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1. Introduction

In [MH93a,b] a nonmonotonic logic was introduced, called Epistemic Ddfaglt (EDL). It

is basedon the metaphorof a meta-levelarchitecture.lt already has been establishedin

[MH93a,b] how upwardeflection canbe formalizedby a nonmonotonicentailmentbasedon

epistemicstates,andthe meta-levelprocessby a (monotonic)epistemiclogic. The meta-level
reasoningcan be viewed asthe part of the reasoningpatternwhereit is determinedwhat the
possibilitiesare for defaultassumptiongo be made,basedon which informationis available
and (especially) which is not. The outcoatehe meta-levelconcernsconclusionsof the form

Pd, whereg is an object-level formula. In EDL, default conclusionslkaet separatdrom the
object level knowledge (they remain at the meta-level),by meansof this explicit default
operatorP (just like in NML3, see[Doh91]). If onewantsto draw further conclusionsfrom

them using object level knowledge this shouldibeeat the meta-level.Comparedo a meta-
level architecturewhat was still missing was the step where the default assumptionsare
actually made, i.e., where such formupeare added to the object level knowledigeprderto
be able to reasonfurther with them at the object level. Here we actually “jump (down) to
conclusions”. This is what should be achieved bydibenwardreflectionstep.In the current

paper we will introduce a formalization of the downward reflection step in the reasoning pattern

aswell. Thusa formalizationis obtainedof the reasoningpatternasa whole consistingof a
processof generatingpossible default assumptionsand actually assumingthem (a similar
pattern as generated by the so-called BMS-architecture introduced in [TT91]).

The formalization of downward reflectioniisspiredby [Tre94, HMT94], whereit is pointed
out how temporalmodelscan provide an adequatesemanticsfor meta-levelarchitecturesn
generaland[ET93, ET94] wheretheseideashave beenworked out to obtain a linear time
temporal semanticlr defaultlogic. The generalideais that conclusionsderivedat the meta-
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level essentially are statements aboutstia¢eof the objectlevel reasoningat the next moment
of time. So we can define downward reflection as a shift of time in a (reasoning) process that is
described by temporal logic.

In this paper in the Sections 2 tdi logic EDL is presentedAs comparedwith earlier
publications ((MH91a, MH92a, MH93a,b]), the logicskghtly extendedn orderto caterfor
downwardreflectionin subsequensections.n Section7 we define a labeledbranchingtime
temporalizationof this logic, in spirit of the approachof [FG92]. In Section8 we define
sceptical and credulous entailment relations based on temporal models.

2. Epistemic logic
To start with, our language consists of objective formulas together with epistemic formulas.

2.1. DEFINITION (objectiveand epistemicformulas).Let P be a setof propositionalconstants
(atoms);P = {p | k O I}, wherel is eitherafinite or countablyinfinite set. The setOBJ of

objective formulas is the smallestcontainingP and closedunderthe classicalpropositional
connecitvesThe formula L is shorthandfor (px A —pk), for an arbitrary px € P. The set
FORM of epistemicformulas, ,... is the smallestset containingOBJ, closedunderthe

epistemicoperatorK, where K¢ meansthat ¢ is known. Moreover, we use M¢$ as an

abbreviation for K-¢, meaning tha is epistemicallypossible.For I' 0 FORM, we denote
by Prop(’) the set of objective formulas in

Objective formulas are interpreted on ordinary valuations:

2.2. DEFINITION (propositionalmodels, classicalconsequence)A valuationis a function s

from P to {t, f}. The setof all valuationsis denotedMlod(PC). By determinings' behaviour
under the Boolean connectives,such a valuation is straightforwardly extendedto a truth

function on arbitrary objective formulas a (cf. Definition 2.5): we then say that s is a
(propositional modeljor a. For anysetof valuationsM and objectiveformulaa, we write M

E aif any se M is a model fo.

To interpret the whole set FORM of epistemic formulas, we need richer structures:

2.3. DEFINITION (simple S5-Kripke models). A (simpl&6-modeM is a non-emptysubsetof
Mod(PC). The elements ¥ are calledworlds. We denotethe classof simple S5-modelsby
Mod(S5). Note that for any Mc Mod(PC) we may interpretarbitrary objectiveformulas, but
in orderto interpretepistemicformulas(cf. Definition 2.5) we haveto conceiveM as an S5-
modelM.



The more general definition of an S5-model requires M to be of the formatM = (W, 1, R[]
where, for each w W, 1(w) is a valuation (thus, different elements ofrifdy verify the same
objective formulas) and R an equivalence relation (needed to interpret the operator Kjprbut
our purposeswve will assumeS5-modeldo be simplein the senseaswe definedabove.One
canshow that our assumptiordoesnot changethe validities of the logic (cf. Definition 2.6
below), but it facilitatesa numberof technicalissuessuchasthe definition of submodelsand
union of models. However, some caution is in order here: although the restriction toStmple
models does not affect the notion of validity, some ofptegositionson S5-modelselow do
depend on the simplicity of the models, anchdbhold for general S5-models.

The set of worlds in an S5-model represents a collection of alternative worlds that are considered
(equally) possible on the basis of (lack of) knowledge. In the next sectionwe shall use S5-
models as representations of the reasoner’s objective knowledge and epist¢arknowledge
(i.e., what he knows that he knows or does not know).

2.4. REMARK (submodels and union of S5-models). Note that undenation of S5-models,
which arejust setsof valuations,one easily definesa subsetrelation on S5-models,and an
operation of union upon them.

2.5. DEFINITION (interpretationof epistemicformulas).Given the S5-modelM < Mod(PC),
we definethe relation (M, s) = ¢ , with s € M by inductionon the structureof the epistemic
formula¢:

(M, s)E p = s(p) =tforpOP

M, s)F Y0y, = (M, s)= @y and M, s)F Y,
(M, s)= - = (M, s)k Y

(M, s)F Ky - (M,s)= ypforallse M
(M, s)= My = (M, s")= Y for some st M.

Note, that the definition of th€-operator states thétis knownpreciselywhen¢ holdsin the

whole set of epistemic alternatives;that for the M-operator statesthat ¢ is considered
epistemically possible iff there is at least one epistemic alternative that satisfigke sequel,
when we write Mc Mod(PC) we want to interpret it as@llectionof propositionalformulas,

whereasjf we write M for the samecollection,we intendthatM € Mod(S5), on which the

epistemic formul&¢ has an interpretation. We then say Mais based or.

2.6. DEFINITION (validity and satisfiability).
(i) ¢ isvalidin an S5-modeéM € Mod(S5), denotedM E ¢, if for all m O M: (M, m)& ¢.
(i) ¢ isvalid, notationMod(S5) = ¢, if M = ¢ for all S5-modeld.



(i) ¢ is satisfiableif there is an S5-modM and a world nt] M such thatM, m) & ¢.
Validity w.r.t. S5-models can be axiomatized by the sys$ém
2.7. DEFINITION (systemS5). The logicS5 consists of the following:

Axioms:
(A1) All propositional tautologies
(A2) (K¢ OK(d - b)) - Ky Knowledge is closed under logical consequence.

(A3) K¢ - ¢ Known facts are true.
(A4) Koé - KKo One knows that one knows something.
(A5) -K¢ - K=K¢ One knows that one does not know something.

