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Abstract

In this paper we show how a formal semantics can be given to reagmoicgssesn
meta-level architecturesthat reason about (object level) knowledge states and
changesof them. Especially the attention is focusedon the upward and downward
reflectionsin thesearchitectures.Temporalizedepistemic logic is usedto specify
meta-level reasoning processes and the outcomes of these.

1 Introduction

Meta-levelarchitectureoften are usedeitherto model dynamiccontrol of the object
level inferences, oto extendthe inferencerelation of the objectlevel. In [Tre92] we
introducedformal semanticsfor meta-levelarchitecturesof the first kind basedon
temporalmodels.Ilt may be consideredjuite naturalthat for sucha dynamictype of
reasoning system the temporal element of the reasoning should be made expkcit in
formal semanticsFor the use of meta-levelarchitecturego extendthe object level
inference relation the situatidooks different. In principle one may work out formal
semantics in terms of (the logic behind) this extended;classicalnferencerelation;
e.g., asin the literature for nonmonotoniclogics. However, much discussionis
possible about this case. Some papers argual$ain the caseof a non-monotonic
logic the semanticshaveto makethe inherenttemporalelementexplicit; approaches
are described in, e.g., [Gab82], [ET93]. In the current paper we adopt this line.

In principle a downward reflection that exterttie inferencerelation of the object
level theory disturbsthe (classical)object level semantics:facts (assumptions)are
added that are not logically entailed tne availableobjectlevel knowledge.Adding a
temporal dimension (ithe spirit of [FG92]) enablesoneto obtain formal semantics
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of downward reflectiorin a dynamic sense: agransitionfrom the current objedevel
theory to a next one (where the reflected assumption has been added).

In [MH93a] a metaphorof a meta-levelarchitecturewas exploitedto define a
nonmonotoniclogic, called Epistemic Default Logic. It was shown how upward
reflectioncan be formalized by @onmonotonic entailment relation basedepistemic
stateg(accordingto [HM84]), andthe meta-levelreasoningprocessby a (monotonic)
epistemic logic. Compared toraeta-levelarchitecturewhat was still missingwasa
formalization of the step where the conclusions of the meta-level actuallyusenito
change the object level, i.e., where formuieare added to the object levelowledge,
in orderto be ableto reasonfurther with them at the object level. This should be
achievedby the downward reflection step. In the current paper we introduce a
formalizationof this downwardreflection stepin the reasoningpatternas well. We
formalize the semanticof the architectureby meansof entailmenton the basis of
temporalized Kripke models. Thus, a formalization is obtained of the reaguatiegn
asa whole, consistingof a processof generatingpossible default assumptionsby
meta-levelreasoningand actually assumingthem by downwardreflection (a similar
pattern as generated by the so-called BMS-architecture introduced in [TT91]).

The temporal epistemic meta-level architecture described here is a pawelfid
reasonwith dynamicassumptionsit enablesone to introduce and retract additional
assumptiongluring the reasoningon the basisof explicit epistemicinformation on
the current knowledge state and meta-knowledgeto determine adequateadditional
assumptions.This covers a whole class of reasoning patterns of meta-level
architectureswe call them temporal epistemicmeta-levelarchitectures(TEMA). In
such an architecturgpwardreflectionis restrictedto the transferto the meta-levelof
epistemicinformation: information aboutwhat currently is known and what is not
known at the object level, and downward reflection is restricted to introducing
additional information (assumptions}to the object level, basedon the conclusions
derived at the meta-level. In this architecture a number of interesting reasoning patterns
can be formalized in temporal semantics in a quite intuitive and transpaaener.In
[Tre90], [Tre9l1] various applications of the architecture are shown, including:
hypotheticalreasoning,the methodof indirect proof, reasoningabout knowledge,
reasoning about actions integrated with executing them.

The formalization of downwardreflection was inspired by [Tre92], whereit is
pointedout how temporal models can provide an adequatesemanticsof meta-level
architecturegor dynamiccontrol, and[ET93] wheresimilar ideashave beenworked
out to obtain a linear time temporalsemanticdor defaultlogic. The generalideais
that conclusions derived at the meta-lestentiallyare statement@aboutthe stateof
the object level reasoning at the next moment of time. Tdawsnwardreflectionis a
shift of time in a (reasoning) process that is described by temporal logic.

To getthe ideawe will use the following informal descriptionof an example
reasoning pattern, involving diagnostigg a car that cannotstart) by elimination of
hypothesegfor a more extensivedescription,see[Tre90]). Later on (in Section7.3)
we will come back to this example to show how it can be formalized bgpprmach.
Suppose at the object level we have the following (causal) knowledge about a car:



e if the battery is empty
then the lights cannot burn

* if the battery is empty, or the sparking-plugs are tuned up badly
then the car does not start

* the car does not start

At the meta-level we control a diagnostic reasoning proefiad out whetherit can
be excludedthat an empty batteryis the causeof the problems(the only hypothesis
that we fully consider in this example). To this end we have the folloggingplified)
meta-knowledge that enables to propose hypotheses for elimination, and tthezject
if indeed they turn out to fail:

* if it is known that the car does not start
and it is not known whether the hypothesis "the battery is empty" holds
then "the battery is empty" is an adequate hypothesis to focus on
* if it is known that the car does not start
and it is known that the hypothesis "the battery is empty" does not hold
and it is not known whether the hypothesis
"the sparking-plugs are tuned up badly" holds
then "the sparking-plugs are tuned up badly" is an adequate hypothesis to focus on
* if we have focused on a hypothesis X
and assuming X we have derived that the observable Y should be the case
and it has been observed that Y is not the case,
then our hypothesis X should be rejected
* it has been observed that the lights can burn

Using thesawo knowledgebasesn a temporalepistemicmeta-levelarchitecturene
can perform the following dynamic reasoning pattern:

1. Draw all conclusions that are possible at the object-level

2. Reflect upwards that at the object level it is not known whether the battery is empty

3. Draw the conclusion at the meta-level that 'battery is empty' is an adequate
hypothesis to focus on

4. Reflect this hypothesis downward:introduceit at the object level as additional
information (assumption)

5. Draw the conclusion at the object level that the lights cannot burn

6. Reflect upwardsthe information that at the object level it hasbeenfound that the
lights cannot burn

7. Use the observation at the meta-level that the lights can burn, and notice the
contradictory situation

8. At the meta-leveldraw the conclusionthat the focus hypothesis'battery is empty’
should be rejected

9. Reflect downwards that 'battery is empty' is considered to be not true.

This exampleshows some of the possibilities of temporal epistemic reflections.
Notice especiallythe mannerin which we treat epistemic states and additional



informationin a dynamicmanner.This implies that during the reasoninghe (states
of) object level and meta-levelboth changein (reasoning)time; temporallogic is
exploited to describe these changes in a logical manner.

Our approachprovidesa formalizationof upward reflection by a nonmonotonic
entailment relation based on epistemic states and downward reflectiorebyadment
relation basedon temporalmodels.As in the literaturereflectionsusually either are
kept ratherrestricted(and static), or are describedn a proceduralor syntacticmanner
(e.g., by meansof generalizednferencerules; see [GTG93]), the novelty of our
approachis that it introducesa semanticformalization for reflections involving
epistemic and temporal aspects.

In this paperin Section2 the basicnotions of epistemiclogic are presentedln
Section3 we do the samefor temporallogic andthe notion of temporalizationof a
logic system. In Section 4 we show how upward reflection caorbealizedbasedon
epistemic states. In Section 5 wrroducethe logic usedto formalize the meta-level
reasoning: S5P*. In Section 6 we define a labelled branching time temporal
formalization of downward reflection. In Section 7 we show how the overall
formalization can be obtained from its parts and how it works fortthring example
reasoning pattern. In Section 8 we draw sawmeclusionsln this version, proofs are
omitted; they can be found in the full paper [HMT94b].

2 Basic notions and properties of Epistemic Logic

2.1 Epistemic Logic

2.1. DEFINITION (epistemicformulas).Let P be a set of propositional constants
(atoms);P = {py | kO 1}, where | is eithera finite or countablyinfinite set. The set
FORM of epistemic formulag, ... is the smallest set containiRy closed under the
classical propositional connectives and the epistemic opéfatanereK¢ meansthat
¢ is known. Anobjective formulds a formula without any occurrencesf the modal
operatorK. Forl' 0 FORM, we denote by Prdp) the set of objective formulas in

2.2. DEFINITION (S5-Kripke models). AS5-modelis a structureM = M, mdwhere
M is a non-emptyset, Tt is a truth assignmenfunction of typeM - (P - {t, f})
such that for all j, my, O M: (m;) = 1(My) O mq = m,. The classof S5-models
is denoted by Mod(S5).

The set of statesin an S5-modelrepresents collection of alternativestatesthat are
consideredequally) possibleon the basisof (lack of) knowledge.We shall use S5-
models as representations of the knowledge of agents.

2.3 REMARK For anym O M, the function T{m): p — 1(m)(p) is a valuation.Since
we have that in an S5model it holds that T(mq) = (My) <= M4 = My, we may identify
states m with their valuatiomgm), and write ne ri(m) for mO M. So, without loss
of generality, we may consider S5-models of the fiMm M, rOwith M O w.



2.4. DEFINITION (submodels and union of S5-models). We deéirseibsetrelationon
S5-modelsby: My O M, iff My O M,. Moreover, if M= M4, Ty0and
M, =M, my0aretwo S5-modelstheir union is definedas:M; 0 M, = M, 1)
where M = M O My andr(m) =mg(m) if mOM;, i =1, 2.

2.5. DEFINITION (interpretation of epistemic formulas). Givwh= M, 1] we define
the relation M m) = ¢ by induction on the structure of the epistemic forngula
M, m)i p < m(m)(p) =tfor p0 P
M. mEoOY - M, m)= ¢ and M, m)~ W
M, m)i= -0 - M mk o
M, m)F Ko - (M, m)= ¢ forallme M

2.6. DEFINITION (validity).
i ¢ isvalidin M =M, TC) denotedM ¢, if for all mO M: (M, m) ¢.
ii ¢ is valid, notation Modgb) = ¢, if M ¢ for all S5-modelsM.

Validity w.r.t. S5-models can be axiomatized by the sys$dm
2.7. DEFINITION (systemS5). The logicS5 consists of the following:

Axioms:
(A1) All propositional tautologies

(A2) (Ko OK(d - ) - Ky Knowledge is closed under logical consequence.
(A3) K - ¢ Known facts are true.

(A4) K¢ - KKo An agent knows that he knows something.
(A5) -Ko¢ - K-Kd An agent knows that he does not know something.

Derivation rules:

(R1) Fo,Fdo O RY Modus Ponens
(R2) FoO - Kb Necessitation
That¢ is a theorem derived by the syst8fis denoted b5 ¢.

2.8. THEOREM (Soundness and completenesS§s)t S5+ ¢ = Mod(S5) = ¢

2.2 Epistemic States and Stable Sets
In this paper we simply define an epistemic state as an S5-model:

2.9. DEFINITION. An epistemicstateis an SS-modeIM =M, ] ThesetM is the
set of epistemic alternatives allowed by the epistemic Mate

2.10. CEFINITION. LetM be anS5 model. Then K(M) is the set of factsknown in
M: K(M) = {0 |M = Ko¢}. We call K(M) thetheoryof M or knowledgen M.

