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INTRODUCTION

In this paper a duality principle is formulated for statements about skew
field extensions of finite (left or right) degree. A proof for this duality
principle is given by constructing for every extension L/K of finite degree a
dual extension L,/K,. These dual extensions are constructed by embedding
a given L/K in an inner Galois extension N/K.

The Appendix shows that such an embedding can always be constructed,
and introduces the notion of an inner closure N for L/K.

In Section 1 some properties of inner Galois (or bicentral) extensions are
mentioned, leading to the notion of a dual extension and the duality
theorem.

In Section 2 it is shown that the basic structures of L/K can be described
by those of a dual extension L,/K,. A survey of this is the translation table
at the end of Section 2. Based on these translations the general duality
principle is formulated.

In Section 3 we establish dual connections between a number of notions
known in the literature. For instance, it appears that cyclic Galois exten-
sions and binomial extensions are duals of each other.

In Section 4 dual connections are used to prove in an easy way some
results on cyclic Galois extensions, generalizing Amitsur’s results [1].

Compared to [5], in this paper in Section 1 the proofs are much shorter
and generalized to the new notion of a predual extension. In Sections 2 and
4 derivations are also handled. Section 3 follows some parts of Chapter 7 of
[5]- In Section 4 most of the material is new, although some special cases
already were handled in [5]. The construction in the Appendix is new.

We continue with some basic terminology. By a field we mean a skew
field; we denote fields by K, L, N, D, E with or without subscripts. If K< L

* 1 am indebted to Professor P. M. Cohn for reading an earlier version of this paper and
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2 JAN TREUR

then by Z,(K) we denote the centralizer of K in L, and Z(X) denotes the
center of K. If Kc N and Z,Z (K)= K we call K bicentral in N (or N/K is
inner Galois). The following rules are useful:

Z,(Ky)cZ,(K,) whenever K, <K,
K<Z,7Z,(K)
Z2,2,2,(K)=2,(K)
ZU(K,-K)=Z(K))nZ,.(K,)
wZ,(K)=Z,(wK) if weAut(L),

The structure of duality implies that one has to deal with a left-right
switch while dualizing. This means that for every notion we use both the
left-form and the right-form whenever one of them is defined. The same for
notations: for instance, automorphisms are sometimes written on the left
and sometimes on the right of the elements on which they act.

If teN, by I, we denote the left-multiplication x — t-x, sometimes
restricted to a subfield L of N.

An element 0 of L* is called a left-normalizing element of L/K if 6K c K6.
If L/K has a left basis consisting of left-normalizing elements we call L/K a
left-normalizing extension and such a basis a left-normalizing basis; in that
case the commutation rules for the eclements of X with respect to this basis
are in diagonal form. Therefore in [5] the word “diagonal” is used for
“normalizing.” If 8 is both a left- and right-normalizing element of L/K, we
speak of a normalizing element of L/K. The set of thése is called the nor-
malizer of K* in L* and is denoted by N, .(K*).

We call L/K a left G-crossed product if G is a group and there are given
elements 6, (ie G) in L and g, ; (i, je G) in K such that §,, ie G is a left-
normalizing basis of L/K and rules of multiplication 8,0, =y, ;6; hold for
all i, je G. In that case 0,, i€ G is called a G-basis. Notice that a binomial
extension [3, p. 61] is a G-crossed product for a cyclic group G, and that a
normalizing basis of the form 1, 6, 62, .., 6"~ gives a pseudolinear exten-
sion with zero derivation.

1. DUAL EXTENSIONS

We assume K<L and K< N. By £4(L, N) we denote the set of left
K-linear maps of L into N. We consider it as a right N-linear space. As
in [4, p. 159] we have the following lemma; this lemma gives a relation
between some left and right dimensions. Notice that we differentiate
between infinite dimensions by considering them as (infinite) cardinalities.
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LemmA 1.1. Let Kc Na N, be given. Then the following hold:
(a) [L:KJ,Sdimf84(L, N).
(b) Assume, moreover, [L : K],< . Then

[L:K],=dim}\L'(L, N)
QUL N)=2'(L,N)-N,.

If 6y, .., , are elements of 8'(L, N) then these are right independ-
ent over N if and only if they are over N,. They form a basis of
LIL, N) over N iff they form a basis of 24(L, N,) over N,.

Proof. Llet e, i€l be a left basis of L/K. The dual elements
e} e Q4 (L, N) defined by the relations e*(e;)=1 if i=j and zero else are
right independent over N. This proves (a).

Now assume [L:K],<oco. Then the ¢*, jel, form a (dual) basis of
LL(L, N) over N. Therefore the dimensions are equal; since the same holds
for N, we have 24(L, N,)= 24(L, N)-N,.

Finally, suppose ¢,,..,¢,€ 84(L, N) are right independent over N.
Extend them to a basis of £,(L, N) over N. This basis spans £4(L, N|) as a
right N,-space, hence must be independent over N, too. |

From now on we assume Kc Lc N and K, =Z,(L), L, = Z ,(K). Every
element € L, induces the left K-linear mapping /,: x —» ¢ - x from L into N.
These /, for e L, span a right N-space A < £/ (L, N). The following lemma
gives a link between L, and £4(L, N) using these left multiplications.

