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Abstract:  We present a novel setup that allows the observation of the
geometric phase that accompanies polarization changes in monochromatic
light beams for which the initial and final states are different (so-called
non-cyclic changes). This Pancharatnam-Berry phase can depend in alinear
or in a nonlinear fashion on the orientation of the optical elements, and
sometimes the dependence is singular. Experimental results that confirm
these three types of behavior are presented. The observed singular behavior
may be applied in the design of optical switches.
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1. Introduction

In aseminal paper Berry [1] showed that when the Hamiltonian of a quantum mechanical sys-
temis adiabatically changed in acyclic manner the system acquires, in addition to the usual dy-
namic phase, a so-called geometric phase. It was soon realized that such aphaseisin fact quite
generd: it can also occur for non-adiabatic state changes and even in classical systems[2]—-[5].
One of its manifestations is the Pancharatnam phase in classical optics [6]— [8]. The polariza-
tion properties of a monochromatic light beam can be represented by a point on the Poincaré
sphere [9]. When, with the help of optical elements such as polarizers and retarders, the state of
polarization is made to trace out a closed contour on the sphere, the beam acquires a geometric
phase. This Pancharatnam-Berry phase, asit isnowadays called, is equal to half the solid angle
of the contour subtended at the origin of the sphere [10]—[12]. The various kinds of behavior of
the geometric phase for cyclic polarization changes have been studied extensively [13]—[16].

In this paper we study the geometric phase for non-cyclic polarization changes, i.e. polariza-
tion changes for which theinitial state and the final state are different. Such changes correspond
to non-closed paths on the Poincaré sphere. The geometric phase can depend in alinear, anon-
linear or in a singular fashion on the orientation of the optical elements. Experimental results
that confirm these three types of behavior are presented. The observed singular behavior may
be applied in the design of fast optical switches.

The states of polarization, A and B, of two monochromatic light beams can be represented
by the Jones vectors[17]

B cosapn o
En — (gnaAéeA), (0<on<n/2 < 0n<). M
~ cosog _
Eg = e'7<sinaBeieB), O<op<m/2;—n<0g<m). 2

Since only relative phase differences are of concern, the overall phase of Ex in Eq. (1) istaken
to be zero. According to Pancharatham’s connection [8, 18] the two states are in phase when
their superposition yields a maximal intensity, i.e., when

[Ea+Egl® = |Eal®+|Es|*+2Re(Ea-Ep) (©)
reaches its greatest value, and hence

Im(Ea-E) = O, 4
Re(Ea-E;) > O. (5)

These two conditions uniquely determine the phase v, except when A and B are orthogonal .

2. Non-cyclic polarization changes

We study a series of polarization changes for which the successive states are assumed to be in
phase. To illustrate the rich behavior of the geometric phase, consider a beam in an arbitrary
initial state A, that passes through a linear polarizer whose transmission axis is under an angle
¢1 with the positive x-axis. This results in a second state B that lies on the eguator of the
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Fig. 1. Non-closed path ABCDE on the Poincaré sphere for a monochromatic light beam
that passes through a sequence of polarizers and compensators.

Poincaré sphere (see Fig. 1). Next the beam passes through a suitably oriented compensator,
which produces a third, left-handed circularly polarized state C on the south pole. The action
of asecond linear polarizer, with orientation angle ¢, creates state D on the equator. Finaly, a
second compensator causes the polarization to become right-handed circular, corresponding to
the state E on the north pole. These successive manipulations can be described with the help of
Jones calculus [17, 19]. The matrix for a linear polarizer whose transmission axis is under an
angle ¢ with the positive x-axis equals

P(9) — < cos’¢p  cospsing )7 ®)

cospsing  sinf¢

whereas the matrix for a compensator (“retarder”) with a fast axis under an angle 6 with the
positive x-axis, which introduces a phase change 6 between the two field componentsis

C(5.0) — cos(86/2) +isin(6/2) cos(20) isin(6/2)sin(20)
(6,8) = isin(8,/2)sin(26) cos(8/2) —isin(8/2)cos(20) ) ()
The (unnormalized) Jones vector for the final state E thus equals
Ee = C(n/2,¢2—n/4)-P(¢2) - C(—7/2,¢1—1/4) - P(¢1) - Ea. ®)
Hence we find for the normalized states the expressions
Es = P(01)-Ea=T(A ) ( g ) ©
Ec = C(—7t/2,¢1—7r/4)-EB:T(A,¢1)eim( Il//g ), (20)
Eo = Pl Ec=T(A a0 (5o ). ay
Ee = C(n/2,¢2—n/4)-ED:T(A,¢1)é<2¢2W( _1|/ /\\//% ) (12)
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Fig. 2. Sketch of the Mach-Zehnder setup. The light from a He-Ne laser (right-hand top)
is split into two beams. All polarizing elements are placed in the upper arm, the lower arm
only contains a gray filter. The compensators are depicted with striped holders, the linear
polarizers with non-striped holders. The last two pairs of elements are mounted together.
The interference pattern of the recombined beams is recorded with either a photo diode or
a CCD camera (left-hand bottom).

