (proper subset)

It turnsout thatit is easyto replaceany selectionfunction by a strict and incrementalselectionfunction that
essentially induces the same construction. Here we call a mapgirg | strictly monotonidf i <j implies n(i)
<xw() for alli,je I.

Proposition 3.3
Supposes : | x P(U) - P(U) is a selection function related to the default theory givea by< W, D >.
a) There exists a strictly monotonic mappmgl — | such that the mapping defined by
o'i(V) = o5 (V)
for alli e 1 is a strict selection functios' related taA. Moreover,C® = C° andit holdsC®; = C%; andCD® =
CDcn(i) for allie I.
b) If o is not self-defeating then the mappisgdefined by
0*{(CD%) =Uy < 0k(CD%)
for all i e | is an incrementalselectionfunction relatedto A suchthat C®* = c° andfor all i e | it holds
Cc*i = Coi andCD"*i = CDci .
c¢) The following hold:

0] If o is not self-defeating thesi ande* are not self-defeating.
(ii) o* is exhaustive ifio’ is exhaustive iflo is exhaustive

(i) o* is strict iff o is strict

(iv) o' is incremental iffo is incremental

d) Applying a) andb) to a selectionfunction o that is not self-defeatingsubsequentlyin any order resultsin a
selection functiors™ = o* related toA that is both strict and incremental.

Now we can discuss the dependency of a selection funefidf of the indexi (the stageof the construction).n
practicaltermsone might think of maintaininga kind of counterthat countshow many constructionsteps have
beentaken.However,this looks ratherunnatural.lf onethinks of humanreasonerst seemsmore plausible that
knowledge is used to evaluate the set accumulatimgt hasbeengeneratedo far: C%,_;. So, in fact we might be
interestedn selectionfunctions the first argumentof which actually could be interpretedas a set of formulae
collected until then rather then as just an indé&xemma 3.2 shows that for strisélectionfunctionsthis indeedis
the case.

Let S be the set of all sentences of the langua@e of W andP(S) the power set ob. Let the subsat, of |

be defined by

lo={ie || C® #CO}



Notice thatlyeither is the complete setor is the sefi e | |i <n} for somen.

From Lemma 2.2 we know that for a strict selection funatidine mapping

u: 1o — P(S), given byi|— C°is strictly monotonic: for all i, j € 1o with i < j it holdsC® < C°; (proper
subset).In particular this implies that this mappingis injective. Thereforein this casethe dependencyf the

selection function on(its first argument) can be viewed as a dependency on the set already constructetizafethat
CS; . This is stated more precisely in the following (second) main result.

Theorem 3.4
Supposes : | x P(U) - P(U) is a selection function related to the default theory giveaby< W, D >. Let S
be the set of sentencesof the language L(w) of W and P(S) the power set of S, and suppose
lp={ie || CO% #CS}
a) If o is strict thero can be described by a functionwvith C°; as its first argument instead i. More precisely,a
mappingt : P(S) xP(U) - P(U) can be defined such that for a@llandVv and alli € 1, it holds

7(C, V) c V

T(C%, CD%.y) = o(i+1l, CD%yy)
b) If o is both strict andincrementalthenthe mappingt describedn a) may be definedin such a mannerthat
additionally it satisfies the following monotonicity property:

if Cc C' andV ¢ V' thent(C, V) < z(C', V)

c) If all default conclusions i are literals then in the above statem@ttscan be replaced hyit(C ¢;), andS by
Lit(S).

According to Proposition 3.3 and Theorem 3.4 we loose no constructions and constructive extensions if
restrict ourselves to selection functions that are strict. If we restrict ourselves to this type of selection filnections
the dependencyf a selectionfunction on the indexi canbe replacedby a dependencyn the setof formulae (or
literals) constructedintil that stage.Thereforewe canusean alternativetype of selectionfunction that dependon
sets of formulae and not on the indeklotice that any type of control that restricts tfefault conclusionsthat are
used can be described by a strict selection funeti@md hence by a selection functioas defined in Theorem 2.4.

