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≈ 106

1.5× 10−16

9×10−18



+ + + + +

α = e2/4πε0h̄c e
ε0 h̄ 2π

c α ≈ 1/137

α

α Δα/α = (−1.6± 2.3)× 10−17
+

+

α

Δα/α

α

α

α Δα/α

Δα/α



0.2 < zabs < 4.2 ∗

Δα/α = (−0.57± 0.11)× 10−5

10−7

|0〉 |1〉
α|0〉+β|1〉

|0〉 |1〉

9 +

∗ z

10× 109



43 +

43 + 7/2
43 +

0.135(10) 4s 2
1/2 −

3d 2
5/2

40 +

ftrans =
411 042 129 776 393.2(1.0)

4s 2
1/2 − 4p 2

1/2 4s 2
1/2 − 4p 2

3/2

400

z > 2

43 +

40 +

40 20



ν Δν

4s 2
1/2 − 4p 2

1/2 755 222 766.2 (1.7) 22

4s 2
1/2 − 4p 2

3/2 761 905 012.7 (0.5) 23

ν Δν

4s 2
1/2 − 3d 2

5/2 † 411 042 129 776 393 (1) 0.14

3d 2
3/2 − 3d 2

5/2 1 819 599 021 504 (37) 0.4

ν 40 +

Δν †
0.3

99.99

4s 2
1/2 − 4p 2

1/2

4s 2
1/2− 4p 2

3/2
40 +

4s 2
1/2 − 3d 2

5/2
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+ +
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180
m/q m q



φ

∇2φ = 0

φ(r, θ) = (A kθ +B kθ)× (C rk +D r−k)

A B C D k
θ r

θ B = 0



1 2

3 4

r = 0 D = 0
θ = ±π/2

θ = nπ k = 2(2n + 1) = 2, 6, 10, ...

φ(r, θ) =
∑
n

Cnr
2(2n+1) 2(2n+ 1)θ

n = 0
r2 = x2 + y2 θ =

−1 y
x

φ(x, y) = C0 (x
2 − y2) + Cp

Cp

V0 x2 = y2± r20 V = 0 y2 = x2± r20
r0



V=V0V=V0

V=0

V=0

x

y

r
R

r0

R r0 R/r0 = 1.146
C0 = V0

2r20
Cp = V0

2

φ(x, y) = V0
x2 − y2

2r20
+

V0

2

V0 Ω
V U V0 = U − V (Ωt)

e
m

ẍ+
e

mr20
(U − V (Ωt))x = 0

ÿ − e

mr20
(U − V (Ωt))y = 0

a q

a =
4eU

mr20Ω
2
; q =

2eV

mr20Ω
2



Ωt = 2τ

d2x

dτ2
+ (a− 2q 2τ)x = 0

d2y

dτ2
− (a− 2q 2τ)y = 0

d2u
dτ2

+Q(τ)×x = 0 Q(τ) L
u

u = eiμτ × p1(τ) + e−iμτ × p2(τ)

p1(τ) p2(τ) τ
L μ

u(τ) = eiμτ
n=+∞∑
n=−∞

Ane
2inπτ/L + e−iμτ

n=+∞∑
n=−∞

Bne
2inπτ/L

Q(τ)
B−n = D × An D

L = π 2τ
u = x, y

u(τ) = αeiμτ
n=+∞∑
n=−∞

Cne
2inτ + βe−iμτ

n=+∞∑
n=−∞

Cne
−2inτ

α β Cn

x y
t → ∞ μ

a q

a q
x

y

z
z
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ωz

a, q � 1

ξ
X x = X + ξ ξ

X

Ẍ + ξ̈ = (−aΩ2

4
+

qΩ2

2
(Ωt))(X + ξ)

