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Stochastic processes

Example 1
* The intensity of the sun.

 Measured every day by
the KNMI.

» Stochastic variable X,
represents the sun’s
Intensity atday t,0 <t <
T. Hence, X, assumes
values in R* (positive
values only). | \ | | \ | |
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Data from KNMI-website



Stochastic processes

Example 2
* DNA sequence of 11 bases long.

» At each base position there is an
A C,GorT.

e Stochastic variable X; is the base
at position i, 1=1,...,11.

* In case the sequence has been

observed, say:
(X1, X5, ..., X11) = ACCCGATAGCT,

then A is the realization of X, C
that of X, et cetera.

Figure: http://ircamera.as.arizona.edu/



Stochastic processes

position .. T t+1 t+2 t+3
base " A A T C

position position position position
t t+1 t+2 t+3



Stochastic processes

Example 3
A patient’s heart pulse during surgery.
e Measured continuously during interval [0, T].

e Stochastic variable X, represents the occurrence of
a heartbeat at time t, 0 <t < T. Hence, X, assumes
only the values 0 (no heartbeat) and 1 (heartbeat).

Figure: http://www.gnkaterini.gr/



Stochastic processes

Example 4

0.5

e Brain activity of a human
under experimental
conditions. | | |

e Measured continuously
during interval [0, T].

Tesla (scaled)
0.0
\

e Stochastic variable X,
represents the magnetic ]
fleld attimet,0<t<T.

Hence, X; assumes values | | | | | | |

O n R 0 500 1000 1500 2000 2500 3000

Time (digital)

Data kindly provided by R. Hindriks
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Stochastic processes

The state space S is the collection of values that the
random variables of the stochastic process may assume.

If S ={E,, E,, ..., E{}, then X, Is a discrete stochastic

variable.
If S =[0, <), then X, is a X,
continuous stochastic Discrete continuous
variable. 2

8 Example 2 Example 1
Time can also be =
either discrete or g
continuous. E Example 3 Example 4




Stochastic processes

Stochastic process:

e Discrete time:t=0, 1, 2, 3, ....
«5={3,-2,-1,0,1, 2, ..... }

* P(one step up) = ¥2 = P(one step down)
* The process is locked in at -3

0 | | | | | | | | | | | | 1 | | |

R L N R E—
12345678910111213141'5161718




Stochastic processes

The first passage time of a certain state E; in S Is the
time t at which X, = E, for the first time since the start
of the process.

The absorbing state is a state E; for which the
following holds: if X, = E, than X, = E; forall s =2 t.
The process will never leave state E;.

The time of
absorption of an
absorbing state is
the first passage : A | ]
time of that state. :
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Stochastic processes

A stochastic process is described by a collection of
time points, the state space and the simultaneous
distribution of the variables X, I.e., the distributions of
all X, and their dependency.

There are two important types of processes:

» Poisson process: all variables are identically and
Independently distributed. Examples: queues for
counters, call centers, servers, et cetera.

* Markov process: the variables are dependent in a
simple manner.
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Axelson-Fisk (2010):
Definition 2.1.
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Markov processes

A 1st order Markov process in discrete time is a sto-
chastic process {X}-1» . for which the following holds:

P(Xir1™Xe1 | X=X ooy X3=Xg) = P(Xu1 =X | X=X

In other words, only the present determines the future,
the past is irrelevant.

From every 7

state with ;

probability 0.5 it - -
one step up or 1 I

down (except
for state -3).
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Markov processes

The 15t order Markov property, i.e.
P(Xera™Xp1 | X=Xy ooy X97Xg) = P(Xu1 =X | X=X,
does not imply independence between X, ; and X,;.

Nor does it imply that P(X., ;=X | X.{=X,,) equals zero.

For instance,
P(X;=2 | X.4=0) = ;
P(X,1=2 | X=1) ; ] —

2 L
P(XEL | X0 =% il




Markov processes

The 0™ order Markov property, i.e.
P(Xir1™ X1 | XiFXp on X17X1) = P(Xp15X4).

Thus, X, and X,,, are independent. So are X, ; and X,
and X, and X, 140, and ...

Or:
P(X1=X1, X=X = P(Xi11=X41) * P(Xi=X)

Classic example:
- Tossing a coin : P(X,,; = head | X, =tail) = P(X,,;= head)
- Rolling dice : P(X,;;=6 | X;=6) = P(X,;= 6)



Markov processes

Difference between 0" and 15t order Markov process
— DNA example

— state space: {A, C, 5, T}
— sample in accordance with a 0™ and 1st Markov chain

Recall: 15t order takes into account the previous state
visited, O order does not.

@— @ ®
O 0\0 O

position position position position
t t+1 t+2 t+3



Markov processes

Question: what is the order of the processes?

TTT TCTACCACTCTAT TCAA T C TACC TTCC AT AT C CAAC | CACCTC ATA TTCCC CT ATC CCAC A C TCC TTA C€C C CCAA CTTCTIT AC TTACTAL

