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Abstract. In this paper we formalize default reasoning using branching time temporal
models, in which an information state at a certain point in time describes what has been
derived up until that moment. The branching character of the models reflects the fact that at
a certain point in the reasoning process there might be a number of (conflicting) default
rules which can be selected to be applied. We show how one can construct a branching time
model, in which all possible reasoning patterns are brought together, making explicit the
time points at which choices have to be made. The semantics of default reasoning is
defined using this model.

1 Introduction

An important characteristic of default reasoning is that usually there are different lines
of reasoning possible, each leading to a set of conclusions. In default logic these
conclusion sets are described by (Reiter) extensions. In common examples this leads to
a variety of extensions. In logic one is used to express semantics in terms of models that
represent consistent descriptions of the world and semantic entailment relations based
on a specific class of this type of models. These notions are not really adequate to
describe alternative conclusion sets for default reasoning. Sometimes one introduces
sceptical entailment (what is true in all conclusion sets) or credulous entailment (what is
true in some conclusion set). From a semantic point of view both notions only give a

1 Corresponding author. Also at Department of Philosophy, Utrecht University.



limited description: they only indicate global upper and lower bounds for the conclusion
set of particular lines of reasoning. In this paper we formalize default reasoning
processes by temporal models. This enables us to integrate process aspects of the
reasoning in the semantics in an explicit manner. Our approach extends the one
introduced in [ET93, ET98], where it was shown how one line of default reasoning
corresponds to one linear time model. In the current paper the branching character of the
reasoning processes is described by a branching time temporal model. Each line of
reasoning corresponds to a branch in the temporal model. We show how (under a
particular topological condition, called extension completeness) one branching time
model can be constructed in which precisely all possible lines of reasoning (and the
resulting conclusion sets) can be represented (even though they might be mutually
contradictory). The semantics of the default theory can be defined on the basis of this
single model. In particular, we show how sceptical and credulous entailment relations
can be defined as well on the basis of this model.

In Section 2 we will define the temporal logic we will use later. Section 3 begins
with a brief introduction of Reiter's Default Logic and gives an interpretation of a
default theory in temporal logic. Section 4 describes the construction of branching time
models reflecting extensions. In Section 5 we describe entailment relations based on
these models. The special case of normal default theories is treated in Section 6, after
which conclusions follow in Section 7. A preliminary version of this work appeared as
[ET96].

2 Branching Time Temporal Logic

In this section we introduce the temporal logic that we have defined to satisfy our

requirements. The base language will consist of all classical propositional formulae of a
certain signaturez, an ordered sequence of atom names. The formulae in propositional

logic based ore will be called propositional formulae.

Definition 2.1 (Information State)
a) Aninformation statgor shortly state, is a non-empty closed set of propositional
models, that is, there is a consistent set of formulae of which it is the model class.
The truth of a propositional formula in an information state, denotedm k a, is
defined by:



MEa & meoa forallmem
b) Thetheory of a statem, denotedTh(M) is defined byTh(M)={ a|M k= a}.
c) We call the state arefinemenbf the state1, denoted by <N, if M 2 N.
d) For a set of formulag, theset of models of is denoted byMod(S).
e) For a set of formula®& thedeductive closure  is denoted bycn(s).
f) The set of information states is denotisd

Note that for a consistent set, Mod(S) is an information state, and iEc T then
Mod(S) < Mod(T).

We will now temporalize (see [FG92]) these states to temporal models, based on
some flow of time.

Definition 2.2 (Flow of time)
A flow of time is a pair(T, <) whereT is a non-empty set of time points ardis a
binary relation overt, called the immediate successor relation. Heresfom T
the expressiors < tdenotes that is an (immediate) successor 9fand thats is an
(immediate) predecessor of In this paper we only consider forward branching
structures:(T, <) viewed as a graph has to be a forest, that is a disjoint union of
trees, satisfying successor existence: each time point must have at least one
successor. Furthermore the transitive (but not reflexive) closwé < is
introduced. A flow of time is called linear i is a total ordering. A time point
without predecessor is called a root. A branch in a forest is a branch of any of its
trees, that is an infinite path starting at a root.

Definition 2.3 (Temporal model)
Let £ be a signature ar@, <) a flow of time.
a) A (propositional) temporal model of signatweand flow of time(T, <) is a
triple (M, T, <) where(T, <) is a flow of time andv is a mapping M: T — IS,
called the state assignment.
If no confusion is expected we will often denote a temporal mod@l byloreover,
instead oft is a time point in(M, T, <) we sometimes say is a time point inM
(or simply t in M), with meaningt e T.
b) We sometimes will use the notatignt); ¢ T Where eachvt is a state as an
equivalent description of a temporal mode!



c) A temporal modelB, T', <) is called a branch ofv, T, <) if (T, <) is abranch
of (T,<) andBt=M¢ forall te T'.

d) If K is a set of propositional formulae for the signatayea temporal modei

of signaturex is called a model ok if all formulae of K are true inM¢ for all

te T. This is denoted by F K.

e) The refinement relatiog between temporal models is defined fays N if they
have the same flow of time and(t) <N(t) for all time pointst.

