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Foreword from the General Chairs 

It is our pleasure to welcome you to the 43rd IFIP PERFORMANCE International Conference, held at Centrum 
Wiskunde & Informatica (CWI) in Amsterdam, The Netherlands, from 11 to 13 November 2025. This edition of 
the conference was organized as a fully in-person event, providing an excellent opportunity for researchers 
and practitioners to meet, exchange ideas, and engage in scientific discussion. 

The IFIP PERFORMANCE conference continues to be one of the leading international venues for research on 
the performance evaluation of computing and communication systems, encompassing modeling, 
measurement, and analytical and methodological advances. The technical program reflects the breadth and 
depth of current research in the field and is described in more detail in the program chairs’ welcome that 
follows. 

The conference program included four tutorials, which took place alongside the main sessions. These 
tutorials covered a diverse range of timely topics: A gentle introduction to quantum communication and 
networking by Samuel Oslovich and Sounak Kar; From multiarmed bandits to weakly coupled Markov 
decision processes by Nicolas Gast and Bruno Gaujal; Performability and survivability quantification by Poul 
Heegaard; and Performance analysis of future smart grids by Bert Zwart. We thank the tutorial speakers for 
sharing their expertise and contributing to the educational dimension of the conference. 

We were also honored to host four distinguished keynote speakers. Mark Squillante (IBM Research) 
presented a keynote on the intersection of applied probability, performance evaluation, and quantum 
computing. Pierre Pinson (Imperial College London) spoke on analytics of energy markets and networks. 
Nelly Litvak (TU Eindhoven) delivered a keynote on random walks on complex networks. Remco Litjens (TNO 
and TU Delft) addressed resource management challenges for 6G mobile networks. We are grateful to all 
keynote speakers for their insightful and inspiring contributions. 

We sincerely thank the Technical Program Committee Chairs, Konstantin Avrachenkov, Hans van den Berg, 
and Cathy Xia, for their careful and professional management of the review process. We also thank the 
members of the Technical Program Committee and all reviewers for their dedication and edort, which 
ensured the high quality of the conference program. Our thanks further extend to the Publicity Chair, 
Alessandro Zocca, for his work in promoting the conference. 

We gratefully acknowledge the support of our sponsors: CWI, Vrije Universiteit Amsterdam, STAR, Networks, 
ACM SIGMETRICS, and IFIP. Their support was essential for the successful organization of this conference. 

Finally, we thank all authors and participants for their contributions and for making the 43rd IFIP 
PERFORMANCE conference a stimulating and rewarding event. We hope that you find the proceedings both 
valuable and inspiring, and that the discussions initiated during the conference will continue to foster 
progress in our research community. 

General Chairs 
Rob van der Mei (Centrum Wiskunde & Informatica) 
Sandjai Bhulai (Vrije Universiteit Amsterdam) 
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Message from the Technical Program Committee Chairs 
  

Konstantin Avrachenkov Hans van den Berg Cathy Xia 
INRIA University of Twente Ohio State University 

konstantin.avratchenkov@inria.fr j.l.vandenberg@utwente.nl xia.52@osu.edu 
  
We are very pleased to share with you the proceedings from the IFIP Performance 2025 conference. This special 
issue features the full short papers and extended abstracts of all accepted regular papers, along with brief 
descriptions of the poster presentations. Please note that the full versions of the accepted regular papers will also 
appear in a special issue of the Performance Evaluation journal. The program reflects a wide range of high-quality 
contributions in the area of performance modelling and analysis of computer communications systems, covering 
topics such as queuing theory, AI/ML-based techniques for system optimization, pricing, networking protocol 
analysis, and Markov process modeling in quantum computational settings.  The emerging role of quantum 
computing in performance evaluation was further highlighted through a keynote presentation and a dedicated 
tutorial delivered on the final day of the conference. 

Renowned for attracting top-quality research in performance evaluation, the Performance conference series 
continued that tradition this year.  We received an excellent set of contributions that reflected the latest advances in 
the field. The selection process for the 2025 program was rigorous and highly competitive. Each submission first 
underwent a rigorous double-blind review by three independent reviewers from the technical program committee 
(TPC). This was followed by a discussion phase among the reviewers, who had no conflicts of interest with the 
authors, where the authors could be consulted to provide any clarification if needed.  The final decisions were made 
during the online TPC meeting held on July 28, resulting in the acceptance of 19 regular papers and 10 short 
contributions. 

We extend our sincere appreciation to the more than two hundred esteemed authors from across the globe who have 
chosen to submit their manuscripts to IFIP Performance 2025. Their scientific contributions and genuine enthusiasm 
form the cornerstone of this conference. We also wish to heartily thank the 63 TPC members who provided careful 
reviews, engaged in extensive online discussions, and offered invaluable assistance throughout the shepherding 
process to maintain the high quality of the conference. 
 
We are excited to share the recipients of two distinguished awards among the selected papers. The Best Paper 
Award is given to the paper titled “A Control-Theoretic Perspective on BBR/CUBIC Congestion-Control 
Competition.” This exceptional work was crafted by Simon Scherrer, Adrian Perrig (both from ETH Zurich), and 
Stefan Schmid (TU Berlin). The Stephen S. Lavenberg Best Student Paper Award recognized the exceptional work 
of Tushar Walunj, Veeraruna Kavitha, Jayakrishnan Nair and Priyank Agarwal (all IIT Bombay) on “Strategic 
Pricing and Ranking in Recommendation Systems with Seller Competition”. On behalf of the technical program 
committee, we sincerely congratulate these authors on their extraordinary achievements and the well-earned 
recognition they have received. 
  
Finally, we wish to express our gratitude to the two general chairs of the conference, Rob van der Mei and Sandjai 
Bhulai, and the Publicity Chair, Alessandro Zocca, as well as the IFIP WG 7.3 steering group members Leana 
Golubchik, John C.S. Lui and Urtzi Ayesta, for their great support and seamless collaboration. 
  
Konstantin Avrachenkov,            
INRIA 
  
Hans van den Berg,        
University of Twente 
  
Cathy Xia, 
Ohio State University 
 
Technical Programme Committee Co-chairs 
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The last, the least, and the urgent: Fluid modeling and
performance equivalence for scheduling policies in partial

service queues with abandonment

Andres Ferragut
Universidad ORT Uruguay

Montevideo, Uruguay

ferragut@ort.edu.uy

Diego Goldsztajn
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ABSTRACT

In several queueing systems, arriving tasks have both service
and timing requirements, and depart whenever one of them
is attained. In several applications, the partial work per-
formed by the system on tasks during their stay is still useful,
even if the task is not completed. We analyze these partial

service queues with abandonment under a many-server set-
ting and characterize the equilibrium performance of several
policies through fluid models. In particular, we show that
deadline-oblivious policies like Least-Attained-Service and
Last-Come-First-Served exhibit the same equilibrium per-
formance as Earliest-Deadline-First. This striking property
means that designers may avoid the di�cult job of estimat-
ing deadlines without performance penalties. The conclu-
sions are validated by numerical experiments.

Keywords

Deadline queues, EDF, LAS, LCFS.

1. INTRODUCTION

In many queueing systems, it is necessary to consider not
only the service time requested by the task or customer, but
also the total amount of time that each task is willing to
stay in the system, i.e., its deadline. These systems with cus-

tomer reneging or abandonment have a long and rich history
in queueing theory [1]. Also, they have several applications
in operations research problems (e.g., emergency assistance
assignment), networking and processor scheduling environ-
ments, among many other examples.

One of the natural methods to incorporate deadlines is
the Earliest-Deadline-First (EDF) scheduling policy. This
policy has been extensively analyzed through fluid limits (cf.
[4, 5]) that require measure-valued processes and transport
equations, which are needed to keep track of the system
state. This is due to the fact that, for the problem to be
interesting for applications, it is necessary to consider gen-
eral service and deadline or sojourn time distributions. Two

∗This work was partially supported by ANII Uruguay under
grant PD NAC 2024 1 182118 and AFOSR US under grant
#FA9550-23-1-0350.

IFIP Performance ’25. November 11–13 2025, Amsterdam, Netherlands.
Copyright is held by author/owner(s).

approaches have evolved: [4] tracks elapsed times in the sys-
tem, and the approach of [2] tracks the residual times. Each
approach has its advantages and both are required for the
results of this paper.

Most papers concerning reneging queues deal with the
“call-center scenario”, where customers only abandon while
waiting in the queue, and never renege (nor are interrupted)
after service starts. However, in recent years [6], some appli-
cations like EV charging and AI inference provide examples
where tasks may abandon during service, leaving the sys-
tem with partially completed work, and this partial service

received remains useful for the customer. In this paper, we
analyze these partial service queues with abandonment in
the many-server setting. For this purpose, we develop fluid
models based on partial di↵erential equations (PDEs) in the
two relevant coordinates of service and sojourn times. We
admit general and possibly correlated service and patience
requirements.

Our main contributions are fluid models for deadline–
aware and deadline–oblivious policies. In particular, we
highlight that the deadline-oblivious policies Least–Attained
–Service (LAS) and Last–Come–First–Served (LCFS) yield

the same equilibrium performance as EDF despite not us-
ing any information about deadlines. This striking property
breaks away from the call-center scenario and has important
practical implications, since estimating deadlines is consid-
ered a hard problem. Our result implies that system de-
signers may avoid the di�cult job of estimating deadlines
without incurring a performance penalty.

2. MAIN CONTRIBUTIONS

We consider service systems with Poisson arrivals at rate
� and where each arriving task i has two associated random
variables:

1. Si is the amount of work required by task i (in time
units).

2. Ti is the maximum amount of time that the task may
stay in the system.

We assume that (Si, Ti) are independent across customers,
with a common density g(�, ⌧), allowing for correlation be-
tween service and patience requirements. We consider a
many–server setting where at most C customers can be
served simultaneously. There are two di↵erent ways in which
task i may leave the system: if it has received Si units of
service time or if it has spent Ti units of time in the sys-
tem; in the latter case, the task leaves the system even if

4 Performance Evaluation Review, Vol. 53, No. 4, March 2026



it is currently in service. The load of the system is thus
⇢ := �E [min{S, T}], and the amount of service attained by
task i by this time is denoted by Sa,i 6 Si.

We propose a fluid model for the dynamics in terms of
two state descriptors: µt(d�, d⌧) is a measure that stores
the current remaining service and sojourn times of the cus-
tomers in service, while ⌫t(dx, dy) stores the attained service

and elapsed times of the customers in the system. Building
upon [2, 4, 6], we derive suitable dynamic equations for both
state descriptors, written in terms of the projections of the
measure against a family of test functions in the positive
orthant that completely characterize such measures. In par-
ticular, we generalize the approach of [4] to enable tasks to
depart while in service, which requires resorting to a suitable
generalization of the concept of hazard rate from survival
analysis [3].

Motivated by this analysis, we solve the corresponding
equilibrium equations for the EDF policy (which requires
the use of the remaining service/deadline state descriptor)
and also for the deadline–oblivious policies LAS and LCFS
(which require the attained service/elapsed time descrip-
tion). The main result of the paper is:

Theorem 1. Consider a partial service system with Pois-

son arrivals at rate �, (S, T ) ⇠ g(�, ⌧) and capacity C. As-

sume that ⇢ > C (i.e., the system is in overload) and let z⇤

be defined as the unique solution of:

�E [min{S, T, z⇤}] = C. (1)

Then in the fluid model, the attained service Sa of each cus-

tomer is the same under EDF, LAS and LCFS, and is dis-

tributed as:

Sa ⇠ min{S, T, z⇤}.

The equivalence of the attained service distribution for all
three policies is a striking property: the main performance
metric of the system can be completely emulated, in the fluid
models, by deadline-oblivious policies. In particular, LCFS
does not need more information than the order of arrival, so
it can be easily implemented in practice.

3. EXPERIMENTAL VALIDATION

We consider a setup where S and T are correlated. Specif-
ically, we set

S = eU , T = eV with (U, V ) ⇠ N
✓✓

0
0

◆
,

✓
1 0.9
0.9 1

◆◆
.

In particular, the random variables U and V are correlated
with normal distributions, and therefore S and T are cor-
related with log–normal distributions. We fed the system
with the same stream of incoming tasks, i.e., with the same
arrival, service and patience time under all three policies.

In this case, we have that E[min{S, T}] ⇡ 1.36 (numeri-
cally estimated). In order to satisfy the overload condition,
We choose � = 120 and C = 100, so the system is in over-
load as required by Theorem 1, with ⇢ ⇡ 160 > 100 = C.
The threshold z⇤ solving eq. (1) can be numerically esti-
mated to be z⇤ ⇡ 1.322. Figure 1 shows a snapshot of the
state space in steady state for EDF and LCFS, highlighting
the threshold behavior of the fluid model.
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Figure 1: Steady state snapshot of the state space
for the EDF and LCFS policies under correlated
tra�c and attained work empirical CDF under the
three policies compared to the fluid model.

Finally, Figure 1 also shows the empirical distribution of
the attained service and compares them with the distribu-
tion predicted by the fluid models, i.e., the distribution of
min{S, T, z⇤}. The empirical CDFs approximately follow
the fluid prediction, and more importantly, the three poli-
cies exhibit the same performance for the discrete stochastic
system, as claimed. Further analysis is needed to character-
ize the attained work around z⇤ in the discrete system.
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ABSTRACT

We consider a discrete-time parallel service system consist-
ing of n heterogeneous single-server queues with infinite ca-
pacity. Jobs arrive to the system as an i.i.d. process with
rate proportional to n, and must be immediately dispatched
in the time slot that they arrive. The dispatcher is assumed
to be able to exchange messages with the servers to ob-
tain their queue lengths and make dispatching decisions, in-
troducing an undesirable communication overhead. In this
setting, we propose an ultra-low communication overhead
load balancing policy dubbed k-Skip-the-d-Longest-Queues
(k-SLQ-d), where queue lengths are only observed every
k(n�d) time slots and, between observations, incoming jobs
are sent to a queue that is not one of the d longest ones at
the time that the queues were last observed. For this policy,
we establish conditions on d for it to be throughput optimal
and we show that, under that condition, it is asymptotically
delay-optimal in heavy-tra�c for arbitrarily low communi-
cation overheads (i.e., for arbitrarily large k).

Keywords

load balancing; sparse communication; heavy-tra�c

Overview

Parallel service systems are ubiquitous in many applications,
from checkout lines at the supermarket, to server farms for
cloud computing. These systems involve a single stream of
incoming jobs that are dispatched to one of many single-
server queues operating in parallel. In these systems, the
main performance metrics of interest are: the maximum
throughput that can be achieved, and the average delay of
a typical job. In this setting, a throughput and delay opti-
mal policy is the well-know Join-the-Shortest-Queue (JSQ)
policy, where incoming jobs are sent to one of the shortest
queues. Despite its outstanding performance, in practice
this policy does not scale well to large systems, as the com-
munication overhead required to implement the JSQ policy
becomes prohibitive. In order to make dispatching policies

⇤A full version of this paper is available at
https://arxiv.org/pdf/2503.02982

IFIP Performance 2025 November 11-13, Amsterdam, Netherlands
Copyright is held by author/owner(s).

scalable to large systems, many policies have been proposed
in the past. In particular, it was discovered that the use of
memory at the dispatcher can greatly decrease the commu-
nication overhead required to implement policies with excel-
lent throughput and delay performance, with this commu-
nication overhead being the more expensive requirement in
most applications. Since an exact analysis for these more
sophisticated policies is usually intractable, it is common to
consider the performance in several asymptotic regimes.

In this paper, we focus on the throughput and delay per-
formance in classical and many-server heavy-tra�c regimes,
where the arrival rate converges to the maximum capacity
of the system. In such regimes, the multi-dimensional state
of the queuing system is reduced to a single dimensional
state. This behavior of the queuing system is known as
the State Space Collapse (SSC) and it is critical to achieve
delay optimality. In particular, we introduce and analyze
a novel dispatching policy that attains throughput and de-
lay optimality while having an arbitrarily small communi-
cation overhead. Before presenting our main contributions,
we briefly outline prior work in this setting.

There is a large body of literature on load balancing poli-
cies for parallel service systems. On one extreme, Round
Robin has the lowest delay among all policies with no com-
munication overhead, although its delay performance is far
from optimal, and its stability region is reduced. On the
other extreme, Join-the-Shortest-Queue (JSQ) policy is known
to be delay optimal for homogeneous systems and through-
put optimal in general, but it requires prohibitive amounts
of communication overhead. Motivated by the need to re-
duce communication overhead, there are many policies that
fall between Round Robin and JSQ, such as the Power-of-
d-Choices (Pod) [1, 2], Join-Idle-Queue (JIQ) [3], and other
memory enhanced policies that make dispatching decisions
based on stored information, such as server ID, queue length,
etc. [4, 5, 6]. However, policies like Pod and JIQ may ex-
hibit poor performance in heterogeneous systems [7]. To
address this issue and improve performance, modified ver-
sions of JSQ, Pod, and JIQ have been developed that in-
corporate service speed information into the dispatching de-
cisions. Furthermore, if the servers themselves are capable
of performing analysis, there are policies such as CARE [8],
that make dispatching decisions based on estimated queues.

Since most load balancing policies are not amenable to
exact analysis, several asymptotic regimes have been con-
sidered in the literature. One of the most popular is classic
heavy-tra�c, where the load of the queueing system is made
to converge to one. For this regime, JSQ has been shown
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to be throughput and delay optimal in classical and many-
server heavy-tra�c in continuous and discrete time setting.
Moreover, the Pod policy has also been shown to be delay
optimal in heavy-tra�c [9]. While the original JIQ policy is
not delay-optimal in heavy-tra�c, a modified version of it,
dubbed JBT-r, has been shown to be optimal [10]. JBT-r
has also been shown numerically to achieve a low communi-
cation overhead, although it lacks a closed-form expression
for it. Finally, it has been shown in [11] that any load balanc-
ing policy is heavy-tra�c delay optimal as long as it satisfies
certain conditions. Nevertheless, these conditions are hard
to verify in practice for many policies, especially for het-
erogeneous systems and for ultra-low communication over-
head policies like the one we introduce in this paper. An-
other important regime is many-server heavy-tra�c regime
where both the number of servers and arrival rate increase
together. JSQ and Pod have been shown to be delay optimal
in this regime under certain conditions [12].

Our contribution

In this paper we focus on developing a family of dispatching
policies that are throughput and delay optimal in heavy traf-
fic, while requiring extremely low communication overhead.
Compared with the policies mentioned above, our family of
policies is not only easy to implement but also guarantee
arbitrarily low communication overhead. Such policies are
born from the following insights:

(i) In heavy tra�c, queues are so long that they appear
to be of an approximately constant length for long in-
tervals of time. Therefore, there is no need to sample
them in each time slot in order to make good dispatch-
ing decisions.

(ii) When making repeated dispatching decisions over many
consecutive time slots using the same queue length vec-
tor, policies that work well over one time slot (like
Joint-the-Shortest-Queue) do not work so well. For
repeated decisions, it is better to spread out the ar-
rivals among di↵erent queues as much as possible in
order to maintain the balancedness of queues.