We mention here that the knowledgein M are exactly the validities in M (Ct.

[MH94]), i.e. we have KM) = {¢ |[M = Ko} ={o |[MF ¢}.



2.11. LEMMA. For any S5 modeMl andM2

i If M1 = M2 then Prop(KM>)) = Prop(KM1)).
ii If the set of atom® is finite, then also
Prop(KM2)) = Prop(KM1)) 0 M1c M2.

2.12. ROPOSITION(Moore [M0085]).

i The theoryX = K(M) of an eplstem|cstateM is a so-calledstable set i.e.,
satisfies the following properties:
(St1) allinstances of propositional tautologies are elements of
(st2) if¢0OxXandd - yOZthenp OZ;
(St3) ¢0xz-=KpOZX
(St4) ¢0z- -KopOX
(St5) X is propositionally consistent.

ii Every stable seX of epistemicformulasdeterminesan S5-Kripke modeIMz
for which it holds thak = K(Mz) Moreover,if P is afinite set, thean is
the uniqueS5-Kripke model with this property.

2.13. RROPOSITION A stable set is uniquely determined by its objective formulas.

3 Basic notions and properties of Temporal Logic

We start (following [FG92]) by defining the temporalizedmodels associatedo any
classof modelsand apply it to the classesof modelsas previously discussed.In
contrast to the reference as mentioned we use labelled flows oftenese one fixed
setL of labels,viz. L = 2!, the powersetof someindex setl. However,in most
definitions we do not use this fact, but only refer to (elentenfs L.

3.1 Flows of time

3.1. DEFINITION (discrete labelled flow of time).

Suppose L is a set of labels(discrete) labelledlow of time (or Ift) , labelledby L

is apairT = (T, (<¢)t e L) consistingof a non-emptyset T of time points and a
collectionof binary relations<; on T. Herefor s,t in T andt in L the expression

s < t denotes that t is a (immediat&)ccessonf s with respectto an arc labelledby

T. Sometimes it is convenient to leave the indices out of consideration and use just the
binary relations < t denotingthat s <; t for somet (for somelabel T they are
connected). Thusre havethat < = [; <. We also usethe (non-reflexive)transitive
closure « of this binary relation: « =<

We will make additional assumptionson the flow of time; for instancethat it
describesa discretetree structure,with one root and where time branchesin the
direction of the future.

3.2. DEFINITION (labelled time tree)
An lIft T = (T, ()1 e L) is calleda labelledtime tree (Itt) if the following conditions
are satisfied (recall that <3 <¢):



i the graphT,<[is a directed rooted tree.
ii  Successor existence: Time points have at least one <-successor.
iii Label-deterministic: For every labethere is at most onesuccessor.

3.3. DEFINITION (branch and path)

a AbranchinanlftTis anlft B = (T', (<')r e L) With () T' < T, (ii) s<'tt O
s < t, (iii) every se T' has at mosbne <'-successot € T', (iv) for all s, t O T"
s ¢ td s <tt, and(v) everyelementof T thatis in betweenelementsof T' is
itself in T: forall SO T, tO0T,uUD T :s'«t«ud tOT.
b Abranchin an ItT = (T,(<{)r ¢ L) is maximalif contains the root r of T.

¢ A pathis a finite sequence of successots:.s.., § suchthat: § < sy for all 0
<i < n-1. We call g the starting point and,ghe end point of the path.

3.4. RROPOSITIONANy branch of an IfT is an Itt.

3.5. DEFINITION (time stamps). Given an Itt (T,{)s ¢ L)- A mappingl: T—> N is
calleda time stampmappingif for theroot r it holdsthat |r] = 0, and for all time
points s, t it holds s <@ |t| = |s| + 1.

3.2 Temporal models
We first define our temporal formulas:

3.6. DEFINITION (temporal formulas).

Given a logid_, temporal formulas ovethe language of) are defined as follows:
i if ¢ is a formula oL thenC¢ is a temporal formula (also calledeanporal atom
ii if ¢ andy are temporal formulas, then so are:

=0, 0 AP, & — Y, Xgrd, Xoh, Xo1d, X, Fod, Foo, G, God.

Note how theC-operator acts as a kind of ‘separator’ between the basic lanfprage
and the actual temporal formulas: from the temporal language gfourew, formulas
of the form C¢ may be conceivedas a kind of ‘atoms’; in the truth-definition,
occurrences of th€ enforce dshift’ in the evaluationof formulas,taking us from a
temporal modei _ to some of it snapshoyst, which are in their turn models far.

3.7. DEFINITION (temporal models)

a Let MOD be a class of modelandT = (T, (<p); < L) a labelledflow of time. A
temporal MOD-modelover T is a mapping__: T - MOD. Fort O T we
sometimes denoie (t) (the snapshot at time point t) [»y.

b If we apply a) to the classef modelsModSetPC) or Mod(S5) we call these
temporalized models temporal valuation-set-models(abbreviated temporal V-
model3 andtemporalS5-modelsoverT, respectively Similarly for the class of
S5P*-models that will be introduced in Section 5.

¢ Given an IftT, the temporal formulas are interpreted on MOD-models as follows:
i Conjunction and implication are defined as usual; moreover
__,SE = iff not __, sk ¢;



ii The temporal operators are interpreted as follows:

1) Cod means that in the current stgtés true, i.e.