Derivation rules:

(R1) w Modus Ponens
(R2) L Necessitation
K¢

That¢ is a theorem derived by the syst8kis denoted b5 - ¢.
2.8. THEOREM (Soundness and completenesS9f S5+ ¢ = Mod(S5) F ¢

2.9. DEFINITION. We say a formuld is innormal formif it is a disjunctionof conjunctionsof
the formd = a A KBy A Ko A ...A KBy A My A Myo A L..A My, wherea, B andy; (i<n, |

< k) are all objective formulas.
The following holds for the logi&5;

2.10. THEOREM ([HC68]) In S5 every formulap is equivalent to a formuld in normal form

In particular, this theorem implies that every epistefmimula can be represente@quivalently
without nested epistemic modalities.38 one thus can do without nestings.

3. Epistemic states and stable sets
In this paperwe simply define an epistemicstateasan S5-model. The idea behind this was
alreadytouchedupon after Definition 2.3. The worlds in an S5-modelrepresenthe statesof



the (real) world that the reasoner considers possible. Thus the S5-model as a whole delimits th
waysthe realworld is like asfar asthe reasoneirs concernedIn otherwords, it determines

what he knows about the world and what he does not (what he has doubts about by
considering contradictory possibilitieg)herefore,an S5-modelrepresentsruly the epistemic

state of the reasoner.

3.1. DEFINITION. An epistemic statés an S5-moddM € Mod(S5). The setM of worlds in M
is the set ofpistemicalternativesallowed by the epistemicstateM . For sucha modelM, we
define KM) as the set of facts knownM: K(M) = {¢ |M = Kd}. We call K(M) the theory
of M orknowledgen M.

We mentionherethat the knowledgein M are exactly the validitiesin M: K(M) = {d | M &
Ko} ={d |ME ¢}. Cf. [MHO4].

3.2. LEMMA. For any S5-modeM1 andM2: M1 c M iff Prop(K(M2)) < Prop(KM1)).

3.3. REMARK. The converse relation af on Kripke modelgCf. Definition 2.4), will play an
important role in the sequéM; 0 M, means that the modM,, viewed as a representationf
the knowledgeof a reasonerjnvolvesa refinementof the knowledgeassociatedvith model
M. This hasto be understoodas follows: in the model M, less (or the same)worlds are
considered possible by the reasonecaaparedby the modelM 1. So, in the former casethe
reasoner has less doubts about the true nature of the world. By Leminu&out that this
meansthat with respectto model Mz the reasonerhas at least the objective knowledge
associated with modMl, and possibly more. So in a transitiorM>f to M2 we may say that
objectiveknowledgeis gainedby the reasoner.Thus the relation ‘[’ actsas an information
ordering on the set of S5-models. Finallg remarkthat Lemma3.2 is a typical exampleof a
propertythat holdsfor simple S5-modelsonly; with respectto generalS5-modelswe would
only have the ‘only if’ part of the Lemma (cf. the discussion following Def. 2.3).

3.4. ROPOSITION(Moore [M0085]).
(i) The theoryz = K(M) of an epistemicstateM is a so-calledstableset i.e., satisfiesthe
following properties:
(St 1) allinstances of propositional tautologies are elemeris of
(St2) ifé¢O0Zandd —» Y OZtheny OZ;
(St3) ¢0Z < KpOZ
(St4) ¢0X - KO
(St5) Zis propositionally consistent.



(i) Every stable s&X of epistemic formulas determines an S5-Kripke mM;Iglfor which it
holdsthat> = K(Mz). Moreover,if P is afinite set,thean is the unique S5-Kripke
model with this property.

The (proof of) the following proposition, which determirs¢gblesetsin the realmof classical
propositional logic (cf. St 1 & 5), is also to be found in [M0085].

3.5. RROPOSITION A stable set is uniquely determined by the objective formulas it contains.

3.6. REMARK. Thus stable sets aasthe epistemiccontentsof an epistemicstate(viz. an S5-
model): a stable s&t= K(M) describes exactly the formulas known by the reasoner when he is
is in epistemicstateM . From Proposition3.4(i) we seethat this knowledgeis closedunder
classical propositional reasoning and under positive and negative introspecaneibrmula

is known alsothe fact that this is known is in its turn known by the reasonerand if some
formula isnot known, the fact thatit is not known is known itself. This reflectsthe (perhaps
rather strong notion of) rationality of the reasor@m.the otherhand, 3.4(ii) saysthat a stable
set of epistemic formulas determinesan S5-model, the epistemic state associatedwith
(knowing) this stableset. Proposition3.5 statesthat a stable set, and thus the associated
epistemicstate,is completelydeterminedf one specifiesexactlywhat objectiveknowledgeis
present at the reasoner. The rest of the known set of formulas (the stable set) then follows.

4. Entailment based on epistemic states: upward reflection
On the basis of epistemstates Halpern& Mosesdefine an entailmentrelation ~ with which

one can infer what is known, and, more importantly, what is unknown in such epistemic states.

Recall that with every set of valuationsM we can associateits epistemic state M ina
straightforwardway (cf. Definition 2.5). Intuitively, M associatesvith M the epistemicstate
given by considering (only) the set M of classical propositional modéie ttee possiblestates
of the world: this set, so to speak, gives a partial description of the real wagkehénal,more
than just one classical model is considgvedsibleso that only thosefacts are known that are
true in allof them.We canexploit this ideafurther and define an entailmentrelation basedon
the premise that wenly knowsome objective formul@. To thisendwe needsomeadditional
notation:

4.1. DEFINITION. Given someobjectiveformula ¢, we define My, as the set of valuations
satisfying¢, i.e., My = {m 0O Mod(PC) | m = ¢}. The epistemicstatethatis associateavith
Mg is denoted biMy.



We have the following alternative characterizationgf
4.2. ROPOSITION My = U{M |[M ¢} = U{M |M - Ko¢}.

Proposition 4.2 says that in order to Ma; we can alsa@onsiderall S5-modelsof ¢ andtake
their union to obtain one ‘big’ S5-moddihe resultimmediatelyfollows from the fact that we
havesimple S5-models,and from the fact that, for objective formulas¢ and arbitraryM e
Mod(S5), M £ ¢ < (sinced is objective—adopting theiew thatM 0 Mod(PC)) M & ¢ -

M OMgy. SOU{M M F ¢} = U{M | MOMgy}=My. ThusMy =U{M |M = ¢}.

Now we are ready to define an entailment relation basdtis “big” model. Keepingin mind

that ‘2’ acts as an information order on models (Cf. 3.3), we define wh#t@o®nsequences
of knowing only the objective formulfras those formulas that hold in the “big” moNﬁ]:

4.3. DEFINITION (Nonmonotonicepistemicentailment).For ¢ [0 Prop(FORM),and ¢ 0
FORM:

OF W - WO K(My).

Informally, this means tha is entailed byp, if Y is contained in the theory (knowledge) of the
“IargestSS-modeI”M¢ of ¢. Halpern& Mosesshowedin [HM84] that this “largest model”
need not always be a modeldoitself if we allow ¢ to containepistemicoperatorsHowever,

in our case where we only use objective formdbl,eﬂq, is always the largest model for This

is obvious from our constructionof Mq,, sinceMy = ¢ and thereforeM¢ E ¢ (sinced is
objective).Moreover,in this casethe theory K(Mq,) of this largestmodel is a stableset that
containsp and such that for all stable s&tsontainingd it holds thatProp(K(Mq,)) U Propg)
(by Lemma 3.2and Proposition3.4), thus K(Mq,) is the “propositionally least” stablesetthat
containsp. Sof~ can also be viewed apeeferentialentailmentrelation in the sense of Shoham
[Sho87,88], wherethe preferredmodelsof ¢ arethe largestones,viz. M¢, wherethe least
objective knowledge is available.