where

T(Aor) = coS0p COSP1 + Sinop€PAsing, 13)
A | cosaa CoSy +Sinaagasing, |

is the (normalized) projection of the initial state A onto the state (cos¢y,sing;)T. Although in
general the output produced by a compensator is not in phase with theinput, it is easily verified
with the help of Egs. (4) and (5) that in this example all consecutive states are indeed in phase.
Hence it follows from Eqg. (12), that we can identify the quantity

W = arg[T (A, g1)é 2% 9)] (14)

as the geometric phase of the final state E. When abeam in this state is combined with a beam
in state A, the intensity equals [cf. Eq. (3)]

IEal?+ |Eg|?+2Re(Ea-EL) = 1+|T(A,01)>+2H(A, ¢1)cos(26; — d1 + d),
(15)
where
H(A, ¢1)€™ = T*(A, ¢1)En- ( Il//\\g ) , (16)

and with H(A, ¢1) € R™. In the next section we investigate the dependence of the geometric
phase of the final state E on the initial state A, and as a function of the two orientation angles
¢1 and ¢, and experimentally test our predictions.
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3. Experimental method

The above sequence of polarization changes can be realized with a Mach-Zehnder interferom-
eter (see Fig. 2). The output of a He-Ne laser operating at 632.8 nm is divided into two beams.
The beam in one arm passes through a linear polarizer and a quarter-wave plate. This produces
state A. By rotating the plate, thisinitial polarization state can be varied. Next the field passes
through a polarizer P(¢,) that creates state B, and a compensator C;, resulting in state C. A
polarizer P(¢) produces state D, and a compensator C, creates the final state E. The elements
P(¢1),Cy1 and P(¢2),C; arejoined pairwiseto ensure that their relative orientation remains fixed
when the angles ¢; and ¢, are varied, and the resulting states are circularly polarized. Thefield
in the other arm is attenuated by a gray filter in order to increase the sharpness of the fringes.
Thefields in both arms are combined, and the ensuing interference pattern is detected with the
help of a detector. Both a photodiode and a CCD camera are used.

On varying the angle ¢, the intensity in the upper arm of Fig. 2 remains unchanged and
the changes in the diffraction pattern can be recorded with a photodiode. However, when the
angle ¢1 isvaried, the intensity in that arm changes. The shape of the interference pattern then
changes as well, and the geometric phase can only be observed by measuring a shift of the
entire pattern with a CCD camera[20].

One hasto make sure that rotating the optical elements does not affect the optical path length
and introduces an additional dynamic phase. This was achieved by an alignment procedure in
which the invariance of the interference pattern for 180° rotations of the linear polarizers was
exploited. Mechanical vibrations were minimized by remotely controlling the optical elements.
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Fig. 3. Measured intensity as a function of the orientation angle ¢». The solid curveis afit
of the measured data to the function C; 4 C; cos(2¢» + C3). The vertical symbols indicate
error bars.

4. Experimental results

The dependence of the geometric phase of the final state E on the orientation angles ¢, and ¢
of the two polarizers is markedly different. It is seen from Eq. (14) that the phase is propor-
tional to ¢,. Thislinear behavior isillustrated in Fig. 3 in which the intensity observed with a
photodiode is plotted as a function of the angle ¢». The solid curve is afit of the data to the
function Cy + C,cos(2¢; + C3), with Cy, Cy and Cz all constants [cf. Eq. (15)]. The excellent
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Fig. 4. Geometric phase of the final state E when the initial state A coincideswith the north
pole (blue curve), and when A lies between the equator and the north pole (red curve),
both as a function of the orientation angle ¢1. The solid curves are theoretical predictions
[Eq. (14)], the dots and error bars represent measurements. In this example ¢, = 0.

agreement between the measurements and the fitted curve show that the geometric phase ¥
indeed increases twice as fast as the angle ¢».

