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Constraints on a possible fifth-force interaction between hadrons are derived based on an analysis of
results from laser precision frequency measurements of antiprotonic helium atoms, both �p4He+ and
�p3He+ species, and from experiments on resonant formation rates of ddlþ-ions in muon-catalyzed fusion
processes. A comparison is made between accurate experimental data and first-principles theoretical
descriptions of the exotic systems within a quantum electrodynamical framework. The agreement
between theory and experiment sets general limits on a possible additional hadron–hadron interaction,
written in the form of a Yukawa potential V5ðrÞ ¼ a5 expð�r=kÞ=r, with k representing the characteristic
length scale associated with the mass of a hypothetical force-carrying particle via k ¼ �h=ðm5cÞ. The laser
spectroscopic data of antiprotonic helium set a constraint of a5=aEM < 10�8 for k < 1 Å, while the binding
energy of the muonic molecular deuterium ion delivers a constraint of a5=aEM � 10�5 for k < 0:05 Å,
where aEM represents the strength of the electromagnetic interaction or the fine structure constant.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

Despite the great success of the Standard Model of physics in
describing physical processes at the microscopic scale, it is not
considered complete, for it does not encompass gravity. Further-
more, it lacks a description of Dark Matter and an explanation of
the present accelerated expansion of the Universe, which may be
associated with Dark Energy or repulsive gravitation. The concept
of Dark Matter [1] can alternatively be explained in terms of a devi-
ation from the law of gravity at large length scales, via various
modified newtonian dynamics (MOND) theories [2]. String theory
[3] predicts the existence of higher-order dimensions that may
be compactified; this compactification is postulated to give rise
to deviations from Newtonian gravity at short lengths scales vary-
ing from the sub-lm to the mm scale [4,5]. Recent results of laser
spectroscopic measurements on muonic hydrogen (l�p+) [6,7] are
in disagreement with similar studies in atomic hydrogen (e-p+) in
particular for derived values for the proton size, at the level of
7r. These deviations might be ascribed to deviations from quan-
tum electrodynamics (QED), possibly a deviation from Coulomb’s
law of electromagnetism at short length scales. These examples
illustrate the rationale to search for additional forces.

The present study focuses on phenomena in the QED-sector, for
which the (Coulomb) interaction potential is given by:
VEM ¼ Z1Z2
aEM

r
�hc; ð1Þ

where the coupling strength is the fine structure constant
a ¼ aEM ¼ e2=4p�0�hc. Deviations from physical law could be
expressed as a modification, or in the mathematically equivalent
form, as an additional fifth force:

V5 ¼ N1N2a5
expð�r=kÞ

r
�hc ¼ N1N2a5YðrÞ�hc; ð2Þ

where the prefactors N1 and N2 could relate to some charge under
the fifth force. In the rest of the discussions we associate N1;2 with
the hadron numbers or atomic mass numbers of each nucleus, with
the expectation that the hypothetical fifth-force charge is propor-
tional to the particle number. The fifth force is parameterized by a
generalized Yukawa potential for a certain effective range k, which
is associated with the mass of a hypothetical bosonic gauge particle
of mass m5 ¼ �h=kc, which would act as the force-carrying particle.

The dimensionless coupling constant a5 may be related to the
strength of any known interaction, e.g. electromagnetism or grav-
ity. The latter is represented by:

VG ¼ N1N2
aG

r
�hc; ð3Þ

where aG is the dimensionless coupling constant for gravity. If we
take the proton mass as the mass scaling unit, then aG can be
related to gravitational constant G by the relation aG ¼ Gm2

p=ð�hcÞ.
The ratio between the gravitational and electromagnetic coupling
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constants between two protons is aG=aEM ¼ 8:1� 10�37, assuming
the inverse-square law behavior of the respective interactions
holds.