4 Declarative specification of control knowledge

Selection functions express some kindcoftrol knowledgeon a defeasiblereasoningorocesslin generalit is not
alwayseasyto specify control knowledgein a transparenimanner;often one finds rather technicalalgorithmic
descriptionsof control knowledge.In this sectionwe will discussthe questionhow the control knowledgethat
defines a selection functiaran be specified.We will do this by a proposalto specifythe control knowledgein a
declarative manner as meta-level knowledge.

SupposeA = < W, D > is a default theory. In this section we will discussthe questionwhether the
functionality of a selection functioa relatedto A canbe expressedy meansof a selectionknowledgebasekB s
containingcontrol (meta-)knowledgen a declarativeform. Reasoningwith this knowledgemakesuse of input
information on which default conclusions are possible anthewurrent(information) stateof the processdefined
by the literals generatezb far. In the practicaltasksand domainswe studied(e.g., [BPT92], [GK92]) this always
turned out to be possible, so the question arose whetppeinitiple examplesof selectionfunctionscanbe defined
that cannot ba&escribedn this manner.We will prove asa third main resultthat if we restrictourselvesto a w
expressedn a finite propositionallogic andonly permit defaultconclusionsin D that areliterals then any strict
selection function can be described in a declarative form by a knowledggbaséhe ideafor the theoremandits
proof is adopted from earlier work, as described in [Tr@tireit hasbeeninvestigatedunderwhich conditionsin
general functionalities can be expressed by means of declarative (rule-based) knowledge bases.

Before we can give a precise formulation of the following theorem we needbasiteoncepts We definethe
propositionalsignatureX (AS) (i.e. setof symbols)of a meta-levellanguagebasedon the atoms T(c), PA(c),
BA(c) for all meta-levelconstants: (referringto object-levelliterals, i.e. literals from L(wW) ). The meaningof
these meta-predicates is as follows.

T(a) The object-level literah of L(W) is contained in the current set
Lit(C °;), i.e., istrue in the current information state

PA(a) The object-level literah of L(W) is contained in the current set
CD®,, i.e., is apossible assumptioto be made.

BA(a) The object-level literah of L(w) is contained in the current set



0;,1(CD%;,1), i.e., is abest assumptioto be made (is selected by.

Notice that a naming relation is needed where constants of the meta-level language refer to literaljent desel
language(that for reasonof presentations assumedgropositional).To this end for eachobject-levelatom a a
constant symbad' at the meta-level is used, and we name a litesaby the constant symbeh'. If no confusion
is expected, for convenience we sometimes leave out the primes used in the naming relation.

Let Lit(L(wW)) be the set of literals di(w) andsupposeC < Lit(L(W)) is a consistentsetof object-level
literals. This determines a seét of meta-level atoms of the for@r = { T(c') | c € C }. Furthermoreany subset
V c U of the set of all default conclusionsof D determines a sa&t* = { PA(c') |ce V}. Moreover,we usethe
following notations for the related sets of literals:

cml =C*u{—-a|ae C*}
={T(c)|ce C}u {—T{C)]|ce Lit(L(W)\C }

\aul =vru{-a|ae vV}
= { PA(c") |[ce V} U { = PA({c) |ce U\V}

Theorem 4.1
Supposes : | x P(U) - P(U) is a strict selection function related to thefaulttheorygivenby A =< w, D >.
Assumethat the languageL (W) of W is a finite propositional language,and that the set U of all default
conclusionsof D only containsliterals, i.e. U = Cons(D) < L whereL = Lit(L(W)). Let P(L) bethe set of
subsets of. and takdy={ie I| C% #C°}.
Then the selection functiancan be expressed by a knowledge base in rule format.
More precisely, there exists a meta-level knowledge KBsef signatureE(AS) in rule format such that for each
ie lgandw e U it holds

® € 6;41(CD%,1) iff Lit(C ®)™ u (CD%;,;)™ U KB' + BA(®)
If, moreover,c is incrementalthenthere exists a meta-levelknowledgebaseKB* of signatureZL(AS) in rule
format such that for eadke | andw € U it holds

® € 0;,1(CD%,,q)iff Lit(C ;)" U (CD%;41)" U KB* I BA(®)

Notice that this theorem does not say anything atlmitomplexity of the knowledgebasethat canbe createdIn
the worst casethis complexity may be high. In generalthe (theoretical)constructionas given in the proof (see
Appendix) will resultin a knowledgebasewith a large numberof rathercomplexrules, so for practicalpurposes
this constructionis of no use.On the otherhand,as discusseckarlier,in concreteapplicationdomainsoften this
selection knowledge can be acquired (not seldom in a domain-specific form) from experts pertioertasg that is
concerned.