Ẍ � ξ̈ X � ξ

ξ̈ ≈ qΩ2

2
(Ωt)X

X ξ

ξ =
−q
2

(Ωt)X



X

Ẍ =
−aΩ2

4
(X + ξ)−

(
qΩ

2

)2
2(Ωt)X

X ξ ξ
< X >ξ≈ X

Ẍ = −aΩ2

4
X − 1

2

(
qΩ

2

)2

X

ẍ = −ω2
secx

ωsec =

√
aΩ2

4
+

1

2

(
qΩ

2

)2

=
Ω

2

√
a+

1

2
q2

x = X + ξ = X0 (ωsect)(1− q

2
(Ωt))

X0

q = 0.2
Ω = 2π × 2.6

Ψ eΨ = 1
2mω2

secx
2

r0

D = 1
2emω2

secr
2
0 a = 0

D = eV 2

4mr20Ω
2

D = 0.3
3.5× 103
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q = 0.2 Ω = 2π × 2.6

¨

ωion

γ γ >> ωion

γ << ωion



k mv mv k

k

k k

a) b)

c.1) c.2) c.3)

etc...

mvf mvf

mvf

vf

γ < ωtrap

h̄ωtrap

> 99



0

n
n+1
n+2

n-1
n-2

ground state

0

n
n+1
n+2

n-1
n-2

excited state

ωtrap > γ

h̄ωtrap


p
m 
vi 
vf


kabs 
kem

Δ
p = m
vf −m
vi = h̄
kabs − h̄
kem

ΔEkin =
1

2
m
v2f −

1

2
m
v2i


v2f
ΔEkin

ΔEkin =
h̄2

2m
(
kabs − 
kem)2 + h̄(
kabs − 
kem) · 
vi

j = x, y, z

ΔEkin,j =
1

2
mv2f,j −

1

2
mv2i,j



Δpz = h̄kabs − h̄kem,z

z z
x y

ΔEkin,z =
h̄2

2m
(kabs,z − kem,z)

2 + h̄(kabs,z − kem,z)× vz

Pem(θ)
θ ∫

Pem(θ)dΩ = 1
Pem


kem 
kem
Δm = 0

P (θ) = 3
8π

2 θ

k
kabs ≈ kem ≡ k

k
z

< ΔEkin,z > =

∫
Pem(θ)ΔEz dΩ

=

∫
3

8π
2 θ × { h̄

2k2

2m
(1− θ φ)2 + h̄kvz}dΩ

=
h̄2k2

2m
(1 +

2

5
) + h̄kvz

γs

dEk

dt
= γs < ΔEkin >



γs = γρ22 ρ22

γs =
s0γ

2

γ2

(1 + s0)γ2 + 4δ2

s0 = I/Is Is
s0 = 2|ΩR|2/γ ΩR

δ

v ωlaser ω0

δ = ωlaser − ω0 + 
k · 
v ≡ Δ + 
k · 
v
Δ < 0

k ·
v < −Δ

dEk

dt
=

s0γ

2

{(h̄2k2/2m)(1 + fs) + h̄
kabs · 
v}γ2
(1 + s0)γ2 + 4δ2

δ

dEk

dt
=

s0γ

2(1 + s0)

1

1 + 4
(1+s0)γ2 (Δ + kvz)2

(
h̄2k2

2m

7

5
+ h̄kvz)

s0 � 1

1

1 + 4
(1+s0)γ2 (Δ + kvz)2

≈ 1− 4

(1 + s0)γ2
(Δ + kvz)

2

(kvz)
2

dEk

dt
=

s0γ

2(1 + s0)
{ h̄

2k2

2m

7

5
(1− 4Δ2

(1 + s0)γ2
)

+ h̄kvzCv − 8h̄Δ

(1 + s0)γ2
v2z}

Cv



< dEk
dt >v v

P (v) = P (−v)

<
dEk

dt
>v=

s0γ

2(1 + s0)
{ h̄

2k2

2m

7

5
(1− 4Δ2

(1 + s0)γ2
)