LEmma 1.2, dim\ U =[L,:K,],. In particular, if t,e L, for icl, then
the following are equivalent:
(1) t,, iel, are right independent over K.
(ii) {,, i€l are right independent over N.
(iii) the K-homomorphisms w;: L — N given by x — t;xt[!
independent over N.

Furthermore, if [L:K], <o then [L,:K,]<[L:K],.

are right

Proof. (i)=(ii) Suppose /,, i€ I, are dependent over N. Then we can
find 4;€ N, not all zero, such that 3 /,.-4,=0, 1, =1 for some i, and such
that {ieI|A;#0} is minimal. Let x e L be given; for any ye L we have

Y tx-yh=Y 1(xy)2,=0

) tix'ii.}’:z I(x)4;-y=0.
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From minimality it follows that for every iel and yel, yi,=4iy
Therefore 4,€ K,. Now take x=1.

(ii)= (i) Suppose t;, i€/, are right dependent elements of L, over
K,,say X t,4,=0 for some 4,€ K,. Then for any x€ L we have

Y L(x) A=Y t,xi; =Y t,4,x=0.
Hence the /,, ie I, are dependent over N.

(ii))= (iii)) This is easy; the remainder follows from 1.1. |

Combining 1.1 and 1.2 we see that something special happens in case
[L:K],=[L,:K,],. The following theorem shows that this is the case if
K is bicentral in N. This generalizes Corollary 2 of p. 49 of [3].

THEOREM 1.3. Let K< L N be a chain of fields with K bicentral in N.
With K, = Z (L) and L, = Z y(K) we have:

(a) The following are equivalent:
(i) [L:K],< o,

(1]) [Ll :Kl]r<ms

(iii) dim} A < oo,

(iv) dimy84(L, N)< o0.
(b) If (i)-(iv) of (a) are satisfied, then

[L:K],=[L,:K,],
A=2gLL(L, N)

and L is bicentral in N.

Proof. (a) (i)=(ii)<>(iii) follows from 1.2. (iv) <> (i) follows from
1.1.
We prove (ii)= (i) and (b). Apply 1.2 to L,/K, and L/K:

[Zn(Ky): ZML) ]S [L K ] S [L: K],
Since Z,(L,)=K and L < Z,(K,) we have
[L:K),£[ZMK)): K] =[ZN(K,) : Z(Ly)]s
We see (i) holds and (b). ]

We come to the following notions:
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DerINITION.  We call L/K and L,/K, dual (in N) if

KI=ZN(L)a K=ZN(L1)
Ll:‘ZN(K), L=ZN(K1)'

We call L,/K; a left predual of L/K (in N) if [L:K],=[L,:K,],< .

We also say “L,/K, is a dual of L/K” or “L/K has a dual in N.” In the
following proposition it is established in (iii) that in case [L: K], <
duality implies preduality. -

ProrosiTiON 1.4, Assume Kc Lc N and K, =Z (L), L,=Z \(K).
(a) The following hold:

Z(Ky=KnL,cZ(L,)
Z(L)=LnK,cZ(K,)
Z(K)=LnL,cZ,(K)).
If L/K and L /K, are dual in N then the inclusions are equalities.
(b) Assume [L:K),< . Then:
(i) Ly/K, is a left predual of L/K if and only if W= QL(L, N).
(i) L/K and L,/K, are dual in N if and only if K is bicentral in N.
(iii) L/K and L,/K, are dual in N if and only if
L,/K, is a left predual of L/K
and
L/K is a right predual of L,/K,.
Proof. (a) This is easy to verify.
(b) Part (i) follows from 1.1 and 1.2; (ii) and (iii) follow from 1.3. ||

Notice that the notion of dual extension is right-left symmetric, so if both
[L:K],and [L: K], are finite, and L,/K, is a dual of L/K, then L /K, is a
right and left predual of L/K.

The following proposition asserts that, if L/K has a left predual in N,
then L/K also has a left predual in any extension of N; it follows from 1.1
and 1.2.

PROPOSITION 1.5. Assume L/K has a left predual L,/K, in N, t;€ L, for
ieland Ny=L(t;;iel). For N, > N, the following are equivalent:
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(i) ¢, iel, are right independent elements of Z (K) over Z (L).
(i) 1, i€l are right independent elements of 2'(L, N,) over N,.
(iii) ¢;, iel, are right independent elements of L, over K,.

The same equivalence hold if “independent elements” is replaced by “basis.”
In particular L/K has a left predual in N, and in every extension of N. |}

Theorem 1.3 is one of the two fundamental steps to construct dual exten-
sions. The other step is the construction of inner closures (see Appendix).
This enables us to formulate:

DuaLiTY THEOREM 1.6. (a) Existence. Every L/K can be embedded in
an N such that L/K has a dual in N.