With these insights in mind, we introduce a new load balanc-
ing policy called k-Round-Robin-Skip-the-Longest-d-Queues
(k-SLQ-d), where k and d are positive integers. Under
this policy, the queue lengths are sampled every k(n � d)
time slots, and incoming jobs between the sampling times
are sent in a Round-Robin fashion to the n � d queues
that were shortest at the last time that they were sampled.
This Round-Robin loop is done for k rounds, which fills the
k(n� d) time slots in between queue length samplings. For
this policy:

1. We obtain its stability region and establish necessary
and su�cient conditions on the number of skipped
servers d for throughput optimality when the servers
are heterogeneous. In particular, we show that these
do not depend on the number of rounds k.

2. We show that, under almost the same condition on
d as for throughput optimality, the k-SLQ-d policy is
delay-optimal in classical heavy-tra�c for any k. In
particular, this implies that we can obtain delay op-
timality with an arbitrarily low communication over-
head. Moreover, if the message rate can be made to

depend on the stability slack ✏, we show that delay
optimality can be achieved with a vanishing message
rate of order o(✏).

3. We extend our results to the many-server heavy-tra�c
regime. We show that the number of skipped servers
d in order to be throughput optimal is always of or-
der ⇥(n) unless the system is almost homogeneous.
Moreover, we show that our policy is delay optimal in
many-server heavy-tra�c as long as ✏ 2 o(n�11).

4. For the homogeneous case, there is a phase transition
in the delay performance in both classical and many-
server heavy-tra�cs between using a pure Round-Robin
policy, and doing Round-Robin skipping just the longest
queue at the beginning of each round.

From the methodological side, we use Lyapunov drift argu-
ments to establish our results. However, the nature of our
policy makes it so the one-step drift of the queue lengths
can be positive at times. To overcome this challenge, we
look at the drift of the queues over a whole cycle of k(n�d)
time slots. This brings new challenges, as usual tricks in the
literature that are used to avoid problematic terms do not
work over multiple time slots.
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ABSTRACT

This paper focuses on the problem of minimizing the tail
in a light-tailed M/G/1-queue in the partial job size infor-
mation setting when the scheduler only makes use of the
job types and does not exploit arrival times. Prior work
showed that in case of 2 job types the so-called Nudge-M
policy minimizes the tail in a large class of scheduling poli-
cies. In this paper we introduce the �-CounterBoost policy
in the partial information setting with d � 2 job types and
prove that it minimizes the tail in an even broader class of
scheduling policies called Contextual CounterBoost policies.
The �-CounterBoost policy reduces to the Nudge-M policy
in case of d = 2 job types.

1. INTRODUCTION

For most light tailed distributions, it was long believed
that the First Come First Served (FCFS) policy is tail op-
timal [1]. However, it was recently shown that the response
time tail of FCFS can be improved upon using the Nudge
scheduling policy [2]. More specifically, the response time
under FCFS in an M/G/1 queue with a class I job size dis-
tribution decays exponentially, meaning

P [RFCFS > t] ⇡ cFCFSe
��t,

for some constants cFCFS and �. The decay rate � of FCFS
is known to be optimal [3], but the prefactor cFCFS can be
further reduced by the Nudge scheduling policy [2]. The
initial Nudge scheduling policy operates almost identical to
FCFS, except that an arriving short job may pass/skip the
last job in the queue, provided that the last job is a long job
that was not passed by any other job.

It became immediately clear that it is not hard to re-
duce the prefactor of the initial Nudge scheduling policy by
considering di↵erent Nudge variations [4, 5]. A key charac-
teristic of these Nudge variations is that they all rely solely
on job size (or type) information of the last few jobs that
arrived in the queue to determine how many jobs an arriving
job is allowed to pass.

It turns out that apart from the job sizes, the arrival times
of jobs also play a key role in coming up with a response time
tail optimal policy. This led to the introduction of the �-
Boost scheduling policy which was shown to have an optimal
response time tail, that is, it minimizes the prefactor, for

Copyright is held by author/owner(s).

class I job size distributions in case the scheduler knows the
exact size z and arrival time of any incoming job [6]. The
�-Boost policy schedules jobs based on their boosted arrival

time. The boosted arrival time of a job is defined as its
actual arrival time ta minus its boost b(z), which depends
on the exact job size z of the job. The �-Boost policy can
also be used when the job size information that is available
to the scheduler is more coarse, for instance when jobs are
partitioned into types and the scheduler only knows the type
of an incoming job. In such case the boosted arrival time
is defined as before, but the boost of a job now depends
on its type i as opposed to its exact job size z. In this
partial information setting, �-Boost was shown to achieve
the lowest prefactor among all boost policies, meaning the
choice of the boost value bi is optimal. The �-Boost policy
is believed to be tail optimal among all scheduling policies
in this setting, but a proof is still lacking.

This paper instead looks at the partial information setting
where arrival times are not known, and only type informa-
tion is available to the scheduler, not exact sizes. The initial
Nudge policy and the variations considered afterwards all
share the property that they do not exploit arrival times.
The current state-of-the-art Nudge policy for 2 job types,
initially called Nudge-M [5], simply states that whenever a
type-1 arrival joins the queue it is served before any type-2
job that (a) is still waiting in the queue and that (b) was
one of the previous M arrivals (of any type). The Nudge-M
policy was proven to minimize the prefactor in a large class
of Nudge policies if the parameter M is chosen optimally.
If we define the arrival counter of a job equal to n if it is
the n-th job arrival, then Nudge-M can be reformulated as a
scheduling algorithm that schedules jobs based on a boosted
arrival counter (that is, type-1 jobs get boost M and type-2
jobs get boost 0).

This reformulation immediately yields a natural general-
ization to a context with d > 2 job types (possibly even
infinitely many). In case we have d types, this generaliza-
tion defines the counter boost of a type i job as

b⇤i =
1

log S̃(��)
log

✓
S̃i(��)

S̃i(��)� 1

◆
,

for all i, where S is the job size distribution of a random
job, Si is the job size distribution of a type-i job, and S̃ and
S̃i are their respective Laplace transforms. We refer to this
policy as �-CounterBoost.

The Nudge-M policy was shown to minimize the tail among
a large class F of Nudge policies [5]. A first contribution in
this paper is the introduction of a new class of Counter-
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Boost policies called Contextual CounterBoost (CCB) poli-
cies, that is broader than the class F . A CCB policy is char-
acterized by a context window size M and a boost function
b. The boost function maps the strings s holding the types of
the previous and possibly M next arrivals to a boost value.
Whenever the server needs to select a new job for service,
it computes the boosted arrival counter for each waiting job
by subtracting the boost of the job from its arrival counter.
The job with the smallest boosted arrival counter is served
next, where ties are broken in favor of jobs with a larger
boost. Note that �-CounterBoost is a CCB policy with a
context window of size M = 0 as the types of the previous
and next jobs do not impact its arrival counter boost.

2. OPTIMALITY OF �-COUNTERBOOST

The main contribution of this paper exists in proving that
�-CounterBoost minimizes the prefactor within the class of
CCB policies as stated in the next theorem:

Theorem 1. �-CounterBoost has the lowest prefactor among

all the policies in G = [MGM , where GM is the set of Con-

textual CounterBoost policies with context window size M .

This means that using a context window size M larger
than zero does not o↵er any reduction in the prefactor.

To establish this result we show that starting from any
CCB policy with boost function b(1), we can find a sequence
of boost functions (b(k))mk=1 with b(m) the boost function of
�-CounterBoost such that the prefactor of the CCB policy
associated with boost function b(k) is non-increasing in k.
In order to make sure that the prefactor does not worsen

when increasing k, it is key to make the di↵erence between
two boost functions b(k) and b(k+1) as small as possible. The
Single Swap Theorem, stated below, gives a simple condition
on when replacing a boost function b by b0 improves the
prefactor provided that the only di↵erence between b and
b0 is that a type-i job that sees a specific context will pass
a type-j job that also sees a specific (possibly overlapping)
context when using b0, while it did not using b.

Theorem 2 (Single Swap Theorem). Consider a CCB pol-

icy that is modified such that for some context s with sM+1 =
i and some other context s0 with s0M+1 = j, Nb(s, s

0) =
(bb(s)�b(s0)c)+ increases from k�1 to k � 1, while all other

Nb-values remain the same. In other words, a type-j job with
context s0 that arrived k jobs before a type-i job with context

s was initially not passed, but it is after the modification. If

this modification changes the prefactor, then it reduces the

prefactor if and only if k  N⇤(i, j) = (bb⇤i � b⇤j c)+.

The next step, which is the more challenging one, exists
in showing that one can find the required sequence of boost
functions to transform any CCB policy in �-CounterBoost
such that we can apply our Single Swap Theorem to show
that the prefactor is non-increasing.

The key technical novelty required to find this sequence
of boost functions lies in replacing the boost function b of
a CCB policy by some other boost function b̂ such that the
associated CCB policy is still the same, but the boost val-
ues b̂(s) are all independent of each other over the field of
the rational numbers. Further, as adding a constant to all
the boost values does not alter a CCB policy, we can in-
crease all the b⇤i values by a su�ciently large � such that
the initial boost values of b(1)(s) are all below the boosts of

�-CounterBoost. The sequence of boosts is then constructed
such that all the boosts b(s) simultaneously increase towards
their target. The independence over the rationals makes sure
that each time that the CCB policy changes, it is a change
for which we can show that it does not worsen the prefactor
due to the Single Swap Theorem.

Further, we show that the prefactor of �-CounterBoost
converges to that of �-Boost as the load � tends to one,
showing that the gains �-Boost achieves using arrival time
information vanish in heavy tra�c.

Theorem 3. For � tending to one we have b⇤i � b⇤j ⇡
log(E[Sj ]/E[Si])/log(1 + �/�) and

lim
�!1�

c��CounterBoost = cFCFS

dY

j=1

E[Sj ]
�pjE[Sj ],

where pj is the probability of a type-j job. This is the same

limit as for �-Boost in case of unknown job sizes and d job

types.

This property and its proof are a straightforward general-
ization of the results in [5] for d = 2 types. We also include
a heavy tra�c approximation bheavy for the boost function
b⇤, which may be easier to estimate in practice as it does
not rely on the decay rate � or the Laplace transform of the
job size distributions.
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ABSTRACT
Modern data center workloads are composed of multiserver
jobs that require multiple servers in order to run. Many mul-
tiserver jobs can run in parallel as long as there are enough
servers to satisfy the demand of each job. Given a stream of
arriving jobs, a scheduling policy must determine which jobs
to run at every moment in time to minimize the mean re-
sponse time across jobs — the average time from when a job
arrives to the system until it is complete. Because preemp-
tions are often computationally expensive in data centers,
the scheduling policy cannot preempt running jobs.

We propose a new class of non-preemptive policies called
Most Servers First with Quickswap (MSFQ). MSFQ policies
prioritize jobs that demand more servers. However, they
keep mean response time low by periodically granting pri-
ority to other jobs in the system. We prove conditions un-
der which MSFQ policies stabilize the system, and analyze
their mean response time. We prove that the MSFQ priority
switching mechanism allows these policies to greatly outper-
form state-of-the-art policies that rely on simpler priority
mechanisms. We validate our theoretical results via exten-
sive simulations using traces from the Google Borg system.

1. INTRODUCTION
Modern data centers serve multiserver jobs that occupy

multiple servers simultaneously. Each multiserver job is as-
sociated with a server need, the number of servers the job
requires to run, and a service duration, the amount of time
the job must run to be completed. A set of multiserver jobs
can run in parallel only if the system has enough dedicated
servers for each job. A scheduling policy must select which
jobs to run in parallel at every moment in time. Given a
fixed number of servers, k, our goal is to choose a scheduling
policy that minimizes the mean response time across jobs in
a stream of arriving multiserver jobs — the average time
from when a job arrives to the system until it is completed.
∗University of North Carolina at Chapel Hill, USA
†Università Ca’ Foscari Venezia, Italy
‡IMDEA Networks Institute, Spain
§Northwestern University, USA

Copyright is held by author/owner(s).

1 2 3 4 5 6 7 8
Arrival Rate

0

20

40

60

80

100

M
ea

n
R

es
po

ns
e

Ti
m

e MSF
nMSR
First-Fit
MSFQ (Simulated)
MSFQ (Predicted)

Figure 1: Mean response times as a function of arrival rates
for MSFQ and competitor policies.

Designing scheduling policies for multiserver jobs is diffi-
cult for two reasons: (i) it is hard to utilize all servers in the
system due to bin-packing effects; (ii) modern multiserver
jobs are stateful, making preemptions costly or impossible.
This raises the question of how to design and analyze non-
preemptive scheduling policies that minimize the mean re-
sponse time across a stream of multiserver jobs.

To achieve high server utilization, prior work on schedul-
ing multiserver jobs has suggested prioritizing jobs with larger
server needs. Specifically, [3] evaluated the Most-Servers-
First (MSF) policy, a non-preemptive policy that prioritizes
jobs with larger server needs. MSF considers all jobs in de-
scending server need order. If there are enough servers to
satisfy a job, MSF puts this job into service.

To understand the pros and cons of MSF, consider an
example where jobs either need one server or k servers. We
refer to this as the one-or-all setting. Here, MSF serves jobs
in two alternating phases: (i) MSF serves k-server jobs until
none remain in the system; (ii) MSF serves 1-server jobs
until none remain before returning to serve k-server jobs.
We show in our full paper [1] that MSF achieves optimal
long-run average server utilization in the one-or-all setting.
Unfortunately, this high server utilization does not lead to
low mean response time. MSF suffers because, as the job
arrival rate increases, it takes an increasingly long time to
switch between phases. This creates a feedback loop where
1-server jobs accumulate while the system processes k-server
jobs, leading to a long phase of serving 1-server jobs during
which many k-server jobs accumulate.

To address the slow phase switching of MSF, we develop
a class of scheduling policies for the one-or-all setting called
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Most Server First with Quickswap (MSFQ). We show that
MSFQ policies stabilize the system whenever it is possible
to do so (Theorem 1), and we analyze the mean response
time of MSFQ (Theorem 2). To evaluate MSFQ policies,
we compare them against MSF, First-Fit (an optimized first-
come-first-served policy), and a non-preemptive Markovian
Service Rate (nMSR) policy [2] (see Figure 1). We also
develop variants of MSFQ that process general multiserver
job workloads, and evaluate these variants using traces from
Google Borg [4] (see Figure 2).

2. OUR MODEL
We consider a system with k servers. A multiserver job is

represented by an ordered pair (i, s), where i ∈ {1, 2, · · · , k}
is the number of servers the job needs to run and s is the
job’s service duration, the time the job must run on the
servers before completion. Jobs occupy a fixed number of
servers throughout their time in service, and a job in service
cannot be preempted. We refer to this job model as the
Multiserver Job (MSJ) model.

We consider workloads composed of several job classes,
where class-i jobs each require i servers. We consider serv-
ing a stream of multiserver jobs, where class-i jobs arrive
according to an independent Poisson process with rate λi.
We further assume the service durations of class-i jobs are
i.i.d. exponentially distributed random variables such that
Si ∼ exp(µi).

A set of jobs can run in parallel if their aggregate server
demand does not exceed the number of available servers.
That is, let u = (u1, u2, · · · , uk) denote a set of multiserver
jobs containing ui class-i jobs. These jobs can run in parallel
if and only if

∑k
i=1 i ui ≤ k.

3. MAIN RESULTS
We introduce the class of Most Server First with Quick-

swap (MSFQ) policies in the one-or-all setting. MSFQ pri-
oritizes jobs with high server needs, following similar service
phases as the MSF policy. However, to shorten the dura-
tions of each phase, an MSFQ policy is associated with a
threshold, ℓ. Instead of serving class-1 jobs in phase 2 un-
til none remain, MSFQ serves class-1 jobs until there are ℓ
jobs remaining in the system. At this point, MSFQ stops
admitting new class-1 jobs into service and completes the ℓ
class-1 jobs in service. Once these jobs are complete, MSFQ
begins serving class-k jobs.

We show that, by using the threshold ℓ to abbreviate
phase 2, MSFQ policies can reduce the feedback loop that
leads to high mean response time under MSF. We first show
that MSFQ policies stabilize the system whenever it is pos-
sible to do so. That is, if it is possible to achieve a finite
mean response time, any MSFQ policy will have a finite
mean response time.

Theorem 1. A Most Servers First with Quickswap (MSFQ)
policy with any threshold ℓ, 0 ≤ ℓ < k, stabilizes the system
whenever it is possible to do so in the one-or-all system.

Proof. We first show that no scheduling policy is stable
if λ1/kµ1 + λk/µk ≥ 1 by comparing to a resource-pooled
system. Next, we show that our MSFQ policy is stable
given that λ1/kµ1 + λk/µk < 1 using a Lyapunov drift ar-
gument.

Next, we analyze the mean response time of an MSFQ policy
under the one-or-all setting.
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Figure 2: Mean response times as a function of arrival rates
for MSFQ and competitor policies using Google Borg traces.

Theorem 2. The mean response time under an MSFQ
policy, E[T ], depends on the first and second moments of
the durations of each phase and the mean number of jobs at
the beginning of each phase. For a given MSFQ policy, we
can compute all of these quantities.

Proof. We show that E[T ] can be written in terms of
phase durations by conditioning on which phase a job ar-
rives during, and whether a job is a class-1 or a class-k job.

We then derive the Laplace transforms of the phase dura-
tions and the expected number of jobs at the beginning of
each phase. We use these transforms to compute the overall
mean response time. Although the transforms we derive are
recursively defined, we provide a calculator1 that symbol-
ically differentiates these transforms to compute the mean
response time.
4. EVALUATIONS

We evaluate the accuracy of our mean response time anal-
ysis and compare MSFQ with the MSF, nMSR and First-Fit
policies via simulations of the one-or-all setting. Figure 1
shows that our analysis is accurate and that MSFQ outper-
forms all competitor policies at all arrival rates.

We also develop variants of MSFQ called Adaptive Quick-
swap and Static Quickswap that work outside of the simpli-
fied one-or-all setting. For this evaluation, we use simula-
tions driven by traces from the Google Borg cluster sched-
uler. Here, 86% of the system load is contributed by the
0.34% of jobs with the largest server needs. To ensure that
our scheduling policy does not ignore these important jobs,
we evaluate this trace using a weighted mean response time
metric that weights class-i jobs by the amount of load they
contribute to the system. We show that our policies per-
form favorably compared to all competitors on this weighted
mean response time metric (see Figure 2).
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1. INTRODUCTION
Large language models (LLMs) have produced exceptional

performance in many artificial intelligence tasks [2]. Mod-
ern LLMs pre-trained on large datasets have demonstrated
promising utility for diverse applications [2]. However, to
achieve state-of-the-art accuracy, such models often need to
contain more than 50 billion parameters, which makes it ex-
pensive to work with these models due to the requirement
of expensive hardware such as high-end GPUs.

To expand access to LLMs, several research groups have
open-sourced their pre-trained LLMs [5]. However, the sheer
size of these models makes it di�cult to adopt them, even if
no training is needed. Prior studies have shown that the bot-
tleneck of running LLMs is not in the computation speed,
but in the GPU memory. A 100B-parameter model will
require 200 GB of GPU memory to load the model param-
eters at the standard half precision, and many LLMs are
even larger. Providing this much GPU memory is finan-
cially challenging for many users.