− 8h̄Δ

(1 + s0)γ2
< v2z >v}

< dE
dt >v= 0 < v2z >v

< v2z >v=
h̄

4m

7

5
{(1 + s0)

γ2

4Δ
−Δ}

z
Δm = 0

< Ek >=
1

2
m < v2z >=

7h̄

40
{(1 + s0)

γ2

4Δ
−Δ}

z
x y

α = (ωz/ωr)
2

α

α = 0.9 α = 0.1

P = 0.1
w0 = 32μ

E = 6.8 ΩR = μ21E/h̄ = 1.14 ×



109 −1∗ Δ =
γ/2 = 2π× 11 (3) T = 13 (4)

T = 14

198 +

msc/mlc > 0.5

60 m = 40 20
∼ 15 + +

3

m = 720 m = 24
T = 14

138 +

TBa/TAF ∼ 4 mBa/mAF ∼ 3

∗ μ21 = 1.75 × 10−29



9 + 24 +

i

d2
ri
dt2

=
1

mi
(
Ftrap,i +

∑
i �=j

kce
2

r2ij
r̂ij)



kc = 1/4πε0 
Ftrap

r̂ij i j

ri,j

W =
∫

Ftot · d
x =

∫
md2
ri/dt

2 · d
x

v
W =

∫

Ftot ·
v dt



V =
N∑

n=1

1

2
mω2

zx
2
n +

N∑
n=1

N∑
m>n

q2

4πε0

1

|xm − xn|

ωz xm,n

[
∂V

∂xm

]
xm=x

(0)
m

= 0

un = x
(0)
n /l

l3 =
q2

4πε0mω2
z

um −
m−1∑
n=1

1

(um − un)2
+

N∑
n=m+1

1

(um − un)2
= 0

>

0.56 × l

ωz ≈ 2π×60
Δx = 16 (2)μ

Δx = 14 (2)μ

umin ≈ 2.018
N0.559

ωz ≈ 2π × 47
17 (1)μ

21 (2)μ



M = 9



α = ω2
z/ω

2
r α

αi

αi = cNβ

c β
c = 3.2 β = −1.8

ωz ωr



2

17

7

5

200×180
Ø 17 
(inner-Ø 13)

2 10

132 10 V

xy

VRF

r0 = 4

VDC = 10

V = 5.5 Ω = 2π × 3.3
V0 = 60

q = 0.04
ωsec = 2π × 50

q << 1

x = 0
r0
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V = 60

x6

x6

V (0, 0, z) =

0.018 / 2× z2+0.63 V = 1
2
mω2

z
e z2+

VC ωz = 2π × 47

f = 25
25

0.2π
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V = 0.018V / 2 × x2 + 0.63V

∼ 1.5

p = 2×10−9

10
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0
500

650

r0 = 3.5

100μ

VRF = 150 Ω = 2π×2.6
q = 0.2 ωsec = 2π× 202
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4s 2
1/2−4p 2

3/2



8

2r0=7

12

60

VRF

51 2 3 4

V = 10

C = 1

Vec = 10

ωco = 2π × 1.6

R/r0 = 1.14 R/r0 =
1.146

V (0, 0, z) = 0.03 / 2×
z2+0.2 ωz = 2π× 6× 10



A B

C

E

F

G

D

∼ 5

10−11
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V = 150V

r0 = 3.5 R = 4.0
x6

8
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V = 0.03V / 2 ×
z2 + 0.2V

80
Vpp = 10

Dshield = 90
n = 40 d = 2.5

Dind = 50



L = 32μ
fres = 1.8

fres = 3.8 C = 13

C = 100

Dshield = 90 n ∼ 60
d = 1.3 Dind =

38

40

97

= 2

4s 1
0 − 4p 1

1

¨



P = 0.3

λ < 391

4s 2
1/2−4p 2

1/2

397 22

7
3d 2

3/2 866

396.2
394

3d 2
5/2

397

4s 2
1/2−3d 2

5/2

40 96.94(16)
42 0.65(2)
43 0.135(10)
44 2.09(11)
46 0.004(3)
48 0.19(2)