In the above theorem (and its proof as given in the append&)isifnot incrementalit is essentiathat it can
be expresseat the meta-levelthat a given literal is not in Lit(C ©;) (this is not the sameasthe oppositeliteral
being inLit(C ®;)). This cannot be expressed at the object-leMeleover,anotheressentiapoint is thatit is not
only expressedexplicitly what are the possible default conclusionsbut also what are no possible default
conclusions: for the knowledge bas® standard monotonic deduction is used, and the selection from a larger set
possible default conclusions as made by a selection function is not necestaglyr set. However,in the caseof
an incrementalselectionfunction Theorems4.1 showsthat theseissuesare avoided.In that caseonly meta-level
atomsare neededas inputs that expressthat an object literal is in Lit(C %;) or is in a set of possible default
conclusionsCD®;,; (and no explicit information on the oppositeis needed).This makesthat in this casethe

reasoning to make a selection is quite standard.
In this incremental case the selection knowledge could even be encoded in the form of an object level the

andaddedto W. This canbe doneby extendingthe languagel.(W) to a languagel.' by adding new object-level

atom symbolsPA® for eache e U. Let D' be the set of defaultsobtainedfrom D by replacingeach default
conclusione by the atonmPAw®; the conclusion8A(w) of the rules fronKB* are encoded as. The conditionsof

the rules are encoded either just as the object-level literals or as attrasawin PAw. If o is exhaustiveandnot
self-defeating then there is a thedvyo W in the extended languadiesuch that the default theoay= < W', D'

> hasan extensionE' subsumingC® with C® = L. n E'. A constructioncanbe obtainedbasedon A' using the

trivial non-selectingselectionfunctione' : | x P(U) — PU") with o'(i, V) = V for all i andV. This
construction satisfieg®; = L n C%' for all i.



5 Control through Inhibition Relations

In this section we introduce a new concept of control in normal default theiotidstion relations.We will show

that inhibited normal default theories are exactly as expressive as semi-normal default the@aebstmi-normal
default theory, an inhibited normal default theewistswhich hasthe sameset of extensionsandvice versa.The

main advantage of inhibitiorelationsis that control of defaulttheoriesis separatedrom the defaultsthemselves,
which is particularly useful when incrementally modelling a real-world application with a default theory.

5.1 Inhibition Relations
In this sectionwe defineinhibition relationsfor defaulttheories.Furthermore we adaptthe definition of Reiter
extensions to include inhibition relations.

An inhibition relation for a defaulttheoryA, = <W,D>, is arelationl: P(D) - D. Wewill presenta
definition of extensions for inhibited default theories, which implies that for all extersiohthe inhibited default
theory and for all inhibition relationgs, d) of the default theoryd cannotbe an elementof the setof generating
defaults ofg, if s is a subsetof GD(E). In otherwords,s inhibits all extensionsE, for which d is containedin
GD(E).

Definition 5.1

An inhibition relationfor a default theoma = <w, D>, is a relation: P(D) - D, whereP(D) is the power sebf
D. We saythat a set of defaultss inhibits the defaultd, if I(s, d} andthat<w, D, | > is an inhibited default
theory.

Formally, this leads to the following definition of extensions for an inhibited default thgeryw, D, I>.

Definition 5.2
A set of sentenceBis aninhibited extensiomf the inhibited default theoy = <w, D, | >, if
E=U, e E; andGD(E) = U, ¢ y GD(E);, where:

1. Eg=W.
2. Ei+1 = Th(Ej) O { Cons(d) | dU D applicable in<E;, GD(E);>}, fori = 0.
3. GD(E)q = @.
4, GD(E)j+1 = GD(E); O {d | d O D applicable in<g;,GD(E);> }, fori = 0}
5. d O D is applicable ircg;, GD(E);> if the following two conditions hold:
@ d=a:B/wEF o E¥ -B.
(b) OsoepE) ~ I(s, d).