The basic building blocks of our temporal language will be temporal operators applied to
propositional formulae. Using these temporal "atoms"” we can build complex formulae
using the usual connectives and the temporal operators. Because our branching time
models have a more differentiated structure towards the future than in the past, there are
more operators for the future.

Definition 2.4 (Temporal language)
The temporal languageT is the smallest set closed under:
i) If a is a propositional formula, thedae L1 for Oe { 3F, VF,3G, VG, P, C};
i) If oyelLT then—o, oAy, ovy, 9>y, Ope LT for Oe { IF, VF, 3G, VG, P,C}.

We will now give the semantics of our temporal logic. In these definitions) = ¢
means that in the modew at time pointt the formulae is true and(m, t) ¥ ¢ means
that this is not the case. For uniformity in notation we will also define this for
propositional formulae.

Definition 2.5 (Semantics)

Let a temporal modeM and a time point e T be given, then:

a) For a propositional formula:

MbHE a = MikE a

b) For ¢ either propositional or in.t:

(M, t) £ 3Fe - OseT [t«s & (M,s)F o]

M, t) E VFo o for all branches through t there exists an s in that
branch such that[ t «s & (M, s)E @]

M, t) E VGo o VseT [t«s= (M,s)F @]

M, t) E 3G o there exists a branch through t such that for all $n
that branch[t«s = (M, s)E @]



M, 1) E Po = Ose T [s«t & (M,s)F @]

(M, t) E Co - MDE o

c) Fore,yelT:

Mt E @elUy - MbHE @ and M, ) E v

M) E - MU E @

d) For a temporal modeM, by Mk ¢ we mean(M, t) = ¢ forallte T and by
ME K we meanM kE ¢ forall e K, whereK is a set of temporal formulae. We
say thatM is a model ofK.

e) For a sek of temporal formulae, we say that a temporal madeis a minimal
model of K if Mk K and whenever a model<M is a model ofk then N =M.

f) If T is atemporal theory, then yr(T) we denote the set of all minimal linear
time models ofT.

Note that the case of negation in this definition does not hold for propositional formulae.

Suppose we want to express the fact that a propositional formwaould never be
true in a model (meaning that it should be true in none of the information states at any
point in time). Using the formulana will ensure thata is never true, but also thaia
is always true (in each information state). However, if we use the formata then in
no information state willa be true. This does not enforcea to be true: the
information state may contain models in whiehis true (as long as it contains at least
one model in whicha is false). This explains the use of theoperator.

If an elementt lies in a tree with root, the length of the unique path of to t is
called thedepthof the elementt. This defines a mapping from the flow of time to the
natural numbers; in the case of a branch this mapping is a successor relation
isomorphism. We can identify a branch with a model based on the natural numbers as
flow of time.

What is still interesting about a reasoning process, is of course its set of final
conclusions. To be able to talk abdutal conclusions, we have to assume that the
reasoning i€onservativewhich means that once a fact is established, it will remain true
in the future of the reasoning process. In that case a fact is a final conclusion of a
process if it is established at the branch representing the process at any point in time. So,
besides reasoning paths also the conclusions they result in are defined in a branching
time model in the following manner:



Definition 2.6 (Limit models of a conservative model)
Let M be a temporal model.
a) M is conservative iM{<Mg whenevert « s.
b) The set of branches of the model is denoted byB(™).
c) Let B be a branch of, and identify its flow of time with the natural numbers.
The limit model ofB, denoted bylimg M, is the information state defined by:

limg M = ﬁ Bj

i=0
If B=M, we will simply writelim M.

Note that the intersection of a decreasing sequence of information states is indeed an

information state, and thath(img M) = J Th(Bj).
i=0

3 Interpreting Default Logic in Temporal Logic

We will first give a brief overview of Reiter's default logic, restricted to a propositional
language. Adefault ruleis an expression of the fora: B)/y, wherea, p andy are
propositional formulae. Alefault theoryA is then a pair<w, D> wherew is a set of
sentences (theaxiomsof A), and D a set of default rules. We will not give Reiter's
original definition of an extension (see [Be89], [Re80]), but a slight variation of it,
which in [ET93, ET98] has been shown to be equivalent.

Definition 3.1 (Reiter Extension)
Let A = <w, D> be a default theory of signatusg and lete be a set of sentences
for . ThenE is a Reiter extension of if E = | J Ej where Eq = Cn(W), and for
all iz0: Ejsp=Cn(Eu{y|(@:B)/yeD,acE and —peE})

If E is a Reiter extension, then throughout the papeEpye will denote the subsets
of E as defined in this lemma.