FCATTTYT T ATTCATATCCCC CC cC CAACATAC T CTT TTT T TTCA TCTACTCT TCTACACAA CT CCATT TCTITTAATT C T €c C AT T
T TT CACTT ACC TATAT TC CCTCA CTC ATCTTA TCTAT CCAT T TTCCTTTC TACATCCAT C AAC CACCACTT CCCA TA CTAT C CCAT
CAATCC TC AATACTCCTATACTTACATTACAAACCTTTC TAT C C c € T AT CTCCC AC CCC TC TAT TT CCTTC TC TCC C ccC C(
T TIIT T C CTICTTTTAT TTATCAAC TCC CCcT CA CTCACA TA TC TTCIT AT € . C CACCTTC CTCA TTTT CACCTT. C CC C(
TC TITITC ACCTAACC CCCC TAT T C TTCCCTT T TATCC AT T AT AT ATTCT TA TT AC CCAACTAC TCC TA C TCTCCCCA TTATTC
CCACA CACTA TCC TT C C TA C CAC CTAAACT TTACTCA TTTT TACTTT T AC TTA TCCTCTACAAT CTT T T TC TATACAC T CT' T
r T TTCC ATTC T ACCCTTCTCTTC TTACTTCA CCCTCT TCTTTCC CAATTCTTTCCACATTAAA AATA AA CC ATACA AA ACC TCATACCACAAC CAC TATI(
ITCC  TTIT CTICTATA C AA TAC: A AATCC C-T CCTAT € CCATACCTAAC AT CCCTA T CTC TC ATATTAT. CTTTTC! CA CT TAAACTAAC T
IC €T TCC CCAAA T TCTCT CAATCA CC TT ACTTTATT CC AATAATTCC C TAA CT C AACCTC C TC WMIC € TCACAACTTACAAA CTACACTCCCACATT
C A CCTC CT ACAAC TCATTTACT CAT CAATTTA TCCTT T CC AC T CAAAC TCAAATCTAACATCT TTC CTTC CT TAA CC  TCTC CCAACTT
FCCAAA AT ATA AACT TIT CCCAC CC  CCT CATT CC A TT ATCACAT ATCCTA TTTCTICAC TC T ACC AC CCC TTCT TCACTAA T T T CCCY
¥ AC TTC TT CC TC TCTC. T TCC CA TAT T ATTATT TCACATCATTTCC CTA C TC CCT AT TC C T CCC TTAACAC T CTAC CYTC €W
FACCATCAATC CCC ACC TCCT T €T TAC TF €T A TCC TA TY TC  TTA T CCT CCAACC CTCTT C CCATAAC AT TACA TA TTCCATT CTCCTC T
CCA CCTTCATACCCCCTATTC CT TCA TCTCACACCT T TA T ACC ACA CAACC CTATCT C : c ATCCATTT T TAC CAACATC CCACCCAT TAT
[ CC  CTETCCT C ATCC CAACCA C TCT ACCT TCATA TAC CTF CTA ACTY TYCT CCTCCATIT CACT T T CCCC CTIT CAAATTCAC T TT ACT
e C CccC TC €T 'CC C AA TCAACTC TCC AACC TCTATCCCAACCTATTTTC CATC T AC CCATCCTTTA CATT TCTTAAC TTATA TAAA TAL
TT TAAT CCT TT T CCCCCTC AC CACA ACTT TC CTTAATA CACTAC ATAA CA ACTCTCTACT CCT T : T TA T TTC ATTATTA CACTCAC
C TC TAATAAC C AT TTT CTACAC TTCTAAATC CCATCTTC ATTTTTT CTCATT TAC T TTTATCTACCC ATCTTCTT CTCTC CTAC AT AT
T TCCT C TTCCT T TAATT CCATCTTA TITC TTT TITC TTA CCCAATATCC AT T C TT cT TTT TCATCAT. T CAT
FTAAT CCAT T C C TTAT CT TTCCCC A  CCA CTATTATC TTTTCCATCC C TAT TTCC AT TCAATTCCTTATT C TTAATACCT CTC CTT T TCA TTITIT
T T CT CCCACTCTC CCCCC CTA TC CA 'T C CC TCTCCAATCA TCT CAA ACTTC CYCCTTCTC T CTATACAC C CA ACATAATTA A CATATI
TCA T AATCTCCA T ATA AA C TTTTCTAAC € CAA T AC TAT TVA T TCCCCCH CCAAA TTACCCTTA T TITEC T  CACAAC TTAATATTAARC C C
TT T TCCACC TACATATCAA C CYTCAC A TACACA C CACTC CACAAATACTTCT CCATTIT TT TA C CTA TTTTACCCT TC CTTCA TCAK
AT TCATCACTTACCATTTAACATCTCAATTC TCTTC ATACAT CACTAC TTCC TATACATA C ACAT ATAAT

TAACCTCC CTCCCCCTCAC WCAC T C-CTCT ATC CTTT
€0

\WCAACTCAATAA TTCCCAC T CC TAT ATC TAAATAC TTAAATA CAACTTT CTT TA CT TTCACACCT A CCCAA T € ACCTAATTCCTCCCAT TCC(
FATT TACTCTCTCTAT CTT TACC TITC C TT €CC CC CCTCACATA ACTT CACTT TC T TCAC TC CC T FC . C CTITA TCAC C T CC TAC T
CTCACCC CTCAC CcTC TTAC ATCTAAC CCAC C TC ACTTAAC CAATCTTACT CC T CT TCAT TC T TIC CATATA T \TATYTC T (
ol = ATCC CAATTAAT TAC C TAT CACTACTTCAAT CA T CCCT CTCC CTC T CTTCAC AC C T CCTCT CTTC CAT TC T
C T AC CTCCCAATCA  C CTATACCAT T ATAT CT C CTT TACCCTTATA TAATTC T | CAACC ATAACCAACAAA TC T C CCCATT CAT C TATI
CcC TCC TTTTCCCT € TA AC ACCAC T CTTT CTCC CAC ATA CCTCCCTC CAATTTAA T AC T T C AC AT CCCC TC TT T T ACTAT TC
TATCATC ACCCTTTC TATTCCCACCCAA TCTC AACTCIT TT ATTCCC T CC C CCTA ACT ACTT C CCTCTTT CCTCT T TACC CCATCTT
- TTITIT T CT AT TTTCTACCTT CITIC T C CTCAAC T CAC TT C AAATAT TCCTCCAATCCH TAATC CA C C T CTA € C TAATTA CCTC AT ATTAL
WCTCT TTCCTCT CCT CCTC CCAAC TTC CTAACTACCA CACCA CTACA T TAATTCAC CT T TA T TACT T AAT CCARATCAT C T ACC TTCCCCCC
ITAT T CATCACTA ATAAC AATCACACTT ATTTCCAAC TTTT ATTATTACT TT TTTICT AC ATC/ T €C C CTAAC! C ATCC TCAATTTAC CTCAC TCTITT 7T
FCAC C TT TC C  CTCTTT CC AAC ACCAC CJ AT CA CCTTTAC AC C TT. TA TATT CTCC ATAT AT CCC AC cCT CC
=TCCAT C CTCCCC  TAT CATTTI €C CTCTACCC CCTACCT ACC ACA } C TCC TTVA ACAACTAC CCTACTCC  CAC CC T ATCA TT TACCTTITT C
STTACTATC L AT ACAT CT CCCAAAT CC CTC TATTACA CCTATTTCAACTAACTATACA TCT T T C CCTT AC CCTACT TCCOCACATCTCY i cC
CT CC CACC TCC C TTATT CA CCC T (' C CT C ACCCCCAC CC TAC CAACATACACC C C CCCAT CTATTTCAC C ACTTCTT TACTCT CTC TCCT
CACCCTTTT TAC TTATTACTT CAA TTCC C C TT CTCTTCTC CCATC € CCC T TAT CACAT T TA € € ACC TTCCTCCAT C CACA C
S TT T TATTTAATAC WC - AAA ATCC C  TATTACTCCCACT CATATC CACC T T CACAT CC T cT C.CC CATCTTTTCTAATTAAAT

- ~ Lo e ol Fall & L F s s . L o Pk e & L A s & - - -~ P e i o o o ~r TET O TTTYTTT - g . L o e o e ~reT s - T T



Markov processes

Question: what is the order of the processes?