(b) Dual correspondence. Suppose L/K has a left predual L,/K, in N,
and @ and ®, are the lattices of intermediate fields of L/K and L,/K,. Then

¢:D—>Z\(D)
is an injective anti-homomorphism of @ into @, and

[¢(D):4(E)],=[E:D],

for all D, E€ @ with D < E; in this case ¢$(D)/¢(E) is a left predual of E/D.
If, moreover, L/K and L /K, are dual in N then ¢ is an anti-isomorphism
between @ and @, with inverse D, —» Z (D) and for every D, Ec @ with
Dc E, ¢(D)/¢(E) and E/D are dual in N.

(¢} Uniqueness. Suppose L/K has a left predual in N. Then N can be
extended to an N, such that L/K has a dual in N,. Assume such an N, is
given, and L,/K, is the dual of L/K in N,. If ¢, is the lattice of intermediate
fields of L/K; then D, — D, N is an injective homomorphism of @, in &,
which preserves right degrees, with one-sided inverse D, — K, - D,. Any right
basis of such D,/K, is also a basis of K, - D,/K,. Moreover, if L,/K, is also a
dual of L/K, then D, — D, N is an isomorphism between @, and @, with
inverse D, - K, - D,.

Proof. (a) Existence. This follows from the inner closure construction
(see Appendix).

(b) Dual correspondence. The case that L/K and L,/K, are dual in N
follows from 1.3. General case: also from 1.3 it follows that any N, such
that N/K has a dual in N, provides a dual extension of L/K, say L,/K,. If
D, Fe @ with D c E, then from a comparison according to 1.2,

(L:ELLE:D],[D:KY,2[L,:4(D)],[4(D): 4(E)],[H(E): K ],,

it follows that these degrees must be equal, so ¢(D)/@(E) is a left predual of
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E/D. Therefore any right basis of ¢(D)/#(L) is a right basis of
Zy,(D)/Zy,(L). From this it follows that ¢ is injective in the general case
that L/K has a left predual in N.

(¢) Uniqueness. In (b) we saw the first part of (c). Suppose L/K
has a left predual in N and a dual L,/K, in N,oN. If D,e®,, then
D,=Z,(D) for some D=2, (D,)e®d, and D,n N=Z (D). Therefore
D> Zy(Dy) =2 ZyZy(D3)=D;nN is an injective homomorphism
&, > &, which preserves right degrees. From Proposition 1.5 it follows
that any basis of D,nN=Z,(D) over K, is a basis of D, over K,.
Therefore K, - (D,n N)=D,. In case L,/K, is a dual of L/K, it is clear we
have an isomorphism. |

In Section 2 we will give a dual description of some more of the structure
of L/K. This will give a more far-reaching uniqueness of the dual extension
of L/K: all basic structures of one dual L,/K, are in some sense isomorphic
to those of another dual L,/K,.

2. DUALIZING BAsiC STRUCTURES

The purpose of this section is to get a survey of how the basic structures
of L/K can be translated (dualized) to basic structures of a dual L,/K, of
L/K. We already have the link between the centers and centralizer of L/K
and those of L,/K, given by Proposition 1.4(a). Further we have the
general link between intermediate fields of L/K and those of L,/K, given by
the Duality Theorem 1.6. In this section we successively go into the follow-
ing basic structures:

A. More specific intermediate fields of L/K in relation with specific
intermediate fields of L,/K,.

B. K-homomorphisms, K-derivations, and other K-linear maps in
relation with elements of L,/K|.

These structures are only well dualizable in dual extensions and in case of
finite degree. In case of preduality, essential points miss.
As before we work with given Kc Le N and K, =Z (L), L,=Z \(K).

A. More Specific Intermediate Fields.

In handling a general L/K, sometimes it is easier to split L/K into parts
that are easier to handle. Many examples of this strategy can be found in
the literature. A closer look at these examples shows us that two types of
decomposing L/K are often used:
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KcK-Z,(K)c<L (see, for instance, [3, p. 61, Theorem 3.4.2])
KcZ,Z,(K)c L (see, for instance, [3, p. 52, Corollary]).

Notice that these specific intermediate fields are invariant, as a whole,
under K-endomorphisms of L. We introduce:

DeFINITION,  L/K is called

— central or of type 1|if K-Z,(K)=L,
—  plain or of type 2|if K=K-Z,(K),
— outer or of type a|if Z,Z,(K)=L,
— inner or of type b|if K=Z,Z,(K).

In a similar way we can speak of L/K as an inner-central extension or of
type _b] and so on. Notice that for the word “inner” sometimes “bicen-
tral” is used, and that L/K is inner iff L/K has a dual inside L, namely
Z,(K)Z(L).

It can be verified that the first decomposition mentioned above splits
L/K into a central extension followed by a plain extension, and that the
second decomposition splits L/K into an outer extension followed by an
inner extension. In [5, Chap. 6] some more is done on these decom-
positions. In fact almost half of the results there were found from the other
half using the duality principle. At this point we only mention the fact that,
in case [L: K], < o0, repeated decomposing leads to a unique (standard)

decomposition
e

with K-invariant intermediate fields D, E, E’, F. What interests us here is
how these structures can be dualized.