We will establish an interpretation mapping from default theories to temporal
theories. Under this interpretation the Reiter extensions of a default theory and temporal
models which obey a number of rules correspond to each other. The correspondence we
are aiming at will be such that the propositional formulae true in a br&nobf the
temporal model at depth will be exactly those which are element & and the



formulae in E will be those true in the limit model of a braneéh in M: Th(Bj) = Ej
andTh(img M) = E, or Bj = Mod(Ej) and limg M = Mod(E)
We will investigate what requirements should be imposed on the temporal model
Firstly, since thegj are non-decreasing, our model should be conservative. If we define
C'={P(a) » C(e) | @ propositional formula}
it can easily be shown that = c' if and only if M is conservative. Next we will try to
see which rules will ensure in the model the effect of application of the default rules. To
this end we have to look at how a default rule is used in our definition of an extension.
The meaning of a default rulex : B)/y isthatif ae Ej, and = B¢ E, theny has to be
in Ej+1, and consequently i for all j>i. The requirement-p¢ E is equivalent to
-Be Ej forall ie N, and as the sets; are non-decreasing, it is equivalent+@ e E;
for all j>i. If we want to enforce a corresponding effect of the use of defaults in our
temporal model, we have to make sure that at all timea, iias become true in the
past, and there is at least a reasoning path whee is not true at any point in the
future, then y has to be true in the current state. This leads us to the rule:
Pa A = 0OF =B — Cy, which has to be true in the model at all time points. As the semi-
construction of an extension starts with all formulae ofw should be true in all roots
of M. As the theoryC' ensures conservativity, this is equivalent to saying that the
formulae of w should be true iMg for all se T.
Now we can define a temporal interpretationsofas a temporal theory associated to
A . As we do not want any extra conclusions in the corresponding model than those
which have to be drawn, we will take the minimal models with respe<t to

Definition 3.2 (Temporal interpretation of a default theory)
Let A=<w, D> be a default theory of signatuse Define
C' = {Pa— Ca|a propositional formula }
D' ={Pa A=VFB - Cy|(@:B)/yeD}
W = {Ca|ae W}
The temporal interpretation of is the temporal theorya= CuD' uW'. The set
of minimal linear time models of A is denoted byLT (a).

This temporal interpretation enables us to attribute semantics to default reasoning based
on temporal models. In a previous publication [ET93] it has been shown how a linear
time partial temporal model of (a temporal interpretation of) a default theory can
describe one line of reasoning (i.e., can play in a sense the role of a Reiter extension of



the default theory). In [ET93] we gave a treatment restricted to the linear time case,
using three-valued partial models (in which an atom may have truth-value true, false or
unknown) instead of information states, and a slightly different translation, but the result
is easily transferred (see the proof in [ET98]):

Theorem 3.3
Let A=<Ww, D> be a default theory.
a) IfmM is a minimal linear time temporal model ©h, then Th(lim M) is a Reiter
extensioneE of A. Moreover, Ej = Th(Mj) for all i e N.
b) If w is consistent and a Reiter extension oA, then the temporal mode
defined by M = (Mod(Ej))i e N IS @ minimal linear time temporal model afa with
Th(lim M) = E.

Proof
We will only make some remarks about the different translation. In [ET93] and
[ET98], only linear temporal models are considered, and a defaultau/y is
translated into the rul€a A —=F =B - Gy, where Fp means "sometimes in the future
¢", and G¢ means "always in the futurg". It is easy to see that on linear models,
- F =B is equivalent to~vF-B. We will show that any conservative linear model
satisfiesCa A -F =B — Gy if and only if it satisfiesPa. A—VF-B — Cy. Suppose
M E Caa—F—=B— Gy and that for somee N, (M, t) E P A—VF=B. Remark that
(M, t) E Pa. implies thatt > 0. Then it easily follows (given conservativity) that
(M, t-1)E Caa—F =B, SO (M, t-1)k Gy whence(M, t) £ Cy. Now suppose that
M E Pa AaVF-B — Cy and for somete N, (M, t) E Caa—=F=pB. Then
(M, t+1) E Pa AVF=B, SO(M, t+1) E Cy. With conservativity it follows that
(M, t) £ GY.

For the case of lines of default reasoning that do not stabilize after a finite number of
steps, topological properties of the space of reasoning patterns become relevant. Before
defining a metric on the space of linear time models, we recall the following definitions.

A sequence(d) j e N In @ metric spacex with metric d is calledconvergentwvith limit

ae X if for eache>0 there exists am e N such that for all = N it holds d(aj, a) <e. A

subsety of X is calledclosedif for every convergent sequenoeX with all a inY,

its limit is included inY.



Definition 3.4 (Metric)
Define the following metricd on the set of linear time models: for M, N linear
models
d(M, N) = 0if M=N
271, wherei=sup{jeN|Vk<j: Mg = Nk }, otherwise

It is easy to see that the metric spageT, d) is complete, i.e., that every
Cauchysequence has a limit. The following definition will play an important role in the
next section:

Definition 3.5 (Extension complete)
A default theoryA is calledextension completé LT (4) is a closed subset of the
metric spaceLT, d).

Proposition 3.6
Every default theory with a finite set of defaults is extension complete.

Proof
A default theoryA with a finite set of defaults has finitely many extensions (this
follows easily from the fact that every extension is the propositional closuse of
and the set of generating defaults, see [Re80]), so by TheorebT&8 is finite. In
a metric space, all finite sets are closed.