CACCAAR CAC CACCCCACAACACCACCACCCACAAACCA CCACACAAC CCOCCACACAAAMCAACACCACAACAC AACCCCAC  TT TT. T T TTITTTITIT TT T TTTY
g § T T TITIT 71T T i & i o ¢ TOE TR FE T (O T T T T T T 71T T TE- T 077 7T TFIT. T TT TTTITTTIT
CCCCACACAACCCCCACCCCCCCCCCCAACCCCCACCCACAACCCCAACCACCAAC CCAAC VACACCACCACAAACCCACCC CACCCCCCC CCAACACCACCACCCCAACCACCC
AACACACCAACACACCCCAAAACACAAACARACACCACCCACCCACAACACACCALC CACCACCAACCARACCAACCAAACCACAAAAACCCAACCACACCAAACAACCAAAACACACACAACA
C AACAAAAAAACCCAACCCAAACCCCCACACACCACACACAAAACCACCACCCCAACCCAAAACAAAACACAACCAACACACAAACAACCAACCCACAC CCACCCCACCACCCACACAC
T TP TFETF F TTT T TITITTIT T T TF TF i TF T T T T TEITT TEIT - T'T T g G I s G0 S s TTTITT CCAACACAC
CACACACCC CCACAAACCACCC CCACACCAACAAAAACACCAAC AAACC WACCCACCCACCCAACAC WCAACCCACACCCACCCACAACCCACCCAAACCAACAL
CCACCAACCCCACC CACC CCCACCCACACCAAC CCACAC VACAS CCACACACACCACAC TITIT T T  TT T TTT T T T T
CCACCCCAACCACCACCACCCCCCACCCACACACARMAACACC CAC CCCAACCAR CAC : CACCCC CACAC CACCCACCCCACAACCCAMACACCC CCCCcCCcACC C
ACC CAACCACCCCAAC eI G s o TTTT T T TITITT T TIPT T °0T T TTITYTIT b iR g i O G o Gy p E i AR 7 e G i G o
TT TET T W TV TF. T TR T T T T TTY TT TT i i i 6 m = T TTT T TE T T T TTIT CACCCACCCACACCC CC
CCACCCAS CAARACC vACCCACCC CA CCACCCCCACCACCAACAACCAAACCAC CAACCACCACACACCCCACAACCC CAACCACCCAACACC WC
TT TT TTIT CACAACCCACACC TTTIT.T T T TIT TIT T T TT T v i TY TIT T T T T TIT (TEY T T T 1%
T TIT TEITI®T . T ITTIfT T TT T TTIT TT TYT TITTITIT °TT TTITITIT T TTF-T 03007 T % T TIT TTT TT TTF IT
T T T NoECEE R R U L TR E T T TT TIIETTT CACC CAACCACCAAAAAACCCCACACCCY C C VACAAACAACAACCCCCCCAC
T T ITITTIT TT TT T TIT T B SR TITTIT TIT T 2 il w0k O B0 ol g T g, & T T T T TITT T T CAACC
CCCAACACACCAACCCCACAACCAACCCAAACCACAACCAACACAAAACCCACCARACAAACCACAAACCCCCACCCACCALCSH AC T ' -TTE TEFE TITT IT T TEFE | TT
r e 3 o gt RN R T T TITY T T T CCCk CAAACAACACCACACCAAC WCAAC AC CTITIT TT T i GG
TITIT TfT °7T T 77071 TTTT T TTITTTT T TITTT T 71T | i TR 2 R o % iR AR = s o R R R SRR G TT T TITT TT T
TIT TT TYIITIT 70 TTITT CAAC WCCCCCAC ACACCACC WCCCCAC CCAACC CACCCCACACACCACCCCACCC CCCACCACCACCACACACACCACAL
CAACACCCACCC CACACCACACACACACACACAACACCACACACACAC AACACCCCAACCCCAACCAACCACCCAC CcCccC yC 4 CCCCAACCCAACACAAC TTTTT TT
cCcCccC CCCACCACACCCCACCCAACCCACC CACAACAAACCAACCCAACACCACAACCACCACCACACACACCACCCCCACCCCCACACCAACAC CCACCCACCACCAACACKCC
T TF TITT TT TT T T CACACACCACACCCCCCCCAACAAAACAALC CACCCC cC CAC ccccc CCCAACCACCACACACCCCCCCCCCCCCCCACAACC
c cCC AACCCAAAACAACCCACCAACCACCACAAACACACCCCCAA CCCAACAACACACCCCACCACACCACAAARMCCCAAMACCCACCCCCAACCCACAACCCCC AR AACAC
TT TIr T T I T TIT T AL (G T TTT T FEF T TTTITT TITIT TT TTr T 0 TTTTTYTTTITE TTTT TTITIT]
TT T OHIF % T T T ELEN T OTT TT T TITITITEY 71T T TTF T TITT T 71 TUT ¥ TETIX 7T TITTTT T T TT TITETRIT
CAARARCCCAC ACCAAAACAAAARAACACAC CAACACACCCCACACCCCAACACCCCAACCACCCAAACAACCCCCAAAACACCACCCCCACCC TT TTIT T T T TTT TT
CCCACAACCCCACAACACCCCCAAAAAAACAACCAAACCCAACACACAACCCCAAC CCACC T TITIT TIT T T T TT TT TITIT T T TIT TITY | TT | T1
i e = T TT -TITFE TTIT C WCCCCCAACCACACAACACCCC C CCCCAAACAACAACAAC TT TITT TIT. T TTT TTT T TTT TITE T T
T TET - TFEY T T TFITE T3T T TIT TT7 T FrF TTITIT T i e e = G 2 T T T TE TF TT TEITETT T BT
kS | TTITT TITTTIT TITTITITET T T TTITTIT T g i i R T T TTIT TT TITTT TTY T TTIT TTITITITITITIT T e
T T TITITr Tm. T b s ol R I ¢ TIITIIT TT T 77T TT I T T TITTT TIIT  TT ki 1 (I ) i (G ¢ T TTITIT OIT T TTT
T TT T TTT TT p vl A0 G e GRS 5 R G T  TITT T TITITTITITT CCCCAAACCAACAACCCACACCACACCAACACACAAAC LAACACAACCAACCC
CACACCCCACCCCCCCCC CCACCCCCACACCAACCAC = CCCAACAACCCCCACCCC C CAACCCACCCACCAACAACC CAACCAACCACAACCCACAACAC CAC
CACCCCAAC CAACACCACACCAACAACACCACCCCCAACCCCCACCCCACCAC CAACCCCA CCCCCA VACCACCCACCACAACAACCACCCAAACCAACACCCCACCACAALCAL
CACCCACCC T T TEEE O FF TTITT TTIT TTIIITT 7T TTTT T 7T 7T TIT TITTITTIT T T TTT TIT T T T T TITT T T
i i S T T T T TET TIT TTETF TV TT TT TTT TTITT T T-TTF TTT TTT TTT TTITT  TT TR CEE TR ¥ TER
T T ¥T TET T T FIT ¥ T TTITT FEIET TX -®0% 0T T TR UETE T TT TT TE T TER T TT g ke e G
CCAACACAACC CAACACCACACCAACAACCC AACCCAC LVAACCCACACCAACACAC CCCCAACCCCC CACC VAAACCCACACCC TTITTT TT T 7 TTT
T TT TT TIT TTIT TTTT T Tr TT-TT TTIT TT TT7  TITT T TYT CACACCCAACCCCAAACACAAAACCCCACAACACAAAACC WCAAACCCCAC
TITTT iL3ER § TTITT ERE o TT TIT TIT T T TEF T TrFEFTE T 117 B TP F T T % ¥F T TIE - TEITTE ©E'T 7%
CCCACACCCCCAACAACACSH CCAACCAAAACCCCCCACCCACCCACCAACCC CCACAACACCACACCCCCAACCCAAAACAACARACAAAC CAACAACAACCACC CCCCACC
TIT TEEY e "ETF T TEIT T T¥ TIEY T T TTFoTE TEFL ¥ 7 T TR R R T TTIITE T TITE E T