5

\\ 5
s

PrOPOSITION 2.1. For L/K and L,/K, dual in N the following hold.

(@) ZyK-Z(K)=Z,Z,(K,). If, moreover, [L:K], <, then
also

ZN(ZLZL(K)) =K, 'ZLl(Kl)'
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(b) L/K is of type 2| if and only if L\/K, is of type al| If L/K is of
type 1| then L,/K, is of type b|; if moreover, [L: K],< oo, then L/K is of
type 1| if and only if L\/K, is of type b|.

(c) The dual of the standard decomposition of L/K is the standard
decomposition of L,/K,, assuming that [L : K], < .

Proof. (a) From Proposition 1.4(a) it follows that

ZUK-Z,(K)=ZK)NZNZ/(K)
=L,nZyZ,(K,)
= ZleLl(Kl)‘

Of couse, by symmetry we have Zy(K,-Z,(K,))=Z,Z,(K). In case
[L:K],<o, by the duality theorem it follows that Z,(Z,Z,(K))=
K, -Z,(K,).

(b) Note that L/K is of type 2|if and only if Z,(K)= Z(K) and that
L/K, is of type a|if and only if Z, (K,)=Z(L,). Hence the first part of
(b) follows from Proposition 1.4(a). The remainder of (b) follows from (a).

(c) Follows from (b). See Fig. 1. ||

B. K-Homomorphisms and K-Derivations

From Proposition 1.5 we see that every left K-linear map L — N can be
described by a linear combination of left multiplications by elements of L.
In case of more specific kinds of K-linear maps some more can be said. We
treat K-homomorphisms and K-derivations in the following generalized
form of the Skolem—Noether theorem.

THEOREM 2.2 (Skolem-Noether). Let L,/K, be a right predual of L/K
in N, and E an intermediate field of L/K. Then the following hold:

(a) If ¢: E— N is a K-homomorphism, then there exists an element
Oe L¥ such that x¢ =0""x0 for all xe E.

(b) If D: E— N is a K-derivation, then there exists an element 8e L,
such that xD = x0 — 0x for all xe E.

Proof. Notice that E/K also has a right predual in N, hence £(E, N) is
spanned over N by the /,, te L,.

(a) Write ¢ as a linear combination of independent /, with r,e L¥;
given ye L, for any x e L compare (xy)¢ with x¢ -y, as follows:

(xy)p =3 L(x) yA,
xp-yp=) 1.(x) 4y
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FIGURE 1

It follows that

A yh= YA,
By taking 6 = A, we finish the proof.

(b) Asin (a), but this time take t,= 1 for some i and compare (xy)D
with xD -y +x . yD, as follows:

(xy)D=Y 1,(x) -y,

xD-y+x.yD=Y I(x)-Ay+1,(x)-yD.
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By independency of the /,, i1, it follows that

Ly - (yAi,— 2, y)=1;-yD,
where i, is chosen such that e, = 1. Taking 6 = 1, finishes the proof. |

See also [4, pp. 162, 174]. This theorem tells us that K-homomorphisms
and K-derivations can be dualized to elements of L,. In what follows we
take a closer look to find what can be said of these elements under more
specific conditions, such as ¢: L~ L, D: L~ L, or ¢ € Gk, the group of
K-automorphisms of L.

LemMA 2.3. Let L,/K, and L/K be dual in N and 6e N*. If o:L— N is
given by x — 0~ 'x0 then the following hold:

(a) 0 is a left-normalizing element of L,/K, if and only if w: L — L is
a K-homomorphism of L into L.

(b) If [L:K], < or [L:K],<0o0, then every left-normalizing
element of L,/K, is also a right-normalizing element.

Proof. (a) From OZy(L)8 '=Z,0LO"') it follows that
0Z (L)Y0 ' <=Zy(L) if and only if 0L~ ' o L if and only if L > L.
(b) 'In this case @ is an injective K-linear map of a finite-dimensional
K-space L. Hence o is surjective, which means 6 ~'L6= L. From (a) it
follows that @ is also a right-normalizing element. [

Notice that every L,/K; can occur as some Z,(K)/Z,(L). From Lem-
ma 2.3(b) it follows that in general in the finite-dimensional case we can
omit the prefix “left.” In that case e N L;(K;"). Next we give the dual
characterization of the group G, of K-automorphisms of L.

PrROPOSITION 24. Let L\/K, and L/K be dual in N with [L:K], < .
For any O € L¥ define the K-homomorphism n(0): L - N by xn(6)=0""x6.
Then:

(a) m(8,)=m(0,) if and only if K¥8,=K}0,.
(b) Every K-homomorphism L — N occurs as a n-image and 7 induces

an isomorphism
NLI'(KT)/KT = GL/K'

Proof. (a) This follows from

iff 0;7'x6,=0,'x6, forall xelL

m0)=m0) g g etek,
1v2 .

(b) In this case from Theorem 2.2 it follows that = is surjective. ||
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Lemma 2.3 and Proposition 2.4 open the possibility to interpret Galois
extensions as duals of normalizing extensions. This will be worked out in
Section 3.