As an example of a default theory whichn@t extension complete, let

W={ag}u{b—a|ieN} and
D={:bb}u{a:ag+1/ai+1]ie N}u{aj:—aj+1/-a+1|ie N}.

This (normal) default theory has infinitely many extensiahs: Cn(w u {b}) and for
eachne N, EM =cnWu{aj|isn}u{=-an+1}. In this example the linear time models
corresponding to these extensions form a convergent sequenrice i), but its limit is

the modelMt)t e N, With M= Mod(W U { aj | ie N }), which is not iInLT() (See
Figure 1). In Figure 1, we have indicated the (non-trivial) formulas that are true in the
various time points, where a formula is not repeated if it was true earlier.



o X J X X J X J X J 4
ao _Ial,_lb

® > >0 > e >0 >0 >
ao a1 —lag,—lb

o 4 > e X J X > e 4
g a a —az, —b

@ X J > 0 1 4 X J X J 1 4
a aj a, as —a,, b

o > @ > @ X J >0 —»O0 —»

v
<

a3 a-4 a‘5
>0 >0 X

°
v
oy -
v
°

Figure 1. Not extension complete theory

4 Joint Embeddings of Linear Time Models of Default Theories

In the previous section we summarized results showing a correspondence between the
set of Reiter extensions of a default thearyand the set of minimal linear time models

of its temporal interpretation. These results provide semantics for default reasoning in
the form of a set of linear time models that represent the possible default reasoning
patterns. An alternative manner of representing these reasoning patterns is by means of
one branching time model, where each branch represents one alternative reasoning
pattern (with a Reiter extension as its limit). This would provide semantics for default
reasoning in the form of one "standard” model. The aim of this section is for any given
default theory to indeed construct such a branching time model, under certain conditions
(extension completeness). To this end we apply some algebraic (category-theoretic)
techniques developed in [ET02] to the model theory of the temporal translation of
default theories.
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Subsequentlyv and M will be temporal models based on the flows of ti(nex),
(T', <) respectively.

Definition 4.1 (Homomorphism)
a) A mappingf: T = T' is called ehomomorphisnof M to M' (also denoted
f:MoM)if
(i) s<t=1(s) < f(t) forall s, te T
(>ii) M(s) = M'(f(s)) forall seT
(i) If s isarootofT thenf(s) is aroot ofT'.
b) A homomorphismf: T — T' is called branch-surjective if for every bransh of
M' there exists a branch of M such thatf[B]=B'.

Note that a branch-surjective homomorphism is always surjective.

The coproduct*C = (M, T, <) of a set C of temporal models is a temporal model
which can be constructed by taking, <) as the disjoint union of the flows of time of
the models inc, and the union of the respective state assignments.gSee [ET02]
for motivation and more properties of the coproduct.) This construction preserves
minimal models:

Proposition 4.2
Let K be a temporal theory and IBt be a set of models. Then all modelsBinare
minimal models ofk if and only if *B is a minimal model oK.

Proof
SupposeB is a set of minimal models of a temporal the&ryand let*B be its
coproduct. Since the evaluation of a formula in a point depends only on the
connected component in which it lies, it is easy to see*#ais a model ofK. Now
suppose that there is a smaller mottelof K. Then there is a point in M such
that Mg< (*B)s. This points is an element of one of the modalsin B. Now let’s
look at the modelm' which is the restriction o to the flow of time ofN. It is
easy to verify thatv' <N and thatM' is a model ofk, contradicting the
assumption thaB contains only minimal models of. Thus,*B is a minimal
model of K. For the other direction, suppofe contains a modeM which is not a
minimal model ofK. If it is not a model ofk, then it is easy to see thaB can not
be a model ofc. Otherwise there is a mode&l<M which is a model oK.
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ConsiderB = (B\{M}) U{N}. Then *B'<*B and *B' is a model ofK, so *B is
not a minimal model ok .

As we want to study minimal models ofy and connections between them, the
following proposition is useful:

Proposition 4.3
Let A be a default theory. IV is a minimal model offo andf: M= M is
branch-surjective them' is also a minimal model of A.