In the definition,GD(E) is the set of generating defaultsexétensiong, while GD(E); is the set of defaultswhich
hasgeneratedhe set of sentenceg;. Note that, if condition 5b would have beenomitted, we get the standard
definition of an uninhibited Reiter extension.

5.2 Semi-normal default logic = inhibited normal default logic
In this sectionwe will show that for eachsemi-normaldefault theory A; an inhibited normal default theory A,

exists, such that; andA, have the same set of extensions. More specificallywilleshow that sucha A, canbe
created from\; in a straightforward manner.

Definition 5.3
LetA; = < W, Dy > bea semi-normaldefaulttheory. We defineA, = < W, D,, I> , the associatednhibited

normal default theorgssociated ta; as follows.
D) Dy={(@:y)/y|(@:B)/ye Dyfor somep }
(2) I(s, d) if and only if it holds thaww U { Y| (@ : y) /Yye s } - — B; for somep; O jus(d)

Note thatin this definition the inhibition relation dependson W. This is not surprising, becausewhethertwo
defaults are conflicting may depend on a particlaFor example,if we havethe defaultsetD = { (aq: B1) / ¥



and (a,: B,) / = 4}, then these defaults will conflict whéw implies botha; anda,. If not, for examplevhenw
={o4} anda; does not imply,, then there will not be a conflict between these two defaults.

As for selection functions, different inhibition relations dmusedfor one defaulttheory.In a systemdesignthis
implies a form of modularityvherethe defaultsform one modulethat canbe usedtogetherwith alternativemeta-
level modules representing inhibition (meta-)knowledge.

Proposition 5.4
Let A; = <W, D;> be a semi-normaldefaulttheory. Thenthe set of extensionf A; equalsthe set of inhibited

extensions of its associated inhibited normal default th&eory

We remarkthat inhibition relationscan be usedto further restrict the set of extensionsby adding additional
inhibitions. When appliedin such a context, inhibition relationsare relatedto the Minimal Conflicting Sets
describedn Delgrandeand Schaub(1994). While for both Minimal Conflicting Sets and inhibition relationswe
havethe conditionthat they cannotbe subsetof the set of generatingdefaultsof an extension,there are some
differences.First, minimal conflicting sets are defined (and restrictedto) sets of defaults which produce an
inconsistencyAny setof defaultscanbe specifiedas inhibition relation, whetherthey produceinconsistenciesr
not. Second, Delgrande and Schaub (1994) apply minimal conflicting sets to normal default tvbdeese have
applied inhibition relations to general default theories.

5.3 Examples

In this sectionwe presenta set of examplesof semi-normaldefaultsfrom the literature and show how these
situations can be modelled using inhibited normal defaults.

Example 1. (ltalian communist)

The following example is a shortened example from Lukaszewicz (1990, p. 162).

W
D

{ Italian A Communist }
{ (ltalian : Christian) / Christian, (Communist : = Christian) / — Christian }

In the above example, the justification of the first default can be extended with the cenjanctmunist to give
explicit preferencdo applicationof the seconddefaultif both are applicable,since the fact that someoneis a
Communist seems a stronger indication that he is not a Christian, then the fact that he is an Italianthatibates
is. Without the additional conjunct there are two extensions, oneChitktian and one with- Christian.
In inhibited normal default theories, it suffices to define

I{ O , (talian : Christian) / Christian)},

to block the deduction of the extension with Christianthis casel is usedto eliminatethe first default,because
due to W it is inapplicable.

Example 2.Suppose we have the following two defaults:

d; = ( : Happy)/Happy
d, ( : Busy)/Busy

Now let us assumehat we feel that beingHappy andBusy at the sametime is counterintuitive,thenwe may
want to extend the justificatioof d; with 'not Busy', to indicatethat Happy canbe deducedinlesswe arealso

Busy. It can easily be checked that the only Reiter extension we get when extepdsi@usy}.

The alternative using inhibition relationstis havedefaultd, inhibit defaultd;. Thusi({d ,},d;). Let us analyze
the extensions we then get. In a first step, it seems that we can applylgtghés. Let us assumapplicability of
d;. Then we must determine whethigris applicable. If we assume thdy is applicable,GD(E) will consistof at



leastd; andd,. In that case,our assumptiornthat d; was applicablewas incorrect. If we assumethat d, is not
applicable,GD(E) will consist only ofd;. However, in that cas® is applicable. Soin both casegshe fixed-point
definition fails to provide us with an extension.Let us now assumeapplicability of d,. In that case,d; is not
applicable (condition 5b), and there we get as an extefBimgy}. We concludethat using an inhibition relation,
we get exactly the same set of extensions we would have obtained when introducing a semi-normial default.