We give the results as in 2.3 and 2.4 for derivations. We call feL a
A-normalizing element of L/K if there exists a D: K — K such that

fa=ab + Da

for all ae K. It is well known that such a D is a derivation of K. If L/K has
a left basis consisting of products of A-normalizing elements then the
matrices induced by right multiplications r,, a € K, are triangular with ones
on the diagonal. If K~ and L~ are the Lie-algebras induced by K and L,
then the set of 4-normalizing elements of L/K forms a Lie-subalgebra of
L~ normalizing K —. We denote it by N, (K ~). Now we have the follow-
ing analogue of 2.3 and 2.4:

ProposiTiON 2.5. Let L,/K, and L/K be dual in N with [L: K], < 0.
For any Oe L we define the K-derivation 1(0): L - N by x1(8)=x0—0x.
Then the following hold.

(a) 0 is a A-normalizing element of L,/K, if and only if 1(0) is a
K-derivation of L into L.

(b) t(0,)=1(8,) if and only if 6, + K, =6,+K,.

(c) Every K-derivation L — N occurs as a t-image and 1 induces an
isomorphism of Lie-algebras

N, (K[ )KT =Der(L/K).
Proof. (a) Suppose ae K,. Then for any xe L
x - (0a— ab)= x0a — ax0
=(Ox+x1(0))-a—a-(8x+ x1(0))
=(fa—al) -x+xt(0)-a—a-x1(6).

Hence x commutes with 8a — a6 if and only if xt(6) commutes with a. This
proves (a).

(b) Suppose t(8,)=1(6,). Then for all xe L
Xgl - le = x02 - 02)(.

This can be rewritten to
x(0,—6,)=(8,—0,)x.

Hence 6, —~ 0,e Z,(L)=K,. The converse is clear.
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(¢) From Theorem22(b) it follows that every K-derivation
D: L — N occurs as a t-image. Especially this holds for the K-derivations
L — L. Now the isomorphism follows from (b). |

With this result we finish the section on K-homomorphisms and
K-derivations. Now we have dualized a number of basic structures (see
Table 2.6). This list can be extended to more specific structures, such as

TABLE 2.6

List of Dual Structures

L/K LK,

Centers and Centers and
centralizer centralizer
Z(K) Z(L,)

Z(L) Z(K,)

Z,(K) Z.(Ky)

Intermediate Intermediate
fields fields
KeDcL K,cD,cL,
K-Z,(K) Z,Z,,(K,)
Z,Z,(K) K, Z,,(K)

Standard decomposition

Standard decomposition

E E,
¢ & Q
KD FcL K, <D, FicL,
N NN
E E)
type 1] type b|
type 2| type a
type a| type 2|
type b type 1]
K-Mappings Elements
Homomorphisms
¢:L-oN fe Ly
¢:L-L 0 normalizing element of L /K,
Gui N (KP)K?
Derivations
D:L-sN fel,
D:L->L 0 A-normalizing element of L, /K,
Der(L/K) N (K VKD
Elements K,-Mappings

(the converse of the above)
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binomial extensions which appear as duals of cyclic Galois extensions (see
Section 3). Also the dual relations from this list can be used to find dual
statements of known statements. This provides a (meta-mathematical)
duality principle:

Every statement formulated in terms of basic structures considered
here can be dualized to a dual statement, which is true if and only
if the original statement is true. Sometimes also proofs can be
dualized and can provide new proofs.

3. GALoOIS EXTENSIONS AND NORMALIZING EXTENSIONS

In this section we study Galois extensions and normalizing extensions,
which appear to be duals of each other. First a lemma on normalizing
extensions.

LemMma 3.1. Assume [L:K],<oo. If L is generated over K (as a field)
by the normalizing elements 0,, i€ l, then L/K is a normalizing extension,
with a normalizing basis consisting of products of the 6.

Proof. One can easily verify that the left K-linear space R spanned by
all products of the 0, is a subring of L. Since [L :- K], < co this subring
must be a field; therefore R=L. |

The next theorem makes use of n as defined in 2.4. Remember that in
case of preduality = was surjective, so given w we can always find a 8, with
n(0,)=w.

THEOREM 3.2. Let L,/K, and L/K be dual in N with [L: K], < . The
Jollowing are equivalent:
(1) L/K is a Galois extension,
(i) L,/K, is a normalizing extension.
Further, assume that (i) and (ii) are satisfied.
(a) If GGk is a submonoid with K=InvG and 0,, weG, are

elements of L} such that n0,=w, then 8,, icl, is a normalizing basis for
L.,/K, for some subset I G.

(b) If 0, iel is a normalizing basis for L\/K,, and G= {n(8,)|iel},
then Inv G=K.
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Proof. We start with the following observation: if 8,, i € I, are normaliz-
ing elements of L,/K, and G = {=n(0;)|ie I}, then

InvG=LnZ\({0;|liel})
=ZN(K1)nZN({6i|i€I})
=Z(K,(0;;iel)).