397

f = 25

f = 100 M = 4

EFL = 25 ≈ 28

f = 10
2f

M = 9 (1)

397

4s 2
1/2 − 4p 2

3/2

3d 2
3/2− 4p 2

1/2

3
866



4s 2
1/2−4p 2

3/2 394
3d 2

5/2−4p 2
3/2

854 50

4s 2
1/2 − 4p 2

3/2



RF trap electrodes

AWG

DC Oscilloscope

n ≈ 10



Continuum

4s   S²¹

4s4p  P¹
¹

423 nm

355 nm or
comb <391 nm

397 nm

866 nm

4p 2P3/2

4p 2P1/2

3d 2D5/2

3d 2D3/2

4s 2S1/2

854 nm

729 nm 733 nm

394 nm

40 +



PMT

Cooling laser
DL 397 nm

  Shielding

  SMF 

  TS 

Repumper laser
866 nm

  A 

  RC

  RC

  RC

  B 

  C 
  F   I

d = 25 f = 25 d = 50 f = 100

λ = 397

Cooling laser
DL 397 nm

  Shielding

  TS 

Repumper laser
866 nm

  A 

  RC
  B 

  C   

  TS 

 EMCCD  

 PMT   RC

  RC

  RC

  RC

  RC

  F 

  I

  F 



PMT DISCR SPLIT

AWG

CNT1

CNT2

out
sync

trig

trig

in

in

Gpib

Gpib

PC

4s 2
1/2 − 4p 2

3/2



T
φceo

Δφceo

frep = 1/T

fceo = frepΔφ/2π
fceo frep

n
fn = fceo + n × frep fceo frep



φ
 φ�φ�

Δφ'�����φ��	�φ


+



n = n0 + n2 × I n0 n2

I



Ti:SaL L A

GVD = ∂2k
∂ω2

800



�  
� 
 �� � 
������,��

	


	�� 

�

�� 




$
��

�
(�
�

λ
 λ�
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λ1 λ2

λ0

∼ 8.5

λ/4
λ
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∇2 
E − μ0ε0
∂2 
E

∂t2
= μ0

∂2 
P

∂t2


P


P = 
PL+ 
PNL




PL = ε0

∫ ∞

−∞
χ(1)(t− t′) 
E(
r, t′)dt′

χ(1)

χ(1) 
E
χ(1) 
E

P̃L = ε0χ̃
(1)Ẽ

−ω2

∇2Ẽ + ε0μ0ω
2Ẽ = −ω2μ0ε0χ̃

(1)Ẽ

z 
E = Ez ẑ
k0 ω0

Ẽz = Ã(z, ω)e−i(k0z−ω0t)

e−i(k0z−ω0t)

∂2Ã

∂z2
− Ãk20 − 2ik0

∂Ã

∂z
+

ω2

c2
(1 + χ(1))Ã = 0

A(x, y, z) ∂2A
∂z2

�
ik ∂A

∂z
∂2A
∂z2

1 + χ(1) = (n+ i c
2ωα)

2 ≈ n2 α
n

−Ãk20 − 2ik0
∂Ã

∂z
+

ω2

c2
n2Ã = 0

k = ωn/c k2 − k20 = (k + k0)(k − k0) ≈ 2k0(k − k0))