We denotethe mapping¢ — K(M¢) by k: kK(p) = K(M¢), the stable set associatedwith

knowing only ¢. Alternatively viewed, k() is the [~-closureof ¢. Note that sincek(¢) =
K(M¢) Is a stable set, it is also propositionally closed.

We give a few examplego show how the entailmentf~ works: Let p and g be two distinct
primitive propositions. Then:



pHK(pUa)

pF -Kqg

pKpUM-q
pUgF K(p Ug) OKp UKg
pUgF K(p Og) IM-p OM-q

Obviously, the entailmentrelation |~ is nonmonotonicjustifying the namewe have given it.
(For instance, we havefp M-q, whilenot p 0 g ~ M~-q; it even holds that@q -M-q.)

The nonmonotoniaepistemicentailment~ enablesus to derive from an objective formula ¢,
characterizinghe exactepistemicstateof the reasoner(viz., technically,the epistemicstate
M¢), exactlywhatis known and, evenmoreimportantly,whatis unknownin this epistemic
state.This latter propertyrendersthe entailmentrelation context-sensitiveand nonmonotonic,
so thatthe relation |~ goesbeyondan entailmentexpressiblan ordinary epistemiclogic: with
respect to its premise the relatisrinvolves a kind of epistemic closure.

Finally we state a property of that we shall need in the sequel:

4.4. ROPOSITION The entailment relatiop enjoys the property:

OFY1&ow O 6 Dys.

PROOF. Directly from Definition 4.3 and the fact that the stableset K(Mq,) is closedunder
conjunction (which in its turn follows from the fact that a stable set is closed under
propositional reasoning and contains the tautolggy- (Yo —» (W1 OWo)) ). W

5. The epistemic preference logic S5P

The “upward reflection” entailmentrelation |~ enablesus to derive informationaboutwhat is

known andwhatis not known. In this sectionwe show how we canusethis information to

perform default reasoning. To this end we extend our language with opéhnatanglicatethat

something is aefault beliefind thus has a different epistemic stdhas a certainfact In this

way the proverbial“jump to conclusions’is not madedirectly in the logic, but a somewhat
more cautiousapproachis taken. The “jump” itself will be part of a next operation,the

“downwardreflection”, which will be discussedn the next sectionwhen we incorporatea

temporal element into our approach.



Let | be a finite set of indexes. The lo@&P of epistemicdefaultlogic is an extensionof the
epistemiclogic S5 by meansof specialmodal operatorsP; denoting default belief (w.r.t.
situation or frame of mind i), foril I, and also generalisatioRs, for t [J I.

Informally, Pi¢ is read as¢ is a defaultbelief (within frame of referenca)”’. As we shall see
below, a frame of reference(or mind) refersto a preferredsubsetof the whole set S of
epistemicalternativesThis operatoris very closeto the PA (possibleassumptionpf [TT91]
and the D (default) operator of [Doh91]. The generalis&ignis thenreadas a defaultbelief
with respect to the (intersection of the) frames of reference occurring in

Formally, S5P-formulas aiaterpretedon Kripke-structureqcalled SSP-modelspf the form
M=, {Mj |01}, {R;|iOI}), where M is a collection of worlds, M= M (i O I) aresets
(frames’) of preferred worlds, andy R M x M; (i O I). Whenwriting M1 = M2, we always
mean that the set of worlds M is a subset of those M. Again we haveidentified worlds
s and their truth assignmen®/e let Mod(S5P) denotethe collectionof Kripke-structureof
the aboveform. Givenan S5P-modeM' = M, {M; |i O 1}, {R; |1 O 1}), we call the S5-
modelM based on M th&5-reducof M'.

5.1. DEFINITION (interpretation of S5P-formulas). Given a molek M, {M; |i0 1}, {R; | i
O 1}, ) we extendthe truth definition on S5-modelsoy the following clausedor the Pj- and
Pr-operators:

(M, m)= P iff (M, m)E ¢ for all m* with R(m, m"), for iCl I;
(M, m)E P iff (M, m') = ¢ for all m" with R(m, m"), where R=;;R; andt O I.

Thus the former clausestatesthat Pj¢ is true if ¢ is a default belief w.r.t. subframeM;,
whereaghe latter saysthat P¢ is true if ¢ is a default belief w.r.t. the intersectionof the
subframes ¥ i O 1. We will sometimesdenotethis intersectionby M+. In the clausefor Py,
we assumehat, for T = @, Mj3;R; = M x M. Soin this specialcasewe get that the P
modality coincideswith the knowledge operator K. Validity and satisfiability is defined
analogously as before.

It is possible to axiomatise (the theory dfpd(S5P) asfollows (cf. [MH91a, MH93a)): take
the S5 system for the modalitl¢ (anddual M) anduseK45 for the P-modalities(both the P;

and thePy), together with relating axioms, resulting in the system:

5.2. DEFINITION (systemS5P). In the following, i rangesover I, and 1 over subsetsof |.
Moreover,O is a variable overK, P, Py | ie I, tcI}; ¥ ande range over {it |ie | T }.
(B1)  All propositional tautologies;



(B2) (@¢o0O0G - ) - OY
(B3) 0¢ —0O0¢
(B4) -00 — 0-00¢:

(BS) K¢ - ¢;

(B7) Pyl — (PyPad <> Psd);

(B8) Pio<Ppd
(B9) P:d — Prd Il
(B10) Poo < Ké.

(R1) Modus Ponens
(R2) Necessitation fdk: - ¢ O +~ K¢.

Axiom (B1) says that we are dealing with an extension of propositional logic; (B2hsap
the operator&, Pj, andP; are ‘normal’;(B3 and B4) expresghattherelationsR, R; and Ry
are transitive and Euclidean, respectively; (B&YysthatR is reflexive; (B6) and(B7) helpus
to get rid of nested modalities: a nested modality is always referring t@thecorresponding
to the innermost one. (B8) provides us with a bridgieveenthe modalitieswith indicesfrom

| and those of P(l); it also shows that in fact we could do withowRjtee(B9) says that if
T, then R c Ry . Finally, (B10) is the syntactical counterpart of our definition thatRR.

We call the resulting syste85P. In the sequelve will write ' -g5p ¢ or ¢ [ Thggsp(lN) to
indicatethat ¢ is an S5P-consequence®f I'. We meanthis in the more liberal sense:it is
allowed toderive ¢ from the assertionsn I' by meansof the axiomsandrulesof the system
S5P, including the necessitationrule. (So, in effect we considerthe assertionsn I as
additional axiomsE +ggp ¢ iff =sspr ¢.)

As for S5, one can again prove a normal form theoreng&#t implying thatall formulascan
be represented equivalently as formulas without nestings.