__,SECOIff _gF ¢

2) X9 means thag is true in some-successor state i.e.,

—» SE X6 iff there exists a time point t with s €such that_, t= ¢
3) X means that there istawith somet-successor in whiclh is true.
__, SE X iff there exists a time point t with s <t such thattk ¢

4) Xp 19, meaning thag is true in allt-successor states, i.e.,

—» SE X t¢ iff for all time points t with s gt it holds__, t= ¢

5) Xpn¢ means thad is true in all immediate successors:

__, SE Xgo iff for all time points t with s < tit holds_, t= ¢

6) Fp means thad is true in some future state, i.e.,

__, SE Fpp iff there exists a time point t with s « t such thattk ¢

7) Fo¢, means that for all future paths there is a time point whésdrue:
__, Sk Fp¢ iff for all branches:_ starting in s there is a t inwith __, t= ¢
8) G means tha$ is true along some future path, i.e.,

__,» Sk Grpp iff there exists a branch starting in s,

with __, t= ¢ forall tin_.

9) G0, means thap is true all future states i.e.

__, SE Gp¢ iff for all time points t with s « tit holds_, t= ¢.

4 Formalizing Upward Reflection Using Epistemic States

In order to let the meta-level manipulatethe information that is (explicitly or
implicitly) encoded at the object-level, somehowaisto be reflectedupwardwhat is
known at the object-level, and whatrist. The former, i.e. to reflectupwardwhatis
known, is straightforward:if an objectiveformula ¢ is true at the object-level,we
simply reflect this as K¢ being true. More interestingly, we also want to reflect
upwardthosefactsthat are (currently) not known at the object level. Moreover, we
somehow want to implement the idea that fdmts that are true at the objectlevel is
all that is knowrat the current time point.

The converserelation of [0 on Kripke models (Cf. Definition 2.4), will play an
importantrole in the sequel.M; O M, meansthat the model M, viewed as a
representation afhe knowledgeof an agent,involves a refinementof the knowledge
associatedvith modelM 1. This hasto be understoodas follows: in the model M »
less (or the same) states are considered possible by the agent as comparetdglthe
M ;. So, in the former casethe agenthas less doubtsabout the true natureof the
world. It will turn out that our definitions below will work in sucha way that this
means that with respect tnodelM , the agenthasat leastthe knowledgeassociated
with modeIMl, and possibly more. So in a transitiorMi to M2 we may say that
knowledge is gained by the agent. Thus the relafibmacts as an knowledgeordering
on the set of S5-models.

We alreadynotedin Section2, that the setof statesin an S5-modelrepresentshe
statesthat are consideredpossibleon the basisof (lack of) knowledge).We also



mentioned that the validities of sucha model exactly determinewhat was called an
epistemicstate.On the basisof suchepistemicstates,Halpern& Moses define an
entailment relation [~ with which one can infer what is known, and, more
importantly, what is unknown in such epistemic states.

4.1. DEFINITION. Givena setM [0 W, we define the associatedS5-model®(M),
given by®(M) = M, niwith Tt M x P {t, f} such thatrt (m, p)— m(p).

4.2. DEFINITION. Given some objective formula ¢, we define M¢ as the set of
valuations satisfying, i.e., ={m OW | mkE ¢}. We denotethe epistemicstate
d(M ¢) associated with Mby o-

4.3. RROPOSITIONMy = U{M [M ¢} = U{M |M  K¢}.

Thus, in order to geM¢, we can consider all S5-moded§ ¢ andtake their union to
obtain one ‘big’ S5-model. We denote the mapping Mg, by p: 1(¢) = M.

4.4. DEFINITION (Nonmonotonic epistemic entailment).
For ¢ 00 Prop(FORM), andp O FORM: ¢ W = @ O K(M¢).

Informally, this meansthat § is entailedby ¢, if (¢ is containedin the theory
(knowledge) of the “largest SS-mode) of ¢. Halpern & Moses showed {iHM84]

that this “largestmodel” neednot alwaysbe a model of ¢ itself if we allow ¢ to

contain epistemic operators.However, in our casewhere we only use objective
formulasé, M¢ is always the largest model for Moreover,Halpern& Moseshave
shownthat in this casethe theory K(M¢) of this largestmodelis a stable set that
containsp and such that for all stabkets> containing¢ it holdsthat Prop(KM¢))

U Propg), thus K(M ) is the “propositionally least” stableset that containsd. So
f~ canalsobe viewe(})asa preferential entailmentrelation in the senseof Shoham
[Sho88], where, in our paper, the preferred modedsarethe largestones,viz. Mq,,

where the least objective knowledge is available.

We denotethe mappingd — K(M ) by k: K(¢) = K(M¢), the stableset associated
with knowing only ¢. Alternatively viewed, k() is the |~-closureof ¢. Note that
sincek(¢d) = K(M¢) is astableset, it is also propositionallyclosed.We now give a
few examplego show how the entailment~ works: Let p and g be two distinct
primitive propositions. Then:

pFK(Oaq) p I -Kq

p I~ Kp O-Kqg p I -K-q

pOqf K(pOg)OKp OKg pF -K(pOq)
pOgK(pOq) pOqf -Kp O-Kq

Obviously, the entailmentrelation [~ is nonmonotonic;for instance,we have
p |~ -Kg, whilenotp 0 q |~ -Kq; it even holds that pl q |~ Kq.



5 The Meta-level: The Epistemic Preference Logic S5P*

The “upward reflection” entailment relatignm enablesus to deriveinformation about
what is known and what is not known. this sectionwe show how we canusethis

information to perform meta-level reasoning. To this end we extenthoguagewith

operators that indicate that something oasible assumptiaio be introducedat the

object level and thus has a different epistemic status thartan fact In this waythe

proverbial“make an assumption”is not madedirectly in the logic, but a somewhat
more cautiousapproachis taken. The “assuming” itself is part of the downward
reflection, to be discussed in Section 6.