(a) and (i)=(ii) By 2.3 the 0,,, w € G, are normalizing elements of
L,/K,. From the observation, by duality it follows that L, is generated
over K, by 0, we G. By Lemma 3.1 we see that L,/K, has a normalizing
basis consisting of products of the 8, w e G. We are done if we prove that
for any w,, w, € G there exists a A€ K, with

0,-6,=A4.0

" Yoy = Mojw-

In fact this follows from 2.4(a) and

n(gwl : 0(»2) = n(eml) . n(ewz)
=, W,

=n(f

u)lwz)'
(b) and (ii) = (i) Follows from the observation. |}

One can use this dual relation between Galois extensions and normaliz-
ing extensions to derive the main theorems of finite Galois theory from
duality. There is an analogue of Dedekind’s lemma for the dependence of
normalizing elements. This line is worked out in [5, Chap. 7]. At this point
we continue asserting dual relations between different notions. The first
specific Galois extension we consider is the G-regular Galois extension, that
is, a Galois extension L/K such that InvG=K and card(G)=[L: K]
(both finite).

THEOREM 3.3. Let L,/K, and L/K be dual in N with [L:K],< . The
Sfollowing are equivalent:
(i) L/K is a regular Galois extension.
(i) L,/K, is a crossed product.
Further, assume that (1) and (ii) are satisfied.

(a) Suppose G is a subgroup of G,k such that L/K is G-regular. If
elements 0, we€G, of L¥ are given such that xw=0;'x0,, for xe L, and
8.,=1, then 8, we G is a G-basis of L,/K,.

(b) Suppose 6,, i€ G, is a G-basis of L,/K, for some group G. If for

481/119/1-2
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i€ G we define w,€ G by xw;=0;"'x0, then i > w, is an embedding of G
into G x; identification of G with its image in G ,,x makes L/K a G-regular
extension.

Proof. (a) and (i) = (ii) Suppose L/K is G-regular. From Theorem 3.2 it
follows that 6,, weG, is a normalizing basis of L,/K,. Since
n(8,6,)=n(0,), L,/K, is a G-crossed product with G-basis 0,, i€ G.

(b) and (ii) = (i) Suppose L,/K, is a G-crossed product with G-basis
0;, ieG. It is clear that {— w; is a homomorphism. If w;,=id, then
0,e Zy(L)=K,, so i=e, the unit element of G. We see that i > w, is an
embedding. Theorem 3.2 implies that Inv G= K. Furthermore, by the
duality theorem card(G)=[L,:K,]=[L:K]. |

Theorem 3.3 generalizes Theorem 3.3.8 on page 55 of [3]. The following
corollary establishes that binomial extensions and cyclic Galois extensions
are duals of each other.

CoRrOLLARY 34. Let L,/K, and L/K be dual in N with [L: K], < .
The following are equivalent:

(i) L/K is a cyclic Galois extension.

(ii) L,/K, is a binomial extension.
Further, assume that (1) and (i1) are satisfied.

(a) Suppose we G of order n is given such that Invw =K. If 0e N*
is such that xw=0""x0 for all xe L, then 0 is a generator of the binomial
extension L|/K,.

(b) Suppose 0 is a generator of the binomial extension L,/K,, and
weG is given by xo=0"'x0 for xeL. Then w has order n and
Invo=XK

PROPOSITION 3.5. Let L,/K, and L/K be dual in N with [L: K], <.

(a) Assume L./K, is a pseudolinear extension with generator 8 and
zero derivation. Define w € G x by xw =0"'x0 and take G = {w'|ie Z}, the
cyclic group generated by w. Then Inv G=K.

(b) Assume G is a cyclic subgroup of G, say generated by w, and
assume Inv G = K. Let an element 0 of L¥ be given such that xw = 0~"x0 for
all xe L, then L /K, is a pseudolinear extension with generator 0 and zero
derivation.

(¢} In particular (a) and (b) imply that the following are equivalent:
(i) L,/K, is a pseudolinear extension with zero derivation.

(ii) There exists a cyclic subgroup G (possibly infinite) of G, with
Inv G=K,
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Proof. (a) Apply Theorem 3.2(b) with 6, =0 for i=0, .., n—1.

(b) From 3.2(a) it follows that 1, 8, 6°, ... span L, over K,. Let m=0
be maximal such that 1,0, .., 8"~ are left independent over K,. Then all
higher powers of 8 are linear combinations of these 1, 6, ..., 0™~ !. Therefore
m=n. |}

This proposition again gives a link between two notions known in the
literature, namely, pseudolinear extensions and invariant fields of one
automorphism or of a cyclic group of automorphisms, which are dealt with
in Bortfeld [2].

Many of the results of this section have counterparts for the case of
derivations instead of automorphisms. One can define notions of A-nor-
malizing extension and A4-Galois extension such that these are duals of
each other. We will not go into the details of this at this point, although
in Section 4 some special cases are treated in relation with binomial
extensions.

4. APPLICATIONS OF DUALITY

We continue with binomial extensions and cyclic Galois extensions. If §
is a binomial generator of L/K of degree n then we have the norm

for Ae No L; here S is given by S(x)=60x0"". Further take u=6".