Tests of the inverse-square law behavior of gravity have been
carried out over an enormous distance scale from kilometers to
submicrons, where the latter short-distance constraints are
obtained from Casimir-force experiments [8]. Recently an analysis
has been performed on a fifth-force contribution at the typical dis-
tance scale of chemical bonds, thus at length scales of 1 Å. Precision
measurements on HD+ ions [9,10] and H2, D2 and HD neutral mol-
ecules [11–14] in comparison with advanced QED calculations for
the HD+ ion [15,16] and for neutral hydrogen molecules [17,18]
allowed for a determination of a constraint a5=aEM < 10�9 at length
scales of 1 Å and larger [19]. We note that analogous constraints
for extra lepton–hadron interactions may be obtained from a com-
parison of very accurate experimental and theoretical results on
simple atoms and ions [20], e.g. H, He, and He+.

In the present study, these results are extended to shorter
length scales by considering two exotic atomic or molecular sys-
tems. Recent results of laser spectroscopic experiments on antipro-
tonic helium [21] are interpreted in order to derive a constraint on
a5=aEM in the interval 0.05–1 Å, which is possible due to the smal-
ler separation between heavy particles in these exotic atoms. In
addition, from the binding energy a weakly bound ðv ¼ 1;K ¼ 1Þ
state in the ddlþ system, determined by temperature-dependent
formation rate measurements in muon catalyzed fusion [22],
bounds of a5=aEM in the range 0.005–0.01 Å are derived. The spatial
extent of the wavefunctions, actually r2W2ðrÞ, for some relevant
states in the ddlþ and �pHe+ systems are plotted in Fig. 1 to indicate
the sub-Ångstrom length-scale accessed. Also drawn in Fig. 1 are
the wavefunctions relevant to the tightest constraints obtained
from the HD+ system. An assumption is made for the present sys-
tems investigated here, similar to that in the analysis which pro-
vided constraints from molecules for k > 1 Å, that the effects of
gravitational, weak and strong interactions do not play a role. Thus,
a comparison between experiment and theory can be made based
on calculations solely in the domain of QED.
2. Antiprotonic helium

Antiprotonic helium (�pHe+) is an exotic neutral system com-
posed of a helium nucleus with an antiproton replacing one of
the two electrons in a He atom. This long-lived exotic atom, or mol-
Fig. 1. The wavefunction densities of relevant states in the systems analyzed in the
present study: the weakly bound (1,1) state of ddlþ system, two states of
antiprotonic-4He involved in a measured two-photon transition, and two states
involved in Rð2Þ transition the (4,0) band in the HD+ ion. (v ; K: vibrational,
rotational quantum numbers).
ecule in view of the heavy interacting particles, was discovered
some 20 years ago at the KEK accelerator facility in Japan [23].
Antiprotonic substitution takes place when antiprotons are
brought to rest in a liquid helium target, where almost all antipro-
tons captured by the helium atom promptly annihilate in the sub-
sequent encounter with the helium nucleus. A small fraction of the
captured antiprotons, in particular, those in states occupying
nearly circular orbitals around the He nucleus, is stable against col-
lisions and may survive as long as several microseconds.

The surprising longevity allows for the manipulation of these
�pHe+ states, e.g. by high precision measurements of laser induced
transitions [24]. The accurate measurements of a set of one-photon
transitions both in He-3 and He-4 isotopes [25] were included into
the CODATA adjustment of the fundamental physical constants of
2006 and particularly of the (anti)proton-to-electron mass ratio.
The fractional measurement accuracy of single-photon laser spec-
troscopy experiments of �pHe+, however, is limited by the Doppler
effect.

More accurate results have been obtained recently from a
Doppler-reduced two-photon laser spectroscopic experiment
[21]. In order to enhance the two-photon transition probability,
two counterpropagating laser beams of slightly unequal frequen-
cies where used, with the frequency of one detuned by some
6 GHz from an intermediate state. Due to the near-equal frequen-
cies of the counterpropagating beams the first-order Doppler effect
largely cancels out, allowing for a more precise spectral line
recording, where the hyperfine structure is partially resolved.