Proof
a) Supposem has flow of time(T, <) and M' has flow of time(T', <'). First we
will show that M' is a model ofTa. Take a points'e T'. Thens' lies on at least
one branch, sap'. As f is branch-surjective, there must be a bracin M such
that f[B] = B'. Note thatB' is an isomorphic copy o8. It follows that (M', s') E W'
and (M, s") & C.
Now take a rulePo A—=VF=B — Cy in D', and Suppose&M’, s')E Po. A—=VF-B .
This means that there must exist a braBchn M' such thats' lies onB', there is
ateB with t«s andMy¢kEa,and forallu e B': if s'«u' then M ¥ —=B. Since
f is branch-surjective, there is a branchMnwith f[B]=B'. Thus, there is a
(unigue) se B with f(s) = s, and it is easy to verify thaiv, s)= Pa A =VF-B. But
then (M, s)k Cy, as M is a model ofTa, and thereforgwm, s)E Cy. We have proved
that M' is a model ofTa.
Suppose thatr' is not minimal, then there exists a modek M', such that
N'E TAa. We will define a modeN of Tao which is smaller thamm, contradicting
the hypothesis that1 is minimal. LetN be based on the flow of timg, <), and
define Ns= N'gs). Then Ns= N's)< M's) = Mg, and there is at least one pointe T
such thatN'y #M' . But asf is surjective, there is ae T with f(u) =u', SO we
have thatN, #M,. Take a pointse T, then the path from the root of the tree in
which s lies is mapped isomorphically to the path from a rooidp so sinceN' is
a model ofc' and w', it is easy to see thal, s)= C' uw'. Now take a rule
PaA—VF-B — Cy in D' and SupposeN, s)= Paa - VF-B. This means that there is
a branchB in N on whichs lies, such that there istacs with Nt o and for all
ue B with u» g Nyk¥ =B. But thenf[B] is a branch inN' with f(t) « f(s) and
N'iq) F @, and for allu' e B' with u'» s it must be the case that=f(u) for some
ue B with s «y SONy = N'g) # =B. As N' is a model ofD’, we haveN'ss) v, SO
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that Nsk v. Thus N is a model ofp, so it is a model ofr o in contradiction with
the hypothesis thatt was a minimal model of . We have proved thaw' is a
minimal model of T A.

Sometimes properties of branching time temporal models can be related to properties of
the linear time models that are their branches. In our case we have the following results
for the property of being a minimal model Th.

Theorem 4.4
Let A be a default theory.
a) If M is a (branching time) temporal model such tBat) c LT (A), thenM is a
minimal model of T A.
b) Supposa is extension complete arBlc LT (A). If f: *B - M is a surjective
homomorphism, themm is a minimal model offa.

Proof
a) SupposeB(M) < LT (4). By definition,LT (A) are (linear) minimal models of A,
so the same holds f@(m). By Proposition 4.2, the coprodueB(M) is a minimal
model of TAo. Now define the functiort: *B(M) -»M mapping every branch in
*B(M) into M. It is easy to see that is a branch-surjective homomorphism, so by
Proposition 4.3 is a minimal model offa.
b) We will show thatB(M) < LT (a), from which the desired result follows by part
a). Take any brancp of M, and assume (without loss of generality) that it has the
natural numbers as flow of time. Now take an arbitragyN. Since f is surjective,
there must be a point in *B such thatf(s) = n. This points must lie on a branch
D' of *B, and thisD' is a linear time model iB. From the definition of
homomorphism, it follows that maps this branch up to poiatisomorphically
onto D (up to pointn). This means thadi(D, D) <2™". As n was chosen arbitrarily,
we can find a sequence of linear time modelB8inhat haveD as their limit. The
models of B are in LT (A), which is closed aa is extension complete. This means
that D € LT (A). By a) we have thatt is a minimal model ofra.

It can easily be shown that in general minimal model3 gfcan have branches that are

notin LT(). Consider the default theory = <w, D> with w=@ and D={:a/a,
:c/b,a:c/c,a=c/~c} and the following modeM:

13
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Figure 2. Minimal model with non-minimal branches

In Figure 2, we have again indicated the (non-trivial) formulas that are true in the
various time points, where a formula is not repeated if it was true earlier (so in the points
labelledc, also a and b are true). It can easily be checked tivat is a model ofTa,
and that it is minimal (if any true formulae are deleted anywhere, the result is not a
model of TA). However, the lower branch is not a minimal linear time modet gf
This can be seen either by considering the smaller model whesedeleted from the
second point onwards (which would still be a modefraj, or by verifying that its limit
model (in which a, b and -~ ¢ are known), does not correspond to an extensioa. of
The equivalence of these two methods follows from Theorem 3.3.

Given the set of linear time minimal modelsT(A) of a temporal interpretatioma
of a default theory, these models can be jointly embedded in their copred@ca),
which also is a minimal model ofa. This provides one model to describe the complete
semantics of the default theory. However, this model may contain a lot of redundant
information: all branches at least have the same starting point, but in the coproduct a
copy is included of this (actually identical information state) starting point for every
branch. Moreover, branches can contain longer initial subsequences that are identical. In
a coproduct these are not shared but present in a copy for each of the branches. A more
compact form of a joint embedding of the minimal linear time models can be obtained if
all these copies are identified with each other in order to share these (sub)structures. For
this construction based on identification of equal substructures homomorphisms can be
used. This can be stated in other words as follows: we want to find a model which
"contains” all minimal linear time models as a submodel, and which is as small as
possible in the sense that its image under any surjective homomorphism is isomorphic to
the model itself. This last property is called closedness (see also [ET02)):

14



Definition 4.5 (Closed model)
A model M is called closed if one of the following equivalent conditions is
satisfied:
(i) For all t,u roots or with a common immediate predecessor :
Mt =My impliest=u.
(i) Every homomorphismf: M - M' is injective.

In [ETO2] we established the following result.

