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ABSTRACT. Two levels of description of nonmonotonic reasoning are distinguished.
For these levels semantical formalizations are given. The first level is defined
semantically by the notion of belief state frame, the second level by the notion of
reasoning frame. We introduce two specification languages to describe nonmonotonic
reasoning at each of the levels: (1) a specification language for level 1, with formal
semantics based on belief state frames, (2) a fragment of infinitary temporal logic as a
general specification language for level 2, with formal semantics based on reasoning
frames. In our framework every level 2 description can be abstracted to level 1, and for
every level 1 description there arelevel 2 descriptions which are a specialization of it.

KEYWORDS: Nonmonotonic reasoning, temporal logic, specification.

1. Introduction

Nonmonotonic reasoning systems address applications where an agent reasoning about
the world wants to draw conclusions that are not logically entailéts{jincomplete)
knowledgeaboutthe world. Undersuchcircumstance# is only possibleto build a
setof (additional)beliefs of hypotheticalnature.Such a set of beliefs representsa
hypotheticalview on the world. In generalit is not unique: multiple views are
possible;an agentmay (temporarily) commit itself to one view and switch its
commitment to anothewne later. Sucha view doesnot necessarilygive a complete
world description either. Each view leaves openmberof possiblecompleteworld
descriptions.However, the additional knowledge defining the view an agent is
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committing to, may be sufficient for the agentto draw the required (defeasible)
conclusions (within the context of that view).

One may focus otthe intersectionof the different possiblesetsof beliefsfor the
agent;this could be describedby a nonmonotonicinference operator, e.g., as in
[KLM 90]. A disadvantagef this (sceptical) approachmay be that hypothetical
conclusionghat are possiblewithin one of the belief sets may be lost due to the
restriction to the common beliefs. So, the agent maybeatbleto draw the required
conclusions, only taking into account the beliefs comnmoall views. Thereforewe
will concentrateon multiple belief sets ratherthan on their intersection.The non-
multiple view will be incorporated as the special case of a single belief set.

A setof beliefsis usually not availableto an agentimmediately: usually for a
given set X of world knowledge a set of beliefe@structecby applying sometype
of reasoning (e.g., inference steps definediéfaultrules). As this type of reasoning
should allow different alternative belief sets as conclusets (that may be mutually
inconsistent) the type of reasoningusedis essentiallycontext-dependentdepending
on a chosen context one of the alternative belief sets is generated.

In this paperwe distinguishtwo levels of abstractionat which nonmonotonic
reasoning can be specified:

1. Specification of a set of intended multiple belief sets

Specificationof the possiblebelief sets for the agentabstractingfrom the specific
reasoning patterns that lead to them.

2. Secification of a set of intended reasoning patterns

Specification of the reasoning patterns that lead to the intended possible belief states.

We will first semantically define the two levels. The first level is defiseshantically
by the notion of belief state frame (Section 2), the secondlevel by the notion of
reasoning frame (Section 3h Section4 the semanticconnectionsbetweenthe two
levels are describedMoreover,we introducetwo specificationlanguageso describe
nonmonotonic reasoning at each of the levels. In Section 5 a specification larguage
defined for levell, with formal semanticsbasedon belief stateframes.In Section6
we introduce a fragment of infinitary (linear time) temporal logic as a general
specificationlanguagefor level 2, with formal semanticsbasedon reasoningrames
(interpreted as linear time temporal models).

Thus a specificationframeworkis obtainedby which any nonmonotonicsystem
aiming at defining multiple belief sets(or reasoningracesleadingto them) can be
specified. Such a specificationcan be written either at the level of the possible
alternative sets of beliefs thate the intendedoutcomesor at the level of reasoning
patterns to construct these outcomes (or both). The first typgeafficationsat least
coversapproachesuchas preferentialsemantics(cf. [SHO 87]) and the notion of
S-expansions for modal nonmonotonic logics (cf. [®3]). The secondtype at least
covers approacheslike default logic (cf. [REI 80]). The general specification
framework (and its semantics) introduced here provides a unifying perspecthesen
and other well-knowrapproaches-or example the generalconnectionshetweenthe



two levels developedin the current paperprovide connectionsbetweenpreferential
semantics and default logic (cf. [ETH 87], [VOO 93]) as a special case.

Part of the material in this paper was previously published in9JT Apart from
the two levels of abstraction considered here, [EHT 95] distinguishes three more levels
of abstraction. Sections 3,and4 review and extendsomeof the materialpresented
there.

2. Belief state frames

Classical (propositional) logic lies at the basis of most nonmonotonic formaksms,
we will assumewe have a propositional language, L, its correspondingset of
models, Mod, and the (semantic) consequence relator Mod x L. Furthermore,
for a set X ¢ L, we define the models oK: Mod(X) ={m e Mod | m E ¢ for
all @ e X}; the consequences ofset X ¢ L aredefinedby Cn(X) ={ @eL |
Mod(X) < Mod(e)}. For asubset K of Mod, thetheory of K is definedby
Th(K) = {e|mE ¢ forall me K }. A setof models K is calledclosed if
K = Mod(Th(K)) , or equivalently, ifK is the set of models of a theory.

Semantically,nonmonotonicreasoningcould be describedby model operators
which assign to aet of formulae X, the initial facts,a setof models,the intended
models, which should be a subset of thet of classicalmodelsof X. Thesemodels
are intended in the sense that these are the worldgteconsidersplausibleon the
basis of X. Often, however, aeasoningagentdoesnot havejust one set of beliefs,
but thereare (many) alternativebelief setsdependingon which further assumptions
the agent wants to make. For examjatethe caseof defaultreasoninggiven initial
factsanda setof default rules, there may be more than one Reiter extension.To
formalize this semanticallywe introducethe notion of an information stateand a
belief state frame.

Definition 2.1 (Information state)

a) Aninformation state M is a non-emptyclosedset of propositionalmodels,that
is, thereis a consistenttheory of which it is the model class. The truth of a
propositional formulaa in such a state is defined by:

ME o & mE a foreachme M
b) Therefinement ordering < on information states is defined by:
M 1 <M 2 =4 M 2C M 1

¢) Theset of all information states is denoted byiS.