Accurate theoretical results for the three-body �pHe+ system
where obtained in terms of power series expansion in the fine
structure constant a. The nonrelativistic energies were obtained
with an accuracy of 16 significant digits by using a variational
expansion [26]. Since these states are truly resonant states, the
Complex Coordinate Rotation (CCR) approach has been used in
order to obtain square integrable wave functions, and the Ray-
leigh–Schrödinger perturbation theory is applied to an isolated
CCR state [27]. Details of calculations may be found in [28]. Here
we point out that the leading order relativistic corrections in the
form of the Breit–Pauli Hamiltonian and the leading-order radia-
tive correction considered account for recoil corrections, while
the higher-order terms were taken within the nonrecoil approxi-
mation. The finite size corrections were also included, however,
their contribution to the vibrational or inter-Rydberg transitions
strongly cancels out, such that the uncertainty contribution of
the uncertainty in the nuclear charge radii is negligible. The energy
contributions for the ðn ¼ 36; ‘ ¼ 34Þ ! ð34;32Þ transition in
�p4He+ are listed in Table 1. The uncalculated higher-order QED
terms as well as numerical errors in the calculations contribute
to the total uncertainty in the theoretical transition energies.

The theoretical results and the most accurate experimental data
from Hori et al. [21] on precision two-photon spectroscopy of the
antiprotonic helium atoms, both in 3He and 4He, for the three
observed transition are presented in Table 2. Recent progress in
the calculation of the one-loop self-energy contribution of the
Table 1
A list of contributions to the transitional frequency (in MHz) of the two-photon
ðn ¼ 36; ‘ ¼ 34Þ ! ð34;32Þ transition in the antiprotonic helium atom �p4He+. The
uncertainty in the first parentheses is the contribution from higher-order terms, while
that in the second is due to numerical errors.

DEnr = 1522150208.13
DEa2 = �50320.63
DEa3 = 7069.5(0.3)
DEa4 = 113.1
DEa5 = �11.3(2.1)
DEtotal = 1522107058.8(2.1)(0.3)



Table 2
Transition frequencies of two-photon ðDn ¼ 2;D‘ ¼ 2Þ transitions in �pHe+ [21]. Theoretical uncertainties are from uncalculated QED terms and numerical errors, respectively.
Experimental uncertainties indicate total, statistical, and systematic errors, respectively. The difference between the experimental and theoretical values as well as the combined
experimental–theoretical uncertainty dE are also listed. All values are in MHz.

ðn; ‘Þ ! ðn� 2; ‘� 2Þ Theory Experiment Diff dE

�p4He+ ð36;34Þ ! ð34;32Þ 1522107058:8ð2:1Þð0:3Þ 1522107062ð4Þð3Þð2Þ 3.2 4
ð33;32Þ ! ð31;30Þ 2145054857:9ð1:6Þð0:3Þ 2145054858ð5Þð5Þð2Þ 0.1 6

�p3He+ ð35;33Þ ! ð33;31Þ 1553643100:7ð2:2Þð0:2Þ 1553643100ð7Þð7Þð3Þ �0.7 8

Fig. 2. Bounds on the coupling strength a5 for a fifth force as derived from the
binding energy the weakly-bound ðv ¼ 1;K ¼ 1Þ state in ddlþ from lCF studies,
transitions in antiprotonic helium, and from transitions in HD+ [19]. The coupling
strength is compared to aEM (left scale) and aG (right scale) as a function of fifth-
force range k. The upper scale gives the mass of the force-carrying particle m5.
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order ma7 (or a5Enr) should allow for the improvement in the the-
oretical predictions of transition frequency intervals to a relative
uncertainty of 10�10 [29].

The effect of a fifth force is evaluated by treating the potential in
Eq. (2) as a perturbation on the level energy of the particular states,
resulting in a shift in the transition energy of