Recently, a model-parallel approach has been proposed to
address the above challenge through resource pooling across
distributed devices. This approach distributes a model to
multiple devices at the granularity of transformer blocks
(a.k.a. pipeline parallelism [3]) or neurons (a.k.a. tensor
parallelism) to run large models on devices with small GPUs.
In particular, [1] has shown that pipeline parallelism can
be used to run LLM inference tasks on geographically dis-
tributed servers, each with only a few GB of GPU memory,
at a much faster rate than local parameter o✏oading. This
is achieved by letting each server host a subset of consecu-
tive blocks, and each inference request is routed through a
chain of servers that collectively host the entire model.

In this work, we consider LLM inference over geographi-
cally distributed servers using pipeline parallelism and client-
centric communication, as illustrated in Fig. 1. Although
the feasibility of such systems has been validated in [1], there
is a lack of fundamental understanding of how to optimally
manage their performance. The current solution in [1] based

∗This work was partly supported by the National Science
Foundation under award CNS-2106294. Parimal was sup-
ported by Qualcomm Inc. under Qualcomm University Re-
lations 6G India, Anusandhan National Research Founda-
tion (ANRF) under Grant CRG/2023/008854, and O�ce of
International Relations at IISc under IISc-PSU collabora-
tion research grant. Corresponding author: tinghe@psu.edu

Copyright is held by author/owner(s).
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Figure 1: System architecture for pipeline-parallel
LLM inference using client-centric communication.

on heuristics for resource allocation. It remains open how
to optimize the performance of such systems, while taking
into account the unique characteristics of GPUs and LLM
inference tasks. This work aims to fill this gap by rigorously
formulating and addressing the block placement and request
routing problem, using PETALS [1] as a concrete example.

2. MODEL
We consider the inference process of a pre-trained LLM

with a decoder-only architecture [4], which is commonly
adopted by state-of-the-art LLMs (e.g., GPT and its vari-
ants [2]). The input/output layers only contain a small per-
centage of the model parameters (e.g. < 3% for BLOOM-
176B [5]) and can therefore be hosted by the client. The
model blocks contain most of the parameters and are thus
delegated to the servers [1].

Given a pre-trained LLM with L blocks, we consider a
distributed system with client-side and server-side caching,
which uses this LLM to serve autoregressive sequence gen-
eration requests via a hub-spoke communication pattern as
shown in Fig. 1. In this work, we focus on supporting short-
prompt, long-response queries, where users ask concise ques-
tions to obtain detailed and comprehensive answers. The
system contains a set of servers Vs and a set of clients Vc,
communicating through TCP connections. Each client rep-
resents an ingress point for inference requests, which can be
a host owned by end users or a proxy server that submits
requests on behalf of end users.

Define |R| as the total number of requests. For each in-
ference request, the client initiates an inference session. We
first consider the o✏ine case with a given set of requests to
understand the structure of the problem, and then address
the online case with sequentially arriving requests.

To formulate the o✏ine case, each request has up to lImax

input tokens and generates up to lmax output tokens. For
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short-prompt long-response queries, we have lImax ⌧ lmax.
As for the online case, we need to additionally model the
state of each server as detailed in the methods section.

Each server j 2 Vs has a per-block processing time of
up to ⌧ I

j (l
I
max) during the prefill phase and a per-token-per-

block processing time of ⌧j during the decoding phase. The
connection between each client c and each server j has a
per-input round trip time (RTT) of up to tIcj(l

I
max) and a

per-token RTT of tcj .
If a request from client c with input length lImax and out-

put length lmax is processed by a chain of servers p with
each server j 2 p processing kj blocks, it will incur a total
inference time of
X

j2p

⇣
tIcj(l

I
max) + kj⌧

I
j (l

I
max)

⌘
+ (lmax � 1)

X

j2p

(tcj + kj⌧j).

(1)

Each server j 2 Vs has a GPU memory of Mj , which
denotes the e↵ective memory capacity for storing model
parameters and attention caches. The size of each block
is sm bytes. The size of each attention cache is sc :=
2dmodel · (l

I
max + lmax) · dtype bytes bytes, where dmodel

is the embedding dimension and dtype bytes = 2.
A server j storing mj blocks and processing kr

j blocks for
each request r has a total memory consumption of

smmj + sc
X

r2R

kr
j . (2)

where sm is the memory size per block, and sc is the
memory size per attention cache.

3. METHODS
We formulate a joint optimization of the placement of

model blocks at servers (called block placement BP) and
the selection of server chains for inference requests (called
request routing RR) based on performance models experi-
mentally validated on a real distributed LLM inference sys-
tem. Our formulation features a compact representation of
the decision variables that allows the problem to be formu-
lated as a mixed integer linear programming (MILP) prob-
lem with a polynomial number of variables/constraints.

The NP-hardness of BPRR implies the need of e�cient
suboptimal algorithms. We develop a three-step algorithm
called CG-BPRR by decomposing the joint optimization
into subproblems optimizing the number of blocks per server
m, the starting block per server a, and the request routing f ,
achieving polynomial complexity and a guaranteed average
inference time per token under feasible block placements. It
proceeds as follows:

Step 1: Conservatively compute the number of blocks
mj for each server j as min (bMj/(sm + sc|R|)c , L).
Step 2: Sort servers by increasing amortized inference

time defined as etj := 1
mj

maxc2Vc(tcj + ⌧jmj) (fastest first),

then greedily assign consecutive blocks to each server in this
order, prioritizing ranges that improve performance for the
most under-served blocks or balance load across well-served
ones.

Step 3: For each client c, build a routing graph with
S-client and D-client nodes, edges between servers hosting
adjacent block ranges, and costs tcij , then route requests via
shortest path from S-client to D-client.

We then consider the online setting with dynamically ar-
riving requests, for which we show that the o✏ine algorithm

can be adapted into a two-time-scale solution that solves the
block placement problem via robust optimization and the
online request routing problem via a variation of shortest-
path routing, with link costs tWij (t)+ lmaxt

c
ij designed to ap-

proximate the total inference time used at each server. The
online algorithm inherits the same performance guarantee
as the o✏ine algorithm as long as the number of concur-
rent requests is within a design limit, which can be tuned to
trade o↵ the waiting time and the per-token inference time
after waiting.

4. RESULTS AND EVALUATION
Evaluations employ PETALS-based experiments on A100

GPUs and MIGs, alongside a validated MATLAB simulator
capable of predicting GPU-based performance using CPU
resources alone. This simulator replicates block placement
and request routing decisions, enabling assessments of large-
scale deployments beyond the constraints of available GPU
hardware.

Clustered scenarios: Configured with three heteroge-
neous clusters (Cluster0 for remote clients, Cluster1 with
high performance A100 servers, Cluster2 with lower per-
formance MIGs), the proposed algorithm achieves 60–80%
reductions in average per-token inference times compared
to PETALS heuristics. Improvements arise from optimized
memory allocation, reducing first-token times by minimizing
out-of-memory errors.

Scattered scenarios: Tested on topologies like Above-
Net (23 nodes), BellCanada (48 nodes), and GTS-CE (149
nodes), gains are confirmed, larger in resource-constrained
settings. Varying parameters like number of servers C, re-
quest rate �, and lmax in the simulator shows enhancements
more pronounced under higher loads or fewer resources.

Ablation studies: Variations of PETALS (optimized or-
dering, fixed number of blocks, enhanced routing decision)
highlight synergistic benefits of the integrated approach.

Algorithm running times remain negligible (under 0.05
seconds) compared to inference durations. The simulator’s
results align with experiments in times and logic, facilitating
scalable evaluations and future research on distributed LLM
inference without extensive GPU access.
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1. ABSTRACT

The prohibitive cost of training trillion-parameter large
language models (LLMs) necessitates low-cost emulation tools
for distributed system optimization. In modern large-scale
clusters, communication often becomes the primary bottle-
neck to scalability. However, existing emulators, such as
vTrain and ASTRA-Sim, overlook dynamic network factors
that significantly impact performance at scale, resulting in
limited emulation accuracy. This work o↵ers an e�cient
and reliable tool for training system optimization and paral-
lel strategy exploration, considerably lowering the barrier to
large-scale AI research. We present LLMEmu, a distributed
training emulator that combines real kernel profiling and
actual communication execution. First, computation is pro-
filed through real CUDA kernel traces on GPU nodes to con-
struct an operator-level latency lookup table, enabling GPU-
like execution on CPU clusters. Second, inter-node commu-
nication is executed using communication library primitives
(e.g., AllReduce, Send/Recv), triggered by communication
anchors embedded in the execution graph, and implemented
using a pluggable communication backend.

LLMEmu can seamlessly model hybrid parallelism strate-
gies and supports multiple collective algorithms. Its lightweight
design incorporates gradient bucketing with latency reuse to
minimize overhead while maintaining extensibility to vari-
ous network interconnects. The e↵ectiveness of LLMEmu is
validated through its performance results, demonstrating an
average prediction error of only 2.17% on 24-GPU clusters,
which outperforms vTrain by 21.09%, and confirming its
scalability in modeling training cost distributions across 128-
node CPU emulations under varying network conditions.

2. DESIGN

We introduce LLMEmu, a real-execution-based LLM dis-
tributed training emulator (Fig. 1). The workflow comprises
five key components: system configuration input, computa-
tion graph construction, real-world compute capability cali-
bration, empirical communication measurement, and iter-
ative time emulation. LLMEmu takes as input a set of
system-level configurations, including model architecture,
hardware specifications (e.g., GPU type and count), cluster
settings (e.g., bandwidth, NIC type), and parallel strate-
gies (DP, TP, PP) (Step 1). Based on this input, a pre-

∗Corresponding author: Dezun Dong, dong@nudt.edu.cn
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Figure 1: LLMEmu Overview.

processing stage constructs a Computation-Communication
Graph (CCG) using o✏ine profiling. Each model operator
is mapped to a compute node, and communication tasks are
inserted to reflect inter-node and intra-node data exchange
(Step 2). To model computation, we profile each high-level
operator once on a reference GPU node, recording its exe-
cution latency and associated CUDA kernels. These mea-
surements form a compute template (Step 3), which is dis-
tributed across a CPU cluster configured to emulate a GPU
cluster of equivalent scale under the assumption of homoge-
neous compute behavior, enabling accurate GPU emulation
using only CPUs. For communication, LLMEmu departs
from static modeling by executing actual Gloo-based col-
lectives. Intra-node transfers, such as tensor-parallel (TP)
and pipeline-parallel (PP) interactions, are emulated us-
ing the logP model to reflect di↵erent interconnects (e.g.,
NVLink, PCIe). Cross-node operations, such as gradient
synchronization, trigger real AllReduce calls, and their la-
tency is recorded by the rank-0 node (Step 4). We follow Py-
Torch’s gradient bucketing mechanism to avoid overestimat-
ing performance for small messages, issuing AllReduce only
when the accumulated gradient exceeds 25MB [1]. Over-
all, LLMEmu integrates real communication behavior, fine-
grained operator timing, and flexible parallel strategy mod-
eling to provide accurate iteration time prediction for large-
scale distributed training (Step 5). Given that each itera-
tion in pretraining follows an identical computation graph,
data flow, and communication pattern, the execution time
of one iteration can be regarded as the minimal repeating
unit of the whole training process. By accurately measuring
the cost of a single iteration, LLMEmu captures the core
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performance characteristics of the training system.

3. EVALUATION

To evaluate the emulation accuracy of LLMEmu, we con-
duct experiments on a 6-node cluster using models of dif-
ferent scales: GPT-3 1.3B and 0.76B, and BERT-0.336B
and 0.11B, with DeepSpeed. Multiple parallel configura-
tions are tested, combining data, tensor, and pipeline par-
allelism (DP, TP, PP). For each configuration, we measure
the actual iteration time during real training and compare
it with the predictions generated by LLMEmu (Fig. 2).

Across all tested models, LLMEmu demonstrates high
prediction fidelity. For GPT-3 1.3B and 0.76B, the aver-
age relative errors are 2.17% and 2.41%, respectively, with
prediction deviations remaining within 0.20%–5.00%. For
smaller BERT models, accuracy remains consistently high,
achieving mean errors of 1.84% (BERT-0.336B) and 1.56%
(BERT-0.11B). These results indicate that LLMEmu can ac-
curately emulate both computation and communication be-
haviors in distributed LLM training on real hardware. Due
to space constraints, we only present the accuracy results on
the 6-node configuration.
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(c) GPT3-0.76B
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(d) GPT3-1.3B

Figure 2: Comparison between LLMEmu-predicted and
actual iteration time on clusters with 6 servers (4 V100
GPUs per server). The x-axis denotes di↵erent distributed
training strategies in the format: DP(x)-TP(y)-PP(z),
total GPUs N = x⇥ y ⇥ z. N in the first row denotes
OOM(CUDA out-of-memory).

We also conduct large-scale simulations on a CPU cluster
(64-core EPYC 7452, 256 GB RAM) equipped with 1 Gbps
Ethernet and 56 Gbps InfiniBand. The target GPU system
has two 32 GB V100s per node. AllReduce is modeled via
ring-chunked algorithm with a 0.1 scaling factor to emulate
NCCL. We evaluate per-iteration overhead for GPT-3 (2.7B
and 30B) under various cluster sizes; parallel settings are
listed in Table 1.

Fig. 3 demonstrates that our emulator accurately predicts
iteration time across di↵erent cluster sizes by separating
total latency into computation and communication compo-
nents. For GPT-3 30B under 56 Gbps interconnects, com-
putation time decreases by 65.20% as GPUs increases. The
reduction in compute time mainly comes from increased PP,
which allows finer model partitioning, smaller per-GPU op-
erators, and lower overall workload. By contrast, when PP is
fixed, adding more nodes yields only minor gains, due to im-

Table 1: Training setup for GPT-3 model training.

Training Configuration N = 16 N = 32 N = 64 N = 128

TP/DP/PP 4/4/4 4/8/4 4/8/8 4/16/8
Batch Size 128 256 512 1024

TP, DP, and PP specify the degree of each parallelism
type in the 3D configuration. The computation graph
is generated based on 4 V100 GPUs per node. Batch
size set to 128 for 16-node runs to avoid OOM(CUDA
Out Of Memory).

proved scheduling e�ciency. This minor gain arises not from
reduced workload but improved scheduling e�ciency: with
more GPUs, pipeline stages are more evenly distributed, and
compute streams experience fewer synchronization stalls, as
also noted in prior work [2].
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Figure 3: Breakdown of LLMEmu-predicted iteration time,
including computation and AllReduce communication,
across various node scales, network bandwidths, and model
sizes.
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ABSTRACT

3D Gaussian Splatting (3DGS) has recently demonstrated
outstanding performance in 3D reconstruction and real-time
rendering. However, its scalability to large scenes remains
limited by single-GPU memory constraints. We propose
ScaleGS, a scalable distributed training framework for large-
scale 3DGS with lightweight edge-aware communication. (1)
We present a spatial median-guided binary partitioning al-
gorithm that divides the point cloud into balanced, non-
overlapping, and spatially contiguous cuboid regions for ef-
ficient multi-GPU management. To ensure global view con-
sistency, each GPU independently grows and updates only
its local Gaussians, while cross-GPU Gaussians are accessed
only for rendering and loss computation. (2) We design a
lightweight edge communication strategy to significantly re-
duce cross-GPU communication overhead. A greedy GPU-
Tile remapping algorithm leverages the spatial concentra-
tion of Gaussians to confine cross-GPU communication to
edge regions, e↵ectively decoupling communication complex-
ity from GPU count, with per-GPU complexity remain-
ing O(1). An optimized all-to-all communication scheme
is also introduced to eliminate redundant transmissions. (3)
Our framework introduces an adaptive edge-refined load bal-
ancing mechanism that periodically monitors GPU work-
loads and selectively migrates Gaussians between neighbor-
ing GPUs to maintain balance and spatial continuity with
negligible cost. Evaluations on large-scale 4K scenes show
that ScaleGS consistently outperforms state-of-the-art meth-
ods, achieving up to 20% faster training and approximately
20% model size reduction on 8 Tesla P40 GPUs without
compromising reconstruction quality. Project page: https:
//aicodeclub.github.io/ScaleGS.

1. FRAMEWORK

We propose ScaleGS (Figure 1), a distributed framework
that systematically addresses challenges in visual consis-
tency, communication scalability, and load balancing.

Median-Guided Partitioning. We introduce a spa-
tial median-guided binary partitioning algorithm that re-
cursively identifies the region with the highest point density
and bisects it along its longest axis, resulting in a set of non-
overlapping, balanced, and spatially continuous cuboidal sub-
regions that form a regular 3D decomposition well suited for
distributed training.

Copyright is held by author/owner(s).

Autonomous Partition Growth. In distributed 3DGS,
merging partitions without special handling often produces
boundary artifacts due to inconsistent local views. We pro-
pose an autonomous partition growth strategy that ensures
global Gaussian uniqueness and synchronizes essential Gaus-
sian information, enabling artifact-free merging without post-
processing.

Pixel-Tile Parallelism. To reduce single-GPU training
time and memory usage, we adopt a pixel-tile parallelism by
dividing each image into disjoint tiles and assigning each tile
to a GPU via GPU-Tile mapping. Each GPU computes the
loss for its assigned tile in parallel, reducing the single-GPU
computation time to 1/M, where M is the number of GPUs.

Lightweight Edge Communication. To reduce cross-
GPU communication overhead, we develop a greedy GPU-
Tile remapping strategy that exploits the spatial locality of
Gaussian primitives to restrict cross-GPU Gaussian access
to a minimal set of edge regions between adjacent GPUs
(Figure 2). We optimize the all-to-all communication to
eliminate unnecessary cross-GPU synchronization.

GPU i

Adaptive  edge refinement

GPU j

GPU i GPU j

(d)

Overload Underload

Load balancing
GPU0

GPU1
GPU3

GPU2

(c)

Edge-aware area Autonomous growthEdge Comm.

(b)
Tile2 Tile3

Tile1Tile0

Greedy GPU-Tile mapping

Project

(a)

Median-guided binary partitioning

Figure 1: Overview of ScaleGS. (a) The initial

point cloud is partitioned into non-overlapping, bal-

anced, and spatially contiguous cuboidal subregions.

(b) Pixel tiles are dynamically assigned to GPUs

via one-to-one mapping. (c) The greedy remap-

ping strategy limits Gaussian access to region edges,

allowing each GPU to update its Gaussians au-

tonomously. (d) The system periodically monitors

load and redistributes a small number of Gaussians

and optimizer states between imbalanced neighbors.
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Table 1: Throughput (TP, iterations/sec), Training time (TT, sec), and image quality for Grendel-GS and

ScaleGS (Ours) on Rubble, MatrixCity, and Garden. PS: PSNR, SS: SSIM, LP: LPIPS.