- -
84384
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Markov processes

An m-order Markov process in discrete time is a stochastic
process {X}i-1» . for which the following holds:

P(Xpra™Xe1 | X=Xy oony X3=Xy)
= P(Xti1™Xee1 | XiXp oo X = Xi-m+1):

Loosely, the future depends on the most recent past.

Suppose m=9:

9 preceeding +1
bases
N

Distribution of the t+1-th base
depends on the 9 preceeding ones.



Markov processes

A Markov process is called a Markov chain if the state
space is discrete, i.e., is finite or countable. We
consider Markov chains in discrete time.

The transition probabilities are the P(X,,;=X.,1 | X=Xy,

but also the
I:)(Xt+1:Xt+1 | Xs:Xs) for s< t,
where X, X, IN{E4, ..., E;} = S.

P(X,,=3 | X=2) = 0.5 5
P(X,,;=0 | X,=1) = 0.5 : gt M

P(Xt+1:5 Xt:7) — O Z§ 1 5 ::a 4:1 E) e:s ; s:s é 15) 1:1 1:2 1:3 14 1b
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Definition 2.3.

Markov processes

A Markov process is called time homogeneous if the
transition probabilities are independent of t:

P(Xs1=X1 | Xi7X5) = P(Xg1=Xq | Xg=X5).

For example:
P(X,=-1| X;=2) = P(Xg=-1 | Xc=2)

Example of a time he 1 Bathtut
Inhomogeneous
process (not in

lecture). \
: t

Infant mortality Random Wearout failures
failures
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Section 4.9.

Markov processes

Consider a DNA sequence of 11 bases. Then, S={A, C,
G, T}, X;lIsthe base of positiont, and {Xi}-; 1 Isa
Markov chain if the base of position t only depends on the
base of position t-1, and not on those before t-1.

If this is plausible, a 15t Markov chain may be an
acceptable model for base ordering in DNA sequences.

state diagram
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Section 4.6.

Markov processes

Denote the transition probabilities of a finite, time
homogeneous Markov chain in discrete time {X}-; »

with S={E,, ..., E} as:
P(Xu1=E; | Xi=E) = p;

Putting the p; In a matrix yields the transition matrix:

/1011 P12
P21 P22

P = .
\ Ps1 Ps2

The rows of this matrix sum to one.

P1s \

P2s

(does not depend on t).

Coin: P(X=head) = ¥ — P(X=tail) = 1 - P(X=head)



Markov processes

DNA: 0o
A Cc G T

f (A [ Paa DPac PAG PAT \
p= 'JC| pca poc pce per
r?l _(|3_ PcA DPcc PcG  PGT
~ Pra Prc Prc PTT }
where Pan

Par = P(Xiy1 = A | X =A)
and:

Paat Pac t Pag T Par=1
Pcat Pcc t Peg t Per =1

et cetera C/
Pcc




Markov processes

Question

Which state diagram
corresponds to the
transition matrix P?

0—06’
C—®

to
A

“A C G T

0.1 09 0 0
0 0.1 09 0
0O 0 0.1 0.9

0O 0 0 0.1

(0—06’
OT®
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Markov processes

The initial distribution 1 = (114, ..., )" gives the
probabilities of the initial state:

m =P(X; =E) fori=1, ...,s,
and my + ...+ =1

Together the initial distribution 1T and the transition
matrix P determine the probability distribution of the
process, the Markov chain {X}-,,



Markov processes ti

Question A/ 0.1 0.9 0 0
Consider the transition C 0O 01 09 0
G
T

matrix P (to the right) P = 0 0 0'1 0.9
and initial distribution ' '
= (0, 0.5, 0.5, 0).

0.9 0 0 0.1

Calculate the probabillities:
— P(X,;=A, X,=C),
— P(X=C, X,=0),
— P(X,=C, X,=T).
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Markov processes

We now show how the couple (1T, P) determines the

probability distribution (transition probabilities) of time
steps larger than one.

Hereto define for

n=2: pg?) P(XlH—Q — E} ‘Xt = E@)
() P(Xisn = E; | X, = E;)

generaln P,

Now express p;@ in terms of (r, P).



