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The Fingertips study
Epidemiological study into health.

Some details:

o Max. 153 counties and urban
areas of England,

o Nine consecutive years,
2008-2016,

o Response: suicide rate,

o Max. 23 covariates, e.g.
alcohol, depression,
homeless, unemployment,
child neglect, ...

https://fingertips.phe.org.uk/
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The Fingertips study

We wish to learn Y = X3

+ & with € ~ N(0n, 0%10n) ...

... but data arrive in batches
. of varying dimension and sample size,

Fingertips data availability
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Updated ridge regression
Let {Y:, X¢}£2; be a sequence of data sets

% =2 =3
-

of fixed dimension p but varying sample sizes {n¢}2;.

Fit Y: = X8 + ¢ with € ~ N(0p,, 0%ln, ) for t = 1,2, ... by:
Bi(Ae.Bi 1) = argmaxgers [Ye — XeB3 + AellB = B, (A1, B, )5,

with 3,(Xo) = B, € R”.

Then,

Be(Ae,Biy) = (X Xe+ Aelpp) X Yo+ AeBy_1(Ne-1, B, )]



Comparison |

Data from Y; = X3 + &: with &; NN(OH,U2|,,,7) fort=1,2,....

For each t:

o Regular ridge regression + 10-fold CV lambda tuning (left).
o Updated ridge regression + 10-fold CV lambda tuning (right).

ridge estimates with zero-centered penalty
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Markov chain

View the sequence {B,(\t, B, 1)}21
as a 1°* order Markov process with ]
continuous state space R” due to:

IBH—l(}‘H—lvBt) | {lz\at’()‘t'7ﬁt’—1)}£/:0 ; |
~ B, B) 1B (O, B y)-

The process is time-homogeneous:

Bt+r+1(>‘f+f+17ﬁt+7—) |ﬁt+7—()‘f+7'7[3t+7——1) =B Atrr = A, Xegri1 = X
~ Bt+1()‘f+17Bt) |Iz\3t()\t7ét—1) :B7)‘f = >\7xf+1 :X7

forany 7 € N, X € M™P 3 € RP, and A > 0.



Asymptotics

Theorem
Consider a sequence {X¢,Y: = X¢3 + €:}521 with &r ~ N(0s,,0%l5,.n,) for all t.

Let {B,(\e, B, 1)} be the related estimator sequence initiated by 3.
Assume NZ rnull(X:) = 0, for T large.
Then, for large T € N, A\; > 0, the estimator is unbiased, i.e.

Iimt_mo E[,ét+1()\t+17ﬁt)] = ﬁ:

while, if lim; o 02 pdi(X:) A2 = 0 with di(X;) the largest singular value of
X:, the estimator is also consistent, i.e.

limesco PlIB, (A Be ) Bl =] = o,
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Constrained cross-validation

A heuristic regularization scheme to have a good future predictive performance,
while not neglecting the past:

. 1K k k) (=K)
)\EOPt) = argminy,ep K Zk:l HYE ) XE )/6:
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where f; = n./(3°%_, n-) provides leverage.

The constraint safeguards against ‘outlying’ novel data, and
propogates the latest update of the estimator.



Comparison I

Mixed model to capture batch effect:

Y: = X8+ +E€:

Zth
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random batch effect

where e.g. Ye=(Y{,Ys,...,Y/ )T,

Theorem
Consider a sequence {X¢,Y: = X¢3 + &:}22; with X; be orthonormal and
€e ~ N(0p,,0°ln,,) for all t.

Let {,@t(kt, ,@Fl)}?il be the related estimator sequence initiated by ,@ime).
IfXe > 0.(02 4+ a2) Y2212 TY2 for 1 <t < T, then

MSE[Br(Ar)] < MSE[BT).



Comparison I

Left: Yt:Xtﬂ—l—et fort:1,...,50.
Right: Ye =X¢B8+e:fort =1,...,50s.t. t mod 10 # 0,
Ye = gefort=1,...,50s.t. t mod 10 =0.
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The Fingertips study

Estimate suicide rate = alcohol X (51 + ...+ error by
o OLS (left),
o updated ridge regression + unconstrained K-fold CV.
o updated ridge regression +  constrained K-fold CV (right).
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The Fingertips study

Updated ridge regression estimator yields sign consistent estimates over time.
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Conclusion

Frequentist version of Bayesian updating.

Also available for:
o logistic regression,
o Gaussian graphical model.
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