2k0(k − k0)Ã− 2ik0
∂Ã

∂z
= 0



k
ω0

k(ω) ≈ k0 +

[
∂k

∂ω

]
ω0

(ω − ω0) +
1

2

[
∂2k

∂ω2

]
ω0

(ω − ω0)
2

k 2ik0

∂A

∂z
+

[
∂k

∂ω

]
ω0

∂A

∂t
− i

2

[
∂2k

∂ω2

]
ω0

∂2A

∂t2
= 0

χ(2) = 0


PNL = ε0

∫ ∞

−∞
χ(3)(t−t1, t−t2, t−t3) 
E(t−t1) 
E(t−t2) 
E(t−t3)dt1dt2dt3

χ(3)(t − t1, t − t2, t − t3) = χ(3)δ(t − t1)δ(t − t2)δ(t − t3)


∇2 
E − μ0ε0(1 + χ(1))
∂2 
E

∂t2
= μ0ε0

∂2χ(3) 
E 
E 
E

∂t2

x


∇2 
E − μ0ε0(1 + χ(1))
∂2 
E

∂t2
= μ0ε0

∂2 3
4χ

(3)
xxxx|E|2 
E
∂t2

PL

¨

∂A

∂z
+

[
∂k

∂ω

]
ω0

∂A

∂t
− i

2

[
∂2k

∂ω2

]
ω0

∂2A

∂t2
= χ(3)

xxxx

−3ω2
0

8ik0
|A|2A

=
3iχ

(3)
xxxxω0

8nc
|A|2A

∂k
∂ω

∂2k
∂ω2



5

0 2

2

4 frep = 75

2.5
5.5 4

f = 36
−70 2
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−70 2

Ti:Sa Verdi
pump laserwedges

OC

AOM

To experiment

M3M4

M1 M2

M5 FS

532
50 −50 2

80 0 2

−530 2

58 2/ 800
fceo

36 2/
1

∼ 500 2

300
P = 0.4
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2 7.6

1.7
frep = 180 frep =

150 − 220 2.5 P = 3.8
532 f = 36

r = 50

−70 2 85 0 2

−50 2

−430 2

290 2∗ fceo

−30 2

∗



Ti:Sa

Verdi
5 W

wedges

OC

AOM
    f-to-2f

interferometer

To experiment

PD

M3

M4

M1 M2

M5
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∼ 1.5 ∼ 2

P = 0.7



*�� ��� -�� 
���
λ�����

�

�� 




/
��
�

�
��
��

���
��
�
��
��

%�0��,�
�
"�%�0	 ��,�

�

%�0	 �,�
�
"�%�0	 �,�

�

%�0	��,�
�
�1�"�%�0�,�

�

%�0	��,�
�
�2�"�%�0�,�

�

frep fceo

frep



Verdi 5W AOM Ti:Sa FC

f-2f
interferometer

AWG
PZ

phase
detectorPID

AOM
driver

to
experiment

PID

current
switch
HR

AWG

frep
4th

f0

f0

16th frep

4s 2
1/2−4p 2

1/2 4s 2
1/2−

4p 2
3/2

40 +

180




 
�� 
���� 
�3��
��������


�	
�


�	
�


�	
�


�	




�	
�


�
�

�
��
�4

�

��
��

10−13

7 × 10−10 762

1s2s 3
1 − 1s2s 1

0
4 193

10−11 ∼ 100

f 2f

fn = fceo + n × frep
fceo = 2 × fceo +

m × frep m
fceo

fceo
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+

=

a)

b)

c)

frep fceo

∼ 106

f ′
ceo = 2× fceo

fceo



fceo
fceo

fceo

fceo

fceo

fceo

Δfrep
n frep

ftrans
4s 2

1/2 − 4p 2
3/2 762
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PF BBO

IFPBC PBC

f − 2f fceo

λ/2

frep = 180 n = 4.2 × 106

42.5
180

ΔL = 0.4μ

fceo + n× frep,n = ftrans
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fceo

fceo = 38.2
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fceo =

38.2

fceo

m frep,m
m−i frep,m−i = 1

1−i/m×frep,m

m m− i

Δf =
1

m/i− 1
× frep,m ≈ i/m× frep,m

4s 2
1/2 − 4p 2
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∗

3.3 × 10−16

10−17

9 192 631 770 27 +

ν = 1121 015 393 207 857.4(7)

∗ 9 192 631 770
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σy
y(τ) σ2

y

(σy(τ))
2 =

N−1∑
i=1

(yi+1(τ)− yi(τ))
2/(2N − 2)

τ N × τ

σy(τ) =
1

QS/N

√
Tc

τ

Q = ftrans/ΔfFWHM

S/N Tc
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> 200
≈ 2
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fcw

fcw = ±fceo + n× frep ± fbeat

fceo fbeat
fbeat
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I(a.u.)