Markov processes

Forn=2:
Py = P(Xepo = Ej| X = B))

just the definition



Markov processes

Forn=2:

p?(:?) — P(XH—Q = Ej ‘ Xt = Ea)
S
— ZP(Xt+2 = Ej, Xt+1 = Ex | Xt = E})
4 k=1

Total probability law

use the fact that
P(A, B) + P(A, B®) = P(A) ‘




Markov processes

Forn=2:
iy = P(Xiyo=Ej| X = B))

s
— ZP(Xt+2 = Ej, Xt+1 = Ex | Xt = E})
k=1

S
= Y P(Xt42=FEj| Xes1 = Ee, X¢ = E))
k=1

x P(Xty1 = Ep| X = E;)

use the definition of conditional probability:
P(A,B|C)=P(A,B,C)/P(C)
=P(A,B,C)/P(B, C) *P(B, C)/ P(C)



Markov processes

Forn=2:
P@(?) = P(Xipo=FE;j| Xy = E))

|
M

P(Xt+2 — Ej:XtH = FEj ‘Xt — Ei-)

i

1

I
M

P(Xt+2 = E; ‘Xt+1 = Pk, Xt = Ei-)

i

1
X P(XtJrl — Ek ‘X{ — E;)

|
M

P(Xiq2 = L | Xty1 = Ey) P(Xe11 = Ex | Xy = E))
k=1

use the Markov property



Markov processes

Forn=2:

2
ng)

P(Xt+2 —_ Ej ‘X{ — E;)

S
ZP(Xt+2 = Ej, Xtv1 = B | Xi = Ej)

S
ZP(Xt+2 = E; ‘Xt+1 = Pk, Xt = E%)

x P(Xty1 = Ep| X = E;)
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Markov processes

In summary, we have shown that:

P2 — P2

In a similar fashion we can show that:

P — Ppn for all n > 2.

In words: the transition matrix for n steps is the one-
step transition matrix raised to the power n.



Markov processes

The general case Is proven (see SM) by induction to n.

This requires the Kolmogorov-Chapman equations:
g

(Pn+ﬂl)ij _ (Pn)ik (me)k‘.j
k=1
foralln,m=0andi,j=1,...,S.

Kolmogorov-Chapman equations illustrated:

probability of probability of

@

pos.t poS. t+m+n pos. t posS. t+m posS. t+m+n



Markov processes

A numerical example:

0.35 0.65
b= (0.81 0.19)

p2  _ 0.35 0.65 0.35 0.65
o 0.81 0.19 0.81 0.19
0.35 x 0.35 +0.65 x 0.81 0.35 x 0.65 + 0.65 x 0.19
0.81 x 0.35+0.19 x 0.81 0.81 x 0.65+0.19 x 0.19

matrix multiplication (“rows times columns™)



Markov processes

Thus:

b _ [ 0.6490 0.3510
— 04374 0.5626

0.6490 = P(X,;, = 1 | X, = 1) is composed of two probabilities:
probability of this route plus probability of this route

position  position position position  position position
t t+1 t+2 t t+1 t+2




Markov processes

In similar fashion we may obtain:

b)) _ [ 05456249 0.4543751
— | 0.5662212 0.4337788

Sum over probs. of all possible paths between 2 states:
I I I I I

Lo g

pos. t pos. t+1 PoS. t+2 pos. t+3  pos. t+4 pos. t+5

Similarly:
p(20)  _ 0.5547946  0.4452054
N 0.5547944  0.4452056



Markov processes

Question: consider the transition matrix:

(1))

Then (Pg)ljl corresponds to the probability over paths:

~nO O O B>G<
® 0 O m/n

t+1 t+2

c) ) 0—0—O
a\m/o ® 0 O

t+1 t+2



Markov processes

Question: consider the transition matrix:
0 1
P - (V)
Then (PQ)LQ corresponds to the probability over paths:
N O O B) G\ﬁ O
D 0O O O OO
t t t+1

t+1 t+2

‘sov  oww

t+1 t+2

t+2



Markov process

How to sample from a Markov process?
Consider the DNA example.

A C G T
m = (0.45,0.05,0.25,0.25)"

f A(0.1 0.1 0.1 0.7\
r JC| 02 03 03 02
L
P 0G| 04 03 02 0.1
m \T\0.1 0.3 0.5 0.1}



Markov process

0 Sample the first base from the initial distribution Tr:
P(X=A) = 0.45, P(X;=C) = 0.10, et cetera

Suppose we draw an A. Our DNA sequence now
consists of one base, namely A.

9 Sample the next base using P given the previous base.
Here X,=A, thus we sample from:

P(X,=A| X;=A) = 0.1, P(X,=C | X;=A) = 0.1, et cetera.
Our DNA sequence after the second step: AT

e The last step is iterated until the last base.
DNA sequence: ATCCGATGC



Andrey Markov

In the famous first application of Markov chains,
Andrey Markov studied the sequence of 20,000 letters in
Pushkin’s poem “Eugeny Onegin”, discovering that

- the stationary vowel probability is 0.432,

- the probability of a vowel following a vowel is 0.128, and
- the probability of a vowel following a consonant is 0.663.

Markov also studied the sequence of 100,000 letters In
Aksakov’s novel “The Childhood of Bagrov, the Grandson”.

This was in 1913, long before the computer age!

Basharinl et al. (2004); Picture: http://en.wikipedia.org/



Maximum likelihood
estimation



Maximum likelihood estimation

Estimation (from a sample)

Population

Sample

Y1 Yo
Y Ye

Y3 Y4
Y7 Vs
Yo Y10 Y11 Y12

Parameters

Estimates

N\

M, 62

—1

a

I1.




Maximum likelihood estimation

Likelihood
The likelihood is a function from the model parameter space,
where the parameter (say) 0 lives, to the probability space:

L:0—|0,1]

The likelihood yields the probability of the observed data
X for any parameter choice:

L(X;0)=P(Xq,...,X,:0)
If the observations are independent, this factorizes to:

L(X:0)=]] P(Xi:6)
i—1



Maximum likelihood estimation

Likelihood (example)
Let X; be a random variable representing the outcome of
tossing of a coin, either head (H) or tail (T). The typical

distributional assumption for X, is:
X ~ Bernoulli(0)
where ) = P(X,;, =T).

Assume four realizations of X; are available:
X = (-/I;lﬁ L2, 3, 33‘3) — (H H, T, H)

Construct the likelihood of for these data.



Maximum likelihood estimation

Likelihood (example)
The likelihood is:

L(X = x;0)

= P(X HP i = T 0

- P(X1—H?<9)><P(X2—Hjt9)

«P(X3 =T:0) x P(X, =H:0)
= (1-0)x(1—-0)x0x(1-20)
= 4(1—19)".



Maximum likelihood estimation

Maximum likelihood
The parameter value for which the likelihood attains its
maximum is referred to as the maximum likelihood

estimate:

Ovi = argmng(X; 0)

The maximum likelihood estimate is the parameter value
that, given the model, is most likely to have given rise to
the observed data.

Or loosely, that explains the observations best.



Maximum likelihood estimation

Likelihood (example continued)
Return to the ‘coin example’. Its likelihood:

o
—
o

likelihood
0.06 0.08

0.04

0.02

0.00

0.0 0.2 04 0.6 0.8

theta

Question: How does one find its maximum?