In order to investigate the change AY when the angle ¢, isvaried from 0° to 180° (after which
the polarizer returnstoitsoriginal state), let usfirst assumethat theinitial state A coincideswith
thenorth pole(i.e., ap = /4,64 = —1/2). Inthat case the path on the Poincaré sphereis closed
and we find from Eq. (14) that ¥ = 2(¢» — ¢1). The solid angle of the traversed path is now
4(¢2 — ¢1). Thus we see that in that case we retrieve Pancharatnam’s result that the acquired
geometric phase for a closed circuit equals half the solid angle of the circuit subtended at the
sphere’s origin. Hence, on rotating ¢1 over 180°, the accrued geometric phase AY equals 360°.
This predicted behavior is indeed observed, see Fig. 4 (blue curve). For an arbitrary initial
state on the northern hemisphere [in this example, with Stokes vector (0.99, —0.14,0.07)] the
behavior isnonlinear, but again wefind that AW = 360° after thefirst polarizer has been rotated
over 180°, see Fig. 4 (red curve).

Let usnext assumethat theinitial state A coincideswith the south pole (oa = /4,04 = 7/2).
Inthat case, Eq. (14) yields¥ = 2¢,. Since thisisindependent of ¢, arotation of ¢; over 180°
resultsin AY = 0°. This corresponds to the blue curvein Fig. 5. For an arbitrary initial state on
the southern hemisphere [in this example, with Stokes vector (0.93,0.23, —0.28)] the geometric
phase does vary with ¢1, but again AY = 0° after a 180° rotation of the polarizer P(¢1), see
Fig. 5 (red curve). So, depending on theinitial polarization state A, topologically different types
of behavior can occur, with either AY = 0° or AW = 360° after half arotation of the polarizer
P(¢1). Thisimplies that on moving the state A across the Poincaré sphere a continuous change
from one type of behavior to another is not possible. A discontinuous change in behavior can

#122593 - $15.00 USD  Received 11 Jan 2010; revised 1 Mar 2010; accepted 17 Mar 2010; published 10 May 2010
(C) 2010 OSA 10 May 2010/ Vol. 18, No. 10/ OPTICS EXPRESS 10801



' 180 -

5 90|

3

Py 90 135 180
u)o XIE‘LjLL%%IX%ITI%
pe YT g

o

1)

= -90 -

2 ¢, ldeg] —
O

()

O 1801

Fig. 5. Geometric phase of thefinal state E when theinitial state A coincides with the south
pole (blue curve), and when A lies between the equator and the south pole (red curve),
both as a function of the orientation angle ¢1. The solid curves are theoretical predictions
[Eq. (14)], the dots and error bars represent measurements. In this example ¢ = 0.
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Fig. 6. Color-coded plot of the phase of the final state E as a function of theinitial state A
as described by the two parameters o, and 64 [cf. Eq. (1)]. In thisexample ¢1 = 37/4, and
¢ =1.8.
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Fig. 7. Singular behavior of the geometric phase of the final state E when the initial state
A lies on the equator, as a function of the orientation angle ¢1. The solid curve is atheoret-
ical prediction [Eq. (14)], the dots and error bars represent measurements. In this example
0ap=0.27, xp = 0.0 and ¢ = 0.

only occur when the geometric phase W is singular. This happens when the first state A and the
second state B are directly opposite to each other on the Poincaré sphere (and form a pair of
“anti-podal points”). They are then orthogonal and the phase of thefinal state E issingular [21].
Indeed, when the state A lies on the equator (64 = 0) then ¥ = 2¢p — ¢1, or ¥ = 29 — ¢1 + 7,
except when A and B are opposite. In that case ¥ is singular and undergoes a = phase jump.
In Fig. 6 this occurs for the point (oa = /4,65 = 0) at which all the different phase contours
intersect. In other words, when A moves across the equator, the geometric phase as a function
of the angle ¢1 is singular and a transition from one type of behavior (with AW = 360°) to
another type (with A¥Y = 0°) occurs. This singular behavior, resulting in a 180° discontinuity
of the geometric phase wasindeed observed, see Fig. 7. Notice that although the depicted jump
equals 180°, in our experiment it cannot be discerned from a —180° discontinuity. Whereas a
positive jump results in AW = 360° after a 180° rotation of the first polarizer, a negative jump
yields A¥ = 0°. In that sense the singular behavior forms an intermediate step between the two
dependencies shown in Figs. 4 and 5.

The ability to produce a 180° phase jump by means of a much smaller variation in ¢; can
be employed to cause a change from constructive interference to deconstructive interference
when the beam is combined with a reference beam. Clearly, such a scheme can be used for fast
optical switching [22].

5. Conclusions

In summary, we have presented a new Mach-Zehnder type setup with which the geometric
phase that accompanies non-cyclic polarization changes can be observed. The geometric phase
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can exhibit linear, nonlinear or singular behavior. Excellent agreement between the predicted
and observed behavior was obtained.
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