I(dB)

frep

frequency comb

cw-laser

time domain

frequency domain

fceo

f    -rep fceo f    +rep fceo

f

f

�� �� �� ��
f	
�� 


���

���

���

�

��
��
�
��
��
	

!"






I

f

fceo

fcw

fbeat

fbeat > 0 : frep ↑ →
fbeat ↓

I

f

fceo

fcw

fbeat

fbeat < 0 : frep ↑ →
fbeat ↑

I

f

fceo

fcw

fbeat

fceo < 0 : fceo ↑ →
fbeat ↑

I

f

fceo

fcw

fbeat

fceo > 0 : fceo ↑ →
fbeat ↓

frep fceo fbeat frep

fbeat fbeat fceo
fbeat

fceo

frep fbeat

frep fbeat

fceo
fbeat fceo

fceo
fceo

fceo < 0

n



fceo frep

n

5
f0 < 5

5
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Δn frep = 0

†
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4s2 1
0−4s4p3 1

374
4s4p3 1 − 4s5s 3

1

1 × 10−10

4s 2
1/2−3d 2

5/2
40 +

0.14

frep

1

1.5μ



Stabilized 
frequency comb OPO

enhancement 
cavity

cylindrical
lens

VIPA

To
grating

1.5μ
1.5μ

L1

L2

R=100%

R=96%cylindrical
lens

R = 96
100

n ΔL = m×λ/n



Stabilized 
frequency comb OPO

cavity

scan 
cavity

CCD

sync

FSR = 2πc/nL
n L

i/j
j i = j + 1

i



fceo

I(t) =
∑
n

Cn (nωrept)

I ′(t) =
∑
n

Amod,n × Cn (nωrept)

ωrep,1

ωrep,2

Itot(t) =
1

2

∑
n,m

Amod,n{ (nωrep,1t−mωrep,2t)+ (nωrep,1t+mωrep,2t)}

Δω = ωrep,1−ωrep,2

Itot(t) =
1

2

∑
n

Amod,n (nΔωt)