Method Scene
1⇥GPU/BS1 2⇥GPU/BS2 4⇥GPU/BS4 8⇥GPU/BS2 8⇥GPU/BS4 8⇥GPU/BS8

TP" TT# PS" SS" LP# TP" TT# PS" SS" LP# TP" TT# PS" SS" LP# TP" TT# PS" SS" LP# TP" TT# PS" SS" LP# TP" TT# PS" SS" LP#

Grendel-GS

Rubble 3.50 8613 26.17 0.806 0.216 3.70 8453 26.97 0.823 0.206 3.80 8021 27.35 0.832 0.202 4.10 7510 27.69 0.836 0.192 4.50 6791 27.56 0.836 0.202 4.90 6220 27.56 0.836 0.199

MatrixCity 9.50 3240 25.09 0.780 0.231 11.30 2698 25.38 0.788 0.225 13.20 2290 25.48 0.791 0.224 15.10 2016 25.57 0.793 0.226 19.18 1632 26.21 0.807 0.215 23.90 1317 26.13 0.805 0.216

Garden 9.45 3257 30.35 0.898 0.166 13.50 2351 31.41 0.921 0.153 20.50 1516 31.68 0.924 0.159 31.47 967 32.10 0.936 0.145 34.50 883 31.70 0.925 0.149 36.20 843 31.61 0.920 0.155

Ours

Rubble 3.46 8713 25.94 0.801 0.219 4.01 7886 26.98 0.824 0.206 4.30 7192 27.48 0.835 0.200 4.48 6809 27.67 0.839 0.198 5.60 5420 27.69 0.839 0.198 5.90 5297 27.59 0.837 0.196

MatrixCity 9.20 3264 25.11 0.782 0.229 12.67 2383 25.35 0.788 0.226 14.98 2084 25.53 0.792 0.224 17.36 1792 25.62 0.794 0.223 23.20 1396 26.48 0.813 0.212 28.60 1195 26.21 0.807 0.218

Garden 9.01 3202 29.92 0.881 0.171 16.10 2129 31.20 0.916 0.156 24.43 1278 31.70 0.927 0.150 39.40 792 32.17 0.938 0.144 41.09 760 31.67 0.927 0.152 41.92 738 31.59 0.925 0.151

Left Region

Up  Region

Down  Region

Right  Region

Front  Region

Back  Region

Figure 2: In 3D space, a cuboid has at most six

face-adjacent neighbors. Exploiting this property,

we introduce a greedy GPU-Tile mapping algorithm

that restricts inter-GPU exchanges to the bound-

ary Gaussians of at most six adjacent regions for

local loss computation and gradient updates. There-

fore, ScaleGS limits each GPU’s communication to

at most six peers.

Adaptive Edge Refinement. The system periodically
monitors the Gaussian load on each GPU and selectively ad-
justs partition edges between imbalanced GPU pairs. These
localized updates maintain spatial continuity while achiev-
ing fast and stable load redistribution.

2. EXPERIMENT

All experiments are conducted on a single-node server
equipped with 8 NVIDIA Tesla P40 GPUs.

2.1 Scalability and Training Efficiency

Table 1 shows that as the number of GPUs increases,
ScaleGS consistently outperforms Grendel-GS in through-
put and training speed, achieving up to 20% improvement
due to our proposed algorithm and load-balancing strategy.
As shown in Table 2, compared to VastGaussian and City-
Gaussian, ScaleGS achieves up to 30% better scalability and
communication e�ciency.

2.2 Rendering Quality

Figure 3 and Table 2 show that ScaleGS maintains high
reconstruction quality in all scenes, mainly due to the spa-
tial concentration of Gaussians. Overlap-based methods
like CityGaussian and VastGaussian often produce artifacts.
Supplemental results on MatrixCity confirm our method
eliminates boundary artifacts e↵ectively.

3. CONCLUSION

We propose ScaleGS, a scalable distributed training frame-
work for large-scale 3D Gaussian Splatting. Through non-
overlapping spatial partitioning and autonomous partition
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Figure 3: On Rubble, ScaleGS achieves a 20% reduc-

tion in training time compared to SOTA methods,

while preserving rendering quality.

Table 2: Performance comparisons on the Garden

scene. TP and TT are defined in Table 1.

Method
2⇥GPU/BS1 4⇥GPU/BS1 8⇥GPU/BS1

TP" TT# PSNR" TP" TT# PSNR" TP" TT# PSNR"

VastGaussian 12.49 2425 30.39 18.98 1610 31.20 26.47 1230 31.36

CityGaussian 10.43 3082 30.10 16.44 1892 31.41 27.32 1289 31.43

Grendel-GS 12.47 2390 30.56 19.80 1594 31.36 29.93 1139 32.10

Ours 15.24 2210 30.98 21.45 1410 31.32 33.42 912 31.92

growth, edge-aware cross-GPU communication with decou-
pled complexity, and lightweight adaptive load balancing,
ScaleGS overcomes the GPU-scaling bottlenecks of existing
approaches. In particular, our framework achieves a

per-GPU communication complexity of O(1), thereby
establishing a theoretically grounded foundation for

scalable distributed training in 3D Gaussian Splat-

ting. Extensive experiments demonstrate that ScaleGS sig-
nificantly outperforms current SOTA methods in training
speed, model size, and scalability, while maintaining ren-
dering quality, underscoring its potential in large-scale 3D
reconstruction.
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ABSTRACT

Flight trajectory prediction(FTP) with high precision is the
core technology for the autonomous flight of quadrotor un-
manned aerial vehicles (UAVs) in environments with lim-
ited navigation signals. In response to the problem that
most existing methods focus on the features of a single do-
main and ignore the cross-domain feature correlation, mak-
ing it challenging to maintain high accuracy in FTP, a model
based on Time-Frequency-Spatial Network named TiFSN
is proposed. Firstly, based on wavelet transform (WT),
the velocity signal is extended to time-frequency joint fea-
tures. Furthermore, a fusion mechanism is established to
construct a multi-domain feature set. Finally, an extended
channels-based temporal convolutional network (EC-TCN)
is designed, which achieves high-precision FTP. Experiments
were conducted on real flight datasets, and the results show
that the model significantly improved the evaluation metrics
compared to baseline methods.

1. METHODOLOGY
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Figure 1: Framework of TiFSN.

Figure 1 shows the working and evaluation process of the
TiFSN, which mainly includes the following parts:

1) Flight trajectory planning module: An autonomous
flight plan program is developed, which can convert
the three-dimensional spatial coordinate sequence into
a set of instructions for the UAV.

⇤Corresponding author: Zhaojun Gu, zjgu@cauc.edu.cn

Copyright is held by author/owner(s).

2) Data acquisition module: The flight data, contain-
ing velocity components and attitude angles, are ob-
tained by inertial measurement units (IMUs)[1].

3) Time-frequency-spacial feature fusion module:
Firstly, WT is used to perform time-frequency decom-
position on the velocity signal[2]. Subsequently, the
attitude angles are aligned and standardized, and fi-
nally connected with the former to form a set of joint
features, providing standardized input.

4) Extended channels-based TCN: The feature ma-
trix is fed into EC-TCN, and a structure based on
extended causal convolution is used to perform long-
range dependency modeling[3]. The output is mapped
to spatial trajectories through a fully connected layer.

5) Performance evaluation module: The results of
TiFSN are compared with the real coordinates, and
quantitative evaluation is implemented based on indi-
cators such as mean deviation error (MDE)[4], mean
absolute error (MAE) and so on.

2. EXPERIMENT
This study use the Adam optimizer[5] to train the model

parameters, with an initial learning rate of 0.001 and a decay
rate of 0.5 every 10 epochs. The total training epochs are
set as 30, with an early stop tolerance of 10 epochs. The
loss function is MSE[6], and the time window length is 20.
baseline models are as follows: M1 RNN, M2 GRU, M3
CNN,M4 LSTM,M5 Transformer, M6 BiLSTM,M7 (EC-
)TCN, without WT.
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Figure 2: Visualization of flight trajectory: (a) Tra-
jectory in the x� y plane, (b) Variation of altitude.

Fig.2 presents a comparison of di↵erent methods during
stages of takeo↵, cruise, heading adjustment, and landing.
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Table 1: Comparison of testing performance.
Metrics M1 M2 M3 M4 M5 M6 M7 TiFSN

Size(bit) 8k 376k 56k 496k 1.7M 1.3M 92k 92k

GPU
TC(ms) 0.276(±1.837) 0.109(±0.468) 0.182(±3.341) 0.099(±0.011) 0.247(±0.336) 0.122(±0.028) 0.287(±0.307) 0.164(±0.259)
MDE(m) 1.118(± 0.607) 2.830(±1.827) 3.313(±1.552) 2.248(±1.232) 4.962(±2.799) 2.778(±1.279) 0.307(±0.209) 0.211(±0.220)

CPU
TC(ms) 0.415(± 1.264) 0.351(±0.232) 0.168(±0.561) 0.596(±1.220) 1.602(±2.051) 0.928(±1.033) 0.709(±1.057) 0.186(±1.465)
MDE(m) 1.359(± 0.685) 2.526(±1.105) 3.469(±2.076) 3.578(±1.219) 6.185(±1.603) 1.756(± 0.903) 0.452(±0.216) 0.289(±0.206)

Overall, the TiFSN model significantly outperforms the com-
parison methods in various indicators, verifying the e↵ec-
tiveness of TiFSN. Thanks to the e↵ective fusion of cross-
domain features, the MDE of TiFSN is 0.196, which is 18.7%
lower than the suboptimal model M7. However, the MDE
under the CNN (M3) model reaches a maximum value of
1.997m, indicating that convolution processing relying only
on local spatiotemporal features cannot e↵ectively model
long-range trajectory correlations.

The model with the minimum validation loss during the
training is retained as the optimal model. Table 1 shows the
performance comparison of TiFSN and 7 baseline models,
tested 30 times on GPU and CPU, respectively, covering
three core metrics: model file size, average time cost (TC),
and MDE. All data are presented in the form of mean ±
standard deviation.

To further validate the generalization of TiFSN, three sets
of generalization test datasets were tested using the optimal
models saved. Furthermore, we conducted tests by connect-
ing with ANAFI drones using the onboard Ambarella H22
processor, which integrates an ARM Cortex-A9 dual-core
CPU and a dedicated image signal processor (ISP), capable
of processing computations for small neural networks.
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Figure 3: Prediction performance under di↵erent
trajectories: (a) T1: Rectangular ascend, (b) T2:
star shaped, (c) T3: zigzag shaped.

3. CONCLUSION
This study proposes a model named TiFSN to address the

high-precision FTP problem of quadrotor UAV. The study
firstly extends the data features based onWT. Subsequently,
a feature set is constructed by combining the spatial angles
with time-frequency features of velocity. Finally, EC-TCN is
designed for training and testing. The experimental results
show that the TiFSN achieves an average MDE of 0.196 m,

e↵ectively improving the accuracy of FTP tasks. Besides,
the indicators such as RMSE and MAE are significantly bet-
ter than baseline models. The generalization experiment
verified the adaptability to di↵erent complex paths. The
ablation experiment proved the influence of wavelet decom-
position layers and extension channels on the performance
of the model. In future research, we will focus on the appli-
cation of WT technology in more scenarios, such as multi-
machine collaborative trajectory prediction.
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ABSTRACT

We examine Online Convex Optimization (OCO) problems
with feedback delay and a strict limit on decision switching,
which exists in applications such as smart grid and learning.
Existing algorithms developed for traditional OCO struggle
in this setting, often violating switching constraints or in-
curring high regrets, as evidenced by simulations. In this
paper, we establish a new algorithm, Follow-the-Maximally-
Coupled-Latest-Leader (FMCLL), achieving a near-optimal
regret of O(T/S) for such problems with delayed feedbacks
and a bound of O(T/S � ⌧) for problems with predictions
of ⌧ rounds, even though the player is only allowed to move
at most S times in expectation across T rounds. FMCLL
meets performance bounds in scenarios with delays and pre-
dictions by using maximal coupling sampling to inform algo-
rithm design for switching-constrained problems. It is also
extended to a bandit feedback setting. Simulations demon-
strate FMCLL’s superiority over traditional Gradient De-
scent or Follow-the-Leader algorithms, excelling under ad-
versarial or stochastic losses and reducing constraint viola-
tions.

1. INTRODUCTION
Given A as an algorithm for OCO chosen from the policy

family, that maps a certain game history to a decision in the
decision set: x

A
t = A(f1, · · · , ft�1) 2 D. The regret of A

post T rounds is the di↵erence between the total incurred
cost and that of the best fixed decision in hindsight:

RegretT (A) = sup
{f1···ft}⇢F

 
TX

t=1

ft(x
A
t )�min

x2D

TX

t=1

ft(x)

!
.

The online player’s goal is to have the lowest possible regret
relative to A.

However, when it involves feedback delays and predictions
under the switching constraint, things diverge from the tra-
ditional settings. First is the feedback delay. In practice,
decision makers often collect the feedback information about
the environment with delays [4]. It is also possible in many
applications that the online player can make predictions of
future losses [3, 2]. In previous research of switching con-
strained optimization without any feedback delays, a min-
imax regret of ⇥(T/

p
S) has been demonstrated [1], while

another study [5] presents a regret bound of O(T/S) for gen-

Copyright is held by author/owner(s).

eral convex losses and O(T/S2) for strongly convex losses.
These findings hold significance because, in many real-world
applications, there is a preference for online algorithms that
exhibit greater continuity in their actions across multiple
rounds.

1.1 Contributions
To the best of our knowledge, there has been no prior

work addressing the topic of Lazy OCO with delayed or
advanced information. We would like to introduce our main
contributions as follows:

(1) We propose a novel problem setting where OCO prob-
lems meet both switching constraints and feedback delay or
predictions. They cannot be trivially tailored to serve the
new setting.

(2) We develop the first e�cient lazy algorithm, Follow-
the-Maximally-Coupled-Latest-Leader, specifically designed
for Lazy OCO with feedback delay. The O(T/S) regret up-
per bound of this algorithm has been proven to be compa-
rable to the lower bound of no-delay algorithms in convex
loss and oblivious adversary cases.

(3) We also extend the algorithm and results to bandit
feedback, which is applicable to real practices.

(4) Our algorithm is general. It does not require the delay
to be fixed, and is capable of handling Lazy OCO problems
with predictions, matching the regret bound for online algo-
rithms.

2. FORMULATION
Unlike the standard OCO setting, the player does not

necessarily observe ft immediately after choosing xt. In-
stead, feedback may arrive with delay or be partially re-
vealed in advance. Let kt denote the smallest index such
that f1, . . . , fkt�1 have been revealed before the player se-
lects xt, but fkt and all later functions are not. We call fkt

the latest observed loss function at round t. The value of
kt partitions the feedback into three categories: - If kt = t,
the player observes ft immediately after choosing xt (full-
information feedback); - If kt < t, the player receives feed-
back about ft only after xt is chosen (delayed feedback); - If
kt > t, the player observes ft before choosing xt (predicted
feedback).

Moreover, a key distinction from classical OCO is the pres-
ence of a switching constraint. Let the switch count be de-
fined as ST =

PT�1
t=1 1{xt+1 6= xt}. We require the player’s

strategy to satisfy E[ST ]  S for some given switching bud-
get S 2 [0, T ], where the expectation is over the internal
randomness of the algorithm (and over the loss sequence if
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stochastic).

3. ALGORITHMS
Due to page limit we omit technical details here. Our

method Follow-the-Maximally-Coupled-Latest-Leader (FM-
CLL), extends FTRL/FTPL-style approaches to the switching-
constrained setting. At each round, the learner constructs
a perturbed cumulative loss function using the most re-
cent available feedback, augmented with a regularizer and a
barrier function to guarantee stability. The corresponding
minimizer defines a leader distribution. The next decision
is then obtained through a maximal-coupling mechanism,
which probabilistically reuses the previous action when con-
secutive distributions overlap, and otherwise switches to a
new sample from the updated distribution. This design en-
sures responsiveness to new feedback while keeping the ex-
pected number of switches within the prescribed budget.

To realize maximal coupling, we employ a procedure re-
ferred to as LazySample. Given two consecutive leader dis-
tributions, the subroutine maximizes the probability of reusing
the previous decision, thereby reducing unnecessary switches.
Formally, the probability of switching equals the total varia-
tion distance between the two distributions. This coupling-
based mechanism provides an explicit and principled con-
trol over switching frequency, a property essential for regret
guarantees under strict switching budgets.

4. RESULTS
Our framework accommodates both delayed and predic-

tive feedback, as well as their combination. In the delayed
case, losses are revealed only after several rounds, whereas
in the predictive case, the learner has access to future losses
in advance. The FMCLL algorithm applies uniformly to
both scenarios, and the analysis shows that the regret guar-
antees smoothly interpolate between them. Moreover, in
mixed settings where some rounds involve delays and oth-
ers predictions, FMCLL can allocate the switching budget
adaptively and maintain near-optimal performance.

Theorem 4.1. Let D ⇢ Rd be convex with diameter D,
and assume that each ft is G-Lipschitz, �-smooth, and con-
vex over D. Suppose the loss feedback follows a revealing
sequence {k1, . . . , kT } with kt  t. Assume the barrier B

satisfies 0  B(x)  1 for all x in the shrunken domain
{x0 + (1� 1

T )(x� x0) : x 2 D} for arbitrary x0 2 D. Then
running FMCLL with fixed noise scale �t = � and regular-
izer R(x) = 1

2⌘ kx� x0k2, we have:

E[RT ]  2⌘G2(↵+ 1)T +
D

2

2⌘
+ �

p
dD +GD + 1, (1)

E[ST ]  ⌘�dT +

p
dGT

�
, (2)

where ↵ := 1
T

PT
t=1 E[t� kt] is the average delay.

� =
2
p
dGT

S
, ⌘ = min

(
D

2G
p

(↵+ 1)T
,

S

�dT

)
(3)

=) E[RT ] = O

✓p
(↵+ 1)T +

dT

S

◆
, E[ST ]  S. (4)

Theorem 4.2. Let D ⇢ Rd be convex with diameter D,
and assume each ft is convex, G-Lipschitz, and �-smooth

over D. Suppose that feedback is revealed ⌧ rounds in ad-
vance, i.e., kt = t + ⌧ . Assume the barrier B satisfies
0  B(x)  1 for all x in the shrunken domain {x0 + (1 �
1
T )(x � x0) : x 2 D} for arbitrary x0 2 D. Then running
FMCLL with fixed �t = � and R(x) = 1

2⌘ kx� x0k2 yields

E[RT ] 
D

2

2⌘
+ �

p
dD +GD + 1, (5)

E[ST ]  ⌘�d(T � S⌧) +

p
dG(T � S⌧)

�
. (6)

� =
2
p
dG(T � S⌧)

S
, ⌘ =

S

2�d(T � S⌧)
(7)

=) E[RT ] = O

✓
d

✓
T

S
� ⌧

◆◆
, E[ST ]  S. (8)

5. BANDIT EXTENSION
Beyond delayed and predictive feedback, an important ex-

tension is the bandit feedback setting, where the learner ob-
serves only a scalar loss at the played point rather than the
full loss function.