LemMa 4.1. Let L/K be binomial with generator 0 of degree n, and
KcLcN.If Je N* and 0, =18, then the following hold:

(@) 0i=p, with p=RN/(4S)y, and, 0,a=5,(a)0, with
Si(a)=24S(a)i~! for aeK.

(b) The following are equivalent:

(i) @ — 0, induces a K-isomorphism between L and K(0,).

(ii) RN,(4;S)=1 and L€ Z\(K).

Proof. (a) This is easy to verify.

(b) (i)=>(ii) If (i) holds, then p, =p and S, =S, hence (ii) follows

from (a).
(ii)=> (i) We must prove that X" — u is the minimal polynomial of

@,. The K-homomorphisms

n,, T K[X; SN
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with ny(X) =6 and n(X)= 0, satisfy
K[X; S](X" — p)=ker n,c ker 7.

Since L =4 K[ X; S1/ker n, is a field, ker 7, is a two-sided ideal, maximal as
a left ideal. Therefore ker n, = ker n. This gives the K-isomorphism between
L and K(6,). 1

Using duality it is very easy to give the following characterization of
cyclic Galois extensions:

THEOREM 4.2. Assume Z(K)nZ(L) contains a primitive nth root of
unity, where [L : K],=n. Then the following are equivalent:

(i) L/K is a binomial extension.

(i) L/K is a cyclic Galois extension.

Proof. (i)=>(ii) If { is a primitive root of unity in Z(K)n Z(L), then
S()=¢ and RN,({; S)=("=1. Lemma 4.1(b) gives that 8 — (6 induces a
K-automorphism w of L, which is of order n. It is easily verified that for
x=Y"-4a,0'e L one has w(x)=x if and only if xe K. Hence Invw=XK.

(it)= (i) Follows from (i) = (ii) in a dual L,/K, of L/K, using 3.4. |

This theorem generalizes the results of Amitsur [1] (see also [3, p.67])
by dropping the condition “outer” and simplifies the proof a lot.
The following result is a generalization of the corollary on p. 68 of [3].

THeorReM 4.3 (Hilbert 90). Let L/K be a cyclic Galois extension and let
o€ L satisfy RN, (x; w)=1, where o is a K-automorphism of order n with
K=1Inv w. Then there is a fe L* with a=""-w(p).

Proof. Take a dual L,/K, of L/K in some N. By 3.4 we have a binomial
generator of L,/K, such that w(x)=6x6"" for all xe L Now apply
Lemma 4.1(b) on « and L,/K,. From Proposition 2.4 it follows that the
K,-homomorphism ¢: L, -» N given by 6 —af can be described by a
Be L*: ¢(x)= B~ 'xp for all xe L,. Taking x = 0 finishes the proof. |

The above results and their proofs illustrate how duality can be used to
find new results and to prove them in a completely different way, compared
with the usual proofs. In a similar way one can find new proofs for the
classical results of Wedderburn on finite skew fields and of Frobenius on
finite-dimensional extensions of the real numbers.

Most of the results of this section have counterparts for the case of
derivations instead of automorphisms. We sketch some of these:
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ProposITION 4.4.  Assume char(K)= p. Let L,/K, be a dual of L/K. The
Sfollowing are equivalent:

(i) There exists a K-derivation Dy: L - L with D§= D, and Dyx =0
if and only if xe K.

(ii) L,/K, has a left basis 1,6, ..., 6° =" with 67 — 0 = pe K,, where 0 is
a A-normalizing element of L,/K,.

If (1) and (i) are satisfied then one can relate D, and 8 by
Dyx=0x—x8  for xelL.

Proof. (i)=(ii) By 2.5 we can find a 0 inducing D, as an inner
derivation.

From (i) it follows that K= Z,(K,(8)). By the duality theorem we have
K,(6)=L,. Since 8 is a A-normalizing element of L,/K; this implies
1,0, .., 07 'is a left basis of L,/K;.

From D% = D, it follows that 67 — 0 = pe K, for some pu.

(ii)= (i) Take for D, the inner derivation induced by 8; then (i)
casily follows. |

This proposition again gives a link between two known types of exten-
sions. We use it to generalize another result of Amitsur [1] (see also
Proposition 3.5.8 on page 72 of [3]).

PropoSITION 4.5. Assume [L : K),=char(K) = p.
(a) The following are equivalent:
(i) L/K is a cyclic Galois extension.
(i) L/K has a left basis 1,0, ..., 67~ ' with A-normalizing element 0
of LIK and 0 —6=pe K.

If (i) and (ii) are satisfied then one can relate them by w(8) =0+ 1, where w
is a generator for the cyclic Galois group.

(b) The following are equivalent:

(i) L/K is a binomial extension.

(iiy There exists a K-derivation D,:L— L with D§=D, and
Dyx =0 if and only if xe K.
If (i) and (ii) are satisfied then one can relate them by Don=n, where n is a

binomial generator for L/K.
The statements in (a) and (b) are duals of each other.