An information staterepresents possibleview on the world. The information the
agent has in a stat® is Th(M), which is closedunderpropositionalconsequence.
Although in practicethis may not always be the case,we assumethe agentis in
principle capableof deriving any propositionalconsequencef its information. The
condition that an information state is closed is merely technical, it improves
readability of definitions and proofbut is not essential The refinementorderingon
information states expressesdegree of information: if M; < M, then

Th(M ;) € Th(M,), so the agent has more information n, than it has inM ;.



Definition 2.2  (Belief state operator and belief state frame)

a) A belief state operator T’ is afunction T' : ®(L) — ®(IS) satisfying the
following conditions for everyX c L:

() K € Mod(X) for every K e I'(X);

(i) VI, K e I’'(X) Jc K= J=K (noninclusiveness).

The tuple S®B = (L, Mod, =,TI) is said to be helief state frame.

b) A belief state operatoF is calledinvariant if I'(X) = I(Cn(X)) forall X c L.

The first condition expressesonservativity:it meansthat a possibleview on the
world at leastsatisfiesthe initial facts.In our opinion this is an essentiafeatureof
nonmonotonicreasoninglabouta single world situation; if the world changesthe
agentmay haveto adaptits initial facts): it gives a methodof extending partial
information. The second condition is probably most subject to discussiornd&die
thatif an agenthastwo possibleviews, one of which is includedin the other, the
agentwill want to retain only the most informative one. Most nonmonotonic
formalisms (though not all) satisfy this requirement;we may want to drop this
conditionin further work. The property of invarianceis relatedto the fact that an
information stateis closedunderpropositionalconsequencehe syntacticalform in
which the initial facts are given, is not important.

Belief state operator for preferential semantics

Level 1 semantically consists of descriptions of nonmonot@@soningusing belief
state frames. As an example ws@nsiderpreferentialsemanticqcf. [SHO 87]). Let a
preferenceelation < on Mod begiven. A belief stateoperator I'.  (with single
belief states) can be defined in the following manner: for eaehL

rcX)={{me Mod | m is <-minimal in Mod(X) } }
Preferentialsemanticsessentiallyprovidesa level 1 description, abstractingfrom
lower levels. Also approaches with non-singlebmtief statesspecifiedby preference
relations exist (cf. [KLM 90], [VOO 93)).

Belief state operator formalizing default logic

Default logic (cf. [REI 80]) can also be formalized using a belief state operatob Let
be a set of defaults. Fox ¢ L let E(IX, D denotethe setof (Reiter) extensions
of the defaulttheory X, DO The following belief stateoperatorcan be definedfor
X c L:

Np(X) = {Mod(E) | Ee E(XX, DO }
In a similar manner other variants of default logic, but &sanstanceautoepistemic
logic, can be formalized.



3. Reasoning frames

We have seenin Section 2 how (nonmonotonic)reasoningcan be describedby

assigning to each set of initial facts a se'(X) of belief statesabstractingfrom

the way in which the conclusions of these states have been reacheteg3abstract
level, one would also like to be able to desciygges of reasoningby specifyingnot

only the conclusionsof the reasoningprocess,but also the reasoningpath leading
from the initial facts to the conclusions. To do this we Wiilt formalize the notion

of sucha path, which we call a reasoningtrace. After giving a formal (algebraic)
description of these traces, in Section 6 we will introdaseecificationlanguagefor

thesetracesandinvestigatethe power of this language.We will look at the links

between the previous level and the current one in Section 4.

Intuitively, the path frominitial setof formulaeto final conclusionscanbe seen
asthe behaviourof a reasoningporocesswhich startswith the initial formulae, then
makessome inferencesto arrive at a new state, again makessome inferences, et
cetera, possibly ad infinitum. The union of all conclusions drawn at all stéigeesh
a process can be seen as the set of final conclusions of the process. A formalization
such reasoning behaviour would have to describe which forrhale=beenderivedat
each stage. We will formalize this semantically by the notion of a reasoning trace:

Definition 3.1 (Reasoning trace and limit model)
a) Areasoningtrace O is a function from the setof naturalnumbers(N) to 1S
such that for allse N:

(') 9(5 < 9(3 +1
(i) Ms=Ms+1 = Ms=M; forall t > s
b) Therefinement ordering < on reasoning traces is defined by:
M <N s Ms<S N forall se N
¢) Thelimit model, lim o} of a reasoning trace is defined by
lim 9K =] Ks
s=0

d) A reasoning traceM is sometimes denoted bigM Jse n-
e) A reasoning trace is calléditely generated if each Th(9( g is finitely generated
over Th(I o), i.e., if Th(M ) = Cn(Th( o) v {ag}) for some formulao.

We will motivate the two conditions. The first condition expresses conservativy:
information states become more informative over time. This means that the
conclusions the agent draws at a cerfgimt in time, remainvalid in the future. Of

course we do not wish tdaim that backtrackingneveroccursin an implementation

of a reasoningprocess;it will. However, we would like to abstractaway from
particular implementations, and look onlythe increaseof information of the agent

over time: the resulting valid reasoningpatternswhich may be generatedby a
backtracking implementation. The second condition states that once the agent does not



reach any new conclusions in a reasoning stepasfinished reasoningThis relates
on the one hand to the assumption that the ageaasoningabouta particularfixed
world situation (it cannot perform any observatialusing the reasoning) andon the
otherhandto the abovementionedmotivation: althoughin an implementationthe
agentmay be idle for sometime, we areinterestedn the essentialsof a reasoning
process. The reason that a trace is always infinite, is again technicadtaeskential.
We want to be able to modgifinite reasoningprocessesin the caseof for instance
defaultlogic with an infinite setof defaults),and finite ones.In orderto simplify
definitions and proofs we model these finite processes as infinite traces which stabilize
(become constant) at a certain point in time, instead of as finite traces.

Since we assume@untablelanguage L, eachtheory canbe approximatedhy a
chain of finitely generated theories. Therefore:

Proposition 3.2
a) For any reasoning trace its limit is an information state.
b) Any information state is the limit model of a finitely generated reasoning trace.