Itot(ω) =
1

4

∑
n

Amod,nnΔω

μ





α

Δα/α

5σ

α̇/α = −1.6± 2.3× 10−17

10−7

4s 2
1/2 − 4p 2

1/2
+

4s 2
1/2 − 4p 2

1/2



ν = 25 191.5182 −1

´
ν =

25 191.519(0.002) −1

ν = 25 191.51(0.13) −1 ´

≈
0.2π r0 = 4

17
V0 Ω = 2π×3.3

q = 2QV0/mΩ2r20 Q m
q << 1

V0 ≈ 60 q = 0.04
VDC = 10

2 × 10−9

p 1
1



≈

4s 2
1/2 − 4p 2

1/2

P = 3
4p 2

1/2 3d 2
3/2

P = 1

5



PMT

CEM

Repumper laser
DL 866 nm

pulsed Nd:YAG
0.3 J, 10 ns,

10 Hz, 1064 nm

Millennia
5 W, 532 nm

Coherent 899
Ti:Sapphire

844 nm

Cooling laser
DL 397 nm

 Helical
resonator

Waveform
generator

  Shielding

Probe laser
DL 794 nm

2
cavity

  Single mode ber 

  PBC

cw-comb
comparison

Frequency
comb

  Chopper 

  Helmholtz coils
I I

Linear Paul trap

  2
cavity

3

ω ω

μ
P = 1



397 nm

866 nm

4p 2P3/2

4p 2P1/2

3d 2D5/2

3d 2D3/2

4s 2S1/2

854 nm

729 nm 733 nm

394 nm

+

Δf ≈ 10
≈ 6

T ≈ 1
T = 0.5

∼ 100

τ ≈ 8

4s 2
1/2−4p 2

1/2

P ≈ 1 μ
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4s 2

1/2 − 4p 2
1/2

+ T ≈ 40
T ≈ 4

frep
fceo

nth fn = ±fceo+n×frep

0.09 0.05



DL 794 nm APP ISO ISO

f=300 mm LBO
PD

to beat setup

CYL1 CYL2

to trap

σ = 0.1 377 0.2
755

fbn

fl fceo frep
fbn

fl = ±fbn +±fceo + n× frep

fbn

fceo
n
4s 2

1/2 − 4p 2
1/2

+

60



frequency
comb

f’

f ’

2400 l/mm
BC

/2

/2

diode laser
794 nm

APD
frequency
counter

ph

f ′ = 50
λ/2

n

n

≈ 8
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4s 2
1/2 −

4p 2
1/2

+

45 T ≈ 1

frep = 189 frep = 207

f = 755 222 766
f = 755 222 740(60)

2r = 19

Δm = ±1
ΔE = gJmJμBB
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4s 2
1/2−4p 2

1/2
+

f = 2 × fl

2 × frep

Δf = f − 755 222 766 − 2 × n′ × 198
n′

±19
μ Δm = ±1

σ+

σ− = σ+ + σ−

19(1) μ 15(1)
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B
applied

(μT)

4s 2
1/2 − 4p 2

1/2
+

Bapplied

σ+

σ− σ++σ−

Bapplied = −Bearth

μ σ+ σ−

0.0 μ 0.2(1.0)
μ 4s 2

1/2 − 4p 2
1/2

σ+ σ−

Bapplied = −21(6)μ
−19μ 6μ

6μ ×0.2(1.0) /μ = 1.2(6.0)



1σ

1σ

−0.4(0.6) −0.4(0.8)
V0

V
Δf = 0.0(1.2)

40 + 4s 2
1/2 − 4p 2

1/2

f = 755 222 765.4(0.6) +
0.4(0.6) + 0.4(0.8) + 0.0(1.2) + 0.0(0.0) = 755 222 766.2(1.7)

ν = 25 191.519(0.002) −1 f =
755 222 740(60)

4s 2
1/2 − 4p 2

1/2
40 +

f = 755 222 766.2(1.7)
T ≈ 1

Δλ/λ = 2 × 10−9
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Repumper laser
DL 866 nm

PMT

CEM

Repumper laser
854 nm

Millennia
5 W, 532 nm

Coherent 899
Ti:Sapphire

844 nm

Cooling laser
DL 397 nm

 Helical
resonator

Waveform
generator

Doubling
setup   Single mo e ber 

  Helmholtz coils
I I

Linear Paul trap

Frequency
comb

  Chopper
2

cavity

ω

4s 2
1/2 − 4p 2

3/2

α

r0 = 4



frequency
comb

BBO

600 l/mm

1200 l/mm

To experiment

f1

f2f2

f1

1 = 20 2 = 10

V0 = 60 Ω = 2π × 3.3
q = 0.04

V = 10

3 × 10−9

4p 1
1

λ < 391

4s 2
1/2−4p 2

1/2

Δf ≈ 10

±3



w0 = 0.5
3d 2

3/2

P = 1

4s 2
1/2− 4p 2

1/2

τ ≈ 8
∼ 10

< 1

frep fceo
nth fn = ±fceo + n × frep frep fceo

λ = 788

4s 2
1/2 − 4p 2

3/2

≈ 2

1/e2

frep

≈ 105
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4p 2
3/2

3d 2
5/2 1.2
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n0

frep
178 183 189

ftrans = 761 905 012.7

4s 2
1/2 − 4p 2

3/2

3d 2
5/2

1.8

n0

4s 2
1/2 − 4p 2

3/2 ν = 25 414.40(15)
−1 ν = 25 414.4137 −1
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Pcomb =
1.9(0.2)