1.0




Maximum likelihood estimation

Likelihood (example continued)

Return to the ‘coin example’. The maximum likelihood
estimate is found by maximizing the likelihood. Due to the
concavity of the likelihood, this is equivalent to finding the

maximum of the log-likelihood:

log[L(X =x:0)] = log(f) + 3log(1 —@).
Equate the derivative w.r.t. 8 to zero:

0 1 3

— log| L(X = x: = - — — = 0.

59 108 L(X = x;0)] s~ 1-g = 0

And solve for 6 to arrive at:

,\ 1
Orir = —.
ML =7



Maximum likelihood estimation

Maximum likelihood estimation
A general procedure, based on an appealing principle, to
derive estimators.

ML estimation comprises:
— specification of the distribution of the random variable.
— formulation of the likelihood.
— taking the logarithm of the likelihood (for convenience)
— search for the (location of the) maximum:

- take derivative with respect to parameters,

- equate derivative to zero,

- find zeros of this equation.



Maximum likelihood estimation

Likelihood (example 2)
Let Y; be a continuous random variable following a normal
distribution:

Y ~ N(PL 0-2)

Obtain the likelihood for continuous random variables, the
density (instead of probability) is used. That of the normal
distribution is well-known.

Assuming the independence assumption, the likelihood for
a collection of n samples is:

T

L(Y = y:p.0%) = [[(2m0®) ™ Zexpl (5 — 1)/ (20°)]



Maximum likelihood estimation

Likelihood (example 2)
Take the logarithm and obtain the log-likelihood:

n

S { - 5 logr0?) - (i - 10*/(20%))

1=1

The log-likelihood is maximized at:

n 7
A 1 A2 1 2
[h= — E y;  and g° = — E (y: — 1)
=1 1=1
average sum of squared
estimates the deviations from the mean

mean estimates the variance






Parameter estimation

Likelihood:

Given the 18t order Markov model, we may write down the
likelihood of an observed seguence:

P(GCTAATTCAGCT; P)

The likelihood is a function from the model parameter
space, where transition matrix P lives, to the probability
space [0,1]. It yields the probability of the observed data
for any parameter choice.

Note
The likelihood does not factorize as before as contiguous
DNA bases are not independent.



Parameter estimation

The likelihood for the sequence AG:
P(X1 = A, Xo = G)

— P(Xy=G|X, =A)P(X, = A)

The likelihood for the sequence AGT:
P(X1=A,X0=G,X3=T)
= P(X3=T|X;=A X5=0G)
xP(X1 =A, X9 =0G)
= P(X3=T|X,=0)
<« P(Xy=0G| X, =A) P(X; = A)



Parameter estimation

More general, using the definition of conditional
probability, the likelihood can be decomposed as follows:

L(X) — P(Xlzl‘leQZIEQj...jXT:CCT)
— P(XT:.CCT‘Xl:.CClj...jXT_lziCT_l)
X P(XT_1 — r'r—1 ‘X1 — I, .. ..XT_Q = .CET_Q)

XP(XQ :.CCQ‘Xl :.Cl“,‘l)
x P(X1 =x)

where X4, ..., X In S ={E4, ..., Eg}.



Parameter estimation

Using the Markov property, we obtain:

L(X) — P(X1:£I313X2:£(323...5XT:£UT)
= PXp=ua7|Xr_1 =271)

X P(Xp_1 =axp_1 | Xp_o0 = 27_9)

XP(XQ :CUQ‘Xl :.5171)
X P(X1 = x1)
T
= PXy=u) |[[P(Xs = ¢ | Xey = 201)
t=2



Parameter estimation

Question
Consider the 1st order Markov model with initial distribution
m = (0, 0.5, 0.5, 0) and transition matrix:

to
A

A C G T
PAaA PAc PAG  PAT \
P = pPcA Pcc Pca  PCT
PcA Pcc PGG PGT
Pra Prc Prc PrT )

—AO0O>

Express the likelihood of the sequence:
GCATA

In terms of the parameters of the 15t order Markov chain.



Parameter estimation

The indicator function:

7 1 if X =A
{x=A} 0 if X #A
Recall:
5
H pdk  —  pQ1 02 203 204 4,05
k=1
— ma-1+@2+a3+a-4+@5

— {L‘Zi:l a"l‘?



Parameter estimation

Furthermore, e.g..
P(X: =a¢ | Xi—1 = 241)

_ Iixi=a,x,_ =4y lixi=c,x, =4y lix;=7.x, =4y l{xy=1x,_ =4}
— DPaa Pac Pac Par

I{Xt:Asxt—lzC} I{Xt:C-Xt—'L:C} I{Xt:Tsxt—lzc} I{Xt:Tsxt—lzc}
Pca Pcco Pca Pcr

Iixy=a,x,_ =6y l{xy=c,x,_ =6} lixy=1.x, =6} l{x,=7.x,_,=6}
Pca ele Pca Par

Iixi=a,x, =1y Ilix,=c.x, =1y lix;=7.x, =17} I{xi=7.X,_1=T}
Pra Prc Pra Prr

where only one transition probability at the time enters the
likelihood, due to the indicator function.



Parameter estimation

The likelihood then becomes:

LX) = P(Xi=u)
Z‘f:? I{Xt:AaXt—]_:A} Zf:Q I{Xt:T,Xt_]_:T}
XPaa Ceeet P
— — naAA n
= P(Xy =w1)pii* - v
where, e.g.,

T
naa = E lix,—a,x,_1=A)
=2



Parameter estimation

Recall that, e.qg.,

Paat Pac + Pag + Par = 1.

Or,
Par =1 -Paa-Pac - Pac-

Substitute this in the likelihood, and take the logarithm
to arrive at the log-likelihood.

Note: it is irrelevant which transition probability is
substituted.