Proof
a) Let o be a reasoningtrace. As each o ; is closedwe have oM ; =

Mod(Th(9C;) so [] Ms= ] Mod(Th( 9 = Mod(| ] Thi s ) and
s=0 s=0 s=0

00

U Th( 9 Iis consistent as eachh(9( ) is consistent and propositional logic
s=0

is compact. (Note thatTh(lim &) = U Th(M ) ).

s=0
b) Let M be an information state.Let {@;, ¢, ...} be an enumerationof
Th(M). Now define O ;= Mod({@1, @5, ...9;}) , then o is finitely generated
and lim 9= M. It need not be a reasonitigice,as condition (i) of Definition 3.1
need not be satisfied. This candxsily overcomeby deletingduplicatestatesin - o
(if & has a constant tail, then this tail should be left as is).

A (nonmonotonic)type of reasoningcan now be describedby giving its intended
reasoning traces. Given a set of initial formulae, there mapuwfebe severaltraces
leadingto different conclusionsets.We do, however,assumethat the reasoningis
deterministicin the sensethat given the set of initial formulae and the final
conclusion set, the trace between thisminiquely determinedThis canbe explained
in the sense that @&achstageof the reasoningprocessall conclusionsthat possibly
canbe drawn, actually are drawn in the next step. (Although most nonmonotonic
formalisms satisfy this requirement, we magntto drop this assumptionin further
work.) Moreover,we do not allow two distinct traceswith the sameinitial facts
leading to limit models ofvhich oneis a refinementof the other (non-inclusiveness
of traces),in analogy with the requirementof non-inclusivenesgor belief state
operators.



Definition 3.3 (Reasoning frame)

a) Areasoning frameis a tuple (L, Mod, =,3") with @ a set of reasoningaces
such that for allg and N in @ : if M g= N and lim M < lim N then
M =N

For shortness, sometimes we also @l by itself a reasoning frame.

b) If for all setsof formulae X thereexistsatrace ¢ in @ such that
Th(M o) = Cn(X) then @ is calleda complete reasoningrame. Otherwiseit is

calledpartial.
This provides a semantical formalization of level 2.

Reasoning frame formalizing default logic

As an exampleof a formalizationusing reasoningrameswe again considerdefault
logic. Let D be a set of defaults, and remember that,Xat L, welet E(XX, D
denote the set of (Reiter) extensions of the default the&xripl For a givenX and
Ee E(X, DO thefollowing reasoningrace 9 canbe associatedn a canonical
manner:

Mi = Mod(E)
with Eg= Cn(X), and foralli>=0

Emp=CnEu{o|(@:By .. B,)/® eD, ae E; and

= Bl e E, ..., ﬁne E})

Note that this is a trace definition based on the given sdgfalilts D. We canform
the reasoningrame @p consistingof all the tracesassociatedo all X ¢ L and

E e E(IX, DO.

4. Connections between belief state frames and reasoning frames

Belief state frames and reasoning frames both provide a means of defining
(nonmonotonic) types of reasoning. A specification of a belief fiatee (level 1) is
more abstractwhereasa specificationof a reasoningframe (level 2) providesmore
details of the reasoning process. But can they describe the sameftypasoningor
put differently: arethere clear connectionsbetweenthe two levels? We would like
everylevel 1 specificationto be "implementable"(by specialisation)by a level 2
specification.On the other hand, for every specificationon level 2 it should be
possibleto find an abstractionof it on level 1 of which it is an "implementation".
These issues will be addressed in this section.

4.1. Abstraction

Level 1 descriptionggive the final conclusionsetsof a type of reasoninggiven the
initial formulae,abstractingfrom the reasoningprocess.So if we want to abstract
from a level 2 specification, givemtracewe shouldlook at the initial formulaeand



the final outcome, that is the limit model. If we have a reasoning frame of lewel 2,
can define an invariant belief state operator in a straightforward way.

Definition 4.1 (Belief state operator of a reasoning frame)
a) Given a complete reasoning fragetheassociated belief state operator Iy is
defined as follows: forany setc L,

Fg(X) = {lim & | Me @, Th(M o) = Cn(X) }
b) For a given invariant belief state operator we define the set g () of
reasoning frames witlt as their associated belief state operator:

()= {0 | @ is a reasoning frame with T =T }

It is easy to see that for a given reasoning fregnehe defined 5 is aninvariant
belief state operator.

4.2. Specialisation

Many reasoning frames can yield the same associated belief state openatovyaat
to analyse the segf (") of possiblereasoningramesconnectedvith a belief state
operatorI" by defining a parametrization @r).

If we wantto specify, for an invariant belief state operator I, an associated
reasoning frame, whate haveto dois, for all X and M e I(X), specifya trace
from the information state related to the set of inifi@ulae X to the belief state
M e I(X). Therefore a parameter should specify when the formulae of
Th(M)\Cn(X) canandhaveto be addedduring the reasoning.We can do this by
assuming that each formula may depend on some other formulae and can only be added
if the formulae it depends on have already been added in earlier stages.€aah X
and M e I'(X) such a dependenaydering(or information ordering) between
propositional formulae has to be specified, wheqe ¢ meansthat ¢ depends
on y. Therefore we have chosen a parametrizatforgy (') by meansof functions
p which assign to each pair of theorigsY, where X consistsof the initial facts
and Y is the theoryof a belief state M e T'(X) an orderingon the propositional
formulae.In the reasoningraceone hasto makesurethe formulaeareaddedto X
respecting this order. Doing this, for eagh and M e I'(X), the tracesre specified
unambiguously.

Definition 4.2 (Reasoning trace parameters

a) Areasoning trace parameter is a partialorder (L, ) on propositionalformulae
such that for eachp € L thereis an n e N suchthat {y | y ¢} doesnot
contain a chain of length more than A reasoningraceparameteis calledfinitely

grounded if for each@ e L the set {y | y o} is finite.
b) Let TH :={X c L | Cn(X) = X} bethe setof theories,andlet BE =
{(X,Y)|X,Y e TH, X ¢ Y} bethesetof pairsof possiblestartingpoints



and endpoints. Given a trace param and (X, Y) e BE we definea chainof
sets of formulae(S;); < n as follows:

SO = X

S = cnsuieeyiweviv Hecsy)
Now we define a reasoning trad®( )i n by M = Mod(S;). This tracewill be

denoted by, X, Y).