5.3. THEOREMT I gsp ¢ < (for allM € Mod(S5P): M= T 0 M E ¢)
PROOF In the Appendix.

6. Epistemic Default Logic (EDL)



In the language d85P we express defaults of the forgn: Y / X (using Reiter'snotation, Cf.
[Rei80]) as¢ O My — P, for somei O I. Hered | and ) are objectiveformulas. The
readingof sucha formulais “if ¢ is true andy is (considered)ossible,then is preferred
(within frame M)”. Usually we consider cases wheyés syntactically equal tg (the so-called

normal defaults).

By combiningthe formal apparatuof S5P with Halpern& Moses’ honmonotonicepistemic
entailment we obtain a framework in which we can perform default reasdmitigs paperwe
call this framework Epistemic Default LogiEDL ).

6.1. DEFINITION (defaulttheory). A defaulttheory© is a pair (W, A), whereW is a finite,

consistentset of objective (i.e. non-modal)formulas describing(necessaryJacts about the
world, andA is a finite set of defaults of the fogn My — Ry, wherep W andx areagain

objective formulas, andll I. The sets W and are to be considered as sets of axioms vesd
may apply necessitation to the formulas in them.

In principle, it would be possible tasethe indexi of the P-operatorin a completelyarbitrary
way, to be chosen by the knowledge engineer. However, in order to be able to aabtie
defaultsin a defaulttheory separatelffrom eachother, in the sequelwe shall assumeall P-

operatorgan a defaulttheoryto be distinct. This will allow for a genericway to look at the
possibilitiesof combining default beliefs by using the P;-operators.So, for examplerather

than to look at a default theory with= {p O Mq - P1q, r O Ms - Pys}, in which for both
defaults the same operatey is used,we considerthesetA' = {p O Mq - P, r O Ms -
P>s}, in which both defaultsare representetby meansof different operators?; andP,, and
consider the combined operaR 5.

6.2. DEFINITION (default entailment). Let a default thed@y= (W, A) be given.Let W* be the

conjunctionof the formulasin W. Note that W is a finite set, and moreoverthat W only
consists of objective formulas. Furthermoregléte an objectivéormula. Thenwe definethe
default entailmentelation g w.r.t. defaulttheory © asfollows: (Recallthatk(¢) standsfor

the ~-closure ofp, wheref~ is the nonmonotonic epistemic entailment of section 4.)

dFo W = defK(GOW*) O Atg5p U

This definition statesthat, given a defaulttheory ©, ( is a default consequencef ¢ iff @

follows in the S5P-logic fronthe defaultstogetherwith whatis implied by knowing only the
conjunction ofp with the background information W.



Notice that the following equivalence holdghich statessomethingabouta modularity of the
entailment relations.

6.3 FROPOSITION
dFoW o there exists a S5-formulpl € FORM such that

OW* = W' and{y} U Ak gsp U

PROOF. This follows directly from the definition of g and Proposition4.4, asis seenas
follows. Suppose we have f~g U, i.e, K(¢LCW?*) [0 A+ggp Y. The logicS5P is compact,

hencethereareay, ..., ak € K(¢CW*) anddy, ..., On € A suchthatay, .... ok, 01, ..., On
+ssp Y. By definition ofk, since for eachs k, aj € k(¢[W*) we have¢W* |~ a;j for all i

< k. Lety' =01 A ... Ak then, by Proposition 4.4)" satisfies the right-hand side of 6.8.

Instead otrue g Y, we simply writef~g . Note that, fol© = (W, A) we haved (g Y iff
Fo P, with®' = (WuU {¢}, A). Furthermore, if is a finite set oepistemicformulas,and
an S5P-formula, then we defifg~g Y asl"™ g Y, wherel* standsfor the conjunctionof
the formulas irT".

6.4. EXAMPLE (Tweety). Consider thollowing defaulttheory® = (W, A) with W ={p -
-f} and A = {b OMf - Pf}, representinghat penguinsdo not fly, andthat by defaultbirds
fly. (For conveniencave omit the subscriptof the P-operator.)Now considerthe following
inferences):

(). bk b0O-K-f (1)
b O =K~f F gsp b O Mf )
b OMf +ggp P, 3)
i.e., brg P,

meaning that from the mere fact tAateetyis a bird, we concludethat Tweetyis assumedo
fly. (Here |~ stands foHalpern& Moses’ nonmonotonicepistemicentailment.)This mustbe

contrasted to the inference:

(i). bOpkKp - sgp K-f (1)
K=f - ggp “Mf (2)
~Mf #* g5p P, 3)

i.e,not b O p g Pf,

meaning that in casBweetyis a penguin,we cannotinfer that Tweetyis assumedo fly, but
instead we can derive that we know for certain that Tweety does notfilyHy K-f.



7. A temporal formalization of downward reflection

In the previoussectionit has beendescribedhow upward reflection can be formalized by a
nonmonotonic inference based on epistemic states, and the meta-level preacéesihgtonic)
epistemiclogic. In the currentsectionwe will introduce a formalization of the downward
reflection stegn the reasoningpattern.The meta-levelreasoningcan be viewed as the part of
the reasoning pattern where it is determined what the possibilities are for defauttptiongo
be made, based on which information is available and (especially) which is noutCbmeat
the meta-level concerns conclusionghed form P, whered is an object-levelformula. What
is still missingis the stepwherethe defaultassumptionsire actually made,i.e., where such
formulas$ areaddedto the objectlevel knowledge,in orderto be ableto reasonfurther with
them at theobjectlevel. Here we actually“jump (down) to conclusions”.This is what should
be achieved by the downward reflection step. Thus the reasoning pattexhale aonsistsof
a process of generating possible default assumptions and actually assuming them.

By these downward reflections at the object level a hypothetical world description is created and
refined. This meansthat in principle not all knowledgeavailableat the object level can be
derivedfrom the objectlevel theory W: downwardreflection createsan essentialextensionto

the object level theory. Thereforeit is excludedto model downwardreflection accordingto
reflection rules as sometimescan be found in the literature, e.g., “If at the meta-levelit is
provable that Provabl) then at the object levélis provable” (e.g., see [Wey80)):

MT ~ Provabled)

A reflectionrule like this can only be usedin a correct mannerif the meta-theoryabout
provability gives asincereaxiomatisatiorof the objectlevel proof system,andin that caseby
downwardreflectionnothing canbe addedto the object level that was not alreadyderivable
from the object level theory. In the above rule the meta-theory isconlsernedvith onefixed
object level theory. Since wessentiallyextendthe objectlevel theory, and consequentlyvant
to move to another object level theory, an approadhkanin the rule abovecannotserveour
purposes here.