6 Conclusions

In this paper the control problem for default reasoning was addressstliénwork it was describechow selection
functions (on default conclusions)addedto default logic can be exploitedto describecontrol. In this paperwe
investigated under what conditions selection functions can be expressed in tloé émctarativecontrol knowledge

at the meta-level. This enables to determine selection in a dynamic manner by reasoning. Furthermore, we show
normal default logic with additional control by selectifmmctionsis (in somesense)kequivalentto defaultlogic in
general.Finally, an alternativeapproachto control was introducedbasedon inhibition (meta-)relationsetween
default rules. Also in this case one can restrict to normal defaults.

Acknowledgements
Parts of this research were supported by the Esprit 1l Basic Research project DRUMS II.

References

[Br92] G. Brewka, Cumulative Default Logic: in defense of nonmonotonic inference Autégigial Intelligence 50,
1991, pp.183-205.

[Br94b] G. Brewka, Reasoning about Priorities in Default LoBiroceedings of the AAAI-94994.

[Br94a] G. Brewka, Adding Priorities and Specificity to Default Logimceedings of the JELIA-94994.

[BPT92] H.A. Brumsen,J.H.M. Pannekeet,). Treur, A compositionalknowledge-basedrchitecturemodelling
processaspectsof designtasks, Proc. of the 12th International Avignon Conferenceon Atrtificial Intelligence,
Expert systems and Natural Language, Avighoni9®2, Vol. 1, pp. 283-294

[DS94] J. Delgrande, T. Schaub, A general Approach to Specificity in Default Reasoning, 1994

[GK92] P.A. Geelen, W. Kowalczyk, A knowledge-based system for the routing of international payments,

Proc. of the 12th International Avignon Conference on Artificial Intelligence, Expert systems and Natural Languag

Avignon-92 1992, Vol. 2, pp. 669-677

[KS91] H. Kautz and B. Selman, Hard problems for simple default theories, Artificial
Intelligence49 (1991), pp. 243-279.

[Rei90] R. Reiter, A logic for default reasonirgtificial Intelligence13 (1980), pp. 81-132.

[RC83] R. Reiterand G. Criscuolo, Some Representationdissuesin Default Logic, International Journal of
Computers and Mathemati€), 1983, pp. 1-13.

[Tr91] J. Treur, Declarative functionality descriptions of interactive reasoning modules,Boidy, M.M. Richter
(eds.), Processing Declarative Knowledgmc. of the International WorkshdpDK-91, LectureNotesin Atrtificial
Intelligence, vol. 567, Springer Verlag, 1991, pp. 221-236.

[TT92] Y.H. Tan, J. Treur, Constructive Defallbgic andthe Control of DefeasibleReasoningjn: B. Neumann
(ed.),Proc. of the European Conference on Atrtificial Intelligence, ECAV3iey & Sons, 1992.

1 This example is based on an example by Gerd Brewka, when pointing at a flaw in a definition of inhibition
relations in an earlier version of this paper.

10



Appendix

Proof of Theorem 1.7

(i) = (i) Let o be a selection functiorelated toa that is exhaustive and nself-defeatingand supposeE = C°.
The set<E; are defined as in Definition 1.0 with= C°®, Eg = W andE;;; = Th(E;) u Cons(D.1),where Dj;;
={(a:Bq1,.... Bh/®)e D|ae E, and= B4,...,m B, e E}. We will prove by inductiorthat for everyi it
holdsC®; ¢ E; c E. Fori = 0 this is trivial. Inductionstepi =i + 1. We first proveE;,; ¢ E. SinceE is
deductively closed, the induction hypothesig E implies that (1)Th(E;) € Th(E) = E. From the fact thato
is exhaustivet follows that E is closedunderD. Therefore,againusing the induction hypothesisg; c E it
follows that (2) Cons(D;;1) € E. From (1) and(2) it follows thatE;,; ¢ E. Next we prove C%,; c Ej1-
Recall thatC%;,; = Th(C®;)u 6,,1(Cons(D%;;1)), whereD®%;;; = {(a : B1,..., Bp /@) e D | a € C%, and =
Bi,...,m Bne Th(C%)}. From C%; ¢ E; it immediatelyfollows that (3) Th(C®; ) £ Th(E;). Sincec is not
self-defeatingC® = E, andC®; ¢ E; we have