Parameter estimation

The log-likelihood:
log|L(X)]
= log[P(X1 = x1)]
+ naa log(paa) +nac log(pac)
+ nag log(pag) + nar log(l — paa — pac — pac)

+ nra log(pra) + nre log(pre)
+ Nra log(pTG) + N log(l — PrA — PrC — pTG)



Parameter estimation

Differentiation the log-likelihood yields, e.g.:
Jlog|L(X)]  naa nAT

dpaa pasa 1 —pas —pac —pac

Equate the derivatives to zero. This yields four systems of
equations to solve, e.g.:

NarpPasa = Naa(l —paa —pac —pac)
< Nnarpac = Nac(l —paa —pac —pac)
Nnarpac = Nac (1l —paa —pac —pac)



Parameter estimation

The transition probabilities are then estimated by:

13 nAA
AA =
NAA T+ NAC +NAG T+ NAT
]3 nac
AC =
NAA+NAac +Nag + NAT
. B nrrT
Prr =

nra+nrc +nNrag -+ nNrr

Verify 2nd order part. derivatives of log-likehood are negative!



book | Axelson-Fisk (2010):
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Parameter estimation

Thus, for the following sequence: ATCGATCGCA,
tabulation yields

[ #AA  #AC #AG HAT [0 0 0 2)
JCA  #CC #CG  #CT B 1 0 2 0
#GA  #GC #GG H#GT - 1 1 0 0

\ #TA #TC #TG #TT ) \ 0 2 0 0 )

The maximum likelihood estimates thus become:

* & & & e * * 8 & ¢ * 8+ @ @



Parameter estimation

> DNAseq <- c("A", "T", “C", "G, "
T, UCT, UGT, et

> table(DNAseq)
DNAseq

ACGT
3322

> table(DNAseq[1:9], DNAseq[2:10])
ACGT

— OO >
OrmrFrOoO
N = OO
OONO
OCOON



Parameter estimation

If one may assume the observed data is a realization of a
stationary Markov chain, the initial distribution is estimated
by the stationary distribution (discussed next time).

If only one realization of a stationary Markov chain is
available and stationarity cannot be assumed, the initial
distribution is estimated by:

S

ﬂ-’i — I{XLIE?}



Testing the order of
the Markov chain



Testing the order of a Markov chain

Often the order of the Markov chain is unknown and
needs to be determined from the data. This is done using
a Chi-square test for independence.

ldea : assess validity of a 0™ order Markov chain using data.
— Under a 0t order Markov chain, e.g.: P(G, T) = P(G) P(T)

— All quantities, P(G, T), P(G) and P(T), can be estimated
from the data by their frequencies.

— Comparison of these frequencies measures the fit of a O

order Markov chain:
obs. # dinucl. (G, T)- exp # dinucl. (G, T).

— Large difference indicate poor fit of 0t order Markov chain.



Testing the order of a Markov chain

Consider a DNA-segquence. To assess the order, one first
tests whether the sequence consists of independent
letters. Hereto count the nucleotides, di-nucleotides and
tri-nucleotides in the sequence:

N(zy) = {#t]|Xe =2}
N(flft; fI?t+1) — {#t Xt = X4, Xep1 = fI?t+1}
N(xe, wea1,e42) = {#t| Xe = 2, X1 = Ter1, Xego = 2440}

E.g. for {X;, X5, X3, X4} = {T, G, A, G}

— N(X,=G) =2, N(X,= A) =

— N(X, =G, X, = A) =1, N(xt T, X,1=A) =0,
— NX = A, X1 = A, X = A) = 0,



Testing the order of a Markov chain

Assumping independence, we can calculate the expected
frequency of a di-nucleotide for a sequence of length n:

BE(#AG) = (n—1)p(A)p(G)
_ (n_l)N(A)N(G)

To test the order of a Markov chain, we now compare the
observed and expected of (say) di-nucleotides.

(n—1)° N(A) N(G)

N(AG) — e —

~goestooneasn —



Testing the order of a Markov chain

Compare data from a 15t order Markov chain with what is
expected on the basis of a 0t order Markov chain.

Observed dimer frequency Expected dimer frequency
C T C T
98 103 109 65 03.8 133.6 71.0 76.8
C| 95 216 (37)185 C|133.6 190.2C101.2109.4
81 128 62\ 13 71.0 101.2 /) 53.8 58.2
71100 87 76 \44 T] 76.8 109.4 58.2 62.9

According the 0™ order Markov model the CG-dimer
ought to be observed =3x more than is done.



Testing the order of a Markov chain

The null hypothesis of independence between the letters
of the DNA sequence evaluated by the y? statistic:

, s (Vanew) = N@) N/ (0= 1))
Nz Nz )/ (n— 1)

Tt, Tt 1 E{AC(;T}

which has (4-1) x (4-1) = 9 degrees of freedom.

- M The right tail
It the null hypothe5|s "] 7{ \‘ contains the values
cannot be rejected, one ]l \ that cc;rrespon? to
would fit a Markov model A oW prvale.

of order m=0. However, if "] \
H, can be rejected one - jr Tmm%m
would test for higher |

order dependence. o ez o o8 os 1o




Testing the order of a Markov chain

To test for 15t order dependence, consider to implications
of the 15t order Markov chain model. E.g.:

P(X.=G, X.,,=T, X,,=A) =
P(X=G) X P(X,,1=T | X=G) X P(X(,,=A | X,,,=T)
Using the definition of conditional probability:
P(X=G, X.,,=T, Xi,,=A) =
P(X.,1=T, X=G) X P(X,,,=A, X.,,=T) / P(X=T).

All these probabilities can be estimated directly from the
data.



Testing the order of a Markov chain

The 15t order dependence hypothesis is evaluated by:
2

Z [N(mtjmt—}—l;mt—i—Q) — E{N(mt;$t+13$t+2)}}

Ty, iy, 426{ACGT} E({N(‘Tt Lt+1, $t+2)}

where

N Lt, L N(x 1. L+
E{N(vt, Xt41,r42)} = (Tt, Tt41) N (@41, Te42)

N(%H)

This is x2 distributed with (16-1) x (4-1) = 45 d.o.f..



Testing the order of a Markov chain

A 15t order Markov chain provides a reasonable description of the
sequence of the hlyE gene of the E.coli bacteria.

Independence test:
Chi-sq stat: 22.45717, p-value: 0.00754

1st order dependence test:
Chi-sq stat: 55.27470, p-value: 0.14025

The sequence of the prrA gene of the E.coli bacteria requires a higher
order Markov chain model.