In fact, in our casea line of reasoningat the object level is modelled by inferencesfrom
subsequently chosen theoriesteadof inferencesrom onefixed theory, wherein the choice
of the next object-leveltheory the upward and downward reflections play a role. Another
differencewith the above*“traditional” approachto meta-levelreasoningis that we shall treat
thesereflection steps model-theoreticallyinstead of proof-theoretically,as shifts from one



model to anothenyhich resultsin a temporal“super’-model indicating how theseshifts may
take placeover time. Actually, to keepin perfectline with the above,we should explain by
means of these models habjectknowledge(modelledby a setM of valuations)is reflected
upwards to get a model for epistemic meta-knowledge (modelled by an SSM1pduiw this
meta-knowledge is then extended with meta-knowledge about default beliefs (modelled by S5P-
models), and how, subsequentlythis meta-knowledgeis reflected downwardsto object
knowledge (modelled by a new set M’ of valuatiomgain.However,representinguchshifts
in atemporalmodelwould involve (sequencesf) threedifferent models(setsof valuations,
S5-modelsand S5P-models)which would be quite involved and cumbersomeTherefore,in
order not to complicateour temporalmodelstoo much, in our presentsettingwe shall not
representhe abovethreestepsseparatelybut treatthem®in oneblow”, so to speak,i.e., as
one “super’-step. Now we are able to represent ttegeer’-stepsas shifts from S5P-models
to S5P-modelsso that our temporal“super’-modelonly involves sequence®f one kind of
model, viz. S5P-models, of which the S5-reducts represent the reasuects/e knowledge
and epistemicmeta-knowledgeand the frames(‘P-") parts represenimeta-knowledgen the
form of default (or preferred)beliefs. We shall still refer to thesesuperstepss downward
reflection although as we stated above, apart from a refleofidine “meta-knowledge’in the
form of defaultbeliefs containedin the S5P-modelat handto the object level by converting
someof thesebeliefsinto objectknowledge,it also includesan immediateupward reflection
from the next objectlevel theory (or rather model) resulting from this to the next meta-level
theory as represented by an S5P-model again.

In [GTG93] such a shift between theories is formalized by usirexplicit parametereferring
to the specific theory (called ‘context’ in their terms)that is concerned,and by specifying
relations between theories. In their case reflection rules (‘bridge milésir terms)may have
the form:

MT + Provable(OT'p)

Hereit is assumedhat at the meta-level knowledgeis availableto derive conclusionsabout
provability relationsconcerninga variety of objectlevel theoriesOT. So, if atthe objectlevel

from a (current)theory OT someconclusionshavebeenderived,and theseconclusionshave

been transformedto the meta-level, then the meta-level may derive conclusions about
provability from another object level theory OT'. Subsequently one can continue the object level
reasoning from this new object level theory OT'. The shift from OT to OT" is introduaeskby

of the above reflection rule.



As we saidabove,in the approachas adoptedherewe give a temporalinterpretationto these
shifts betweentheories.This can be accomplishedby formalizing downward reflection by
temporal logigas in [Tre94]).In a simplified case,whereno branchingis takeninto account,
the following temporal axioms can be used to formalize downward reflection:

PO - X0

for every objectiveformula ¢. Here X is the temporal operatorassertingthat in the next
(epistemic) state its argument is true.

In the general case we want to take into account branching and the role to be playediby
Tin P:¢. We will usethis indexT to label branchesn the set of time points. By combining
EDL with the temporallogic obtainedin this mannerwe obtain a formalization of the whole
reasoning pattern.

We start (following [FG92]) by defining the temporalizedmodelsassociatedo any classof
models and apply it to the classes of models as previously discussed.

In contrast to the reference as mentioned we use lafhebesl of time. We useonefixed setL
of labels, viz. L = £ the powerset of thimdex setl. However,in mostdefinitionswe do not
use this fact, but only refer to (elementsf) L.

7.1 Flows of time

7.1. DEFINITION (discrete labeled flow of time).

Suppose L is a set of labels(discrete) labeled flow of tim@r Ift) , labeled by L is a paF =
(T, (<p)t e L) consistingof a nonempty(countable)set T of time points and a collection of
binary relations gon T.Herefor s, tin T andt in L the expressiors <; t denoteghatt is a
(immediate)successonf s with respectto an arclabeledby 1. Sometimest is convenientto
leave the indices out abnsideratiorand usejust the binary relations < t denotingthats <; t
for somet (for some labet they are connected). Thus we have that << | <;. We alsouse

the (nonreflexive) transitive closure « of this binary relation: € = <

We will make additionalassumptionon the flow of time; for instancethat it describesa
discrete tree structure, with one root and in which time branches in the direction of the future.

7.2. DEFINITION (labeled time tree)
Anlft T=(T, (S)re L) is calleda labeledtime tree (Itt) if the following additionalconditions

are satisfied (recall that <[=3; <):
(i) the graph (T, <) is a directed rooted tree.



(i) (successor existence)
Every time point has at least one successor:
for all s T there exists aand a t1 T such that s
(iii) (label-deterministic)
For every labet there is at most ornesuccessor:
foralls, t, tOTitholds: s ¢t,s<gt' 0 t=t

There are still some additional properties that sometimes are required.

7.3. DEFINITION (sub-Ift and (maximal) branch)

a) Anlft(T, (<t)re L) is calledasub-Iftof anlft (T, (<¢)r ) if T' O T andfor all T it
holds <= < T'x T'. It is alsocalledthe sub-Ift of (T, (<{){ < L) definedby T’, or
therestriction of(T, (<t)re L) tO T'.

b) A branchin anIftTis a sub-IftB = (T", (<t)te L) of T such that:

() <« =«nT xT'is atotal orderingon X T'

(i) Every t in T' with a<-successor in T also hasauccessor in T
forallt O T, tOT:t'<tO thereisadl T :t' <s'

(i) Every element of T that is in between elements of T'is itself in T
forall sS'SO T, tOT,ud T :s'«t«uld tOT

c) A branchis called maximalif everyt' in T' with a t-predecessoin T alsohasa 1'-
predecessor in T' for some forall tO T,t' 0T : t < t', thereisat' andans' O T':
s' <t (Note that if T is a labeled time tree, this condition can be simplified toothe
of T is also the root of T'.)

We now immediately have the following:

7.4. ROPOSITIONANY branch of an IfT is an Itt.

7.5. DEFINITION

a) An Ift is calledsuccessor-complet€ for everylabel T everytime point has at leastone 1-
successor: for all s andhere exists a t such that gt<

b) A pathis a finite sequence of successors. s.., g suchthat:s < si;1 forall 0 <i<n-1.
We call g the starting point and, she end point of the path.

7.6. DEFINITION (time stamps). Giveanltt (T, (<¢)r e L), amapping|( : T — N is calleda

time stamp mappinig for the root r it holds that |r] = 0, and for all time pointsis holdss < t
O |t] = |s| + 1. (Note that this time stamp mapping is unique.)



Note that an Itt isnfinitely deepi.e., for everyk O N thereis atime pointt 00 T with |t| = k.
This is a direct consequence of the following proposition:

7.7. RROPOSITION
If B is a maximal branch in an Itt, then any tistampmappingis anisomorphismbetweenB
andN.

7.2 Temporal models
We first define our temporal formulas:
7.8. DEFINITION (temporal formulas).
a) Given alogid-, temporal formulas ovethe language of) are defined as follows:
i if ¢ is a formula oL thenC¢ is a temporal formula (also calledesmporal atom
i if ¢ andy are temporal formulas, then so are:
=0, 0 AW, & — W, Xaeh, Xeh, X0, Xod, Fod, Fud, G, Gad.
b) Below, our main concern will be temporal formulas d8&fP; we will alsoreferto them
as TEDL-formulas (temporal epistemic default logic formulas).

The above temporaperatorsarefairly standardn branching-timeemporallogic: X refersto
next-time,F to sometimesn the future and G to alwaysin the future; the subscriptsrefer to
whether one considers only somg possible path (possibly withfixed label t) or all (1) of
these. The C-operator is theaststandardit meanscurrently’. Usually in temporallogic this
operatoris not really useful, sinceit just statesthatits argumentsay ¢, holdsin the current
state,which is normally representedy the formula ¢ itself, without a C in front. Here,
however, we have a logic where we nexnporaland epistemiclogic, andthe C-operatoracts
asakind of separatobetweernthe epistemicand temporalpart: in C¢, its argument¢ is an
epistemicformula, while C¢ itself is a temporalformula. This also facilitates the semantic
definition below.