DV5;k
� �

¼ a5N1N2 Wn0 ;‘0 ðrÞjYðr; kÞjWn0 ;‘0 ðrÞ
� ��

� Wn00 ;‘00 ðrÞjYðr; kÞjWn00 ;‘00 ðrÞ
� ��

�hc ¼ a5N1N2DYk�hc ð4Þ

between two states represented by the wavefunctions Wn0 ;‘0 ðrÞ and
Wn00 ;‘00 ðrÞ, which express the probability of finding the He+ and �p�

at a certain separation r within the exotic atom. For the �p4He+ iso-
tope N1 ¼ 4 and N1 ¼ 3 for the �p3He+ isotope, while in both cases
N2 ¼ 1 for the antiproton. In the experiment, the long-lived antipro-
tonic helium states have quantum numbers n � ‘ � 30. The wave-
functions of the ðn ¼ 33; ‘ ¼ 32Þ and ðn ¼ 31; ‘ ¼ 30Þ states are
indicated in Fig. 1 indicating the distance range accessed. The effect
expressed in Eq. (4) for transition energies is differential, and the
sensitivity for probing a fifth force V5 is larger if the wavefunctions
involved in the transition have different internuclear separations.
Numerical integrations using the wavefunctions from theory were
performed to evaluate the DV5;k

� �
contribution for the transitions

of relevance, treating k as a parameter.
The experimental Eexp and theoretical Eth transition energies are

in good agreement, the difference Eexp � Eth being consistent with
zero as listed in Table 2. The combined uncertainty

dE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DE2

exp þ DE2
th

q
between the experimental and calculated val-

ues were used to set bounds for the maximum contribution to a
fifth-force. A constraint for the coupling strength a5 is obtained
for a range of values of an interaction length k by the relation

a5 <
dE

N1N2DYk�hc
: ð5Þ

From the experiments reported by Hori et al. [21], two transitions
were measured in the �p4He+ isotope: ðn ¼ 36! 34; ‘ ¼ 34! 32Þ
and ðn ¼ 33! 32; ‘ ¼ 31! 30Þ; while the ðn ¼ 35! 33;
‘ ¼ 33! 31Þ transition was measured in the �p3He+ isotope. The
derived limits for a5, parameterized by k, from both antiprotonic
helium isotopes are shown in Fig. 2 for all three transitions. The
limit for a5 obtained from ðn ¼ 33! 32; ‘ ¼ 31! 30Þ transition
in �p4He+ is drawn as a solid line, where the more penetrating
WðrÞ as indicated in Fig. 1 provides more stringent bounds for
shorter k interaction ranges. For interaction lengths k < 1 Å, a con-
straint of a5 < 7� 10�9aEM is obtained from antiprotonic helium,
however, this is superseded by constraints from HD+ ions for
k > 0:4 Å.
3. ddlþ molecular ion

The muonic molecular deuterium molecular ion ddlþ is an exo-
tic molecule where a muon l� substitutes the electron in the anal-
ogous Dþ2 system. Since the muon is about 200 times heavier than
the electron, the muonic molecular ion has an internuclear dis-
tance that is shorter by the same factor of � 200 compared to that
of its electronic counterpart Dþ2 . There has been great interest on
ddlþ in connection to studies on Muon Catalyzed Fusion (lCF),
where the short internuclear distance dramatically increases
fusion rates with great potential for energy production. From these
studies, it was discovered that in some particular cases such as in
ddlþ and dtlþ ions (t for tritium), fusion proceeds with a reso-
nantly-enhanced formation rate with a strong temperature depen-
dence, indicating the existence of weakly bound states. Additional
evidence for the resonant formation of the muonic molecules was
the observation that the ddlþ molecule formation rate strongly
depends on the hyperfine structure (HFS) of the dl atom, i.e.
F ¼ 3=2 or F ¼ 1=2 hyperfine state. Detailed analysis showed that
the binding energy of the ðv ¼ 1;K ¼ 1Þ weakly-bound state in
ddlþ can be determined with rather high accuracy of up to sub-
meV from fusion-rate studies [30].