It is easyto seethat this indeeddefinesa reasoningracewith Th( o) = X and
Th(lim 9((, X, Y)) =Y.

Definition 4.3 (Parametrized reasoning frame of a belief state operator)
Let TP bethe setof all reasoningtrace parametersA function p: B - TP
with B < BE such that if (X, Y),(X, Y) e B and Y ¢ Y' then Y =Y' is
called areasoning frame parameter. For a reasoningrame parameterp let @, be
the following reasoning frame:
9p = {M(p(X,Y), X, Y)) | (X,Y) € B}

A reasoning frame parameteris suited for an invariantbelief stateoperator T if
B={(X,Y) | Xe TH, Y = Th(M) for some M e I'(X)}.

It is easy to verify that in case al e TH occurasfirst coordinatein a pairin B,
this defines a complete reasoning frame anddhakeasoningramesare parametrized
by these parameters:

Theorem 4.4

Let an invariant belief state operatbr and a complete reasoning frarge be given.
The following conditions are equivalent:

() Tg=T

(i) There exists a reasoning frame parametesuited for I such thatg, =g.
The reasoning frame parameter can be taken finitely grounded.

Proof

()= (i) Let B={(X,Y) | XeTH,Y =Th(M) forsome M e I'(X)}. We
will define a finitely grounded reasoning frame paramateB — TP. Fix a setX
e TH and M e I'(X). Since Fg=T thereexists O € @ such that
Th(M o) =Cn(X) = X and lim M =M. Let n=sup{i>0|

Mi-1 <M}, where Mg <M if X< M and Mg # M (weallow
n=o OF n=-ew if M is constant).Thensinceeach M ; is closedwe have
that Th(;) is a proper subset ofh( ;+1) for 0 £ i < n. Choosefor each
O<i<n aformula ;e Th(M ;) \ Th(M i.1).

Now let

P(X,Th(M)) ={ (@i, ¥)|0<i<n,y e Th(Mi1) \Th(M;} Let p
be defined in this way for eack e TH and Y = Th(M) for someM e I'(X). It is



easy to see that is a finitary reasoning frame parameter suited farSince T4 =

r andp issuited forr, both & and @, haveexactlyonetracefor eachpair

(X, Y) with X e TH, Y = Th(M) for some M e I'(X) andnothing more, so

all we have to prove is that the corresponding traces are equal. Take such a lgdir and
M be the trace ing~ with Th(M o) = X and Th(lim ) =Y andlet ®N be

the trace ing, with Th(N o) = X and Th(lim @) =Y. Let = p(X,Y).

We will prove by induction that and IO are equal:

-i=0 Th(M o) = X =Th(N ) and since both are closed we have

Mo =No-

- Induction step: supposeM ;= N, then Th(MN 1) =

cnth(Npu{ee Y i{vey |y Rojcthiy)})=
cnTh( D u {oe Y {9, e v o Eorc Thinny) =
Cn(Th(M)u {@¢ e Y |(pj<pforsomej5i}) =

Cn(Th(M ) v {epe Y] ¢}) =Cn(Th@ ) v Th(Mis1) \ Th(NMKi))
= Th(M i+1)- AS M1 and N4, are closed, we haveM i1 = N i+1-

Thus o and N are equal s, =9 .

()= () Let p:B > TP with B={(X, Y) | Xe TH, Y = Th(M) for
some M e I'(X)} be a reasoning frame parameter wi@y =3. Take X c L,

then Mg (X) =Tz, (X) = {1lim K| Ke Ty, ThOK o) =
Cn(X) } = {Mod(Y) | XY) e B}= {M |M e I'(X) } = T'(X).
Thus Fg=T.

5. A specification language for belief state frames

Having introduced a semantical foundation of the level of multiple belief sets based on
the notion of a belief stateframe, a naturalnext questionis how to specify such a

belief stateoperator.In otherwords, cana standardanguagebe definedin which a
specific belief stateframe canbe described? o this endwe introducethe following
specification language.

Definition 5.1 (Belief state frame specification)
a) Abelief state frame expression is atuple< A, B, C, y > where A, B and C
are sets of formulae anygl is a formula inL. This expressiois calledfinitary if B
is finite; otherwise it is callethfinitary.
b) A belief state frame theory or specification is a set S of belief state frame
expressions.
c) A belief state frame specificatiod specifies the belief state fran@@ if for any
set of formulaX and any closed set of modets the following are equivalent:

() K e I'(X)

(i) K = ModXu {y|O<A, B, C,y>€e S such that Ac X,

Bc L\X andforall e C: not KkE—=B})



In a beliefstateframeexpression< A, B, C, y > theset A canbe seenasthe

preconditionsthe set B  contains formulae which can be consideredas "anti-

preconditions” (the formulae iB shouldnot be known initially in ordefor the rule

to be applicable),andthe set C is a kind of consistencycheck(asis also usedin

default logic). Examples as in [MTT 97] (sakso [EMTT 96]) show that sometimes
we really need an infinitec.

Definition 5.2

Let SB = (L, Mod, &, T') bea belief state frame. Then the belief state frame

specification SSB is definedby the following set of belief stateframe expressions
for eachsetof formulae X : < X, L\X, C, v > where y rangesover a set of

generators ofh(K) over X, foreachK eI'(X) andB = { = a;x | J e ['(X),

J # K} with a; definedasfollows: as Th(I)\Th(K) = @ (non-inclusiveness),
we chooseo; g in Th(I)\Th(K) .

Noticethat SSB canbe takenfinitary if thereis only a finite numberof atomic
proposition symbols. The following theorem shatlat any belief stateframe S@
is specified by a belieftateframe specificationand, conversely that for every belief
state frame specification an associated belief state frame can be definedyhaified
by it.