7.9. DEFINITION (temporal models)

a) Let MOD be a class of models, ald (T, (<)t L) a labeled flow of time.

A temporalMOD-modeloverT is amapping _: T - MOD. If __is atemporalMOD-
model for any class MOD we cal atemporal model

For tO T we sometimeslenote__(t) (the snapshott time pointt) by _ . Thetemporal
model can alternatively be denoted DykeT.

b) If we applya) to the classesof modelsMod(PC), Mod(S5) and Mod(S5P), we call
these temporalized modaEmporalPC-modelstemporal S5-modelsand temporal S5P-
modelsoverT, respectively.

c) Given an IftT, the temporal formulas are interpreted on MOD-models D follows:



I conjunction and implication are defined as expected; moreover
_,SE = iff not __, sk ¢;
i The temporal operators are interpreted as follows:
1) Co¢ means that in the current statés true, i.e.
_,SEChIiff _skE¢d
2)  Xgrd means thap is true in some-successor state i.e.,
__, SE Xt iff there exists a time point t with § &such tha._, tE ¢
3) Xmd means that there istavith somet-successor in whict is true.
__, SE X9 iff there exists a time point t with s <t such thatt= ¢
4)  Xpg1$, meaning thad is true in allt-successor states, i.e.,
__, SE Xg ¢ iff for all time points t with s gtit holds__, t= ¢
5) Xp¢ means thap is true in all immediate successors:
__, SE Xp¢ iff for all time points t with s < tit holds_, t= ¢
6) F means thap is true in some future state, i.e.,
__, Sk Fr iff there exists a time point t with s « t such tigtt ¢
7)  Fpd, means that for all future paths there is a time point wihésérue, i.e.,
__, sk Fp¢ iff for all branched starting in s there is at Bwith _, t= ¢.
8) G means thap is true along some future path, i.e.,
__, sk Gy iff there exists a brandB starting in s with_, t= ¢ for all t inB.
9) G, means thap is true all future states i.e.
__, SE Gp¢ iff for all time points t with s « tit holds_, tE ¢.
Note that the operatorC enforcesa shift in the evaluationof formulas; taking us from a
temporal modei _ and a time point t to an S5P-mod«.

During the reasoningprocesswe assumeo gradually extendthe information we have at the
object level, and consequentiyto shrink the set of possibleworlds by meansof reflecting
default beliefs downwardsto object knowledge.In terms of temporal S5-modelswe can
formulate this property as follows:

7.10. DEFINITION. A temporalS5P-modebbeysdownwardreflection if the following holds
forany s and :
the frame M in__gis non-empty = there is a t with st and for all such t

the set of worlds of {equals M

The above property expresses that the possible worlds in frarfrepesentinghe P;-default

beliefs) are taken to be the whole set of possible wortgsesentinghe objectiveknowledge)
in some {-) successor epistemic state (or, rather, SS5P-model).



Finally, we are readyto zoom in into the modelswe like to considerhere, the temporal
epistemic default logic models.

7.11. DEFINITION (TEDL-models)

A TEDL-model__ is a temporal S5P-model over arififsuch that:
1) Tis alabeled time tree;

2) For every time point s, there is exactly one t witlhst<

3) __obeys downward reflection.

The following notion is a crucial one for the sequel:

7.12. CEFINITION (conservativity and limit models). L&t= (T, ()1 e L) be a labeledflow of
time. A temporal PC-mode! overT is conservativef for every two time points s andatith s
<titholds that_(s)o__(t).

Suppose __is a conservative temporal PC-model. The intersectidineahodels__(s) for all s
in a given (maximal)branchB = (T’, (<'t)r e L) of thelft T is called the limit modelof the
branch, denoted lign__. The set of limit models faall (maximal) branchess calledthe setof
limit modelsof __. Thesedefinitions straightforwardlyextendto S5- and S5P-models by
identifyingM with its set of worlds, M.

7.13. THEOREM. TEDL-models are conservative.

PROOF. Suppose s < thatis, for somelabelt, s <; t. SinceTEDL-modelsobeydownward
reflection and the underlying Ift is dtt, this meansthatthe (now unique)setof worlds My of

__tistheframeM of __s. SinceM{ ¢ Mg, the setof worlds of __g, thisgives_ t ¢ __g,

which proves the theorem.

Sincewe know that TEDL-modelsare conservativewe havethat oncewe haveobtainedthat
somewherdan a time point s along somepath of such a model some objective formula is
known, it remainsknown in all successopointsof s. (This is in fact the rational behind the

name‘“conservativemodels”.) We canmakethis more preciseif we introduce so-calledcko-
formulas which are formulasof the form CK¢, where¢ is objective.In the sequelwe will
denote cko-formulas by. Then we have that:

7.14. RROPOSITION Let__ be a TEDL-model, and a cko-formula.

If, for some s, , sk a, then__, t= a for all t with s « t.

PROOF. Suppose_, sk a, fora = CK¢$. We show that fot with s < t we havethat__, t=
a. (Then we carfinish the proof by induction on the numberof time point betweens andt.)
By Theorem 7.13, we have thatc _ s Thisyields: ,ska = _ ,skE CKd < _ gk



K¢ = __g mkE ¢ forallmin__s Since is objective and <= _ swe thenmusthaveMt,
mk ¢ for allmin__ andhence __ = K¢. Finally, we havethe equivalences = K¢ <
_LtECKd = _,sFa.m

Furthermore, TEDL-models enjoy a number of propethascanbe expresseds validities in
our logic:

7.15. THEOREM. TEDL-models satisfy the following validities:
TO All the operators of Xg 1, X0, F, G} satisfy the K-axiom € too) and generalisation;

Tl +ss5p¢ 0 FTEDL Ch (introduction ofC)
T2 -XpUO (successor existence)
T3 Xgid — Xg b (label-deterministic)
T3' Xpgod < Xgoo (O-successor existence & label-deterministic)
T4 Xpg10 & ~Xgrd (duality)
5 Xpg¢ & = X¢ (duality)
T6 Xpgd < DTmXD,Tq) (<is union of )
T7 X LoXod (dual of T6)
T8 C(=P:0A P19) <> XCKd, if ¢ is objective (allowing downward reflection)
T8' CK¢ <> X CKd, if ¢ is objective (trivial downward reflection)
T9 (Cod — XHCoh) A (CKP — XCKo), if ¢ is objective (conservativity)
T10 Goo — X (<c«
T11 Gpo — XgGpo (since « is transitive closure of <)
T12 Gp(p — Xgd) » Xgd — Goo) (induction)
T13 CK¢ — GCK¢ (from conservativity and induction)

7.17. REMARK. The Theoremabovesaysthat the formulasT1 - T13 areat leastsound until
now we have not been concerned by designing a logic that is complete for TEDL-models.

8. TEDL models of default theories and entailment relations

We could formulate definitions of entailment of objective formulae relatadyonodel, or any
model basedon the standardtree. But it may well happenthat there are branchesin such
models,for instancelabeledby the emptysetonly, that contain no additionalinformation as
comparedto the backgroundknowledge. It is not realistic to base entailment on such
informationally poor branches in a model. Therefore we define:

8.1. DEFINITION (informationally maximal)
We define for TEDL-model:_; and__, over the same flow dfme that__, is informationally

largerthan__4, __ 1< __ o, ifforall tit holds__,(t) = __ 4(t).