Independence test:
Chi-sq stat: 33.51356, p-value: 1.266532e-04

1st order dependence test:
Chi-sq stat: 114.56290, p-value: 5.506452e-08



Testing the order of a Markov chain "

The independence case, assuming the DNAseq-object is
a character-object containing the sequence:

> # calculate nucleotide and dimer frequencies

> nuclFreq <- matrix(table(DNAseq), ncol=1)

> dimerFreq <- table(DNAseq[1l:(length(DNAseq)-1)],
DNAseq[2: length(DNAseq)])

> # calculate expected dimer frequencies
> dimerkExp <- nuclFreq %*% t(nuclFreq)/(length(DNAseq)-1)

> # calculate test statistic and p-value

> teststat <- sum((dimerFreq - dimerExp)”2 / dimerExp)

> pval <- exp(pchisq(teststat, 9, lower.taill=FALSE,
10g.p=TRUE))

Exercise: modify the code above for the 15t order test.
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seguence discrimination



Example: sequence discrimination

—A OO >

P

coding

A C G T

0.321 0.257 0.211 0.211
0.319 0.207 0.266 0.208
0.259 0.284 0.237 0.219
0.223 0.243 0.309 0.225

—A OO >

We have fitted 15t order Markov chain models to a
representative coding and noncoding sequence of the
E.coli bacteria.

noncoding

These models can be used to discriminate between
coding and noncoding seguences.



Example: sequence discrimination

For a new sequence with unknown function calculate the
likelihood under the coding and noncoding model, e.g.:

Lcodiﬂ,g(X) — Pcodi-ng(Xl — I, X2 — L2y ..., XT — ZUT)
— ﬁ-cod?ﬁng(ijl) (Pcoding)zlziq et (Pcod?ﬁfrzg);g?

These likelihoods are compared by means of their log ratio:
LR(X) — log[[/coding(x)} _ log[[/noncoding(X)}

the log-likelihood ratio.



Example: sequence discrimination

If the log likelihood LR(X) of a new sequence exceeds a
certain threshold, the sequence is classified as coding
and non-coding otherwise.

Back to E.coli

To illustrate the potential of the discrimination approach,
we calculate the log likelihood ratio for large set of known
coding and noncoding sequences. The distribution of the
two sets of LR(X)’s are compared.



Example: sequence discrimination

.....--|H-HI -

- I,
noncoding coding
sequences sequences

frequency ——

______________ ...|||||II|“|‘|“|||“| “ﬁmlllllm......ﬂMM -

log likelihood ratio ——




Example: sequence discrimination

Conclusion E.coli example

Comparison of the distributions indicate that one could
discriminate reasonably between coding and noncoding
sequences on the basis of simple 1st order Markov.

Improvements:
- Higher order Markov model.
- Incorporate more structure information of the DNA.



Example

evolution of aberrations



Example

DNA copy number of a HUMAN CHROMOSOMES

genomic segment is simply

the number of copies of
that segment present in the
cell under study.

XCXE M KK
KK I<K ‘k‘k x‘k XX nu

0 11

Healthy normal cell:

chri -2 *h K% XX ﬂ. xx m}
chr22: 2
chr X :1or?2 XK XA XK %x 1523:

chrY :0orl | E :
Telere \ !

Chromatid



Chromosomes of a tumor cell

TIRY j,
X a ﬂ ) ' X ‘
L 5
w ,%
A & 1 N & % i 1 : ; s B o
3

3“

8 10 11 12
' ‘ ' | NN w -
é‘ ﬁ ' ' . . N H: g ﬁ L ﬁ '
13 14 16 16 17 18
YINIL Y 0 6 "33
13 || 200 21 22 i y

Technique: SKY




Example

The DNA copy number is often categorized into:

oL . loss . < 2 copies
N . normal . 2 copies
G . gain . > 2 copies
In cancer:

*The number of DNA copy number aberrations
accumulates with the progression of the disease.
*DNA copy number aberrations are believed to be
Irreversible.

Let us model the accumulation process of DNA copy
number aberrations.



Example

So far, we only considered one locus. Hence:
tO 1:1 t2 1:3

State diagram for the accumulation process of a locus.




Example

The associated initial distribution:

T~ = (0,1,0)!
and, assoclated transition matrix:
1 0 0
P = a l—a—-—03
0 0 1

with parameter constraints:
O<a+0<1l,aa>0,0>0



Example

Calculate the probability of a loss, normal and gain at
this locus after p generations:

P(X,=1L) a1 —a—p)t

P(X,=N) | = =" PP = (1—a—B)P

P(X, =G) BT (1 —a—p)
Using:

oo

Zl—c = i
t=0 ’

These probabilities simplify to, e.q.:

P(X,=L) = 03‘_6[1—(1—(}—/3)}




Example

Parameters a and 3 determine which aberration type is
most prevalent.

probability

1.0

0.8

0.6

04

0.2

0.0

a>f3

— loss
normal
—— gain

0 500

1000 1500

# generations

I
2000

I
2500

probability

1.0

0.8

0.6

0.4

0.2

0.0

a<f3

— loss
normal
— gain
| | | | | |
0 500 1000 1500 2000 2500
# generations




Example

In practice, a sample is only observed once the cancer
has already developed. Hence, the number of
generations p is unknown. This may be accommodated
by modeling p as being Poisson distributed:

P(Y =p) = A exp(=A)/p!

This yields, e.g.:

P(X=N) = Y P(X=N[Y =p)PY =p)

p=0
o0

= ) (1—a—pB)" N exp(—A)/p!

p=0



Example

For multiple loci:




Cervical cancer

r=054 —
p <0.001 '

Example

Multiple loci
— multivariate problem.

——

post. time —

Complications:
* p unknown, :
e loci not independent. ——— T e

Solution:
e p random,
e assume particular dependence structure.

After likelihood formulation and parameter estimation:
* identify most aberrated loci,
 reconstruct time of onset of cancer.



Supplementary material:
Proof of
Kolmogorov-Chapman

equations



SM: Markov processes —

Proof of the Kolmogorov-Chapman equations:

(P = P(Xpygm =7 X0o=1)

S
— Z P(XnJr'm — ] X, =k ‘ Xo = ?’)
k=1

S
— ZP(X'errm =7, Xy = k?XO — Z)/P(XO — Z)
k=1

P(Xpim = | Xp =k, Xo=1)P(X,, =k, Xo =1)/P(Xy = i)

I
E

i
H

I
]«

(Pm)]{_j P(Xn — k?jXO = Z)/P(Xo — Z)

M
',_L

I
E

(P™) i (P™ )1

i
H



SM: Markov processes —

Induction proof of P("T1) — pntl
Assume P — P~

Then:

(P (n+1) )U

— P(XtJrnH = L ‘Xﬁ — Ei)

— Z P(Xt—f—'nﬁf—l — Ej:XtJrn = Ly, ‘Xﬁ — E“i)

P(Xprnjul — Ej ‘thLn — Ek) P(Xt+n — Ek‘- ‘Xt — Ei)

||
) o
Mco |
}_L

o
|
}—'L

kj P’n ;k _ (Pn—f—l)ij

Mm

(P)kj P(n

|
,Mm

7~
|
}-L

kzl
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