Theorem 5.3

a) Let S be a belief state frame specification. The oper&fodefined by

rSX) = {K|K=Mod(X u {y|O<A, B, C,y>e S such that Ag X,
Bg L\X and forall e C: not KE B}

for every set of formulax, is a belief stateoperatorandS@S = (L, Mod, k&, I'S)

is the belief state frame specified Isy

b) Let S@B = (L, Mod, E, I') be a belief stateframe. Thenthe belief stateframe

specification SSB specifiesS@ . If I is invariantand thereis only a finite

number of atomic proposition symbols, then we pestrict SSB to a finite setof

finitary expressions.

Proof

a) Itis easyto seethateach K e I'S(X) is a closedsubsetof Mod(X). Suppose
J,K e I'S(X) and Jc K. Take arule<A, B, C,y> e S with Ac X,

Bc L\ andforallBpe C: J¥ =B, then also forallpe C: K¥ = B. Thus
{vYy| O<A B, C,y> € Ssuchthat Ac X, Bg L\X and for all B e C:
not JF=Bllc{y| O<A B C,y>e€e S suchthat Ag X, B g L\X
and for all B € C: not K E = B1]}, but thenK ¢ J which implies J = K. So
I'S is a belief state operator. The second statement is trivial.

b) Abbreviate SSB as S. Take a setX c L.

- SupposeK e I'(X). We call arule< A, B, C,y> e S applicable in K if A
c X, Bg L\X and forallpe C: K = B.Itis easy to see that the set of rules
applicable in K is the set of rules <X, LX, C,y > with



C={—o0;kl|Jde I'(X), J#K}. Theconclusionsof theserulesform a set of

generatorsG for Th(K) over X, sothat Th(K) = Cn(X u G), andas K is

closed we have =

Mod(X U {y|O< A, B, C,y>€e S such that Ac X, Bg L\X and for all

BeC not KkE=aB1}).

- SupposeK = Mod(X U {y|O< A, B, C,y>¢€ S such that Ac X,

Bg L\X and for all e C: not K =aB1}).

Take a rule < X, L\X, C,y>e S with B={—-a;x |Je I'(X),

J#K'} for some K' e I'(X) and suppose it is applicable ik. Thenall rules of

the form < X, L\X, C, @ > are applicable inK,so {y|O<A,B,C, y>€S

such that Ac X, Bc L\X and for all pe C: not K E =B ]} containsa
set of generatorsG for Th(K') over X, so Th(K) 2 Th(K') so K ¢ K'. Now
take any other rule (if possible)X, L\X, D, y > € S

with D={—-a;y|J e I'(A),JzN}, then K # N, so oy €D with

Ok N e Th(K')\Th(N) . Then Ol N eTh(K') ¢ Th(K), so K E Oy N, SO
KE = (= agy) Wwhich meansthat the rule < X, L\X, D,y > is not
applicable.This meansthat K = Mod(A U G) = Mod(Th(K')) = K' e T(A).

Thus S specifiesS@. If T is invariant we need only specif® for theories,and
if thereis only a finite numberof atomic proposition symbols then there are only
finitely many theories. Also there aoaly finitely many differentinformation states,
so for each theory, T'(X) is finite, therefore in anyule < A, B, C,y> € S,

the setC is finite. Furthermore we can takeset of generatorof Th(K) over X

which is finite.

Belief state frame specifications for default logic

We cangive the belief stateframe specificationfor the belief stateoperator rp of
default logic, for a set of defaults D. Supposefirst that all defaultsin D are
prerequisite-free. Every suchle ( : B4, ..., B,)/Y canbe translatednto the belief
state frameexpression< @, &, { By, ..., By }, ¥ >. If therearerulesin D with
prerequisitethen the constructionis slightly moreinvolved. For everyX ¢ L, the
default theory X, DOcanbe transformednto an equivalentdefaulttheory X, D'Q
where D' is prerequisite-free (see [MT 93]). Every ruleBy, ..., B,)/ye D' can be
translated into the expressionX, L\X, { B4, ..., Bn }, Y >. The reasorthat the first
two parts of this expression can not be emptyh# the set D' dependsn general
on X.

6. A temporal specification language for reasoning frames

A simple observationallows us to find a naturaldescriptionlanguagefor reasoning
traces: the steps in a reasoning trace can be viewed as temporal stepedrsbhat
the transition from an information state to the nexé (asthe resultof a numberof

inferencesteps)canbe seenas a temporalone. In this view a traceis a temporal
model based on the set of natural numbethadlow of time. An obvious candidate



for describing these models is temporal logic. However, the full (tense) logic will turn
out to be not completelyappropriate:on the one handit candescribemodelswhich

are not tracesbut on the otherhandit is not powerful enough. Thereforewe will
introduce a limitedragmentof infinitary tenselogic (basedon our essentiallythree-
valued information states).

Definition 6.1 (Temporal model)
i) A temporal model is a function: N — IS.
i) A temporal modelgq is conservative if M < M s+q for all se N.

iii) The refinement ordering < on temporal models is defined by:

MSN o forall s: M< N and M g = No.
iv) Thelimit model, lim o , of atemporalmodel o is the information state
defined by

im o =[] K
s=0
v) A temporal modekM is sometimes denoted bigM Jse n-

Note that the notion of a temporal model as such is close to the notioreagoning
trace:any reasoningrace can be considerech conservativaemporalmodel with the
propertythat if it stabilisesone step, then it stabilises forever. However, in a
temporal model temporal operatorsand temporal formulae are interpreted. The
temporal language we will use lmiilt from temporalatomsof the form O¢ (with

Oe{F, G, C, Hy} and ¢ a propositionalformula) using negationandinfinite

conjunctions (we do not need nesting of temporal operatorshere, although the
definition can easily be extendedo includethem). The truth of aformula o in a
temporalmodel o at time point i, denotedas (M ,i) E a, is defined
inductively:

Definition 6.2 (Temporal interpretation)
a) For a propositional formulae:
(M ,s)F Fp & there existste N, t>s such that ;= ¢
(M ,S)F G & forall te N with t>s ;F ¢
(M,s)F Co & MsF o
(M, 8)F Hep & Mok ¢
b) For a temporal formulax:
(M,9)F 0 & it is not the case that(O, s)F a
c) For a setA of temporal formula:
(M, s5)F AA & forall e A: (I, s)F ¢
d) A formula ¢ is truein a model o , denoted M k ¢, if for all s € N:
(M.s)F ¢
e) A set of formulaeT is truein a model o , denoted = T, if forall ¢ e T,
M E ¢. We call M a model of T.
Furthermore the connectives and — are introduced as the usual abbreviations.