Pcooling laser = 200(10) μ

ν = 25 414.415(2) −1

1σ
frep

frep
frep



4s 2
1/2−4p 2

3/2

4s 2
1/2 − 4p 2

1/2

Δftrans = 9.7(1.3) /μ ×Pcooling Pcooling

μ ftrans = 761 905 013.06(0.21)
Pcooling = 200(10)μ

Δftrans = 0.19(0.24)
/ ×Pcomb Pcomb

Pcomb = 1.9
Δftrans = 0.36(0.46)

866
854

0.2

4s 4p s p d



40 μ
20 μ
+0.04(0.08) −0.04(0.08)

10−9

10−11

4s 2
1/2 − 4p 2

3/2
40 + f = 761 905 012.7(0.5)

1σ
f = 761 904 994(60)

4s 2
1/2 − 4p 2

3/2
40 +

f = 761 905 012.7(0.5)
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10−17



4s 2
1/2− 3d 2

5/2 729
0.14

2 × r0 = 7
12

z = 12 Vec = 10

60

Ω = 2π×2.6 RF = 150
qr = 0.2 2π×202

10−11

40 + 4s 2
1/2− 4p 2

1/2

397 P = 0.1
866



 EMCCD

DL 866 nm

Linear Paul trap

Frequency
comb

  Chopper
DL 397 nm

IF/2PBC

SMF

4s 2S 1/2

4p 2P 1/2

4p 2P 3/2

3d 2D3/2

3d 2D5/2

394 nm 
397 nm 

866 nm 

854 nm 

729 nm 
733 nm 

40 Ca+

40 +

40 + λ/2

P = 0.8

= 25
f = 100

4s 2
1/2− 3d 2

5/2 λ = 729.5

fceo
frep

= 0.12(2)μ
w0 = 0.17 60 99
729.5 7

760 − 870
3d 2

5/2 − 4p 2
3/2 3d 2

3/2 − 4p 2
3/2

397
59
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Δf = 5 Δf = 13
Δf = 20



4s 2
1/2 − 3d 2

5/2
40 + 43 +

≈ 2
5.5
T = 14

kλtrap

√
2 < n > +1 ≤ 1

k < n >
λtrap =

√
h̄/(2mωtrap)

En = h̄ωtrap(n + 1
2)

< n >= kbT

h̄ωtrap
− 1

2

ωtrap ≥ k

√
kbT

m
T ≤ ω2

trapm

k2kb

T < 20.5
TDoppler = 0.5

23 105

102 < 1.5 103



3d 2
5/2 − 3p 2

3/2

5
σ(τ) = 10−13/

√
τ

4s 2
1/2− 3d 2

5/2

+ +
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7.6±0.5 229

∼ 160±
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0
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0−3

0
27 +

9 1018

40 +

397 4s 2
1/2 − 4p 2

1/2

866 3d 2
3/2 − 4p 2

1/2

40 +



4s 2
1/2−4p 2

1/2

794

ν = 755 222 766.2 (1.7)

4s 2
1/2−4p 2

3/2

393.5

7
3d 2

5/2

4s 2
1/2 − 4p 2

3/2

3d 2
5/2 − 4p 2

3/2



4s 2
1/2 − 4p 2

3/2
40 + ν = 761 905 012.7 (0.5)

4s 2
1/2− 3d

2
5/2 729.5 0.14

∼ 2
∼ 7

3d 2
5/2

3d 2
5/2

ν = 411 042 129.6 (0.3)
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¨ ¨
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