Proposition 4.6
Every branching time mode can be mapped by a surjective homomorphism onto
a closed branching time model, which is unique up to isomorphism.

The required homomorphism identifies all common initial subbranches.

Definition 4.7 (Closure and joint closure)
a) Let M be a branching time model. The unique closed model on whiatan be
mapped by a surjective homomorphism is called the closuke, aienoted byi(M).
b) Let M be a set of models. The closure of the coproeMcis called the joint
closure ofM, denoted byjci(M).

In [ETO2] a more direct, but equivalent definition of the notion of joint closure in
general category-theoretic terms is given. The following was proved there.

Proposition 4.8
A closed model is the joint closure of its branches.

Definition 4.9
The joint closurejcl(LT (4)) of LT (4) is shortly denoted by T* a.

Theorem 4.10
a) Let A be a default theory an8c LT (A) a set of minimal linear time models of
TA. Then the joint closurgcl( §) of 8 is a closed minimal temporal model of. If
S is closed (in(LT, d)), then B(cl(S)) =S.
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b) This holds in particular for the skT(A) of all minimal linear time models of
TA: the modelLT* o is a minimal model ofro and if A is extension complete,
then B(LT* A) =LT (A).

Proof
The joint closurejcl( §) is closed by definition, and the (unique) homomorphism
mapping+S into jcl( § is surjective, sdcl( §) is a minimal model ofrp by
Theorem 4.4b). Now supposis closed. Using a similar argument as in the proof
of Theorem 4.4b), one can show that every branchi©$) can be approximated by
elements ofs, which is closed and therefore contains such a branch. i$
extension complete, then by definitioT (A) is closed.

The aim of this section was to find a branching time model containing just the Reiter
extensions ofA as limits of its branches. The following theorem shows that for an
extension complete default theosythe modelLT* o indeed fulfils this requirement.

Theorem 4.11
Let A=<W, D, > be an extension complete default theory withconsistent.
a) For every minimal linear time model of there is a unigue homomorphism into
LT* A; this homomorphism is injective.
b) There is a bijection from the sgta) of all Reiter extensions ok onto the set
B(LT* o) of branches ofT* A.
More precisely, the mapping¥ : E(A) —» B(LT* A) defined by
¥ (E) = (Mod(Ej))ie N, has the invers@ : B(LT* o) » E(A) defined by®(B) =
Th(limpg LT* A)
Furthermore, for everye N it holds ®(B); = Th(Bj)

Proof
a) Every modelv of LT (4) is mapped by inclusion (which is a homomorphism)
into *LT (A) which is mapped intaT* o. The composition of these two
homomorphisms is again a homomorphism. If there are two homomorphigms
mapping M into LT* A, then fi]M] and g[M] are two isomorphic branches in a
closed model, so these images must coincide by (the first condition) in
Definition 4.5. But this means that and g are equal. It can easily be checked that a
homomorphism from a linear model is always injective. Note that extension
completeness is not needed here.
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b) From Theorem 4.10 we have tHB(LT* o) =LT (4), and Theorem 3.3 established a
bijection betweerLT (A) and E(A).

For the existence of a closed temporal model containing as branches just the minimal
linear time models of a given default theory, the condition of extension completeness is
not only sufficient, but also necessary, as is shown in the following proposition.

Proposition 4.12
For any default theory the following are equivalent:
(i) A is extension complete.
(i) There exists a closed model with B(M) = LT (A).

Proof
From (i) to (ii) is easy: the required modell%* o. For the other direction, suppose
we have a closed model with B(M) = LT(A). Take a converging sequence
{ B1, By, ... } of models inLT (4), with limit B. The models in the sequence are all
present as branches m, and asM is closed, if two models in the sequence have an
initial common subbranch, then these are mapped onto the same subbranch in
Take any initial subbranch a8, then we can find a mode; with the same initial
subbranch, the image of which is im. If we extend this initial subbranch by one
point, then we can again find a modg| with this initial subbranch. Its image im
then extends the image of the subbranciB;pfas M is closed. In this fashion we
find that B is a branch ofv, and therefore is iLT (A).

So if a default theorya is not extension complete, tharm* o contains a branch which

is not a member of LT(4). Such a branch does not correspond to an extension. This
means that the use of a temporal model construction as introduced here heavily depends
on the topological properties of the given default theory: constructions fulfilling the
requirements we imposed are not possible for non-extension complete default theories.
However, recall Proposition 3.6, stating that this can only occur in the case of an infinite
set of defaults. For almost all applications of default logic, the condition of extension
completeness is fulfilled due to finiteness of the set of defaults.

17



5 Semantic Entailment Relations

We can define the following minimal semantic entailment relations (wheres any
extension complete default theory):

AFLT ¢ & VM [Misaminimal linear time model of TA = ME @]
AFLT-9 & LT*AF @

For a certain class of formulae we can give logical relations between these entailment
relations.

Definition 5.1 (Backward persistency)
Let f:M - M be a homomorphism. The backward persistency property for a
formula ¢ (underf ) is defined by
MHE @ & (M, ft) E @ for all time pointst in T.