Let | be a finite set of indexes.The logic S5P (introducedin [MH91] and
developed further in [MH92, MH934a,b]) is an extensionhaf epistemiclogic S5 by
means of special modal operatByslenotingpossibleassumption(w.r.t. situationor
frame of mind i), for i I, and also generalisation®, for T O I. Informally, Pi¢ is
readas“¢ is a possibleassumption(within frame of referencei)”. As we shall see
below, a frame of reference (or mind) refers to a prefeubdetof the whole setS of
epistemicalternatives.This operatoris very closeto the PA-operatorof [TT91] and
the D-operatorof [Doh91]. The generalisationP;¢ is then read as a possible
assumption with respect to the (intersection of the) framesfeenceoccurringin t.
Also, we havean operatorK to denotewhatis knownandan operatorB to describe
what is true ifelieved under the hypothesis (under focus)

The logic S5P* is an extensionof S5P by allowing an arbitrary set A of
additional symbols that denote primitive meta-level propositions; for the moorent,
may think of them as way to expresshat certainpropositionshave beenobserved,
or that a given hypothesis is ‘in focus’. From a logical pointiew, suchassertions
are just atoms, whose truth is goveriydsome‘meta truth assignmenfunction’. It
may well be, that upon closerexaminationthereare somelogical laws steeringthe
truth of such atoms, but in this stage we will not investigate the inner stradttire
given meta-level propositions.

Formally, S5P*-formulas are interpreted on Kripke-structures(called S5P*-
models) of the form

M= M, m{M;|iOI}, MV

where:
- U is a collection of states (universe), andtMU is non-empty (the current focus).
-1t U xP - {t f}is a truth assignment to the primitive propositions per world
-Mjc M (i O1) are sets (‘frames’) of preferred worlds
- MV: A — {t, f} is a valuation for the additional primitive meta-level
propositions.

When writingM1 = M2 we mean that the set of statedMbf is a subsetof thoseof

M>. Again we identify states andtheir truth assignmentsi(s). We let Mod(S5P*)

denote the collection of Kripke-structures of the above form. Givessatt-modelM

=, M, T, {M; |i O1}, MV we call the S5-modelMp; = (M, {MOthe focused
S5-reducof M andMy = [U, ijUCthe universalor generalS5-reducof M.



5.1. DEFINITION (interpretation of S5P*-formulas).

GivenamodelM =W, M, i, {M; | i O 1}, MV we give the following truth
definition. Let ¢ be a formula, @ € A andm € U. The cases in which ¢ € P,
¢ = (b1 A §2) ord = - are dealt with as in Definition 2.%or the other casesare as
follows:

(M, m)& K¢ iff for all m' e U, (M, m) = @;

(M, m)&= B iffforall m'e M, (M, m) = @;

(M, m)= Pj¢ iff for all m' e Mj, M, m") = ¢;

(M, m)i= P9 iff for all m" e M, M, m')F ¢, where M =;;;M; andt O I.
(M, m)E aiff MV(a) =t, fora in A

We seethat the clausesstatethat Pj¢ is true if ¢ is a possibleassumptionw.r.t.
subframeM j, whereaghe latter saysthat Pt is trueif ¢ is a possibleassumption
w.r.t. the intersection of the subframes, M1 1. This intersection islenotecby M.
We assume that, far= @, Mg = MNjgzM; = M. So in this specialcasewe get that
the P; modality coincideswith the belief operatorB. Validity and satisfiability is
defined analogously as before.

It is possible to axiomatize (the theory &pP* by adjustingthe axiom system
S5P of [MH93b]; we will not go into full details here but give some main
principles:

5.2. DEFINITION (systemS5P*). In the following, i ranges over |, andbver subsets
of I. Moreoverd, 01 andd » are variables ove§, B, Pj, Py |ie I, T I}.

(B1) All propositional tautologies;
(B2) @00 - W) - 0Oy;
(B3) 0¢ — 0O¢;

(B4) -0¢ —» O0-0¢;

(BS) Ko — ¢;

(B6) K¢ — O6;

(B7) 01l — @020 <> 02¢);
(B8) Pi¢ & Ppiy ¢

(Bg) P'[q) — PT'¢ TC T
(B10) Pop < Bo

(B11) -BLl

(R1) Modus Ponens

(R2) Necessitation foK: - ¢ O - K¢.



We call the resulting systemS5P* . In the sequelwe will write I' -ggp+ ¢ or
¢ 0 Thesp«(N) toindicate thath is anS5P*-consequence df. We meanthis in the
more liberal sense: it is possible to degvom the assertionsn I' by meansof the
axioms and rules of the syste36P*, including the necessitatiorrule. (So, in effect
we consider the assertionsliras additional axiomd. +ggpx ¢ iff Fggpxr ¢, cf.
[MH93b])

5.3. THEOREMT + s5p+ ¢ « (for all M € Mod(S5P*): M= T 0 M E ¢)
PROOF. Combine the arguments given in [MH92, MH93Db].

6 A Temporal Formalization of Downward Reflection

In the previoussectionsit has been describedhow the upward reflection can be
formalized by a (nonmonotonic) inference based on epistemic states, and the meta-level
processby a (monotonic)epistemiclogic. In the currentsectionwe will introducea
formalization of the downward reflection steptire reasoningpattern.The meta-level
reasoningcan be viewed as the part of the reasoningpatternwhereit is determined
what the possibilities are for additional assumptionso be made,basedon which
information is available at the object level and which is not. The outcome @etae
level concerns conclusions of the foRt, whered is an object-levelformula. What
is missing still is the step whethe assumptionsare actually made,i.e., wheresuch
formulas¢ are added to the object level knowledge, in order to be able to reason further
with them at the object level. This is what should be achievedby the downward
reflection step. Thus the reasoningpattern as a whole consists of a processof
generating possible assumptions and actually assuming them.