The temporalanguagewe havejust introducedis still too powerful: we want to
use only a fragment to describe models which caseledas reasoningraces.So the
questionis: which fragmentis appropriatefor reasoning?As stepsin a reasoning
processare takenwhenevera numberof (nonmonotonic)inferencestepsis used, it
seems that temporal rules should prescrdiing the equivalentof inferencestepsin
the temporalmodel. So the next questionis what the natureis of a generalized
nonmonotonic inference step that a reasoning process can execute. A general format of
(temporal) inference rules i@ - GB where a. is a conditionfor the inference,and
B is its conclusion: if the conditiom is fulfilled, the conclusionp canbe drawn,
and will be true henceforth. The conditiom may of courseinclude referenceto the
initial facts and the facts which have been derived earlierttardforeare still true at
the presentmoment).But in nonmonotonicreasoninghereis often also a kind of
global consistencgheck.In defaultlogic for instance,a rule is applicableif certain
formulae, called the justifications, are consistentwith the final outcome of the
reasoningprocess(called an extension),which meansthey should be consistent
throughout the entire reasoning process. Consistency of a fouswddly meansthat
its negation should not be true. Therefore we also atlomditionswhich statethat a
certain formula should never (in the future of the reasoning process) be true.

Definition 6.3 (Reasoning theories)
a) A formula is called énhonmonotonic) reasoning formula if it is of the form
oABAQAY — Gy, where

o =A{ Hee |& e A} for a set of propositional formulaa.

B =A{—-Hy|de B} for a set of propositional formulae.

¢ =A{—-F0|0e C} for a set of propositional formula€.

y =A{CC|L e D} for a set of propositional formula®.

Y is a propositional formula.
A reasoningformula is called finitary if all setsof formulae involved are finite;
otherwise it is callednfinitary.
b) A set Th of reasoning formulae is calledteory of reasoning. It is calledfinitary
if all its elements are; otherwise it is cali®finitary.

So a reasoningformula prescribesthe truth of a formula in the future basedon
knowledge of initial facts, truth of currefdcts and consistencyof factsin the future
(if = Fe istrue, then® is nevertruein the future,so it is alwayseitherfalse or
unknown).

Definition 6.4 (Conservativity)
The theory Cons = { G » Ga |o. a propositional formula } is atheoryof
reasoning expressing conservativity of temporal models.

A theory of reasoning prescribes truthfa€tsin the future, analogouslyto inference
steps. But what about facts which become trueptiat in time spontaneouslythat



is without any inference rulprescribingtheir truth? We shouldhavea way to make
sure that this doesot happenwe want the modelsto haveminimal informationin
the sense that nothing becomes true if ttaeeano rules sayingso. This leadsto the
following notion of minimal models:

Definition 6.5 (Minimal temporal models)
A temporal modelgq_ is called aminimal model of a theory Th if it is a model of
Th and for any modeN_of Th, if N < o then N = .

A minimal model of a theory is a model for which there meesmallermodelsof the
theory, so they contain a minimum of information.

Given the fragmentof temporallogic we have defined, a natural property to
investigate is whether this fragment is suited for describing reasoning traces.
From now on we will assume that any theory includes the theons describedn
Definition 6.4. The first result is that all minimal models of dhgory are reasoning
traces.On the other hand,any reasoningframe is the set of minimal modelsof a
theory of reasoning:

Theorem 6.6

a) For any theory of reasoning Th its minimal models constitute a (partial)
reasoning frame.

b) For any (partial) reasoningrame @ thereexistsa theory of reasoningwhose
minimal models are exactly @ If thereis only a finite number of atomic
proposition symbols, then such a theory of reasoning can be taken finite and finitary.
Proof

a) It is easyto seethat a temporalmodel o is conservativeif and only if
M E Cons.

Let Th be a theory of reasoning. First we will show that any minimal modef tof
is a reasoning trace. L& be a minimal model offh. Since Th contains Cons,
M is conservative. We callarule ABAaoAay — Gy with a, B, ¢, y and y
as in Definition 6.3applicable in o at time pointt if

(M, t) F aaAPBAo@awy. Weclaim that fort 2 0: O 1 = Mod(Th(M ;) U
{YlaABA@Ay —GyeThis applicable att }). If for some s, Th(M s+1)
is not a superset oOEN(Th(MJU {Y|aAPBAQGAY — GyeThis

applicable ats }), theneither o is not conservativgdbut ¢ = Cons) or some
rule is not satisfied, s@« is not a model ofTh. Therefore Th(M s+1) 2
Cn(Th(M U {Y|a AP AOQ®AVY - GyeTh is applicable at s }).
Supposet is a proper supersetthen define the model N by N ;= M ; for
t# s+l and N g1 = Mod(Th(MJU {Y|a A B A @Ay — GyeThis
applicablein O at s }). Thenit is easyto seethat N < M andthat N is
conservativeTakeanyrulea A B A @ A y — Gy € Th and supposeit is
applicablein QO at time point t. Thenit can be easily verified that it is also
applicable in ¢ at time pointt. If t#s then (sinceg( E Th) we have



Y€ Th(M+1) = ThN +1) € Th(N ) for u > t+1,
SO (N ,t)F o ABA@®AVY > Gy. For t = s we haveby definition of

N s+1 that y e Th(N t+1) € Th(N,) for u > t+1, so again

(N .t) F aABA®AY — Gy Therefore N is a model of Th and
N < M in contradictionwith the factthat o wasa minimal modelof Th. We
have proven the claim.

Now suppose thatM ;= M 41 for somes, then therds norulein Th whichis
applicable ing at time points, but not before. It is easy to see that the sartes

are applicable at time point>s and at time points, and with the clainit follows
that ;M =M s for t>s So O is a reasoning trace. Now we will protteat the

set of minimal models is eeasoningrame. Taketwo minimal models o and N
of Th andsupposehat I g = N o and lim M < lim N. We will prove by
induction that for alli, ;< WN;:

-i=0: by assumptioni o =N o (S0 in particular o< N o).