Theorem 5.1. Assume each ft is convex and G-Lipschitz
on D ⇢ Rd, with ft(x) 2 [0, 1]. Let D = diam(D). Run a
modified version of the algorithm for bandit feedback with

� =
�
d
2
T/S

�1/4
, ⌘ =

D �

d
p
T
. (9)

Then the expected regret and switch count satisfy

E
"

TX

t=1

ft(xt)

#
�min

x2D

TX

t=1

ft(x) = O

⇣
DGT

3/4
S

�1/4
⌘
,

(10)

TX

t=2

Pr [xt 6= xt�1]  S. (11)
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ABSTRACT
We study the dynamic pricing problem in which a seller,
facing an unknown stochastic demand function, must adap-
tively choose prices to maximize cumulative revenue. The
seller observes only noisy demand observations after post-
ing prices, leading to the need for simultaneous learning of
the demand model and the optimization of pricing decisions.
Existing methods typically rely on parametric assumptions
(e.g., polynomial or logit demand) and optimize using It-
erative Least Squares or reinforcement learning (RL) algo-
rithms. These approaches are vulnerable to model misspec-
ification, slow convergence, and high variance under noise.

We propose a nonparametric framework based on Bayesian
Optimization (BO), where the revenue function is modeled
using Gaussian Processes (GPs) and optimized through ac-
quisition functions. We develop BO-based algorithms for
both the infinite inventory and finite inventory set-
tings. For the infinite inventory case, we design the BO-Inf
algorithm, a GP-UCB variant that achieves O(

p
T log2 T )

regret, and a computationally e�cient Lightweight BO-Inf
variant based on bucketed pricing. For the finite inven-
tory case, we introduce two approaches: (i) GP-Fin-Model-
Based, which integrates GP posterior demand estimation
with dynamic programming, and (ii) BO-Fin-Heuristic, a
model-free algorithm that directly applies BO to finite-horizon
decision-making. We establish theoretical guarantees for
our algorithms and demonstrate, through extensive experi-
ments, that they outperform classical bandit, a Controlled
Variance pricing (CVP), and deep RL baselines in terms
of convergence speed, robustness to noise, and resilience to
model misspecification.

Keywords
Bayesian Optimization, Gaussian Processes, Dynamic Pric-
ing, Bandits, Reinforcement Learning

1 Introduction
Dynamic pricing has long been studied in revenue manage-
ment, with applications in airlines, hotels, ride-hailing, and
e-commerce. A central di�culty is the lack of knowledge of
the demand curve: the seller sets prices but only observes re-
alized demand corrupted by noise. This requires algorithms
that both learn the demand structure and optimize prices
simultaneously.

The operations research literature traditionally adopts para-
metric assumptions on demand, such as linear, polynomial,
or logit models, which allow tractable estimation via Iter-
ative Least Squares (ILS) or Maximum Likelihood. Algo-

Copyright is held by author/owner(s).

rithms such as Greedy ILS and Constrained ILS [1] achieve
asymptotic optimality under correct specification. However,
these approaches degrade substantially when assumptions
are violated.

More recently, reinforcement learning (RL) methods, such
as policy-gradient (PPO) or actor-critic (SAC, DDPG), have
been proposed. While flexible, these methods converge slowly,
require large amounts of exploration, and are di�cult to de-
ploy when sellers face constraints on the frequency of price
changes.

In this work, we adopt a Bayesian nonparametric ap-
proach, modeling the unknown revenue function as a Gaus-
sian Process (GP). Bayesian Optimization (BO) provides a
natural framework for selecting prices by balancing explo-
ration and exploitation using acquisition functions. Unlike
parametric methods, BO makes minimal assumptions about
functional form; unlike RL, it provides explicit uncertainty
quantification and faster convergence with fewer samples.
We design BO-based algorithms for both infinite and finite
inventory regimes and provide theoretical regret guarantees.

2 Problem Formulation
We consider a seller who interacts with the market over T

periods. At each time t, the seller posts a price pt 2 [pl, ph]
and observes a noisy demand realization dt ⇠ D(pt). The
revenue is rt = pt · dt, where the expected revenue function
is R̄(p) = p · E[D|p]. The goal is to minimize regret relative
to the optimal price p

⇤ = argmaxp R̄(p):

RT =
TX

t=1

�
R̄(p⇤)� R̄(pt)

�
.

In the finite inventory case, the seller starts with C units of
stock and faces horizon T and N selling seasons. At time t,
the state is (s, t) with s units remaining. A price p yields
random demand q, and the next state is (s� q, t+ 1). The
objective is to maximize expected total revenue in season n,
with regret defined relative to the optimal dynamic policy.

3 Algorithms
We now present our proposed algorithms. Throughout, we
denote:

• t – the current time step, with horizon T ,

• n - the current season (n  N)

• pt 2 [pl, ph] – the price chosen at time t, where [pl, ph]
is the feasible price range,

• dt – the random demand observed at time t,

• rt = ptdt – the realized revenue,
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• r(p) = p · E[d|p] – the expected revenue at price p,

• Dt�1 = {(pi, ri)}t�1
i=1 – the dataset of past price-revenue

pairs,

• µt�1(p) – the GP posterior mean given Dt�1,

• �t�1(p) – the GP posterior standard deviation,

•  – the exploration parameter used in GP-UCB acqui-
sition.

3.1 BO-Inf
The BO-Inf algorithm applies the GP-UCB acquisition rule.
At each round t, the next price is chosen by

pt = arg max
p2[pl,ph]

µt�1(p) + �t�1(p).

Here, µt�1(p) captures the algorithm’s current belief about
expected revenue at price p, while �t�1(p) captures the un-
certainty. The parameter t balances exploration (trying
uncertain prices) with exploitation (choosing prices with
high mean). We show that BO-Inf achieves regretO(

p
T log2 T )

under standard assumptions on the GP kernel and bounded
noise.

3.2 Lightweight BO-Inf
The complexity of GP regression scales as O(N3) where
N is the number of observations. To address scalability,
Lightweight BO-Inf partitions the price space into B buck-
ets. For each bucket, observed revenues are aggregated into
a representative value. GP regression is then performed on
these B points, reducing complexity to O(B3). Let µ̃t�1(p)
and �̃t�1(p) denote the posterior mean and variance com-
puted from the bucketed data. The decision rule is analo-
gous:

pt = arg max
p2[pl,ph]

µ̃t�1(p) + �̃t�1(p).

3.3 GP-Fin-Model-Based
In the finite-inventory setting, the state is (s, t) where s is
the remaining stock and t 2 {1, . . . , T} is the current period.
At season n, the GP posterior gives a Gaussian model for
demand at price p with mean µn(p) and variance �2

n(p). The
algorithm constructs a discrete transition kernel by binning
the continuous GP posterior:

P̂n(q | s, p) =
Z q+0.5

q�0.5

N
�
x; µn(p), �

2
n(p)

�
dx (q = 0, . . . , s),

with any tail mass placed on the endpoints as needed. The
value function is computed under this GP-derived model via
backward dynamic programming:

V̂n(s, t) = max
p2[pl,ph]

sX

q=0

P̂n(q | s, p)
⇥
p · q + V̂n(s� q, t+ 1)

⇤
,

with V̂n(·, T + 1) = 0. The policy  n(s, t) is the argmax
above; the GP is re-fitted only at season boundaries using
past data, and the resulting policy is executed during the
season.

3.4 BO-Fin-Heuristic
The BO-Fin-Heuristic avoids dynamic programming. In-
stead, it directly uses the GP posterior mean µn�1(p) and
variance �n�1(p) to estimate cumulative returns under finite
inventory. Prices are chosen using a BO-style acquisition
criterion:

pt = arg max
p2[pl,ph]

p·min
⇣
st, µt�1(p)·(T�t+1)

⌘
+e��t

�t�1(p).

While lacking formal regret guarantees, the algorithm con-
verges quickly and is computationally e�cient.

4 Theoretical Analysis
For BO-Inf, we derive a high-probability regret bound of or-
der O(

p
T log2 T ), adapting the analysis of [2]. The regret

for Lightweight BO-Inf is bounded by the sum of the BO-Inf
regret and a discretization term of order O(1/B). For the
finite inventory case, we establish that GP-Fin-Model-Based
achieves near-optimality under assumptions of Hölder conti-
nuity of the revenue function and bounded noise. While BO-
Fin-Heuristic lacks formal guarantees, empirical evidence
demonstrates robust convergence.

5 Experiments
We conduct extensive experiments on synthetic and semi-
realistic demand models.

Synthetic polynomial demand BO-Inf outperforms ILS,
CVP, and Thompson Sampling in terms of convergence speed
and regret, especially under noise. With observation noise
at 50% of demand magnitude, BO methods maintain low
regret, while parametric methods diverge.

Model misspecification For exponential demand functions,
parametric baselines fail to converge, whereas BO remains
e↵ective.

Finite inventory GP-Fin-Model-Based achieves higher cu-
mulative revenue and faster convergence than Endogenous
Learning, PPO, SAC, and DDPG. BO-Fin-Heuristic achieves
strong performance at significantly reduced computational
cost.

Scalability Lightweight BO-Inf scales to horizons of thou-
sands of rounds while maintaining near-optimal regret.

Our results suggest that BO methods o↵er a promising al-
ternative to RL in dynamic pricing. They require fewer price
changes, adapt to nonparametric demand, and provide ex-
plicit uncertainty estimates. The tradeo↵ between GP-Fin-
Model-Based and BO-Fin-Heuristic highlights the tension
between theoretical guarantees and practical e�ciency.

6 Conclusion
We introduced Bayesian Optimization algorithms for dy-
namic pricing under infinite and finite inventory regimes.
BO-Inf achieves sublinear regret, Lightweight BO-Inf pro-
vides computational scalability, GP-Fin-Model-Based inte-
grates GP posteriors with dynamic programming, and BO-
Fin-Heuristic o↵ers a lightweight alternative. Across experi-
ments, BO methods outperform classical and deep RL base-
lines, demonstrating robustness to noise and model misspec-
ification. Beyond dynamic pricing, our work highlights the
potential of GP-bandits for a broader class of revenue man-
agement problems.
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ABSTRACT

We study the continuous-time Weakly Coupled Markov De-
cision Process (WCMDP), a class of decision problems in-
volving multiple interacting Markov processes (or “arms”)
subject to shared resource constraints. We present a general
framework for policy design using a combination of an un-
derlying Markov process and a sequence of mappings. Our
main theoretical result establishes su�cient conditions for
asymptotic optimality as the number of arms grows.

We construct both deterministic and randomized policies
based on a solution to a linear program (LP). These poli-
cies initially assign actions to arms—either proportionally
(deterministic) or randomly—based on conditional measures
derived from the LP. As this initial allocation may violate
feasibility constraints, we introduce a mapping to enforce
the resource constraints are satisfied.

1. INTRODUCTION

Weakly coupled MDPs (WCMDPs) are a subclass of MDPs
composed of multiple interacting subsystems (also called
arms) which are coupled only through common constraints
on the joint action space. It arises naturally in a broad range
of applications, including resource allocation in communi-
cation networks, multi-agent systems, large-scale schedul-
ing, and inventory management. Due to the high dimen-
sionalilty of some of these applications, practical solutions
design low-complexity policies. The majority of previous
work in this direction has focused on the subclass of multi-
armed restless bandit problems, while a few recent works
have sought to generalize the methodology to the weakly-
coupled class. All these works, with the notable exception
of [Hong et al.(2023), Verloop(2016), Xiong et al.(2022)],
assume a discrete-time setting for which they propose de-
terministic or randomized policies that are asymptotically
optimal in the sense that when the number of arms becomes
large, the (suitably scaled) performance of these policies
tends to that of the optimal one. For the continuous time
setting, both [Xiong et al.(2022)] and [Hong et al.(2023)]
propose a randomized policy that they show to be asymp-
totically optimal for a multi-armed restless bandit prob-
∗Corresponding author: Matthieu Perbal. Extended ab-
stract of [Perbal et al.(2025)]. All authors were partially
supported by the French ”Agence Nationale de la Recherche
(ANR)” through the project ANR-22-CE25-0013-02.
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lem, however, to the best of our knowledge, no such op-
timality result exists for the continuous-time WCMDPs. In
[Xiong et al.(2022)], a randomized policy was proposed and
analysed based on the LP-based methodology developed in
[Verloop(2016)] for deterministic policies. The LP is formu-
lated in the discrete-time setting leading to believe that they
uniformize the continuous-time process and use results for
the discrete-time setting. However, care needs to be taken
when uniformizing processes induced by randomized poli-
cies. While deterministic policies induce a continuous-time
Markov chain on the original state space, the dynamics of
processes under randomized policies are no longer Marko-
vian but rather semi-Markovian (see [Puterman(1994)] Chap
11). This process can be uniformized as well but only under
certain conditions [Beutler and Ross(1987)]. This step does
not seem to appear in [Xiong et al.(2022)]. We shall follow
another approach: instead of uniformizing the semi-Markov
process, we make the dynamics Markovian by including the
action in the state description.

2. MODEL DESCRIPTION

We consider a multi-class WCMDP in continuous time
with K classes of arms. There are Nxk class-k arms, where
xk is a strictly positive integer and N 2 N is some scaling
parameter. At any moment in time, a class-k arm is in a
certain state i 2 Ik := 1, 2, ..., Ik, with Ik < 1. A controller
decides at each moment in time which action to give to each
arm from a finite set A. When action a is performed on a
class-k arm in state i, it makes a transition to state j af-
ter an exponentially distributed amount of time with rate
qk(j|i, a). For a given policy ⇡, X⇡,N

k,i (t) represents the num-

ber of class-k arms in state i 2 Ik and Z⇡,N
k,i,a(t) the number

of class-k arms that are in state i and receive action a.
The arms are weakly coupled through shared resource con-

straints that must be satisfied at every point in time. Specif-
ically, let bk,r(i, a) denote the consumption of resource r
when a class-k arm is in state (i, a). A feasible policy ⇡
should satisfy the following R resource constraints:

KX

k=1

X

i,a

bk,r(i, a)Z
⇡,N
k,i,a(t)  �rN, 8r 2 {1, . . . , R} 8t > 0.

We assume that bk,r(i, 0) = 0, for all k, r, i, so that keeping
an arm passive (a = 0) is always a feasible action.

Let Ck(i, a) be the holding cost per unit of time for having
a class-k arm in state i under action a. Our objective is to
find a policy ⇡⇤ that is asymptotically optimal (see [Perbal
et al.(2025)] for its definition).

24 Performance Evaluation Review, Vol. 53, No. 4, March 2026



3. MAIN RESULT

Definition 1. A policy ⇡ 1 is defined through a mapping
GN on some state space EN and a Markov Process Z̃N (.)
living on EN , if

Z⇡,N (.) = GN (Z̃N (.)).

The sets EN are such that for any N it holds that EN ⇢
{Nz̃ : z̃ 2 E}, for some compact space E.

The motivation for introducing this broader class of poli-
cies is to also accommodate randomized policies. For exam-
ple, consider a randomized policy that assigns virtual actions
according to a certain probability distribution, and let the
process Z̃(.) = (Z̃k,i,a(.)) represent the numbers of arms in
a given state that are assigned the virtual action a. Note
that this virtual process might not represent a feasible allo-
cation. The mapping GN (Z̃) then decides which arms are
indeed activated at their virtual actions, making sure that
the so-obtained allocation is indeed feasible.

The following proposition gives su�cient conditions for
a policy defined through GN and Z̃N to be asymptotically
optimal. Its proof can be found in [Perbal et al.(2025)].

Proposition 1. Assume a policy ⇡⇤ is defined through
GN (.) and Z̃N (.) living on some compact space set E. As-
sume it holds that:

• The process Z̃N (.)
N is unichain.

• There exist a continuous function G on E such that :

sup
z̃2E

���
1
N

GN (z̃N)�G(z̃)
��� �!
N!1

0.

• There exists a process Z̃(.) on E such that

lim
N!1

P
 
sup
tT

�����
Z̃N (t)
N

� Z̃(t)

����� � "

!
= 0, 8T > 0, 8" > 0.

and Z̃(.) has a global attractor denoted by z̃⇤ 2 E,
that is, regardless of the initial condition, it holds that
limt!1 Z̃(t) = z̃⇤.

• For any policy ⇡, we have the following asymptotic
lower bound,

C(G(z̃⇤))  lim
N!1

lim
T!1

1
T

Z T

0

C(Z
⇡,N (t)
N )dt, a.s..

Then, the policy ⇡⇤ is asymptotically optimal.

4. LP-BASED POLICIES

A class of asymptotically optimal policies can be obtained
by solving a linear program2 (LP) associated with the model,
where the usual constraint is relaxed to hold only in the
time-average.

Let z⇤ = (z⇤k,i,a)k,i,a be a solution of this LP. Under an

LP-based policy ⇡, if the process Z⇡,N (·) admits a unique
invariant measure µN = (µN

k,i,a)k,i,a, the policy is designed
so that as N grows, the long-run rescaled number of arms
in each tuple (k, i, a) converges to z⇤k,i,a.

1We write ⇡ instead of ⇡N to keep the notation light, but it
should be kept in mind that the policy does depend on N .
2See [Verloop(2016)] for a complete definition of the LP.

We propose two types of LP-based policies: randomized
and deterministic. As mentioned in the introduction, under
any randomized policy, the process Z⇡,N (·) is semi-Markov.
However, we construct a randomized policy that induces a
Markov process Z̃⇡,N (·) on another space, which can then
be mapped via a suitable function GN to define Z⇡,N (·) as
in Definition 1.

For simplicity, we illustrate our results with determin-
istic policies (for randomized policies, we refer to [Perbal
et al.(2025)]). Define

�⇤
k,i(a) :=

z⇤k,i,aP
a z

⇤
k,i,a

, 8a 2 A.

The function GN (·), is defined such that a proportion
�⇤
k,i(a) of the class-k arms in state i receives action a, if

feasible. That is, with (xk,i)(k,i) the proportion of arms in
state (k, i), we set GN

k,i,a(Nx) =
(j

min
⇣
Nxk,i,minrR dN,r(k, i, x)

⌘
�⇤
k,i(a)

k
, a 6= 0;

Nxk,i �
PA

a=1 G
N
k,i,a(Nx), a = 0,

where dN,r(k, i, x) =
⇣
N�r �

P
(k0,i0)2Ak,i

P
a0 bk0,r(i

0, a0)GN
k0,i0,a0(Nx)

⌘

+PA
a=0 bk,r(i, a)�

⇤
k,i(a)

.

Finally, under the unichain and global attractor assump-
tions, all the conditions of Proposition 1 hold for LP-based
policies, ensuring asymptotic optimality. We acknowledge
that the global attractor assumption is strong and should be
relaxed as has been done in the discrete-time setting [Gold-
sztajn and Avrachenkov(2024), Zhang et al.(2025)]. It will
be interesting to see whether their results can be extended
to continuous time.
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ABSTRACT

We study recommendation systems where sellers compete for
visibility by o↵ering commissions to a platform that curates
a personalized ranked menu and sets item prices. Customers
interact with the menu under a cascade click model (e.g.,
as in [1, 3]), scanning the items sequentially from top to
bottom. The seller–platform interaction is formulated as a
Stackelberg game with sellers as leaders and the platform
as a follower. We consider two variants: in the Order and

Pricing (OP) game, the platform chooses both ranking and
prices, while in the Order at Set-Prices (OS) game, sellers
pre-fix prices and the platform decides only the ranking.