We call__; informationally maximain a clasdM of modelsif it is itself the only modelthatis
informationally larger.

For a given mode!_ we will apply this definition to the s& of all maximalbrancheswith T
= (T, (<)t e L) as flow of time.

8.2. DEFINITION (regular model)
A TEDL-model__ is calledregularif all maximalbranchesare informationally maximalin the

classof maximalbranchesThe submodelbasedon all time pointst includedin at leastone
maximal, informationally maximal branch is called tbgular coreof __, denoted by reg().

8.3. REMARK.

In generalthe regularcorewill not be label-completepecausdranchesmay be cut off. The

idea behind taking informationally complete branches is that we want to maximalise the effect of
applying defaults in order to obtain as much (default) knowledge as possible.

8.4. DEFINITION.
Let_ be a TEDL-model oveF = (T, (e L)-
We define fokk ON
~0=Die reg ), 1t = k'(V),
S(*): N kDNS(k),
where__'(t) stands for the S5-reduct of the S5P-moclé).

8.5. ROPOSITION

Let__ be a TEDL-model.

a) Fork< k' it holds__ (K) c_ ()

b)__©= [] B maximal branch of reg() ImB _

PROOF. a) follows directly from Theorem 7.13, b) follows from the distributivity of
intersection over union (and vice verdm).

8.6. DEFINITION (sceptical entailment)
Let__ be a TEDL-model and a cko-formula. We define tleeeptical entailment relatioby:
__ Fsceptt = for every maximal brancB in reg(__) there is ainB such thal_, t= a.

An immediate consequence of this definition is:

8.7. ROPOSITION
If, for somek ON, _(K) = K¢, then__ FscepCKo.



PROOF. Suppose:_(K) = K¢, for somek O N. This means that '(t) = K¢ for all S5-reducts
_ (M) with tin reg(_) and |t| = k. So for every maximal braBIn reg(__) we canfind at in
B such that_, t= K¢ (viz. take t inB such that |t| = k. By Propositiah7 we canalwaysdo
this). Hence.  FscepCKo. B

8.8. RROPOSITION
Let__ be a TEDL-model with root r. Let = CK¢ be a cko-formula.

The following are equivalent:

(i) __ Fscepa
(i) reg(_), re Fpa
(i) __@WE Ko

(iv) limg__F K¢ for every maximal brancB of the regular core of .

PROOF. Clearly (i) and (ii) areequivalent.ByProp. 8.5 also(iii) and(iv) areequivalent.We
now show the equivalence of @hd(iv). Firstwe prove (i) O (iv): Suppose  FscepCKo,
i.e. for everymaximalbranchB in reg(__) thereis at in B suchthat__, t = CK$. Now
consider a maximal bran@iin reg(__). Then thereisatiB with _, t= CK¢, i.e. _ () &
Ké. By the conservativitpf __ we havethat__(u) = K¢ for all u » t, i.e., all worlds of the
models__(u) with u » t satisfy. But then also all worlds of the modeigu) with u » tandu
in B satisfyd. Consequently, lig__ =N i, g _(u) F K.

Next we prove (ivi] (i): Supposdimg __ = K¢ for everymaximalbranchB of the regular
core of__. We have to prove that for every maximal braBdh reg(__) there is & in B such
that__, t= CK¢. Take some maximal bran&in reg(__). Then we know that ligg__ = K¢,
ie., Nyinp_(u)E Ké. By the conservativityof the model __ (Theorem?7.13) we know
that the sequence: {(u) | u inB> is monotonically decreasing (with respectfjoLet Py O P
the set of propositional atoms occurring in the fornou(ar ¢). Clearly,Pg is finite. Now, for
any S5-modeM with set S of worlds (truth assignment functions) wMgldenotethe model
with set § of worlds: Sg = {t |t =s|p, for somes [J S}. Clearly,M F K¢ iff Mo F Kd.
Now considerthe sequence__(u)y | u in B>. This is a monotonicallydecreasingsequence
with intersectionN , i, g __(U)o. Since Py is finite, and we identified worlds with truth
assignmenfunctions, we havethat all the models __(u)y contain only a finite number of

worlds. Together with the fact that the sequence is monotonically decreasing thishytetoks
sequencenustbe stablefrom somepointsin B on: __(u)g = __(S) for all u » s. But then

obviously theintersectionN i, g __(U)g = __(S)o- Sonow __(s)yy F K¢, andthus__(s) F
Ko, i.e._, sk CKd.m

For our definition of credulousentailmentwe can be less restrictive. Especially, too less
information in one branch can always be overcome by another, informationally larger branch.



8.9. DEFINITION (credulous entailment)

Let__ be a TEDL-model. We define:

_ FXcredCKd = there exists an s with |s| = k ands) = K¢
__ FcredCKo = there exists an s with () Ké

8.10. RROPOSITION
Let__ be a TEDL-model, and = CK¢ a cko-formula.

The following are equivalent:

(1) — Fereda
(i) __ FKcrega for some KIN.
(i) _, re F

(iv) limg __ = K¢ for some maximal brand®

PROOF Since clearly (i), (ijand (iii) areequivalentwe concentraten the equivalenceof (ii)

and (iv): we first prove (ii)J (iv): Let _ FXged CKd for somek O N. This meansthatthere
exists an s with |s| = k and(s) K¢, i.e., __, sk CKé. By Prop. 7.14, we thenhavethat
__, tE CK¢ for all t with s «t. Now considerany maximalbranchB throughs. Clearly, this
branchhasthe propertythatthe models__(t) with s « t all satisfyK¢, i.e., ¢ holdsin every
world of every modei (t). Butthen¢ holdsin the intersectionof thesemodelsaswell. This
proves ling __ F K¢.

Next we prove(iv) O (ii): Supposehatlimg __ F K¢ for somemaximal branchB. This
means thakK¢ holdsin the intersectionof the models__(t) alongB. By the conservativityof
the model__ (Theorem7.13) we know that the sequence<__(t) | t in B> is monotonically
decreasingwith respectto [J). Let Py O P the setof propositionalatomsoccurringin the
formulaa (or ¢). Clearly,Py is finite. As above, we denote, for any S5-mddebith set Sof
worlds (truth assignment functions), the model with geifSvorldsby Mg whereS; = {t | t
=s |p, for some €] S}. Again,M = K¢ iff Mo F K¢. Now consider the sequencs €u)g | u

in B>. This is a monotonically decreasing sequence with interseCtigg, g __(u)g. SinceP

is finite, and we identified worlds with truth assignmémictions,we havethatall the models
__(t)p containonly a finite numberof worlds. Togetherwith the fact that the sequencds

monotonicallydecreasinghis yields that the sequencenust be stablefrom somepoint s on:
_ (t)o=__(s) for all t » s. But then obviously thietersectionN j, g __()g = _(S)o- Since

the intersection satisfi¢gp, we obtain that_(s)y F K¢, and thus_(s)F K¢. Hence__ Fered
CKo.m

We can now associate TEDL-models with default theories as follows.