0;+1(Cons(D%+1)) €
(4) Cons({(o« : B41,..., Bh/®)e D|ae C%, and = B4,....m Bre Th(E) })
Cons(Di+1)

From (3) and (4) it follows that®;,; c E;;;. Thuswe haveprovedC®; c E; c E for all i. Hence,it follows

[~ -)
thatC® < iL_JO Ej ¢ E = CO, thereforeE is an extension.

(i) = (ii) SupposeE is an extension. We will construct a selection functiarlated ta such thag; = C°; for all
i and prove that it is exhaustiand not self-defeatingThe constructionof setsC; and proof are by induction. We
takeCqy = W. AssumeC;; ando;.; have been defined such ti@t; = E;.;. LetD; be the set of defaultsin principle
usedin definingE;, i.e. E; = Th(E;.;) v Cons(D;), whereD; = {(a : B4,..., Bn/ ®) € D | & € E;.; and
-Bi....mB,eE}.LetD;={(a:By,..., By /®)e D|ooe Cyand—=B4,...,m By& Th(Ci,) }, andCD; =
Cons(D'). The basicideaof the proofis simple. First we showthat Cons(D;) ¢ CD®; andthenwe definethe
selection functiors such thab;(CD®;) = Cons(Q). Due to the induction hypothesiswe haveTh(C;.1) = Th(E;.
1), and hence it immediately followtkat C; = Th(C;.1) U 6;{(CD;) = Th(E;.;) u Cons(D;) = E;. To provethat
Cons(D,) g CDS,, it suffices to prove thadd; ¢ D';. Suppose thelefaultruled = (o : B1,..., By / ®) is in D;.
This implies thatx e E.; and—B,,...,m B, ¢ E. From the induction hypothesis it follows that b C;.;. From
- B4,...,m B, ¢ E it follows that— B4,...,m B, ¢ E;, andhencealso—B4,...,m B, ¢ Th(Ei,). Dueto the
induction hypothesis this implies that (6, ..., B,& Th(C;.;). From (5) and(6) it follows thato e D';, and
consequentlp; ¢ D';. Thus we have constructed a selection funatizalated toa such thag; = C;= C°; for all i
. It is easy to verify that is exhaustive and not self-defeatimg.

Proof of Proposition 2.1.
In the proof we use the following selection functieg(i, V) = CGD(Cj) n V. We prove by inductionthat Ej =

Cj for each level. ,i = 0. Then it is trivial thattg = Th(W) = Cp.

i=n.

To show thaEp, ¢ C, consider an arbitrang € E, - En-1. (If @ € Ep-1, thenw e Cp,, becauseof the induction
hypothesis.)For this conclusione thereis a default(a : B1,...., Bn/®) € D suchthat a € En.1 and
- B1,..., = Bn¢ E. Hence, by the induction hypothesis, we hawe Cn.1. We also havéa : ® / ® ) € D*.
And— o ¢ Cp.1, becausetherwise- ® € Ep-1, andthenE would be inconsistentwhich contradictsthe fact
that—B1,..., = Bn ¢ E. Hence,m € Cp.

To show thaCp, ¢ E, consider an arbitramg € Cy - Cp-1. (If @ € Cp-1, then® e E,, becauseof the induction
hypothesis.) For this conclusienthere isa default(a : ® / ® ) e D* suchthata € Cp,.1 and—® ¢ Cp-1,
and thew is selected bgg at leveln, which implies thato e CGD(Ep), and hence € Ep. B

Proof of Proposition 2.2
Let o be the characteristic selection function for the exterBiohthe default theory W, D >. Supposethat e is
self-defeatingthenthereis a stagei in the constructionof the constructiveextensionC anda formula o that is
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selected byo ati such that for all default¢éo : B1,..., pn / ®) € D®j with o € C%j.1, and=B1,...,m B ¢
Th(CS%j.1), there is som¢ =i such that- Bk € Th(C%j) for somek with 1 < k < n. But this would imply
that eachone of thesejustification violations— Bk e Th(C"j) is in CGD(E]j) for somej = i, andthenit is
impossible thate is in CGD(E;), which contradicts the assumption timats selected by ati.