- Induction step: Suppose aruleaABpA@ Ay — Gye Th is applicablein o
at time point i. Since ( M, i) E a A B and M o = N o we have
(N ,i)F aAPB. Notethat o =A{-FO|06e C } for a set of
propositional formulae C. Take a formula —F@ with 8 e C, then
(M ,i)E = FO,s0 0 ¢Th(M ) for t >i, butthen 8 ¢ Th(lim M) 2
Th(lim O), so 8 ¢ Th(N ;) for all t, in particular for t > i, so

(N ,i)F = FO.S0 (N ,i)F ¢@. Also,y = A{CE | e D} forasetof
propositionalformulae D. Take { e D, thenas ( ™ , i)  C{ we have
e Th(M ;) € Th( N;) (by induction hypothesis),so ( N , i) F Cg. It
followsthat (N , i) F o ABA @AWY, SO CABAO®AY - GyeTh is
applicable inqN_ at time point i. Sinceboth M and N areminimal modelsof
Th, with our claim we have:

Th(M t+1) =

Cn(Th(M) U {Y|laABA@AYy — GyeTh is applicable ing( att}) <
Cn(Th(NJu{y|aaBAroeay — GyeThis applicablein O at t }) =
Th(N+1) and asi +; and N+, are closed we haveM 11 £ N i+1-

So M ;<N foralli and M o= Ny SO M < N andas N wasa minimal
model of Th we haved( = N, We have proven that the set of mininmabdelsis a
reasoning frame.

b) Insteadof giving a direct constructionof the theory of reasoning,we will use
Theorem6.8. With a constructionsimilar to the one describedin the proof of
Theorem 4.4 (restricting the domain of the parameter sgiceeednot be complete)
we can show thahereexists a reasoningrame parameterp suchthat § , = 3.
With Theorem 6.8 there exists a thedrit, such that theset of minimal modelsof
Thy isexactlydp .

Given a belief state operat@ and a reasoning frame paramepersuited forT, we
have defined the corresponding reasoning fr@pe As this is areasoningrame, by



Theorem6.6 we canfind a theory of reasoningwhose minimal modelsare exactly
@p. However,we can find a more intuitive and direct definition of a theory for

reasoning forl" and p yielding the corresponding reasoning frame.

Definition 6.7
Let p: B — TP beareasoningrameparameterTakea pair (X, Y) € B, anda
formula ye Y\X, and denotep(X, Y) as . Then we define the rule foy as:
aABA@Ay > Gy with

a =A{Hgg|ge X},

B =A{—aHyd|de L\X},

O =A{FayyX)|Y £Y, (X, Y) e B},

y =A{Ce|e eV, ¢ 'y}.
In the formula ¢, the ay v are as follows: sincey'\y # @ (noninclusiveness)we
chooseay y- in Y'\Y. This ensures thay is added only if we are "headingpr the
right limit, Y. Let Thxyy denote the set of these rules for pé Y\X.
For any theoryX such that there is no paiK, Y) € B we define its rule:

aAB—->GlL
with o and B as above. Letrhy be the set of these rules for all sugh

Then atheory of (nonmonotonic) reasoning for p, Th, is defined by:
Thp = U(X,Y) <B Th(ny) V] ThN u Cons

Note that the formulae, v are defined here differently from Definition 5.2.

Theorem 6.8
Let p:B— TP be a reasoning parameter, tite setof minimal modelsof Th,

is exactly @p. If there is only dinite numberof atomic propositionsymbols, then
we can restrictTh, to a finite and finitary theory.

Proof
- Take a traceM in @,, andsupposeit is the traceassociateavith p(X, Y) for
some (X, Y) € B. Denote p(X, Y) as . Since (X, Y) € B, thereareno rules
oABP—o> GL applicablein o at anytime point. Now take any other rule
oaABA@AY oGy with

a =A{Hgg|ge X},

B =A{-Hyd|8e L\X},

¢ =A{Foayz(X)]Z=#Y, (X, Z) e B},

¥ =A{Celee Y, p(X, Y)(e,v)}
and suppose it is applicable in M at time point t (that is,
(M, )F aABAQAVY) AS (M ,1) E oA B it must bethe casethat
X' = X. Also, since (M ,t)E @,Y' must be equal tor. As (M, t) E vy, for
all e e Y with € 'y we havee e Th(I ;). By definition of the reasoningrace

associatedvith we have y € Th(M +1) € Th(M s for s > t+1 so



(M . t) E Gy. Thus 9 is a model of Th, . Now supposethereexists a model
N of Th, with N < O We will prove by induction thatN = o

* i=0: since N < M we have N o = M o.

* Induction: wehave M 11 = Mod(Th(M ) u {eeY |{yeY |vy 0} c

Th(M )} by definitionof . Takea ye{ oeY |{yeY | y 0}
Th(9 )}, then we have a rule
aABA@Ay =Gy e Thy with

a =A{Hgg|ge X},

B =A{—=Hyd|de L\X},

¢ =A{Fayz(X)|Z=Y, (X Z) € B},

Yy =A{Ce |e € Y,ey }
AsS Ng=Mg and N ;<M for s>i we have( N, i) F a A B A @, andas
forall € e Y with € Y we have € € Th(M ;) = Th(N ;), we have
(N ,i) E aaBAa@ay. Since N is a model of Th, we have (N, i) F Gy
SO ¥ € Th(MN j+1)- Furthermore™N = Cons so O is conservativewhence

ThikDu{eey | iyey v Bloyc Thoc )} c Th@ ). Soalso
M ir1 € Nj+1 and asN< M we have M i+1 = Ni+1-
We have proved thag is a minimal model ofTh,,.
- Take a minimal modef of Th,. The rules ofthe form a A B — GL ensure
that there exists a paifX, W) e B with Th( o) = X. If no rules are applicabla
M at any time point, then with the claim in the pro6éfTheorem6.6, I must be
constant, equal t@d,. Now take any trac@( in @, with Th(N o) = X (which
exists by the remark above), then we have gk @, and O is a minimalmodel
of Th, (by the first part of the proof), s;{= N which meansthat o € &, .
So suppose a rulew A B A @ Ay = Gy € Th, with