In [ETO2] an overview of results on persistency is given. Here we confine ourselves to
the following:

Proposition 5.2
For any default theora its temporal interpretatiom a is backward persistent
under any homomorphism.

The following theorem gives more precise connections between the two semantic
consequence relations.

Theorem 5.3
Let Ta be the temporal interpretation of an extension complete default tiaeory
and ¢ any formula.
a) If ¢ is backward persistent under injections, then
A Fir @ = AFure
b) If ¢ is propositional, then
AFi- VFo & AFTVFe
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Proof
a) Supposer i+ ¢ and letm be a minimal linear time model afa. By
Theorem 4.11a) there is an injective homomorphismappingM intoLT* Ao. Take
any time points of M, then sinceLT* Ak ¢, in particular (LT* A, f(s))E ¢. AS ¢ IS
backward persistent under injections, we h@ves) = ¢. This proves thaw k ¢,
and thereforeA Fir o.
b) If ¢ is propositional, it is easy to see thett ¢ is backward persistent under any
homomorphism. So the left to right direction follows with part a). For the other
direction, by Theorem 4.10 we have tHBLT* A) =LT (A). Take a points in LT* ,
and a brancts throughs. Then Be LT (4), SO (B, s)E= VF ¢, which means there
must be a point » s with Bk ¢. But then also(LT* A); = ¢. As the branch was
arbitrary, we havgLT* A, s)E VF ¢. This proves thatT* Ak VF @, SO A [ 1+ VF o.

We will show in Theorem 5.5 how these formulaere are related to sceptical
entailment.

The model LT* Ao of an extension complete default theoaygives an overview of
both all possible reasoning paths from a default theory (the branches) and the resulting
conclusion sets (the limit models). Therefore in principle it contains all information that
is relevant for an intended semantics. As a special case also sceptical and credulous
entailment relations can be based on this model.

Definition 5.4 (sceptical and credulous entailment)
Let A be an extension complete default thearyd lete be a propositional
formula.
a) We define the sceptical entailment relation by:
A Fscepe if @ isin all extensions of.
b) We define the credulous entailment relation by:
A Fcred® If @ isin some extension aA.
c) We defineLT* A® as the set of the limit models of all branches.0f, i.e.,
LT* A®? = {limg LT* A | B branch of LT*A}

Theorem 5.5
Let A be an extension complete default thearyhe root ofLT* Ao and lete be a
propositional formula.
a) The following are equivalent:
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() A Fscepe
(i) LT*AQE o
@ii) LT*A 1 E OF@
(iv) (L,s) F OF ¢ for every minimal linear time model of A with root s
b) The following are equivalent:
() A Fcred®
(i) limpLT*A = ¢ for some brancts
(i) (LT*ANEFo
(iv) (L,s) ¥ C(Fe for some minimal linear time mode!l of A with root s
(V) (L, s) F OF @ for some minimal linear time model of A with root s
Proof
a) From Theorem 4.11, we know that the functibn EA) - B(LT* A) defined by
¥ (E) = (Mod(Ej))ie N, IS a bijection. Now for any propositiongl we have that
¢oe E & ¢e UEj © Mod(Ej) ¢ for somei « lim((Mod(Ej))ie N) F @ (this uses the
fact that information states are closed). From these facts, it is easy to see that (i) and
(i) are equivalent. The equivalence of (ii) and (iii) is immediate. From Theorem 4.10
we know thatB(LT* Ao) =LT (4), from which we get the equivalence of (iii) and (iv).
b) These equivalences can be proved analogously to those in part a). The equivalence
of (iv) and (v) is an easy consequence of the semantic definitiors aihd OF.

Using the modelLT* Ao we can define many more different consequence relations.
Sceptical and credulous entailment used the formuikae and CF ¢, but our temporal
language is much more expressive. We can check for instance whether a certain
propositional formula is true in every branch at a point with depth less than 5.

In the case of normal default theories, there are even stronger connections between
linear minimal models, branching time minimal models and the joint closures of these
classes. We will treat them in the next section.

6 The Case of Normal Default Theories
A normal default rule is a default rule of the formw : B) / B, and a default theory
consisting of solely normal default rules is callesoamal default theory. In [ET94] we

pointed out a branching time temporal semantics for the normal case only. Most of the
results there follow as a special case of the general case in this paper; we will restate and
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prove the main results here. In caaeis normal, the minimal temporal modelsTof
can be characterised completely by their branches.

Theorem 6.1
Let A be a normal default theory. Them is a minimal temporal model afy if
and only if B(M) c LT (A).