Supposes is not exhaustive, thethmereis a default(oe : p1,..., pn / ®) € D suchthata € C and= g1, ...,
- Bnhe C andw ¢ C, whereC is the constructive extension generatedsbizet CS; be the first level suchthat o
€ C%.1and—B1,..., - Bne COjfor all levelsj ande ¢ C%;. Theonly reasonthat » is notin C%; canbe
thatw ¢ CGD(Ej). But this implies that eitherw ¢ Ej-1, or = Bk € Ej for somelevel j andsomek with
1 < k < n. Both casescontradictthe propertythatEj = C; for eachlevel i, that we provedin the proof of
Proposition 2.1.1

Proof of Proposition 2.3

Follows immediatelyfrom Propositions2.1, 2.2 and Theoreml.7 that saysthat for a default theory its set of
constructiveextensiongyeneratedy non-self-defeatingind exhaustiveselectionfunctionsis identicalto its set of
Reiter extensions. ]

Proof of Lemma 3.2

a), ¢) These are easy to verify.

b) If o is strict and incremental then for eachsuch thatC®;,, # C° it holds
0i(CD%) < 0i+1(CD®+1) € Th(C®))

Since 6;(CD%;) < C°¢; this implies that it concerns a proper subset relation:
0i(CD%) < 0i:1(CD%y41) n

Proof of Proposition 3.3
a) Define the mappinge: 1 — | inductively as follows.
For i =0, take =(0) =0
For i=0, define =(i+1) as follows:
m(i+1) = ®=() + 1 in case thato;(C°%) < Th(C®g)) for all j> =(i)
n(i+1) = min {j € 1|j>n(i) and o;(C%) & Th(C%g)} otherwise
Notice that in the first case we ha@® .1y = C°.
It is easy to verify that we have defined a strictly monotonic mapping— | such that the selection function
c' related toA, defined by ¢'(V) = o5 3(V) forall v is strict, and constructs the sets as stated.
b) Sinceo is not self-defeating, from Lemma 2.6 it follows that
Uk <i ok(CD%) < CDS
for all i. Thereforeo* is a selection function related . It is easy to verify that it is incremental, and constructs
the same sets as.
c) (i) This is easy to verify.
(ii) and (iii) This immediately follows from a) and b).
(iv) Since m is strictly monotonic for alli,j e I we have i<j iff (i) < ().
Therefore the statement
(i) < () = oxH(CD%p)) S Ox()(CD%%())
is equivalent to
i<j = 0y3(CD%)) € 623 (CD%))
From this observation (iv) easily follows.
d) Using c) this can be verified in a straightforward mannar.

Proof of Theorem 3.4

a) Sinceo is strict the mappingut: 1g— P(S) defined byi |— C°; is a strictly monotonic mapping. Therefore
it is injective, and hence one can consider the selection function a function of the argGfMeautsl V instead of

i and V: in that case the indek is uniquely determined, given a s&t that is equal to some®;. Formally,

this is equivalent to the fact that we can define a mappin®(S) xP(U) - P(U) such that for all i e I

and V it holds T(u(i), V) = o(i+1, V) ; it is easy to see that we can defime in such a manner that it satisfies
7(C,V) ¢ V forall C and V.
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b) In this case, we can defirme: P(S) x P(U) - P(U) by taking the intersection of the second argumgng
P(U) with the union of all selected default conclusion sets for all staggleswith j e I, and C% < C, where
C € P(S) is the first argument; i.e.
TC, V) = VN Uje g C% c C 9+1(CD%q1)
By this definition it is clear that
7(C,V) ¢ V

We verify that thist describeso (the second property stated in a)). et 1, be given. Indeed from the fact that
o is strict and incremental it follows that

T(C%, CD%+1) = CD%1n Uje 1y, C% c C% 0j+1(CD%1)

= CD% N Ujelgj<i 9+(CD%4g)
= CD%1 M 6i41(CD%11)