By these downward reflections at thbjectlevel a hypotheticalworld description
is created(as a refinementor revision of the previous one). This meansthat in
principle not all knowledge available at the object level can be derived alreadyhizom
objectlevel theory OT: downwardreflection createsan essentialmodification of the
object level theory. Therefore it is excluded to madteinwardreflection accordingto
reflection rules as sometimes can be foimdhe literature,e.g., “If at the meta-level
it is provable that Provable) then at the object levél is provable” (Cf. [Wey80]):

MT ~ Provabled)
OoT+ ¢

A reflectionrule like this canonly be usedin a correctmannerif the meta-theory
about provability gives a sincere axiomatizatiortte# objectlevel proof system,and
in that case by downwangflection nothing canbe addedto the objectlevel that was
not alreadyderivablefrom the object level theory. Since we essentially extend or
modify the object level theory, such an approach cannot serve our purposes here.

In fact, a line of reasoningat the object level is modelledby inferencesfrom
subsequently chosen theories instead of inferences from one fixed theory. In péanciple
downwardreflection realizesa shift or transition from one theory to another.In
[GTG93] sucha shift betweentheoriesis formalizedby using an explicit parameter
referring to the specific theory (called ‘context’ in their terms) that is concerned, and by



specifying relationdetweentheories.In their casedownwardreflectionrules (‘bridge
rules’ in their terms) may have the form:

MT ~ Provable(OT'p)
OT' ¢

or, in their notation
< Th(ll¢ll, IIOTIII), MT >
< ¢1 OT'>

Here, the second element of hair denoteshe contextin which the formulathat is
the first element holds. At the meta-level, knowledge is available to derive conclusions
about provability relations concerningvariety of objectlevel theoriesOT. So, if at
the objectlevel from a (current)theory OT someconclusionshavebeenderived,and
theseconclusionshavebeentransformedo the meta-level then the meta-levelmay
derive conclusions about provability from another object level theory OT'.
Subsequently onean continuethe objectlevel reasoningrom this new objectlevel
theory OT'. The shift from OT to OT' is introduced by use of the above reflection rule.

In the approachas adoptedherewe give a temporalinterpretationto theseshifts
betweentheories.This canbe accomplishedby formalizing downwardreflection by
temporal logic (as in [Tre92]). la simplified case whereno branchingis takeninto
account,the temporal axiom (CP$ — X¢) can be usedto formalize downward
reflection, for every objective formuta

In the generalcasewe want to take into accountbranchingand the role to be
played by an index in P;¢. We will usethis indext to label branchesn the set of
time points. By combining S5P* with the temporal logigtainedin this mannerwve
obtain a formalization of the whole reasoning pattern.

During the reasoningprocesswve modify the information we have at the object
level, andaccordinglychangethe focussetM of possibleworlds. We can formulate
this property as follows:

6.1. DEFINITION. A temporal S5P*-model obeys downward reflection if the

following holds for any s and:

the cluster M in __gis non-empty = there is a t with s and for allsucht the
focus set of states M ¢f { equals M

Now we are ready taoomin into the modelswe like to considerhere,the temporal
epistemic meta-level architecture (TEMA-) models.

6.2. DEFINITION (TEMA- models)

A TEMA-model__ is a temporal S5P*-model over anTisuch that:
i T is a labelled time tree;

ii For every time point s, there is exactly one t withst<

iii __ obeys downward reflection.

iv __lis conservative: if s < tthen (Ju2 (_tu



Notice that conservatisnrefersto the universeU. Sometimesalso M is shrinking
during the reasoning process: in case of an accumulation of assumpticare tieser
retracted (e.g., see [HMT93]), but in general M may vary arbitrarily within U.

6.3. THEOREM

TEMA-models have the following validities:

TO  All the operatorsof { X ¢, X, F, G} satisfy the K-axiom (C too) and
generalisation;

Tl Fsspx ¢ 0 ETEMA Ch (introduction ofC)
T2 -XpO (successor existence)
T3 X > Xp 19 (label-deterministic)
T4 Xgad & - Xgr9 (duality)
T5  Xpg¢ & = Xm0 (duality)
T6  Xgd « LigXg 0 (< is union of <)
17 X o Ui Xged (dual of T6)
T8  C(=PIAP9) <> X7:CK9, if ¢ is objective (allowing downward reflection)
T9  Gpo — Xgd (G =RY)
T10 Gpo — XgGho (since « is transitive closure of <)
T11 Gp(d = Xgo) = Xpgd — G) (induction)
T12 (Cd — XgCoh) A (CKd — X{CKo), if ¢ is objective (conservativity)
T13 CK¢ — GCKo (from conservativity and induction)

6.4. REMARK. The Theorem above says that the formulas T1 - T13 are acteasf
yet we have not been concerned by desighicgnapletdogic for TEMA-models.

7 Overall Formalization

In this sectionwe will show how the different parts of the reasoningpattern as
described in previous sections can be combined.

7.1 EMA-theories and EMA-entailment

In the languageof S5P* we can expresameta-knowledgeBy combining the formal
apparatuf S5P* with Halpern& Moses’ nonmonotonicepistemicentailmentwe
obtain a frameworkin which we can perform static epistemicreasoning:reasoning
aboutthe currentepistemicstatewithout reflecting the conclusionsdownwards.We
call this framework Epistemic Meta-level Architecture (EMA).

7.1. DCEFINITION (EMA-theory). An EMA-theory © is a pair (W, A), whereW is a
finite, consistent set of objecti@ée. non-modal)formulasdescribingfacts aboutthe
world, andA is a finite set ofS5P*-formulas.The setsW andA areto be considered
as sets of axioms; we may apply necessitation to them.



7.2. DEFINITION (EMA-entailment). Given an EMA-theoi® = (W, A), we definethe
nonmonotonicinferencerelation f~g asfollows. Let W* be the conjunctionof the
formulas in W, and lep be an objective formula. Then we define BidA-entailment
relation =g w.r.t. © as follows:¢ g W < gefK(OOW*) O A ggpx W.