Muonic deuterium atoms dl are formed when muons are
stopped within a D2 sample. When the ðdlÞF atom scatters off D2

at low energies, with the incident energy einðdlÞ in the order of
0.01 eV, the ddlþ molecular ion is formed via the following reso-
nant mechanism:

ðdlÞF þ ðD2ÞKiv i
! ðddlÞSJt

11dee
h i

Kf v f

ð6Þ

Here F ¼ Id þ sl is the total spin of the dl atom, Jt ¼ Iþ sl þ J is the
total angular momentum of the ddl11 ion; ðKi;v iÞ are the initial
rotational and vibrational quantum numbers of Dþ2 and ðKf ; v f Þ are

those of the final state: ðddlÞSJt
11dee

h i
. The latter 6-body muonic

molecular deuterium complex is referred as MD denoting a molec-
ular reaction complex with a compound nucleus ddlð1;1Þ.

Energy conservation determines the resonance condition:
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einðdlÞ ¼ Eddlð11; SJtÞ þ EMDðKf ;v f Þ þ DEmol�FS � EdlðFÞ
� ED2 ðKi; v iÞ: ð7Þ

Thus, tuning the dl kinetic energy einðdlÞ towards this resonance
condition by temperature, greatly enhances the production of
ddlþ, and eventually increases the fusion rate. For the calculation
of EMD in Eq. (7), the MD complex is treated as a molecule with
two point-like structureless nuclei. All corrections connected with
finite size of the ddlþ ion, as well as its spin-dependent interaction
within the MD molecular complex (dependent on Jt) are incorpo-
rated in the DEmol�FS term. Making use of the resonance condition,
the energy of the weakly-bound state of ðddlþÞSJt

11 may be extracted
from experimental data, provided that all other energy terms in Eq.
(7) are obtained with sufficient accuracy. Details of the experiment
and the fitting models employed to provide the binding energy of
the ðddlþÞ11 molecular ion, are discussed in [22,30]. The most
recent and comprehensive analysis of Balin et al. [22] gives the
experimental value for the binding energy of
EexpðddlþÞ11 ¼ 1:9651ð7Þ eV.

The theoretical binding energies for the ðddlÞSJt
11 ion were calcu-

lated in [31]. The hyperfineless energy were calculated taking into
account leading-order relativistic and radiative corrections, where
of particular importance are the vacuum polarization effects, while
the hyperfine splitting is treated separately. In this treatment, the
most accurate nonrelativistic calculations from Ref. [32] were
employed. In addition to accurate energies with sub-meV preci-
sions, accurate wavefunctions, e.g. those plotted in Fig. 1, were
obtained from these calculations. The finite size of the nuclear
charge distribution and the nuclear polarizability have also been
included in the theoretical treatment. The final uncertainty of the
theoretical binding and HFS energies does not exceed 0.1 meV. It
is noted that strong and weak interaction effects at this level do
not play a significant role even at this picometer-separations.

The dissociation (or binding) energy is defined as the energy
difference between the weakly bound state ðv ¼ 1;K ¼ 1Þ of the
ddlþ ion and the state when the two constituent deuterons are
non-interacting, i.e. at r ¼ 1 where Vð1Þ ¼ 0. The expectation
value of the fifth force for the ðv ¼ 1;K ¼ 1Þ ddlþ state with the
wavefunction Wð1;1Þ can be written as

hDV5;ki ¼ �a5N1N2hWð1;1ÞðrÞjYðr; kÞjWð1;1ÞðrÞi�hc: ð8Þ

A comparison of the most recent experimental determination of the
ddlþð1;1Þ binding energy in Ref. [22] and the most accurate theo-
retical results [31,32] demonstrate good agreement within an
uncertainty limited by the experiment. Using the combined exper-
imental–theoretical uncertainty of dE ¼ 7� 10�4 eV, bounds were
obtained from Eq. (5) as a function of interaction lengths and plot-
ted in Fig. 2 for k ¼ 0:004� 0:04 Å. A constraint of a5 < 5� 10�6aEM

is obtained from ddlþ for interaction lengths k > 0:04 Å, however,
this is superseded by the tighter limits from antiprotonic helium
at this interaction range.
Fig. 3. Global constraints for a5 for a range of interactions lengths k. The figure is
based on the present results, those of Ref. [19], and on data presented in Ref. [36]
including a wide variety of experiments of different nature. (Keplerian tests include
planetary and satellite interactions; LLR: Lunar Laser Ranging).
4. Discussion and conclusion