@ = A{Hog|ge X},

B =A{-Hyd|8e L\X },

¢ =A{-Fayz(X)|Z=#Y, (X, Z) € B},

¥y =A{Ce |e € Y,sy }
is applicable ingq at time pointt. Let N be the trace irg, with Th(N) = X and
Th(lim @) = Y. By induction we will prove thatq > N;
*1 =00 Th(Mo) =X = Th(No) SO Mo=No
* Induction: remember thalN ;1 = Mod(Th(N))u {ee Y |{w e Y |y 0} c
Th(N ;)}). Takea x e{oeY |[{yeY |y ¢} © Th(N )} By induction

hypothesiswe have Th(IN ;) € Th(M ), SO {e e Y | & X} < Th( ).
There is a rulea ABA @AY = Gy in Th, with a,p and ¢ asaboveand y'

=A{Ce |e€eY, ¢ x }, andthat rule is applicablein 9 attime point i.
Thereforewe have x € Th(I i+1). As Cons < Th,, O is conservativeso



Th@ ) = ThAN DU {oe Y (v e Yy Eloic That} e T o),
SO MNi+1 £ M1

We have proven thalN < 9, but 9 was a minimal model ofh, so (=N This
gives us thatM e 9, .

If there is a finite number of atomic proposition symbols then taerénitely many
non-equivalentformulae and finitely many theories, so the secondclaim follows
easily.

The logic we described is infinitary. On tbae hand,this is neededo get the result
that any reasoning frame can be described by a theory of reagse@fi TT 97] and
[EMTT 96]). On the otherhand,it is possibleto work with infinitary logic if the
temporal models have a finite representation and if the truth ioffiaite conjunction
in such a model is decidable (this may depend on the theory of reasoning).

Theories of reasoning for default logic

For defaultlogic a temporaltranslationwas alreadyintroducedin [ET 93]. Here a
default rule (a : B) /y is translated into the temporalle Ca. A = F(= B) = Gy,

which indeed is a reasoning formurathe sensedefinedabove(notice that translated
default rules form a stridubsetof the temporallanguage Default Logic is strictly
lessexpressivehan the temporallanguage evenwhenonly finite conjunctionsare
allowed).

7. Conclusions, related work and further perspectives

In this paper two levels of specification of nonmonotonic reasoaiadistinguished.
The notions of belief stateframe andreasoningrame were introducedand usedas a
semanticabasisfor theselevels. Moreover,the semanticaconnectiondetweenthe
levels were identified. The notiaof a belief stateoperatorwasinspiredby the work
on abstract(nonmonotonic)consequenceelations (such as the studiesof Gabbay,
[GAB 85], Shoham,[SHO 87], andKraus, Lehmann,andMagidor [KLM 90]) and
inference operations (see for example [MAK 89] and [MAK 94]). The latter paper (but
also [VOO 93]) already suggests to look at intended belief sets abstractly.

The level 2description,using reasoningraces,is new, to our knowledge,in the
field of (nonmonotonic)reasoning(with the possible exceptionof step-logic (see
[EP 90]). Trace semanticsfor processesin general (not necessarily reasoning
processesjs of courseknown from processalgebra,and the temporal semanticsof
programs can alsbe seenas such, if we view a (linear) temporalmodel as a trace.
The situation calculus semantics for logic programs of [LR 96] are lmas#te same
idea of describing the dynamic reasoning process explicitly.

A specificationlanguagefor level 1 wasintroducedand a fragmentof infinitary
temporallogic wasintroducedand proposedas a generalspecificationlanguagefor
level 2. Thereexist temporallogics for describingthe mental statesof agentsover
time (such as the Temporal Belief Logic of [FW @F] for example,the multi-agent



system logic of [SIN 94]), but thesee not gearedtowardsdescribingnonmonotonic
reasoning. A multi-epistemic variant of the temporal logic described temde used
to formally describe the behaviour of compositional multi-agent systems (see
[EJT 98] which descibes the use of this logic for verification purposes).

The use of temporal logic augmented with an ordering on temporal models, and the
selection mechanism of taking minimal models of a theory, is analogous to the use of
these techniquesin nonmonotonictemporal reasoning,which is concernedwith
commonsense reasoning about actions and change in the world (see [SS 95] for an
overview). Their intendedsemanticscapture the idea that in the physical world,
nothing changeaunlessthereis an explicit reasonfor change,whereasour intended
semantics capture the intuition that in the mind eé@soningagentnothing changes
unless there is an explicit reason for change.

It was shown that the temporal logicssitedfor describingreasoningramesand
that for a finite number of atomic propositisgmbolsonly finitary formulaecanbe
used.On the other hand, for a countablelanguageexamplesexist where finitary
formulaeareinsufficient; see[MTT 97] for an examplewith countablymany belief
states that cannot be expressed by finitary means. Furthermore, a correct trasfslation
a reasoning frame parameter to a theory in the logic was given.

Our framework allows a unified way of looking at nonmonotonic reasaatimgo
different levels of abstraction. Abstract properties of nonmonotaaisoningat these
levels can be studied in a way analogous to for instance in [KLMsB@][EHT 95]).
Also specification of reasoning can be done in a unified way. Logical properties of
specification language for level 2 are studied in [ENG 96].

Although many nonmonotonicformalismscan be describedand specifiedin our
framework, we cannot claim thahy reasoningprocesdfalls in its scope.We would
like to relax someof the conditionsfor belief stateoperatorsand reasoningframes.
Since the specification languageswe proposed exactly capture these (restricted)
notions of belief statéramesandreasoningrames,it meanswe would also haveto
adaptthe specificationlanguagegfor instanceby allowing a more generalform of
formulae, or by dropping the conservativity axioms).

In [ET 93], [ET 94] it is shownfor a numberof exampleshow the languageof
temporal logic can be used to specify sets of intended reasoatitegns.The dualism
between multiple outcomesand multiple reasoningtraces of a nonmonotonic
reasoning processis also studied in the context of default logic, leading to
representationheory: for which set of outcomescana defaulttheory be found with
these outcomes (for a number of results in this area, see [MTT 97] and [EMTT 96]).
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