7.3. EXAMPLE (Hypothesis elimination
We come back to our example in the introduction. Let the EMA-th®cry(W, A) be
defined by

W= {e - -b}
A= {Kas— ((K-ea-K-e)—> P1e),
initially_-s , initially_z — Kz},

where e means"empty battery” and b "lights can burn”. Moreover, we have used
primitive meta-level proposition&nitially_z " to indicatethat the information
“z” is present initially,that is, beforethe reasoningprocessstarts.Now we havethe
following:

W* |~ -KeO-K-e and Au {-Ke-K-€e}+ g5p+ P1€

Thereforef~g P;e

In [HMT94a] we show how this temporalframework also covers default reasoning.
Also, we thinkour frameworkof temporalizingS5P* caneasily be adaptedo give
an account of counterfactual reasoning (as treated in [MH93c]) too.

7.2 TEMA-models and TEMA-entailment

7.4. DEFINITION Let® = (W, A) be anEMA-theory. Thenwe definea TEMA-model
of © as a TEMA-modei_© such that:
i (basis: the root; 9, is an S5P*-model such that
@ the universal S5-reduct oi ©, is the S5-modeMyy,
(b) __O, satisfies the meta-knowledge, i.2.9, - A.
i (induction step)Supposethat we are given an S5P*-modelat snapshotxes.
Then we have that for a(n S5P*-) modeP; with s < t, it holds that:
@ (__®pu is the S5-modeM, as it appeared as a cluster ifP, and
(b) __O, satisfies the meta-knowledge again, i.29; - A.
In generalthereare multiple TEMA-modelsof an EMA-theory ©. Note that clause
ii(a) reflects the downward reflection operation with respect to fresBumptions.
Even in less trivial reasoning processes we may be interested in some kind of final
outcome (a conclusion set). In our case the universe U always shritksot always
the focus set M does so. We can view U as a core of derived facts that after all survives
during the reasoning pattern; this is reflected in the following definition:

7.5. DEFINITION (limit model).
Suppose__ is a conservative temporal V-mod&he intersectionof the models__(s)
for all s in a given branc: = (T, (<)t e L) of thelft T is calledthe limit modelof

the branch, denoted I'an. The set of limitmodelsfor all branchess calledthe set



of limit modelsof __. Thesedefinitions straightforwardlyextendto temporalS5- and
S5P-models, by identifyinM with its set of states, U.

We might formulate definitions of entailmentof objective formulae relatedto any
model, or any model based on the standard Batit may well happenthat thereare
branches in such models, for instance labdigdhe empty set only, that containno
additionalinformation as comparedto the backgroundknowledge.It is not always
realisticto baseentailmenton suchinformationally poor branchesn a model. Thus
we define:

7.6. DEFINITION (informationally maximal)

We define for branches; and__, with the same set of time stamps of a TEMA-model
__that_ isinformationally largerthan__4, denotec_; < _,, if for all i e N ands,

t with |s| = |t| =i it holds 5(s) = __1(t).

We call _; informationally maximalif it is itself the only branchof __ that is
informationally larger.

7.7. DEFINITION (regular model)

A TEMA-model__is called regulaif all branchesare informationally maximal. The
submodel based on all time pointitludedin at leastoneinformationally maximal
branch is called theegular coreof __, denoted by reg().

7.8. DEFINITION
i forke N we define_(K) = ¢ reg(), |t = k—®
i W=y K.

7.9. THEOREM (From [HMT94a]). LetM be a TEMA-model. Then:
i For k< k' we have_(K) = (k)
ii _®=N_ pranch of reg() lim_ __

Since (regular) TEMA models describe a reasoning process oveittisgemsnatural
to have notions of entailment that exploit the conservativity of such models,
expressingthe monotonic growth of knowledge of objective formulas. The latter
restrictionis important, sinceit may be the casethat initially an atom p is not
known, yielding—Kp andhenceK-Kp, while at somelater point p hasbeenlearnt,
giving -K-Kp, expressinghat someknowledge(i.e., knowledgeabout ignorance!)
has been lostSo, in the sequelwe will be interestedn formulasof the form CK¢,
where ¢ is an objective formula. We will call such formulas currently known
objective formulagcko’s) and use and3 as variables over them.

In the literature on non-monotonicreasoning,one usually distinguishesso called
sceptical(true inall obtained models) aratedulous(true insomeof them) notions of
entailment.Due to the fact that we have an (infinite) branchingtime structure,we
have a great variety of combining these notions, although for the forthalase are
interested in, the current objective formulas, various of such nadimosllapse.This
observation is made explicit in the following theorem.



7.10. HEOREMLet a andp be cko-formulas.Then,on TEMA models,we havethe
following equivalences:

i G =a iii Gpo = Xga

ii a=(aAGpa) iv Fo = F(Gho A a)

7.11. CEFINITION (sceptical entailment) Let be a TEMA-modelvith root r anda
an cko-formula. We define tteeeptical entailment relationy:

__ Fscepa iff __'= Foa

Due to our remark that we made before definition 7.6, it makes mostteensethis
notion of sceptical entailment for (sub) models of type_reg(

7.12. RROPOSITION Let__ be a TEMA-model with root r anal a cko-formula.
The following are equivalent:

i reg(_) Fscepa

i limpg __F o for every maximal branct: of the regular core of .

For our definition of credulous entailment we can be less restrictive; we cheedtb
bother aboutnformationally maximal branchesEspecially,too little informationin
one branch can always be overcome by another, informationally larger branch.

7.13. DEFINITION (credulousentailment) Let __ be a TEMA-model and a a cko-
formula. We define._ F¢reqa iff __r= Fru

7.14. RROPOSITION

Let__ be a TEMA-model and a cko-formula. The following are equivalent:
i __ Fereqa

i limg __F o for some maximal brandB

We finally can give the definitions of sceptical and credulous entailment.