Excellent agreement between the experimental and theoretical
values for the transition energies of antiprotonic helium and for
the binding energy of muonic molecular deuterium ion are shown
in the present comparison. The combined experimental–theoreti-
cal uncertainty then places an upper limit to effects of unknown
fifth-force interactions beyond QED or the Standard Model. The
general characteristic of these exotic species is the substitution
of the electron by a heavier particle, either by an antiproton or
muon, leading to the reduction in the distance between the heavy
particles. The resulting interhadronic separation in the sub-
Ångstrom range for these exotic systems enables the extension of
the constraints obtained from hydrogenic molecules and ions
[19] to even shorter fifth-force interaction range.

Previous limits based on antiprotonic helium have been derived
based on approximate theory [33,34]. In contrast, the most
advanced ab initio theory [28], which provides both energies and
wavefunctions, is used in this study. In addition, the fifth force
interaction range k is taken as a parameter in the calculation of
the expectation values to separate its effect with the interaction
strength a5. The most accurate experimental values of antiprotonic
helium transitions by Hori et al. [21] were used in this comparison.
In the discussions up to now, we have treated the antiproton as a
hadron with no reference to its anti-matter character. In fact, Hori
et al. [21] established the equivalence of protons and antiprotons
within their experimental accuracy, thus our treatment is justified.
The present limit obtained from antiprotonic helium therefore cov-
ers extra matter–antimatter hadronic interactions.

Constraints obtained from the ddlþ molecular ion are obtained
here for the first time. The short internuclear distance of this exotic
molecule provides relatively stringent limits on the picometer
scale. The present constraint is limited by the experimental deter-
mination of the binding energy of the ddlþð1;1Þ state, obtained
from investigations of the resonant nature in the formation-rate
of fusion products. The interpretation of the experimental results
relies on theoretical models of the fusion reaction process. It turns
out that because of the resonant nature of the fusion process, the
rate is very sensitive to EððddlþÞ11Þ binding energy such that this
parameter can be obtained with high accuracy from the fit. An
advantage of the method employing a comparison of ab initio the-
ory and spectroscopic data as discussed in this letter is its simplic-
ity. This leads to direct interpretation with minimal assumptions,
providing constraints that should be robust. Future improvements
in the constraints are expected as spectroscopic experiments as
well as theory advances. The interparticle distances in atoms, mol-
ecules and their exotic counterparts occupy a distance scale that
complement the range accessed in other investigations.

The present bounds in the sub-Ångstrom scale extend the con-
straints obtained from inverse-square-law tests of gravity, e.g.
those discussed in a recent review [35]. A global overview of the
constraints is shown in Fig. 3, where the interaction range k
encompasses some 28 orders of magnitude. The figure is based
on the results presented in Ref. [36] that included a wide variety
of experiments of different nature, and extended towards the
sub-atomic regime with the present results. It is clear from this
picture that the bounds towards shorter interaction ranges quickly
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become less tight. On the other hand, the constraints at large k are
orders of magnitude more tight, since these are obtained mostly
using macroscopic experiments where massive numbers of inter-
acting particles (N1;2) are involved. The constraints obtained from
experiments based on Casimir-force investigations are taken from
Adelberger et al. [36] and references therein. Neutron scattering
experiments overlap in the k-range accessed in this study, where
tighter bounds are claimed [33]. However, the analysis undertaken
in order to provide constraints from neutron scattering experi-
ments is not as direct as in the method we present, where the
energy resonances in few-body systems we considered permit a
most straightforward interpretation. Even tighter constraints are
obtained from astrophysics with the most restrictive limits on
additional energy loss channels from axion production in globu-
lar-cluster stars [37], also indicated in Fig. 3. However, these are
limits on a particular photoproduction process:
cþ 4He! 4Heþ /5, where /5 is the new bosonic particle, for
example, the axion. Although it would seem that our bounds are
much less constraining for this particular process, the constraints
we present remain the most general in the context of a generic
characterization of a Yukawa-type interaction between hadrons,
and no additional or specific assumptions are invoked.
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