8.11. DEFINITION (TEDL-model of a default theory).



Let ® = (W, A) be a default theory. Then we define a TEDL-mod& elsa TEDL-model__ @

such that:
(i) (basis:theroot) S, is an S5P-modebkuchthat (a) the S5-reductof __©, is the S5-model

MW*, as defined in Section 4, and (b, satisfies the set of defaults, i.2.9, = A,

(ii) (induction step) Suppose that \aee given an S5P-modeht snapshot_©,. Thenwe have
thatfor a(n S5P-)model__©; with s < t, it holdsthat: (a) the S5-reductof __©; is the S5-
modeIMT as it appeared as a frame: i, and (b) _©; satisfies the set of defaulagain,i.e.,
__ Sk A.

Note that, in general, there are multiple TEDL-models of a defaediry ©. Furthermorenote
that clause (ii)(a) reflects the downward reflection operation with respect to-tiedalts.

This definition enableaus to finally give the definitionsof scepticaland credulousentailment
from a default theory.

8.12. EFINITION (entailment from a default theory).

Let® = (W, A) be a default theory, ardan objective formula. Then:
© Fscepd iff for all models __ of @ it holds__ FscepCKd

© Fcredd iff for all models__ of © it holds__ FcredCKd

Of course, we have that what is entailed sceptically, also is entailed credulously:

8.13. RROPOSITION For default theor® and objective formulg: © Fscepd O O Feredd

Sceptical and credulowentailmentare not the only approaches$o define semanticdor default
logic. Scepticalentailmentcan be considereda lower bound of the conclusionsthat can be
drawn, credulousentailmentas an upper bound. A more differentiated approachbases
semanticsof the defaulttheory on the set of all alternative extensionsthat actually can be
constructedut of a defaulttheory using the defaultsas (non-monotonic,context-dependent)
inferencerules. The original approachby Reiter [Rei80] definesthe extensionsof a default
theory by meansof a pseudo-constructioror fixed point definition; we will call these
extension®Reiter extensions

In Constructive Default Logic, introduced in [TT92], the notadrReiter extensionis replaced
by the weaker notion of constructiveextension In [TT92] it was proven that the Reiter
extensionsof a default theory are among the constructive extensionsand they were
characterised. Constructive extensions give a broader perspattive semanticof a default
theory. The formalisation in terms of branching time models introduced cuthentpaper,in



the first place is the temporal formalisation of the constructionprocessof a constructive
extension. Just like in the case of Constructive Default Logic, in the applicabtfitiition of a
default $ O My — Rx attime point s, the justificatioM only refers to the current state of
information (and not to the whole (future) context of the reasoning patteriRast@r'scaseis
required). Because of this similarity for every (maximal) braschin a TEDL-model__ of a
default theory® = (W, A), the theory of its limit Th(lim __) is a constructiveextensionof ©

and the branch itself represents a construction chain of this constructive extension.

As the Reiter extensions are amongc¢bastructiveextensionsa naturalquestionis how in a
TEDL-model of a default theory the branchesthat lead to a Reiter extension can be
characterised.Based on variants of the notions self-defeatingnessand exhaustiveness
introduced in [TT92], it is not difficult to find such a characterisation.

8.14. [EFINITION

Let __ be a TEDL-model of the default theo® = (W, A) and__ a branchin__.

The branch __ is calledself-defeatingf there is a time point s i1i_and a default

¢ OMY - Rx in D such that the following holds:

for all time points t, t'in__ and labelst with t < t'and every defaulty’ O My' -~ Bx in
D with jin T, there is some time point u [n with _ = =",

Otherwise the brancl__ is callednon-self-defeating

The notion of non-self-defeatingnegsaranteeshat any defaultconclusionthatis drawn will
remain justified in the strong Reiter sense during the whole process. Howevisrptilisone
side of the characterisation.ntay well be the casethat the defaultsappliedin branch __ are
justified in the strongsense but not all applicabledefaultsactuallyhavebeenappliedin __

Therefore the notion of exhaustiveness is required:

8.15. DEFINITION

Let __ be a TEDL-model of the default theo®= (W, A) and__ a branchin__.

The branch __ is calledexhaustivef for every time point s in__ and every default

¢ OMY - RBx in Dsuchthat s ¢ andfor all time pointst in __ it holds _t ¥ =,
then there is a time point s'[n and a labelt with s<s' andi isinT.

Based on these two conditions we can characterise the branches leading to Reiter extensions:

8.16. THEOREM

Let __ be a TEDL-model of the default theo& = (W, A). The following are equivalent:
() E is a Reiter extension @d

(i) there exists a non-self-defeating and exhaustive branchin __ with E=Th(lim _) .



The proof issimilar to the proof of the mainresultin [TT92]. The following exampledefault
theory illustrates our approach:

w

D
rl: aDMc - Pib
r2: bOMc - P
r3: aldM—-c - P3—c

In Figure 1 the differenteasoningpathsare depicted.At eachnodethe literals that aretrue at
the objectlevel aredepicted,and, between[..], the applicabledefault rules. At eacharc the
label is depicted and, between (..), the justification it is based on.

a
[r1,r3]
%) 1 3 1,3
(c) (—0) (c, =c)

a a,b a,—c a,b,—c

[r1, r3] [r2,r3]
%) 2 3
() (—o)
a, b a,b,c a, b, —c

[r2,r3]

Figure 1 Reasoning paths for an example default theory

The branchleadingto a, b, c is non-self defeatingand exhaustive so it leadsto the Reiter
extension Cn({a, b, c}). Theameholdsfor the branchleadingto a, — c. Thetwo branches
leading to a, b;rc, however, are self-defeating: the occurrence-of leadsto the defeatof

the earlierjustification c. Therefore Cn({a, b, = ¢}) is a constructiveextension,but not a

Reiter extension.



9. Conclusions

In [MH93a,b] an EpistemicDefault Logic (EDL) was introducedinspired by the notion of
meta-level architecturthat also was the basisfor the approachintroducedin [TT91]. In EDL
drawing a default conclusion has no other semantics than that of addoapiformulato the
meta-level. No downward reflection takes place to be able to reason with the default
conclusions at the object level (by meahsvhich defaultassumptionsctually canbe made).
In [TT91] downward reflection takgdace,but no semanticaformalizationwas given: it was
defined only in a procedural manner.

In principle downwardreflectiondisturbsthe objectlevel semanticssincefacts are added
that are not logically entailed by the available knowledgkling a temporaldimension(in the
spirit of [FG92]) to EDL enabledus to obtain formal semanticsof drawing a default
conclusion in a dynamic sense: as a transition from the current objedhleasito a nextone
(where the default conclusion has been added).

The approachas developedprovidesa formalisation of default reasoningusing labeled
branchingtime temporal models. Within these models various types of semanticscan be
defined: semanticsbasedon sceptical or credulousentailment,and semanticsbased on
constructive extensions or Reiter extensions.

[TT92] Y.H. Tan, J. Treur, Constructive Default Logic and the Control of Defeasible
Reasoning,in: B. Neumann(ed.), Proc. of the European Conferenceon Atrtificial
Intelligence, ECAI'92Wiley & Sons, 1992, pp. 299-303.
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Appendix
In this appendix, werovide a proof for theorem5.3. First, we introducean alternativeclass
of Kripke models.

Definition Al. We definethe classA(S5P) of alternativemodelsfor S5P. ElementsM of
A(S5P) are tupleM =5, Ry, Ry, ...,
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