7.15. CEFINITION (entailment from an EMA-theory)
Let® = (W, A) be an EMA-theory andl an objective formula.
© Fscepd iff for all models__ of @ it holds reg(_) Fscept

© Fered$ iff for all models _ of © it holds__ Fcred®

7.16. ROPOSITION
Let©® = (W, A) be an EMA-theory andl an objective formula. Then it holds

© Fscep‘b Uo Fcred¢



7.3 The example reasoning pattern
We return to our running example asldow how it obtainsits naturalsemanticsTo
cover the whole reasoning pattern, we take W =A@ — -s, e~ -b} andA as:

A ={K-s— ((-Ke A -K-e)— Pje), if =s is known,

and we do not know whether -e holds, we may choose e as an hypothesis
(K=sA K=e)— ((-Kp A =K=-p) = P2p), we investigate p if we knows and-e
observed_b, initially_-s ,

initially_z — Kz,

possible_hyp_e, possible_hyp_p ,

(possible_hyp_z APjz) - Xgjfocus_z , ze{e,phie{l, 2}
(focus_z A observed_ w A B-w)— bad_hyp z , ze {e,p},we {b}
(bad-hyp_z Afocus_z )— GpK-z ze {e, p}}

We denoteworlds by 4-tuples(w, x, y, z) € {0,1}%, to be interpretedas the truth-
values of the tuple (b, e, p, s). We construct a model that is linear.

* Initial snapshot

We obtain the initial model __(0) = (0) M(0) 1(0) M1(0), M), Mv O The
universeU(©) is basedon all modelsof W; we take M(®) = U(0). Furthermore we
have seen in Exampl&3, how we canderive P1e from (W, A), defining the cluster
M1(9). In this model M(0) = &, (Cf. our remarksat the endof this section);MV (0)
is to be understood as the minimal valuation on the atoms of A sf ibahatisfied;

mv© U(O)

1,0,0,0 (0)
observed_b (0'0;0'0) (. ) M
possible_hyp_e
possible_hyp_p (0.0,1.0) (1.0.10)

b [ J
0,1,1,0
(0'1;0'0) ( - ) Mf)

* Next snapshot
Using T8, C(-P1L A P1e) <> X7 1CKe, we obtain a downwardreflection into the
next model __(1) = @) M) 1) M), Mo(1), Mv D) whereMv () is like



MV (), but under ML), now alsdfocus_e s true. Moreover, ) = U0), andthe
new cluster Nit) equals the old NO):

wmv @ u®
(0,0,0,0) (1,0,0,0)
observed_b - b
possible_hyp_e
possible_hyp_p (0,0,1,0) (1,0,1,0)
focus_e b -
0.1.00) o150 M¢
[ J [ J

* Further snapshots

Now, the clusterM (1) is the one which is in the currentfocus: at its object-level
theory we can derive that -b, sincei\(l) we havex(l) = B-b. We usethe meta-
knowledge focus_z A observed_ w A B-w) — bad_hyp z with e for z andb

for w. UsingA againthis yields GoK-e, so that for all __(2) with __ (1) < _ (2) jt

holds that_(2) = —e; semanticallythis amountsto sayingthat the universeU(2) of

all future models__(2) is at most the set U(Y) \ M(1), and one may proceedand
investigate the hypothesis of bad plugs (p) for the failure of the non-starting car.

Some remarks are iorder here.Firstly, we haveonly analyzedsomeintendedmodel
for the theory® = (W, A); a model that carries the assumptibat the theory (W, A)
is all that we know; this justified for examplethat we took M2o(1) to be empty.
Secondly, since the atoms A areratherapplication-dependentye decidedto addall
assumptionsabout them to A; however, for classesof applications,one might
consider to add some of those properties as axioms to S5P*. Finalys iparticular
examplewe did not exploit the fact that we havea branchingtime model; one may
change the example in such a way thattthe possiblehypotheseg ande areso to
speakinvestigatedsimultaneouslyln our exampletheremay be specific reasonsto
investigate one hypothesis before the other: because one of thew) (§anore easy
to refute, for example; this preference is also explicitly modelléd in

8 Conclusions

In [MH93a,b] an Epistemic Default Logic (EDL) was introducedinspired by the
notion of meta-level architecturethat also was the basis for the BMS-approach
introducedin [TT91]. In EDL drawing a default conclusionhas no other semantics
than thatof addinga modalformulato the meta-level.No downwardreflection takes
place to be able to reason with the default conclusions at the object levetémgof
which assumptionactually canbe made).In [TT91] downwardreflectionto actually



make assumptions takes place, but no logmahalizationwas given: it was defined
only in a procedural manner.

In principle a downward reflection that enlarges the object level theory disherbs
objectlevel semanticsfacts are addedthat are not logically entailedby the available
object level knowledge. Adding a temporal dimension (in the spiffGD2]) enables
one to obtain formal semanticsof downwardreflectionin a dynamic sense:as a
transition from the current object level theory to a next one (where the reflected
assumption has been added). This view, atsterlyingthe work presentedn [ET93]
and [Tre92], turndut to be very fruitful. A numberof notions canbe formalizedin
temporal semantics in a quite intuitive and transparent manner.

The temporal epistemic meta-level architecture described here is a pawelfid
reasonwith dynamicassumptionsit enablesone to introduce and retract additional
assumptionsduring the reasoning,on the basis of explicit meta-knowledge.In
[Tre9Q], [Tre91] various applicationsof this architectureare shown. In the current
paper we formalizethe semanticof a temporalepistemicmeta-levelarchitectureby
means of entailment on the basis of temporalized Kripke models.
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