The platform’s problem is modeled as an MDP and solved
via backward induction. In the low exploration regime
(small �), we derive closed-form optimizers using greedy
index policies, which substantially reduce computational
complexity. In this regime, the OP and OS games coincide,
allowing us to analyse a unified seller game. With symmetric
sellers (in their strength), pure Nash equilibria exist, and sell-
ers operate at marginal cost (similar to the Bertrand duopoly
equilibrium). With asymmetric sellers, due to discontinuities
from rank jumps, pure NE does not exist, but the game
dynamics exhibit oscillatory behaviour. We formalize this
with the µ-connected equilibrium cycle (µ-EC), a set-valued
equilibrium concept that captures such oscillatory behaviour.
Numerical experiments in the full paper demonstrate both
the approximation accuracy and the cyclic best-response
dynamics [5][Figures 2-3].

1. INTRODUCTION
Platforms such as Amazon and Walmart rely on recom-

mendation systems that display ranked menus of items to
customers to increase sales. The position of a seller in these
menus directly a↵ects visibility and revenue, so sellers com-
pete for better placement by o↵ering commissions to the
platform. This leads to a two-sided tension: the platform
seeks to maximize revenue through strategic ranking and
pricing, while sellers adjust their commission o↵ers to influ-
ence their placement and improve their chances of appearing
in a higher position.
In the literature, ranking, pricing, and assortment prob-

Copyright is held by author/owner(s).

lems are usually studied separately [3, 1], whereas we study
them together, making seller strategies an explicit part of
the system. This integrated approach uncovers more com-
plex dynamics: platform policies not only a↵ect customer
choices but also reshape the competitive environment among
sellers. Our key aims are (i) to provide tractable and near-
optimal platform policies, (ii) to characterize and study the
equilibrium behaviour of the induced seller game, and (iii)
to propose an equilibrium concept suited for games with
discontinuous payo↵s when classical pure NE does not exist.
Our analysis shows how this interaction leads to equilib-

rium behaviour that di↵ers from the well-known classical
outcomes because of discontinuities caused by rank jumps.
To capture this, we propose the µ-EC, a set-valued solution
concept: we extend the recently introduced concept equi-

librium cycle ([6]) to include stability against measure-zero
violations and avoid topological di�culties, thereby propos-
ing µ-EC. Similar cyclical behaviour has also been observed
empirically in auctions and advertising systems (e.g., [7]),
where sellers repeatedly adjust bids without convergence. It
also resembles Edgeworth cycles [2, 4] in markets like airlines
and gasoline, where firms engage in recurring price wars.
The µ-EC framework formalizes these oscillatory yet stable
outcomes within recommendation systems.

2. PROBLEM FORMULATION
Each seller a o↵ers a product with commission �a 2 [0, 1].

The platform constructs a menu of size M from N sellers.
Customers interact with the menu sequentially from top to
bottom: while exploring item a, they purchase with probabil-
ity �a(pa), continue browsing with probability (1� �a(pa))�,
or exit with the remaining probability. The platform’s ex-
pected revenue depends jointly on the commissions {�a}, the
prices {pa}, and the ordering of the items (or the menu).

The platform’s optimization problem can be formulated as
an MDP with states given by the remaining items and actions
corresponding to the choice of the next item (and price, in
OP). Solving the MDP exactly is computationally intensive,
as the state space grows exponentially with N . However,
in the low-exploration regime (small �), using backward
induction, we derive a simple structure: the optimal ranking
reduces to a greedy index rule, where each item is assigned
a per-item score combining commission and price sensitivity.
Ordering by this index yields closed-form policies that are
computationally e�cient. Moreover, in this regime, the OP
and OS games coincide, so the seller game can be studied
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within a unified game.

3. MAIN THEORETICAL INSIGHTS
Our analysis yields the following main insights:

• Platform optimization: For small �, the platform’s MDP
simplifies to a greedy index policy. This reduces compu-
tational complexity from exponential (brute-force DP) to
nearly linear in menu size, while maintaining high accuracy.
• Unified seller game: In the small � regime, the OP and OS
games coincide. Hence, a single unified seller game su�ces
to capture the seller competition in an important practical
regime (where customers typically explore few items).
• Equilibrium structure:

1. With symmetric sellers, pure-strategy NE exist, where
sellers operate at marginal cost (analogous to equilib-
rium in the Bertrand competition).

2. With asymmetric sellers, due to rank-induced discon-
tinuities, pure NE does not exist. We propose the
µ-connected equilibrium cycle, a set-valued solution
concept defined by stability against external deviations,
absence of external chains, internal instability, and
minimality, while permitting measure-zero exceptions.

The µ-EC explains persistent oscillations observed in best-
response dynamics, formalizing the cyclical adjustments in
commissions that arise when sellers di↵er in strength.

4. NUMERICAL RESULTS
Our simulations highlight both the validity of the small-�

approximation and the game dynamics between sellers.
Approximation accuracy: Seller utilities under the exact
method using dynamic programming equations for the OP
game were compared with the index policy in the small �
regime. For � = 0.2, the curves align almost perfectly;
even at � = 0.4, the deviation is only about 2.5%, and
at � = 0.7 it remains below 6%. These results confirm that
the approximation provides accurate and computationally
e�cient predictions across a broad range of exploration rates.
Cyclic best-response dynamics: In asymmetric settings,
simulations show that commissions do not converge to a fixed
point but instead oscillate persistently. Figure 1 illustrates
a representative instance: small commission changes trigger
rank jumps, causing opponent sellers to readjust. Instead of
settling at a fixed point, strategies of sellers remain confined
to a connected region, exactly as described by the µ-EC.
Implications: Firstly, the small-� index rules provide sim-
ple, computationally e�cient heuristics for menu construc-
tion that closely approximate the DP solution. Next, the
threat role of the (M + 1)-th seller is important: a seller
just outside the displayed menu acts as a constraint on those
inside, forcing top sellers to o↵er higher commissions. Finally,
the new solution concept generalizes classical equilibrium
notions among pure strategies and explains seller behaviour
that cycles through certain stable regions of the strategy
space.

5. CONCLUDING REMARKS
We develop a unified framework combining the cascade

click model, the platform optimization problem using MDPs,
and seller competition through commissions. A key contri-
bution is formulating the platform optimization problem as
an MDP, enabling recursive computation of optimal pricing

Figure 1: "-best-response dynamics in an asymmetric

setting. Commissions oscillate persistently rather

than converging, consistent with the µ-EC framework.

Horizontal dashed lines — theoretical thresholds.

and ranking. The MDP admits tractable solutions, and the
small-� approximation yields closed-form indices that unify
the OP and OS games. With symmetric sellers, pure-strategy
equilibria exist; with asymmetric sellers, the µ-EC captures
the resulting oscillatory outcomes.
We extend the recently introduced solution concept equi-

librium cycle [6] to include stability against measure-zero
violations and avoid some topological di�culties, and thereby
propose µ-EC. This novel solution concept o↵ers a solution
for discontinuous games where classical pure NE does not
exist. Overall, our work provides a unified and tractable
framework to analyse recommendation systems with strate-
gic sellers, bridging optimization, game theory, and customer
behaviour modelling. It opens up directions for further re-
search, including the design of fair or regulated platform
policies, dynamic learning in response to customer feedback.
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ABSTRACT

Phase-change memory (PCM) is a promising memory tech-
nology known for its speed, high density, and durability.
However, despite these advantages, a key challenge limiting
PCM’s widespread adoption is its finite endurance: each cell
supports only a limited number of writes before becoming
unreliable, and the failure of a single cell can compromise
the entire device. This vulnerability makes PCM particu-
larly susceptible to adversarial attacks that induce excessive
writes to accelerate device failure.

Wear-leveling mechanisms, which aim to distribute write
operations evenly across PCM cells, are among the most
widely used techniques to mitigate the limited endurance of
PCM. However, while PCM wear leveling has been exten-
sively studied in the systems and architecture communities,
this problem remains largely unexplored from a theoretical
perspective. We bridge this gap by presenting a novel al-
gorithm that leverages hardware feedback to optimize PCM
performance. We prove that our algorithm achieves near-
optimal worst-case guarantees and outperforms state-of-the-
art practical solutions both theoretically and empirically,
providing an e�cient approach to prolonging PCM lifespan.

1. BACKGROUND

PCM stores data in physical cells. Each cell holds a single
logical line, which serves as the basic unit of read and write
operations. To write new data to a cell, the cell must first be
erased, which increases its wear. Once the wear of any cell
surpasses a fixed threshold, referred to as the erase limit,
the entire device becomes unusable.

As wear might accumulate unevenly across cells, wear lev-
eling strives to balance wear by relocating frequently written
lines to cells with low wear, necessitating an e�cient mech-
anism for tracking the physical location of each line. This
task is handled by the PCM controller, which has a non-
PCM auxiliary memory dedicated to storing mapping infor-
mation and supporting wear leveling. However, this mem-
ory has a severely limited capacity, typically several orders
of magnitude smaller than the PCM device itself. There-
fore, the challenge lies in designing a mapping mechanism
that not only enables e�cient wear leveling, but also has low
memory overhead.

Practical wear-leveling strategies use simplified mapping
schemes that reduce memory overhead at the cost of reloca-
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tion flexibility. For example, the well-known Start-Gap algo-
rithm [3] periodically shifts all lines while preserving their
original relative ordering, enabling to determine line loca-
tions by storing only the initial ordering and a single global
o↵set. However, this rigid relocation pattern limits e↵ec-
tiveness under unbalanced workloads, where finer-grained
adjustments are needed to balance wear. To address this,
Seznec [4] introduced a more flexible approach known as
subset-based mapping, which utilizes auxiliary memory to
partition lines into subsets and maintain a separate o↵set
per subset. However, while this allows independent rota-
tions and more localized adjustments, current implemen-
tations manage subsets ine�ciently, leading to suboptimal
wear leveling and highlighting the need for further improve-
ments.

The only theoretical study of PCM wear-leveling algo-
rithms is by Devanny et al. [1], who introduced the cache-

augmented Start-Gap algorithm. Unlike Seznec’s approach,
this algorithm addresses the limitation of Start-Gap by lever-
aging auxiliary memory to cache frequently written lines.
However, its e↵ectiveness relies on a large cache, making it
impractical in systems with limited auxiliary memory.

Hardware feedback. As repeated writes degrade PCM
cells, write counts are often used as a proxy for wear. How-
ever, the bit error rate (BER) provides a more direct signal
of cell health, capturing cumulative damage beyond write
counts, such as variability or retention loss. Even though
BER is routinely monitored during read/write verification,
most existing wear-leveling algorithms remain wear oblivi-

ous, relocating lines based only on logical access patterns.
This might result in moving frequently written data into al-
ready degraded cells, limiting wear-leveling e↵ectiveness and
motivating the design of algorithms that explicitly rely on
hardware feedback to inform relocation decisions.

2. CONTRIBUTION

To bridge the gap between practical wear-leveling mech-
anisms and theoretical analysis, we introduce a rigorous
model that captures the constraints of real-world PCM sys-
tems, including limited auxiliary memory. Specifically, we
consider a PCM device consisting of N physical cells, each
storing a logical line. Each cell can endure at most B era-
sures before becoming permanently unusable. At each time
step t, a line is updated. As a result, the cell storing that
line is erased and its wear increases by one. The device fails
when any cell reaches the erase limit B. To extend the de-
vice’s lifespan, a wear-leveling algorithm may relocate lines
across cells. However, before a line can be placed in a new
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cell, that cell must be erased, further contributing to its
wear.

We assume access to a non-PCM auxiliary memory with
unlimited endurance. This memory consists of M variables,
each storing logN bits. It must store a logical-to-physical
mapping that supports retrieving the location of any logical
line inO(1) time for e�cient lookups. However, this memory
can also be used for caching or for storing additional data to
guide relocation decisions. In particular, it may record wear
information, which we assume can be accurately estimated
based on hardware feedback.

In the online PCM utilization problem, we are given an
arbitrary sequence of write requests �, the device param-
eters N and B, and the size M of the auxiliary memory.
The objective is to maximize the number of requests served
before any cell reaches the erase limit B. Similarly to prior
studies [1, 2], we evaluate algorithms by comparing perfor-
mance to the best achievable outcome. In particular, note
that any algorithm, even an o✏ine algorithm, can write at
most T ⇤ = N ·B times to the PCM device. Therefore, we de-
fine the normalized utilization measure as U = T/T

⇤, where
T denotes the number of write requests successfully served
before any cell reaches the erase limit.

Our results. The main contribution of this paper is Min-

Max, the first wear-leveling algorithm that exploits hardware
feedback to improve PCM endurance. Building on Seznec’s
subset-based mapping approach [4], Min-Max groups lines
into logical subsets, and partitions cells into physical subsets
called segments. Each subset is always stored within a single
segment. Wear leveling is achieved by occasionally swapping
subsets while preserving their cyclic ordering.

To further balance wear, the auxiliary memory is used not
only for mapping, but also for recording lightweight wear
information (inferred from hardware feedback) that guides
relocation decisions. Inspired by the approach of [2], this
information is used to simultaneously minimize di↵erences
in wear between cells (1) from di↵erent segments, and (2)
within the same segment. We analyze the worst-case uti-
lization of Min-Max as a function of the auxiliary memory
size M , and obtain the following result.

Theorem 1. The Min-Max algorithm guarantees utiliza-

tion of 1�O

✓q
N lnN
MB

◆
on any input w.h.p.

Comparison to previous work. The analysis of [1]
implies that cache-augmented Start-Gap achieves utiliza-

tion of 1 � O

✓
3

q
N2 lnN
M2B

◆
on any input with high proba-

bility. Similarly to Min-Max, this bound improves as the
auxiliary memory size increases. However, compared to
Min-Max, this algorithm requires significantly larger mem-
ory. In particular, while cache-augmented Start-Gap needs

M � N ·
q

lnN
B to achieve near-optimal utilization of 1�o(1)

on any input, Min-Max achieves the same guarantee already
for M � N · lnN

B . This di↵erence is substantial for prac-
tical PCM parameters, where cache-augmented Start-Gap
could require auxiliary memory that is nearly three orders
of magnitude larger than that needed by Min-Max to achieve
similar performance.

To compare Min-Max against state-of-the-art practical
wear-leveling strategies, we evaluate Seznec’s algorithm [4],
which employs a structured randomized approach and is

known for achieving high utilization even under unbalanced
workloads. While being commonly used as a benchmark in
experimental studies, the worst-case performance of Seznec’s
algorithm has never been theoretically analyzed. We bridge
this gap by establishing the following bound.

Theorem 2. If Seznec’s algorithm guarantees utilization

of 1� " w.h.p. on any input, then " = ⌦

✓
3

q
N lnN
MB

◆
.

Notice that as auxiliary memory is typically much smaller
than main PCM storage, our bound on Seznec’s algorithm
may improve upon the results in [1]. However, Min-Max
still outperforms Seznec’s algorithm: while the utilization
of both algorithms depends on the ratio N lnN

MB , Min-Max
approaches optimal utilization asymptotically faster. This
improvement is especially relevant given the many follow-up
works proposing practical enhancements to Seznec’s method,
where Min-Max o↵ers an alternative design with stronger
theoretical foundation.

Experimental evaluation. In addition to our theoret-
ical analysis, we conduct an extensive experimental evalu-
ation to assess the practical e↵ectiveness of Min-Max. To
account for real-world constraints, including inaccuracies in
hardware feedback, we also introduce a practical variant
that categorizes wear levels into a limited number of distin-
guishable ranges. Our evaluation benchmarks Min-Max and
its variant against Seznec’s algorithm and cache-augmented
Start-Gap across diverse unbalanced workloads while vary-
ing key parameters, including the erase limit, device capac-
ity, and auxiliary memory size.

The results demonstrate that both versions of Min-Max
exhibit high utilization, even under adversarial workloads.
Moreover, Min-Max requires significantly less auxiliary mem-
ory than previous solutions and extends the device’s lifespan
by up to 66% under practical PCM parameters. These find-
ings underscore the potential of Min-Max for real-world de-
ployment, providing a robust and e�cient solution for PCM
wear leveling with strong theoretical guarantees.
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ABSTRACT

In the set reconciliation (SetR) problem, two parties Al-
ice and Bob, holding sets A and B respectively, communi-
cate to learn the symmetric difference A�B. In this work,
we study a related but under-explored problem: set in-
tersection (SetX) [7], where both parties learn A \ B in-
stead. Existing solutions typically reuse SetR protocols due
to the absence of dedicated SetX protocols and the miscon-
ception that SetR and SetX have comparable costs. Observ-
ing that SetX is fundamentally cheaper than SetR, we have
developed a multi-round SetX protocol that outperforms the
information-theoretic lower bound of SetR problem. In our
SetX protocol, Alice sends Bob a compressed sensing (CS)
sketch of A to help Bob identify his unique elements (those
in B \ A). This solves the SetX problem, if A ✓ B. Oth-
erwise, Bob sends a CS sketch of the residue (a set of el-
ements he cannot decode) back to Alice for her to decode
her unique elements (those in A \ B). As such, Alice and
Bob communicate back and forth until both parties agrees
on A \ B. On real world datasets, experiments show that
our SetX protocol reduces the communication cost by 8 to
10 times compared to the IBLT-based SetR protocol.

1. INTRODUCTION

Set reconciliation (SetR) – reconciling two large sets A and B
held by hosts Alice and Bob respectively – has been widely
studied for networking, systems, and database applications.
Well-established prior SetR solutions include PinSketch, D.Di-
gest, and Graphene [6, 3, 4]. In this paper, we focus on a
related but under-explored set intersection problem (SetX),
where Alice and Bob want to know the intersection |A \ B|
instead of the union. Although SetX appears in practice,
most prior work solves it by running a full SetR protocol
and discarding parts of the output. For example, Graphene
uses a SetR subroutine even when only the intersection is
needed [7]. Under the standard sparse-difference assump-
tion |A4B| ⌧ |A|  |B| ⌧ 2u = |U| (universe size), the
information-theoretic lower bound for SetX is substantially
lower than that for SetR [6], suggesting that a substantially
lower communication cost may be achievable in practice.
Building on this insight, we introduce CommenSense, a com-
pressed sensing (CS) based protocol for minimizing the com-
munication cost. Its core idea, in uni-directional case of
A ✓ B is simple: Alice sends a compact CS sketch M1A of
her set indicator vector; Bob subtracts his CS sketch M1B
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Figure 1: Algorithm Overview of SetX

from M1A and recovers Alice’s missing elements from the
difference. We have shown that Alice’s sketch M1A only
needs to be of size O(|B \ A|), which is much smaller than
encoding A itself in a naive solution. Entropy compression
(BCH, ANS) can further reduce the size of M1A.
Unlike a prior CS work that used a real-valued sparse ma-
trix (which inflates the transmission cost) to be “compliant”
with RIP (restricted isometry property) in the L2 space, our
design encodes nonzero measurements as small integers and
proves recovery guarantees using RIP-1 (L1 space) theory
instead. We also implement and release the data structures
and code [5] used to accelerate SSMP/MP, the state-of-the-
art CS decoding algorithm for RIP-1.
Our contributions can be summarized as follows.

• We show a large gap between SetX’s and SetR’s infor-
mation theoretic lower bounds, debunking a common
belief [6].