Proof. Notice that by 3.4 and 4.4 the statements in (a) and (b) are dual.
Let L,/K, be a dual of L/K. We will make the cycle
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Li/K, (a)ﬂ(i) = (bﬁ(i) L/K
Ly/K, (a)(ii) <= (b)) L/K.

Suppose L,/K, is cyclic Galois. Then L/K is binomial, say with generator .
One easily verifies that Doy =1n defines a Dy: L — L satisfying (b)(ii). By
4.4 we find a fe L, satisfying (a)(ii) for L;/K,. Again one casily verifies
that 6 - 6+ 1 induces a K-automorphism w of L,/K, with w* =id and
Inv w = K. This closes the cycle and proves 4.5. |

APPENDIX: INNER CLOSURES

A useful tool is the following notion of inner closure; it is similar to the
notion of a normal closure for an extension of commutative fields. Notice
that we call 6,0’e N of the same K-type if K< N and 60— 6 gives a
K-isomorphism K(8) =, K(8'); we call L’ a K-copy of L if L, L’.

DEFINITION. An extension N of K is called an inner (normal) closure of
L/Kif Kc LN and

(i) For every e N\K there exists a '€ N of the same K-type such
that 8'#60 and the K-isomorphism 6— 8’ is induced by an inner
K-automorphism of N.

(ii) N is generated by K-copies of L of the form ¢ 'Lt for 1€ Z \y(K)*.
In this appendix we prove that every L/K can be embedded in an inner

closure. Notice that (i) holds if and only if N/K is an inner Galois extension
if and only if N/K is bicentral.

PROPOSITION A.l1. Assume K & L< N.

(a) If K is bicentral in N then the subfield L -Z \(K) of N is an inner
closure for L/K.
(b) If N is an inner closure for L/K, then K is bicentral in N and
N=L-Z\(K) and Z(N)y=Z(K)nZ(L).
Proof. (a) Take Nyo=L-Z,(K), then Zy(K)=Zy(K). Therefore
Ny/K is bicentral:

ZpZ oK)= Non ZyZn(K)=Non ZyZu(K) =K.

Take N, the subfield of N, generated by all t~'Lt for re Z, (K)*. Then
t7'Nytc N, for all te Zy(K)* From the Cartan-Brauer-Hua theorem it
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follows that Z (K)= N, or Zy(K)< Zy,(N,) (see [4, p. 186]). In the first
case we have Ny= N, and we are done. In the second case

Zn(K)2 Zy(LY> Z g (Ny) 2 Z v (K).

Then we have the contradiction

L < ZN()ZNQ(L) = ZN()ZNO(K) = K.

(b) Incase N itself is an inner closure for L/K, both N and L - Z \(K)
are generated by the fields 1~ 'Lt for te Zy(K)*. So N =L - Z(K). Finally,
Z(N)=ZN(N)=Z\L-Z\(K))
=ZML)NZNZ\(K)
=ZJL)nK
=Z(K)nZ(L). 1

Next we make constructions for inner closures. The following key-lemma
is helpful for that (see Cohn [3, p.120]). It provides in an extension
(infinitely) many K-copies of elements of L which are tied by inner K-
automorphisms.

KEey-LEMMA A.2. (a) Given L/K there exists an extension E of L and
an element t € Z ;(K)* such that t~'xt # x for every xe L\K.

(b) One can take the E of (a) of the form E= Lo x K(t); this field
contains as a subfield the field coproduct of countably many K-copies of L in
the form of ;. zo x t'Lt’.

This lemma introduces new elements for which again K-copies should be
constructed, of course by the same construction. So applying repeatedly
this lemma gives us an inner closure:

ProOPOSITION A.3. For every L/K there exists an inner closure N.
(a) One can choose N as

N=L0KD With D=,'=1°KK(ti)

and t;, i 2 1, are commuting with the elements of K.

(b) It is also possible to choose N as the field

N=L(t), t5, ..)
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generated by L and t;, i = 1, satisfying
t,eZy(K)
t,eZy(L)  for i22

L=t for jZi+2.
In that case also L is bicentral in N.
Proof. We may assume K < L.
(a) We construct a chain
Ey=KcL=E,cE,cEjc - O E,=N,

i=1
where for i= 1

E; y=E;° ¢ K(t;).
Then we have (by the key-lemma)
t,€ Z y(K), 1t £ x forall xeE\K~

Therefore K is bicentral in N. Furthermore N=L(t,, t,,..)=L-Z\(K).
From Proposition A.1 it follows that N is an inner closure of L/K.

(b) We modify the construction of (a) by taking
Ei \=E;- Ei-y E;_ (1)

Then t;€ Zy(E;_,), t; *xt;# x for all xe E\E,_,. In particular t,e Z \(K),
and for i2 2, t,€ Zy(L). Therefore both K and L are bicentral in N. As in
(a), N is an inner closure of L/K. |

In [§5, Chapters 2 and 3], different constructions are made using model
theoretic concepts like A-closed fields and generic fields. These notions are
similar to the notion of algebraic closure for the case of commutative fields.
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