Proof
The right to left direction is Theorem 4.4a). Note that the counterexample for the
other direction following this theorem (see Figure 2) is based on a default theory
with a non-normal default. So let us prove the other direction. Supposea
minimal model of TA but has a brancB which is not a minimal model of .
Consider the homomorphismmappingB seen as a linear time model inth As
Mk Ta and T is backward persistent under homomorphisms (Proposition 5.2), we
have thatB E Ta. As it is not a minimal model of o by assumption, there must
exist a linear time model of Ta such thatN <B. SupposeB and N are based on
the flow of time sp< s < < ... Let us consider the first point of timeg (from the
roots) at whichN and B are different. IfN(sp) < B(g) , then define a new modes’
based on the same flow of time Bis but with M'(sg) = N(g) and M'(t) = M(t) for all
t # sp. It can easily be checked that is a model ofTo and M' <M, which is
impossible sinceM was minimal.
Now supposen >0 so N(s) =B(s) for i<n and N(sy) < B(s)). Construct a model
M' based on the same flow of time s but with M'(sp) = N(s,) and M'(t) = M(t)
for t#s,. We will show thatm' = Ta. It is clear thatm' = W', as this is evaluated per
time point, and bottm = W and N W'. To show thatv' £ C, it is sufficient to
show thatm' is conservative. The only interesting case is for a poir,. But as
M' has a flow of time which is a forest, the path frgmto the root is unique, and
as s, lies on B, it must be the case that 5 for somei < n. But then we have
M'(si) = N(5) £N(sn) = M'(sp), @SN is conservativeN = C').
Now take a rulePa A =VF-B — CB (remember thata is normal). It is easy to see
that if at a point inM the left hand side is false, it will also be false in the
corresponding point of' (this uses conservativity of' ). So the only possibility of
this rule to be false inv', is at time points,. We will show that this can not occur.
So suppose we hav@l', s,)) E Pa.a =VFB, then it easily follows that
(M, sn) E Pa.a = VF=B, which implies (M, s,) = CB, SO (B, sh) F CB. This means (by
conservativity ofB) that(, s) ¥ C—p for all ie N. As N <B, we also have that
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(N, s) ¥ CB, SO (N, 57) = aVF=B. Since (M, sy) E Pa, we have(B, s,) E Pa, from
which it follows that (N, s,) E Pa. (N(s) = B(s) for i<n). SO (N, )) F PaA ~VF-B.
As NE D', we get(N, s,) = CB, and from M'(sp)) = N(s,) we conclude that

(M, sn) E CB. We have shown thatt <M and M' E T, which contradicts the
assumption that is a minimal model ofra. This means thaB must be a
minimal model of T, SO B(M) < LT (4), which concludes the proof.

For the case of closed models this implies the following.

Proposition 6.2
SupposeA is an extension complete normal default theorynand temporal model.
Then M is a closed minimal temporal model of, if and only if M is the joint
closure of a seB of minimal linear time models of a.

Proof
The joint closure of a seB of minimal linear time models of A is a closed
minimal temporal model offo by Theorem 4.10 (extension completeness and
normality of A is not used). For the other direction, by Proposition ¥.8is the
joint closure of its branches. These branches are minimal linear time models of
by Theorem 6.1.

For extension complete normal default theories, the moteA also has stronger
properties:

Definition 6.3 (Final minimal model)
The modelF is called a final minimal temporal model of if it is a minimal
temporal model ofTpo and for each minimal temporal model of TA thereis a
unigue homomorphisnt : M - F.

We have the following result:
Theorem 6.4
LetA be a normal extension complete default theory. Tl is a (unique) final

minimal temporal model off 4, it is the joint closure of all minimal temporal
models of Ta. For every minimal temporal model ofa there is a unique
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homomorphism intaT* ; for closed minimal temporal models of this
homomorphism is injective.

Proof
By definition,LT* A is the joint closure oLT (&), So using Proposition 6.2 we have
that it is a minimal temporal model afa. Now consider any minimal temporal
model M of Ta. By Theorem 6.1 it follows thaB(M) c LT (A), and from Theorem
4.10 it follows thatB(LT* o) =LT (4). The required unique homomorphism maps
every branch ofv into its (unique) place inT* o This uniqueness follows from
the closedness afT* o. By Definition 4.5 (ii), any homomorphism from a closed
model is injective.

7 Conclusions

In this paper we have given a temporal interpretation of default rules. This led us to a
translation of default theories into temporal theories. In earlier publications (i.e. [ET93,
ET98]) we showed that using this translation we can define semantics for default logic
using minimal linear time temporal models. In the current paper we described the
construction of a branching time temporal model in which all minimal linear time
models are incorporated, and proved properties about this model. Under a topological
condition (extension completeness), which is always satisfied for finite default theories,
this model contains only branches which are minimal linear time models. As another
main result we established that for any normal default theory satisfying the same
condition, this model contains not only all minimal linear models of the temporal
interpretation, but also all minimal branching time models. In this case we have a linear,
branching time and final model semantics for default logic. Other semantics for default
logic can be found in e.g. [V093], [BS94] (see [ET98] for a comparison between our
linear time semantics and various other approaches).

This work enables one to use concepts from temporal logic to integrate process
aspects into the study of formal semantics for default reasoning. We share the view also
put forward in [Ga82], [Et87] that integrating such dynamics in the semantics is more
transparent and fruitful than trying to abstract from them. We think that our work as
presented in the current paper (and [ET93, ET94b, ET98]) contributes to the
operationalization of this view.
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