• We present CommenSense, the first exact, efficient
SetX protocol (for both the unidirectional and the bidi-
rectional cases) that beats the informational-theoretic
lower bound of SetR, by applying CS to this problem
[7].

• We identify and analyze a binary sparse CS matrix
that is both application-friendly (fast updates, small
measurements) and theory-compliant (RIP-1), and val-
idate our approach with experiments [1].

2. COMMONSENSE PROTOCOL

The protocol, in general, runs multiple communication rounds
(Figure 1). We first describe a simple special case in Section
2.1 and then extend it to the general case in Section 2.2.

2.1 Unidirectional Protocol

This simplified protocol is for the special case of A ✓ B,
which only needs one message from Alice to Bob.
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Protocol. Alice sends M1A, the CS sketch of (the indicator
vector of) her set A to Bob, as shown in the first step of
Figure 1. Here, M is the CS matrix that is generated (once
and then fixed) at the beginning, and M is known to both
Alice and Bob. As explained earlier, the CS sketch M1A is
small in size and can be further compressed using entropy
encoding.
Decoding Algorithm. After Bob receives M1A, he tries to
recover elements in B\A from the CS sketch difference M1B�
M1A using an MP (matching pursuit) algorithm. In theory,
we need to use an MP algorithm for the L1 space such as
SSMP (sequential sparse matching pursuit), since our CS
matrix M satisfies RIP-1 instead. In practice, however, the
vanilla MP (for L2), which is faster than SSMP, works for
this use case empirically. We denote Bob’s estimation of
(the ground truth) B \ A as \B \ A.

2.2 Bidirectional Protocol

In this general case, the protocol performs multiple rounds
of communications as shown in Figure 1. The decoding al-
gorithm, after each communication step, is the same as that
described in 2.1 for the unidirectional case. In the general
case, it needs to solve an additional problem called common
hallucination.
Common Hallucination. It can be shown that, when only
the CS sketch of the “residue” is sent back and forth between
Alice and Bob and when (\B \ A) \ (\A \ B) 6= ?, an element
in A \ B can be erroneously considered by both Alice and
Bob to be one of their unique elements. For example, when
Bob “hualluciates” that he “sees” the element in the CS
sketch difference (residue) due to noise in the residue, he
subtracts it from the residue (and considers it one of his
unique elements); this false subtraction leaves its “negative”
in the residue that causes Alice to do the same. We call this
problem common hallucination. It can be solved using SMFs
(set membership filters) as shown in the paper.

3. EVALUATION

We compare CommonSense with Graphene and IBLT, the
state of art SetR protocols, using the total amount of com-
munication as the performance metric. In evaluating bidi-
rectional SetX (in Figure 3), |A \ B| is fixed to 10,000. The
performance results are shown in Figures 2 and 3.
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We also measure the real-world performance of Common-
Sense by computing the SetX problem on different Ethereum
world states [2]. The dataset characteristics are summarized
in Table 4. Evaluations show that our algorithm reduces
communication costs by 8 to 10 times compared to IBLT
(Table 5).

S = Block ID |S| |S \ A| |A \ S|
A 22399992 292,222,740 – –
B 22392874 291,992,904 340,292 570,128
C 22020359 280,973,256 5,636,348 16,885,832

Table 4: Summary of the Ethereum dataset.

Comm. Cost IBLT CommonSense
SetX(A,B) 48.59MB 5.866MB
SetX(A,C) 1.192GB 118.1MB

Table 5: Communication costs for SetX, averaged from 5
runs.
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ABSTRACT

The ever-increasing demand for better Internet experience
has necessitated an upgrade in the capacity of access net-
works. Internet service providers (ISPs) have been demand-
ing that the content providers (CPs) share the cost of up-
grading network infrastructure. A CP can make a public in-
vestment towards improving the ISP infrastructure to boost
its revenue. A CP can also make a private investment in
its infrastructure and boost its profits. In this work, we
consider multiple CPs and a neutral ISP. We consider dif-
ferent models of interaction among CPs—centralized allo-
cation, non-cooperative game, and bargaining game—and
study the trade-o↵ between a public and private investment
of a CP for each model. Via numerical results, we evaluate
the impact of di↵erent incentive structures on the utility of
the CPs. We see that the bargaining game can result in
higher public investment than the non-cooperative and cen-
tralized models. However, this benefit gets reduced if the
CPs are incentivized to invest in private infrastructure.

1. INTRODUCTION

Internet service is provided to users by two complemen-
tary networks—Internet service provider networks (ISPs)
and content provider (CP) networks. Despite their com-
plementarity, the share of ISPs in the Internet chain pie has
been steadily decreasing. On the other hand, the technolog-
ical advances in content creation and rendering have made
steady advances. The burden of delivering these advances
is with the ISPs, which in turn have to make heavy invest-
ments, while the CPs are expected to reap a larger share of
the economic surplus that will result from this investment.
Because of this, ISPs have been demanding CPs to share the
investments in the access networks. Indeed, some CPs have
invested to improve public infrastructure. However, CPs
can also choose to invest in improving its own infrastruc-
ture, for example, building a content distribution network
with significant caching capabilities or peering with ISPs [3].

A closely related work is [2], where the CPs make a vol-
untary payment to a neutral ISP which the ISP can use
to upgrade its infrastructure. The total contribution of the
CPs is analyzed under di↵erent types of games. Similarly, [1]
proposes a profit-sharing model between the ISP and CPs.
The existing works have not considered the impact of CPs’
private investments, and this is the motivation for this work.

In this work, we consider multiple CPs and a neutral ISP.
Each CP can make a public investment towards improving
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ISP infrastructure. Since the ISP is neutral, the upgraded
infrastructure benefits the users of all CPs. A CP also make
a private investment to improve its infrastructure benefiting
only its users. In this scenario, our objective is to study the
e↵ects of the incentive structures and the interaction models
among the CPs on the (i) investments in the access networks,
and on the (ii) social utility.

2. SYSTEM MODEL

In this work, we consider that N CPs and one neutral
ISP together provide Internet services to a fixed user popu-
lation. There is a basic infrastructure that is present at the
ISP and the CPs, and the interest here is in new investments
that need to be made to improve the quality of service for
the users. Let qn and pn denote the public and private in-
vestment of the CP n, respectively, for all n 2 N , where
N := {1, 2, . . . , N}. Let Q :=

PN
n=1 qn be the total public

investment and the P :=
PN

n=1 pn be the total private in-
vestment. Since the ISP is neutral, Q and pn determine the
profit of a CP n. Denoting the revenue per unit tra�c for
CP n to be rn, the surplus, or the utility function for CP n,
denoted by Un, is

Un(qn, pn) = rnan log(1 +Q+ bn
p
pn)� (pn + qn) . (1)

3. INTERACTION MODELS

We first consider Centralized Allocation, wherein both
the Q and the pn are determined centrally as a solution to
the following optimization problem.

max
Q,{pn}

NX

n=1

(Un(pn, qn)� pn)�Q,

s. t. pn � 0 8n 2 N and Q � 0. (2)

The optimum value of pn for a given value of Q that solves
(2), denoted by p⇤n(Q), is given by

p⇤n(Q) =

 p
(1 +Q)2 + 2b2nrnan � (1 +Q)

2bn

!2

. (3)

Similarly, the optimum value of Q that solves (2), denoted
by Q⇤

C , is obtained by solving

NX

n=1

p
(1 +Q)2 + 2b2nrnan

b2n
= (1 +Q)

 
NX

n=1

1
b2n

!
+ 1. (4)
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Figure 1: Variation of ⌘ against di↵erent values of  n(=
rnan) for N = 2 for b = [1, 1] in (a) and b = [2, 2] in (b).

The public-private trade-o↵ under centralized allocation, de-
noted by �C , is obtained as

�C =
Q⇤

CP
n2N p⇤n(Q⇤

C)
=

2Q⇤
CPN

n=1 rnan � (1 +Q⇤
C)

. (5)

We now consider Non-Cooperative Game wherein the
CPs choose the pn and qn strategically, i.e., they do not
coordinate and choose these quantities to selfishly maximize
their utility. Using (3), we can rewrite Un as

Un = rnanfn(Q)� p⇤n(Q)� qn (6)

where fn(Q) = log

✓p
(1+Q)2+2b2nrnan+(1+Q)

2

◆
. Let q⇤n denote

the equilibrium public investment maximizing the utility of
CP n. Then, a pure strategy Nash equilibrium exists if and
only if

Un(q
⇤
n, Q

⇤
�n) � Un(qn, Q

⇤
�n) (7)

holds for {qn}n2N where Q⇤
�n =

P
m2N ,m 6=n q⇤m. Let Q⇤

N

denote the net public investment at the Nash Equilibrium,
and is given by Q⇤

N :=
P

n2N q⇤n. Then, a key result in
Non-Cooperative Game is that only the CP which has the

maximum value of
⇣
rnan � b2n

2

⌘
contributes to the public

investment and the remaining CPs free-ride on this. If more

than one CP has the maximum value of
⇣
rnan � b2n

2

⌘
, i.e.,

some symmetry exists between the CPs, qn > 0 for all such
CPs. All the CPs though invest in their private infrastruc-
ture and the optimum value of pn can be obtained by sub-
stituting Q by Q⇤

N in (3). Let ⌘ denote the price of anarchy

defined as ⌘ :=
Q⇤

C
Q⇤

N
. Further, � :=

U⇤
C

U⇤
N
, where U⇤

C and U⇤
N

denote the optimum total utility in Centralized Allocation
and Non-Cooperative Game, respectively. Then, another
key result in Non-Cooperative Game is that ⌘ > 1. Fur-

ther, if max
n2N

⇣
rnan � b2n

2

⌘
> 1, � > 1. Thus, the CPs reduce

their net utility in non-cooperative interaction by playing
selfishly.

We finally consider the Barganing Game, wherein the
CPs bargain with each other. In the case of disagreement,
CPs do not make any public investment. Therefore, Q = 0
is the point of disagreement. Let U⇤,D

n denote the optimum
utility of the CP n in case of disagreement and is obtained
after optimizing (1) over pn for Q = 0. The set of feasible
utility functions of the CPs, denoted by U , is defined as

U={(U1(Q), · · · , UN (Q)) |Q�0 and Un(Q)�U⇤,D
n 8n 2 N}.

A Nash bargaining solution UB = (UB
1 , · · · , UB

N ) is defined
to be the solution of the problem formulated as

max
Y

n2N

(Un � U⇤,D
n ) s. t. (U1, · · · , UN ) 2 U . (8)
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Figure 2: Variation of � against di↵erent values of  n(=
rnan) for N = 2 for b = [1, 1] in (a) and b = [1, 2] in (b).

Let Q⇤
B denote the optimum total public investment in the

bargaining game. Let � denote the benefit of bargaining

which is defined as � :=
Q⇤

B
Q⇤

C
. Then, the key results in the

Bargaining game are as follows. A unique non-zero solution

of (8) exists if
P

n2N

p
1+2b2nrnan�1

b2n
> 1. Further, � � 1

under certain conditions implying that the bargaining game
can result in higher public investment than the centralized
allocation.

4. NUMERICAL RESULTS

We observe from Fig. 1(a) that ⌘ is high for the region

( 1  1.5, 2  1.5). This happens as max
n2N

⇣
rnan � b2n

2

⌘
 1

in this region. Same holds for the region ( 1  3, 2  3)
in Fig. 1(b) as b = [2, 2]. In the remaining region, we
observe ⌘ > 1. When  1 ⇡  2, both CPs invest in public
infrastructure leading to a higher value of Q⇤

C , and hence,
⌘. However, when there is a large asymmetry between the
CPs, only the dominating CP makes a major investment in
public infrastructure, leading to a lower value of ⌘ (See Fig.
1(a)). Similar observations can be made from Fig. 1(b).
Also, we observe that ⌘ is slightly higher for b = [2, 2] than
b = [1, 1]. This happens as both the CPs are incentivized
to invest more in private than public for b = [2, 2] than
b = [1, 1], leading to lower value of net public investment.

We observe from Fig. 2(a) and 2(b) that � = 1 when the
CPs are comparable, i.e., when  1 ⇡  2. However, when
CPs are non-comparable, i.e., either  1 >>  2 or  2 >>  1,
the bargaining game results in higher public investment, and
hence, � > 1. Further, we observe from Fig. 2(a) that �
is symmetrical for  1 >>  2 and  2 >>  1 for b = [1, 1].
However, in the case of b = [1, 2], � is higher for  1 >>  2

than  2 >>  1 (Refer Fig. 2(b)). Although CP 2 dominates
the total public investment as  2 >>  1, it has an incentive
for private investment since b = [1, 2]. Thus, both Q⇤

B and
Q⇤

C reduces and in turn � reduces.
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ABSTRACT

To understand the fairness properties of the BBR congestion-
control algorithm (CCA), previous research has analyzed
BBR behavior with a variety of models. However, previous
model-based work su↵ers from a trade-o↵ between accuracy
and interpretability: While dynamic fluid models generate
highly accurate predictions through simulation, the causes of
their predictions cannot be easily understood. In contrast,
steady-state models predict CCA behavior in a manner that
is intuitively understandable, but often less accurate. This
trade-o↵ is especially consequential when analyzing the com-
petition between BBR and traditional loss-based CCAs, as
this competition often su↵ers from instability, i.e., sending-
rate oscillation. Steady-state models cannot predict this in-
stability at all, and fluid-model simulation cannot yield an-
alytical results regarding preconditions and severity of the
oscillation. As a result, we lack an analytical understand-
ing of when oscillation occurs, how severe it is, and how it
impacts fairness.

To overcome this trade-o↵, we extend the recent dynamic
fluid model of BBR by means of control theory. Based on
this control-theoretic analysis, we derive quantitative condi-
tions for BBR/CUBIC oscillation, identify network settings
that are susceptible to instability, and find that these con-
ditions are frequently satisfied by practical networks. Our
analysis illuminates the fairness implications of BBR/CUBIC
oscillation, by deriving and experimentally validating fair-
ness bounds that reflect the extreme rate distributions dur-
ing oscillation. In summary, our analysis shows that BBR/
CUBIC oscillation is frequent and harms BBR fairness, but
can be remedied with our control-theoretic framework.

1. OVERVIEW
During the global deployment of the BBR congestion-

control algorithm (CCA) [1], researchers have documented
several cases of unexpected BBR behavior, all with signifi-
cant implications on performance and fairness [6, 4, 5, 2]. To
improve the safety of CCA deployment in the future, recent
research has aimed at a more fundamental understanding of
BBR based onmodeling, i.e., mathematical descriptions that
enable insights valid for a wide range of network settings.

This model-based work has taken two di↵erent approaches.

∗Corresponding author: simon.scherrer.ch@gmail.com
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First, the steady-state models by Ware et al. [7] and Mishra
et al. [4] identify a steady state of the congestion-control
dynamics, and predict BBR behavior with closed-form ex-
pressions for network metrics in this steady state. Second,
the dynamic fluid model from our previous work [5] describes
the transient behavior of BBR by means of ordinary di↵er-
ential equations (ODEs), and predicts BBR properties by
fluid-model simulation, i.e., numerical ODE solving.

These two approaches su↵er from a trade-o↵ between ac-
curacy and interpretability, i.e., transparency regarding the
causes of model predictions. As we demonstrate in our work,
the dynamic fluid model is more accurate than the steady-
state models, mainly because the fluid-model can represent
behavior outside the steady state. However, the dynamic
fluid model has so far mostly been used for simulation, which
arrives at predictions through lengthy numerical computa-
tion. As such, the predictions of dynamic fluid models are
less explainable than the predictions of steady-state mod-
els, because steady-state models only consist of a handful of
closed-form expressions that can be intuitively understood.

In our work, we bridge this gap between accuracy and in-
terpretability of models. In particular, we demonstrate that
a control-theoretic analysis of the dynamic fluid model al-
lows insights that are accurate, interpretable, and rigorously
provable. We illustrate the value of this stability analysis by
focusing on the competition between BBR and CUBIC [3],
the most prevalent CCAs in the Internet. BBR/CUBIC
competition frequently su↵ers from instability (rate oscil-

lation), in which flows using di↵erent CCAs regularly ob-
tain highly uneven bandwidth shares. While congestion-
control oscillation (e.g., sawtooth in Reno) is sometimes
necessary to maximize utilization or achieve per-flow fair-
ness, BBR/CUBIC oscillation is unnecessary, unintentional
and even harmful to fairness: Unfairness between BBR and
CUBIC flows is especially high when oscillation occurs.

Crucially, this instability is invisible in steady-state mod-
els, as these models assume stability. In contrast, fluid-
model simulation reveals this oscillation, but must be con-
ducted for specific network settings to indicate the occur-
rence and the severity of the oscillation. More general in-
sights into the oscillation are possible thanks to our control-
theoretic analysis of the fluid model: This analysis yields
(i) mathematical conditions on network parameters, indicat-
ing when oscillation provably occurs, (ii) analytical bounds
on the severity of the oscillation, describing the extreme rate
distributions of BBR/CUBIC competition, and (iii) intuitive
explanations of stabilizing adaptations of BBR.

In summary, we present the following contributions:
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Figure 1: Mechanism of BBR/CUBIC oscillation.

Documentation of instability. We show that steady-
state models predict BBR fairness towards CUBIC less accu-
rately than dynamic models , due to their assumption that
BBR/CUBIC competition converges. In reality, convergence
is prevented by persistent sending-rate oscillation, which we
systematically explain for the first time (§2). While the os-
cillation is predicted accurately by fluid-model simulation,
such simulation cannot provide a formal understanding of
preconditions and severity of the oscillation.

Stability analysis of BBR/CUBIC fluid model. We
apply a control-theoretic analysis to a joint BBR/CUBIC
fluid model, thereby describing the BBR/CUBIC oscillation
analytically and accurately. For this analysis, we first de-
rive the equilibrium of the BBR/CUBIC fluid model. Then,
we derive an instability condition on network parameters,
i.e., a network condition that is provably conducive to os-
cillation. This condition is derived using Lyapunov theory,
center-manifold theory, and fixed-point iteration.

Insights into temporal fairness. Besides identifying
the preconditions for oscillation, the stability analysis also
illuminates fairness implications of BBR/CUBIC oscillation,
yielding worst-case fairness bounds and approximate tight
fairness bounds that we experimentally validate.

Countermeasure evaluation. We evaluate multiple
adaptations of BBR for suppressing oscillation, and explain
the results by means of our control-theoretic framework.
These redesigned versions include several ad-hoc modifica-
tions of BBR, which we design and implement, and the of-
ficial releases of BBRv2 and BBRv3.

Together, our results provide both a rigorous theoretical
foundation and practical guidance for improving the stabil-
ity and fairness of future congestion control.