6;+1(CD%41)
The monotonicity property is proved as follows. SuppogeC' and V ¢ V', then the unionU; ¢ |, CUJ. c
c' ©;(CD¢)) is taken over more sets then the union
Uj € lo, ch cC O'j(CDGj), SO:

Uje Iy C% c c g(CD%) € Uje i, c’cc o(CD%)
Since V ¢ V' it follows

VN Uje i, c’cc 6(CD%) ¢ V'n Uje |, c’ cc g(CD%)
This proves the monotonicity property.
c) This is straightforward to verify. |

Proof of Theorem 4.1
Supposeo : | x P(U) - P(U) is a strict selection function. By Theorem 2.11a),c) a mapgn® (L)x P(U)
— P(U) can be defined such that for alle I, C and Vv it holds tT(Lit(C ¢;), CD%;41) = o(i+1, CD%;4,)
andt(C, V) < V. We will show how in the case of a finite propositional s&{C °;) this T can be expressed
in first order logic by means of meta-rules. The finiteness condition enables us to apply the following constructiol
(used earlier in [Tr91] to express functionalities of reasoning modules in terms of (rule-based) knowledge bases). '
define the knowledge bas€B' of signatureZ(AS) by:
KB' = { con(C™u V™) - BA(c) | ce t(C, V), Ce P(L), Ve P(U) }

Here Con(L) means taking the conjunction of a set of literaldt is straightforward to verify that by the
definition of this knowledge base we have that

Lit(C®)™ u (CD%;;1)™ U KB' - BA(®)
is equivalent to the fact that there is one rule of the knowledge base with conela@inand conditions that
form the setLit(C ¢,)™ u (CD%,,;)™, and this is equivalent te e t(Lit(C ;), CD%;,,).
Now assume that is both strict and incremental. In this case we may assume tlvarifies the monotonicity
condition stated in Theorem 3.4.
This time the knowledge base expressingan be given by:

KB" = { Con(C*u V") = BA(c) |ce t(C, V), Ce P(L), V € P(U) }

Now the statement

Lit(C%)" u (CD%;1)" U KB* + BA(®)
is equivalent to the fact that there is at least one rule of the knowledge base

Con(C"'u V") - BA(®)
such thatew € ©(C, V) and C ¢ Lit(C9%;) and V ¢ (CD%;,4). From the monotonicity conditionit follows that
this is equivalent tom € T(Lit(C ©;), CD%.q). [ |

Proof of Proposition 5.4
We will showthroughinductionthat for all i, Ei(A;) = Ei(Ay ). AS Eg(A1 ) = Eg(A, ) = W, the basisfor the

induction is proven. Let us assume thdh, ) = (A, ) for alli less or equalo somenaturalk. Then, Ey,1(A1)
= Th(Ex(A1)) O { cons(dy) | dy=a : Blw/ win D, Ex(A1) F o, E¥ = w, E ¥ = B}, and,Ey41(A5 ) =
Th(Ek(A2)) O { cons(dh) | dh=0: w/win D, Ex(As)F o,E¥ ~w, GD(E) O I}

The definitions of,,1(A;) andE,,1(A, ) are based on the applicability of default&€jn We will showthatif and
only if a defaultd;=a: Blw/ wis applicable irg,(A; ), then default,=a : w/ wis applicable inEy(A,). In other

words, we must show that the following two conditions are equivalent:
(|) Ek(Al)l_ a,E¥ -w, EW —|B,
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(ii) Ex(A2)F o, E¥ ~w, GD(E) O I.
It follows from the induction assumption thag(A; ) = E (A, ). What remains to be shown is that+ - g if and
only if GD(E) O I. SubstitutingGD(E) for s in condition 2 of the proposition yields:

I(GD(E)) if and only if for somed;, in GD(E), W O { w; | d, O GD(E) } F - B;.
SinceTh( W O {w; | d, 0 GD(E) }) equalsE, we get:

I(GD(E)) if and only if for somed;, in GD(E), E+ - by.
It follows thatGD(E) O I, if and only ifE ¥ = b. Thus,Ey,1(A1) = E1(45), and by inductiorg;(A1 ) = Ei(A, )
for all i, and thusE(A;) = E(A,).
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