2. OSCILLATION MECHANISM
As visualized in Fig. 1, the oscillation between BBR and

CUBIC arises from the interaction of BBR’s periodic RTT-
probing step and the short-term dynamics that follow un-
til the next probe. During RTT probing, BBR sharply re-
duces its sending rate to estimate the propagation delay,
but if CUBIC’s congestion window is large, it continues fill-
ing the bu↵er, preventing full clearance. This leads BBR to
overestimate the minimum RTT, which inflates its conges-
tion window, triggers aggressive bandwidth probing (a high
probing strength), and substantial rate growth. The result-
ing high BBR rate causes CUBIC’s congestion window to
shrink due to packet loss. Since both flows keep the bu↵er

occupied, BBR’s inflated RTT estimate cannot be corrected
until it times out, sustaining the imbalance for roughly 10
seconds. At the next probe, CUBIC’s congestion-window
size is smaller, and therefore BBR may recover an accu-
rate RTT estimate and temporarily reduce its rate, allowing
CUBIC to grow again. This mechanism sets up a repeat-
ing cycle of inflated RTT estimates, aggressive BBR growth,
CUBIC backo↵, and eventual recovery.

3. ANALYSIS OVERVIEW
We distinguish short-term and long-term dynamics.
The short-term dynamics describe the continuous BBR/

CUBIC competition between the RTT probing steps of BBR.
Between these steps, the BBR probing strength ↵ is fixed,
and determines the equilibria and the convergence behav-
ior of the short-term dynamics. We show that unique and
asymptotically stable short-term equilibria always exist.

Building on these short-term dynamics, we derive the
long-term dynamics, describing the BBR/ CUBIC competi-
tion across RTT-probing steps . In each RTT-probing step,
the CUBIC congestion-window size w determines the prob-
ing strength ↵ and thus the short-term dynamics for the
next 10 seconds. These short-term dynamics then deter-
mine the congestion-window size w at the next RTT-probing
step. Hence, the long-term dynamics form a discrete pro-
cess, which has a unique equilbrium, but does not converge
to it under mild conditions.
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1. INTRODUCTION
Consider an irreducible, ergodic discrete-time structured

Markov process {X(n) ; n 2 Z+} on the two-dimensional
state space ⌦̂ = {(i, j) : i 2 Z+, j 2 [M ]} with transition
probability matrix having the block Toeplitz-like structure

P =

2

6664

B0 B1 B2 B3 · · ·
A�1 A0 A1 A2 · · ·
0 A�1 A0 A1 · · ·
...

. . .
. . .

. . .

3

7775
, (1)

where Bi,i2Z+ , and Ai,i2Z��1 , are nonnegative matrices in
RM⇥M s.t. A =

P1
i=�1 Ai and B =

P1
i=0 Bi are stochastic,

and M can be finite or infinite. Define ⇡ := (⇡0,⇡1,⇡2, . . .),
⇡i := (⇡̂(i, 1), . . . , ⇡̂(i,M)), and ⇡̂(i, j) := limn!1 P[X(n) =
(i, j)], 8(i, j) 2 ⌦̂. Since the Markov process {X(n) ; n 2 Z+}
is irreducible and ergodic, the limiting probability vector ⇡
is the stationary distribution of this process s.t. its invariant
probability vector ⇡ exists and is uniquely determined as
the solution of ⇡ = ⇡P and ⇡1 = 1, where 1 = (1, . . . , 1)>.

The most-efficient algorithms for computing the stationary
distribution ⇡ of such M/G/1-type processes on digital com-
puters consist of cyclic reduction (CR) methods. Despite the
computational benefits of CR, the time to compute ⇡ can still
be prohibitive for large stochastic models. Quantum comput-
ers offer the potential of achieving significant performance
advantages for certain computational problems. Our focus is
therefore on devising, from a mathematical perspective, the
first quantum algorithms for efficiently computing ⇡ for struc-
tured Markov processes. We derive a mathematical analysis
that establishes theoretical properties of our quantum algo-
rithms, including the potential for significant performance
improvements over the most-efficient CR algorithms in set-
tings of both theoretical and practical importance. Although
motivated by general structured Markov processes, our quan-
tum algorithms can be exploited to address a much larger
class of computational problems, as well as a subroutine in
solving larger problems involving the stationary distribution
on a quantum computer. This short paper briefly summa-
rizes our full paper (arXiv:2404.17959, 2025) to which we
refer the reader for all details and references.

2. STRUCTURED MARKOV PROCESSES
We can easily establish that the stationary distribution ⇡

of ergodic M/G/1-type Markov processes can be obtained in

IFIP WG 7.3 Performance 2025 Amsterdam, The Netherlands.
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terms of the matrix Gmin, the minimal nonnegative solution
of the nonlinear matrix equation X =

P1
i=�1 AiX

i+1. Hence,
our ultimate goal concerns determining Gmin, for which the
most-efficient classical methods are based on variants of CR.

The general CR approach basically consists of transforming
the nonlinear equation for X into a semi-infinite linear system
that leads to a linear system with respect to a matrix H, and
then applying the CR method in functional form. A single
iteration of CR comprises applying an even-odd permutation
to the block rows and to the block columns of the matrix H,
followed by one iteration of block Gaussian elimination. Since
this transformation maintains the unchanged structure of
the linear system, CR is repeatedly applied recursively which
yields a sequence of block Hessenberg, block Toeplitz-like
infinite systems that provably converges quadratically to a
limit system whose solution can be explicitly evaluated. This
involves the matrix H

(n) of the infinite system at each itera-
tion n that is fully characterized by its first and second block
rows whose respective block entries define in functional form
two matrix power series by means of corresponding recur-
sions. The main computational task of CR then consists of
computing the first two block rows of the Schur complement
matrix H

(n+1) = I � U
(n)
22 � U

(n)
21 (I � U

(n)
11 )�1

U
(n)
12 . This

includes computations of infinite block triangular Toeplitz
matrices, such as T1 = (I�U

(n)
11 ),T2 = �U

(n)
21 ,T3 = U

(n)
12

and T4 = (I � U
(n)
22 ), which we approximate with infinite

banded Toeplitz matrices defined by parameters chosen to
achieve the desired level of accuracy ✏.

3. QUANTUM ALGORITHMS & ANALYSIS
We now derive our quantum CR Alg. Q.1 and Alg. Q.3 to

address the computational bottlenecks of classical CR meth-
ods, with a particular interest on the computation phase. We
first observe that each CR iteration involves various linear
algebraic operations on Toeplitz matrices, specifically solving
Toeplitz linear systems and Toeplitz matrix products. The
computation phase of our quantum approach is based in
part on the concept of approximating Toeplitz matrices by
associated circulant matrices. Let f denote a generating func-
tion of a sequence of N ⇥N Toeplitz matrices T

[N ], where
N = d ·M and d is the numerical degrees of the matrix power
series generated by iteration n of our quantum CR. It can
be shown that the circulant matrices associated with the se-
quence of Toeplitz matrices converge super linearly whenever
f is a positive function in the Wiener algebra class W. Since
the P matrix in (1) is nonnegative and stochastic, and thus
the Toeplitz entries have finite sum, the associated circulant
matrix is a very accurate approximation to the corresponding
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Toeplitz matrix for sufficiently large N . We then exploit the
resulting circulant matrices and operations thereon within
the context of quantum computing environments to real-
ize a theoretical potential of exponential speedups for the
computation phase of these matrix operations.

After an initialization step performed on a digital com-
puter, we operate on the Toeplitz matrices T1 and T2 with
all subsequent steps executed on a quantum computer. Let
f1, f2 be the generating functions of these two Toeplitz matri-
ces, respectively. Upon loading the N columns of the matrix
T3 onto the quantum computer as an initial state | 0i, we
operate on each of the N columns of T3 independently and in
quantum parallel by considering N sets of log(N)-qubits that
independently encode the N columns of U(n)

12 . Then, we ap-
proximately compute T2T

�1
1 | 0i = �†⇤(f2)⇤

�1(f1)� | 0i,
where � is the Fourier matrix, and ⇤(f1), ⇤(f2) are diagonal
matrices respectively corresponding to the eigenvalues of
the associated circulant matrices of T1, T2. With oracle
access to the functions f1, f2 by exploiting appropriate oracle
quantum circuit methods, and given the Fourier coefficients,
we compute these generating functions in a straightforward
manner. Moreover, since these functions are periodic, we can
design efficient quantum circuits to estimate the functions
using the corresponding Fourier expansions.

Next, we apply QFT to the columns of T3 to obtain
| 0

0i = � | 0i. To encode the eigenvalues of T1, we ex-
ploit the oracle access to the values of f1 to map | 0

0i =PN
j=0 bj |ji !

PN
j=0 bj |ji |f1(2⇡j/N)i. To invert the eigen-

values, we employ aspects of the quantum algorithmic HHL
approach by adding a qubit, using controlled-rotations to in-
vert the phases (eigenvalues), and using uncompute (restore
state of corresponding qubits for reuse) to obtain an approxi-
mation to the state | 1i = ⇤�1(f1) | 0

0i. We now encode the
eigenvalues of T2 exploiting the oracle access to the values of
f2 and map | 0

1i =
PN

j=0
ebj |ji !

PN
j=0

ebj |ji |f2(2⇡j/N)i.
Finally, we apply iQFT to obtain a state proportional to
| 2i = �†⇤(f2)⇤

�1(f1)� | 0i. Upon computing the state
| ⇤i, Alg. Q.1, Alg. Q.3 check the quality of the approxi-
mate solution by computing the quantity k1�(A�1+Ẑ0)1k1.
Let |a�1i = vec(A�1) and mask(| ⇤i) = vec(Ẑ0), where
mask(| ⇤i) considers only the amplitudes corresponding to
Ẑ0 in | ⇤i. We load the columns of A�1 to form the state
|a�1z0i = |a�1i + mask(| ⇤i), and compute k1 � (A�1 +
Ẑ0)1k1 from |a�1z0i. If k1�(A�1+ Ẑ0)1k1 > ✏, we repeat
the inner loop; else, we proceed to output J = (I�Ẑ0)

�1
A�1

by loading |a�1i = vec(A�1), and then using the above
Toeplitz solution approach to form the state |eji = vec(J).

We end this section by turning to a mathematical analy-
sis of the theoretical properties of our quantum algorithms.
After establishing our main result of first-order bounds on
sources of algorithmic errors, we establish our main results of
upper bounds on the cumulative error up to iteration n of our
CR Alg. Q.1, Alg. Q.3 to respectively be exponential and
linear in n. Lastly, we establish our main theoretical result
on the asymptotic computational complexity of our quantum
CR algorithms in comparison with the corresponding classical
CR algorithms Alg. C.1, Alg. C.3. Let µ = f1,max/f1,min

for the generating function f1 associated with Alg. Q.1,
Alg. Q.3, ⌧readout the time complexity to readout the re-
sults from the quantum computer, and d

Q
max and d

C
max the

maximum numerical degrees of the matrix power series gen-
erated by our Alg. Q.1, Alg. Q.3 and the corresponding

Alg. C.1, Alg. C.3, respectively, with N
Q = d

Q
max ·M .

Theorem 3.1. The overall computational complexity of
the quantum CR Alg. Q.1 and Alg. Q.3 is given by

O(µ(⌧load + log2 NQ + ⌧oracle) + ⌧readout), d
Q
max = O(dCmax),

(2)
and requiring N

Q(2 logNQ + 1) qubits. Supposing µ, ⌧oracle

to be O(poly logNQ), we then have that the computational
complexity O(µ(log2 NQ + ⌧oracle)) of Alg. Q.1, Alg. Q.3
represents a theoretical potential for exponential speedup of
the computation phase over the computational complexity of

O(M3
d
C
max +M

2
d
C
max log d

C
max) (3)

for Alg. C.1, Alg. C.3. Further supposing ⌧load to be
O(poly logNQ) or subexponential in (logNQ), we then addi-
tionally have that the computational complexity O(µ(⌧load +
log2 NQ + ⌧oracle)) of Alg. Q.1, Alg. Q.3 represents a the-
oretical potential for polynomial-to-exponential speedup over
the computational complexity of (3) for Alg. C.1, Alg. C.3.
Moreover, further supposing ⌧readout to be O(poly logNQ)
or subexponential in (logNQ), we then additionally have
that the overall computational complexity (2) of Alg. Q.1,
Alg. Q.3 represents a theoretical potential for polynomial-to-
exponential speedup over the overall computational complexity
of (3) for Alg. C.1, Alg. C.3.

Given µ = f1,max/f1,min for the generating function f1

of Alg. Q.1, Alg. Q.3 and given Toeplitz matrix proper-
ties together with usual ratios f1,max/f1,min found in prac-
tice for M/G/1-type processes, we typically have µ to be
O(poly logNQ) for sufficiently large N

Q. By exploiting ora-
cle quantum circuit methods together with Toeplitz matrix
properties and the corresponding generating functions f1 and
f2, we can have the oracle time ⌧oracle to be O(poly logNQ)
for sufficiently large N

Q. In such cases, Theorem 3.1 estab-
lishes that our quantum algorithms provide a theoretical
potential for an exponential speedup of the computation
phase in the decision-space on a quantum computer over
that in (3) for Alg. C.1, Alg. C.3, which is of particular
interest from a mathematical perspective. Next, by exploit-
ing appropriate block encoding quantum circuit methods
together with Toeplitz matrix properties to support efficient
data loading, we can additionally have the load time ⌧load to
be O(poly logNQ) or subexponential in (logNQ) for suffi-
ciently large N

Q. In such cases, Theorem 3.1 establishes that
our quantum algorithms for both input and computation
phases, ignoring readout time, provide a theoretical potential
for a polynomial-to-exponential speedup over that in (3) for
Alg. C.1, Alg. C.3. Lastly, by exploiting properties of the
result matrix Gmin such as instances where these matrices
are sufficiently sparse to support efficient sampling-based
readout, we can additionally have the readout time ⌧readout

to be O(poly logNQ) or subexponential in (logNQ) for suf-
ficiently large N

Q. In such cases, Theorem 3.1 establishes
that our quantum algorithms for the input, computation
and readout phases provide a theoretical potential for an
overall polynomial-to-exponential speedup over that in (3)
for Alg. C.1, Alg. C.3. We further note that, when the
computation phase of our Alg. Q.1, Alg. Q.3 represents a
component of a larger computational problem on the quan-
tum computer, then readout of the Gmin matrix is not needed
and the overall computational complexity does not include
the readout phase; the same can be true for the input phase.
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1. INTRODUCTION
Tandem stochastic systems (TSSs) are networks of simple

stochastic components through which particles—customers,
jobs, molecules—move sequentially. Despite the apparent
simplicity of individual nodes, their aggregate dynamics are
often highly complex. TSSs are widely used in communica-
tion networks [2], operations research [3], and physics [7].

The Asymmetric Inclusion Process (ASIP) [5] di↵ers by
allowing clustering: multiple particles may occupy the same
site forming inseparable clusters that move together. It thus
models unidirectional transport with irreversible aggrega-
tion, bridging TJNs and ASEP. ASIP captures clustering
phenomena observed in road tra�c [9], maritime logistics
[6], and intracellular transport [4]. However, unlike TJNs,
ASIP lacks product-form solutions; its state-space depen-
dencies make exact stationary distributions intractable be-
yond very small systems. Existing attempts [10] show that
the number of equations grows exponentially with sites, and
only asymptotic approximations are available. This moti-
vates the search for tractable approximations.

2. APPROXIMATION METHODS
This study develops two complementary methods, RMF

and PSA, to approximate general ASIP systems for site-
occupancy distributions and related performance measures.
By comparing them against explicit formulas and simula-
tions, we aim to evaluate their respective strengths and
highlight how these methods make ASIP analytically and
computationally tractable at scale.

Replica Mean-Field (RMF). The Replica Mean-Field
(RMF) limit [1] simplifies dynamics by replicating the sys-
tem infinitely and randomising interactions. Thus, in the
limit, site arrivals become asymptotically Poisson, depen-
dencies vanish, and e↵ective independent-site dynamics e-
merge. As a result, RMF decouples sites, preserves average
interactions, and provides analytic but approximate insight
into ASIP.

Power Series Algorithm (PSA). PSA is a numerical
method that assumes steady-state probabilities can be ex-
pressed as power series of the load, which are then computed
via expansions. Coe�cients are determined recursively from
balance equations, yielding accurate approximations. While
purely numerical, PSA is flexible, computationally fast, and
systematically improvable. PSA has been widely applied in
queueing models [8] and can aid optimisation.

IFIP WG 7.3 Performance 2025 Amsterdam, the Netherlands
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3. THE RMF APPROXIMATION SCHEME
ConsiderR replicas of an n-site ASIP tandem queue. Each

replica receives arrivals at site 1 according to an indepen-
dent Poisson process with rate �. Each site j has a gate
that opens after exponentially distributed times with rate
µj . When gate j of replica r opens, all particles in that
site move instantaneously to site j+1 of a randomly chosen
replica s, with equal probability 1/R. At the last site, par-
ticles exit the system upon gate opening. Thus, the replicas
form a randomised network of coupled tandem queues.

Theorem. An explicit compact product-form approxima-

tion for the site occupancy PGF is given by

G(z1, z2, . . . , zn) =
nY

j=1

1 +
Pj�1

i=1
�(1�zj)

µi

1 +
Pj

i=1
�(1�zj)

µi

.

The probabilities that k (k = 1, 2, 3, . . .) particles are
present at site j (j = 1, 2, . . . , n) are:

p0 =
1 + �

Pj�1
i=1

1
µi

1 + �
Pj

i=1
1
µi

, pk =
�k(

Pj
i=1

1
µi
)k�1

µj(1 + �
Pj

i=1
1
µi
)k+1

.

The first and second moments are given by:

E[Xj ] =
�
µj

, E[X2
j ] = 2

�
µj

jX

i=1

�
µi

+
�
µj

.

The approximate PGF of the overall load is given by

E[z
Pn

j=1 Xj ] =
nY

j=1

1 +
Pj�1

i=1
�(1�z)

µi

1 +
Pj

i=1
�(1�z)

µi

.

4. THE PSA APPROXIMATION SCHEME
For the ASIP model, PSA expands the occupancy prob-

abilities as a truncated power series in the tra�c intensity
⇢ = �/µ1. The coe�cients of this series are recursively de-
termined from the system’s global balance equations. Each
iteration of the scheme adds a new polynomial term.

Let ~X = (X1, . . . , Xn) denote the occupancy vector and

p(~x) = P( ~X = ~x) denote the steady-state occupancy proba-
bility. In PSA, we approximate

p(~x) ⇡
NX

k=0

bk(~x)⇢
|~x|+k,

where the coe�cients bk(~x) are computed iteratively. The
recursion arises from substituting the series into the global

38 Performance Evaluation Review, Vol. 53, No. 4, March 2026



balance and normalization equations. Each term requires
using the previously determined recursive set of equations.

nX

j=1

dj(~x)bk(~x) =

� a1(~x)bk�1 {k>0} + a1(~x� ê1) {x1>0}bk(~x� ê1)

+ {xn=0}

k�1X

i=0

kX

m=1

dn(~x+mên)bi(~x+mên) {k=i+m}

+
nX

i=2

xiX

m=1

di�1(~x+m(êi�1 � êi)) {xi�1=0} {xi>0}·

· bk(~x+m(êi�1 � êi)). (1)

bk(~0) = �
X

0<|~x|k

bk�|~x|(~x). (2)

The scheme is then given by:

1. Choose N 2 N and set l := 1.

2. For all (k, ~x) 2 Nn+1 with ~x 6= ~0 and with k + |~x| = l,
compute bk(~x) recursively using equation (1).

3. Compute bl(~0) using equation (2).

4. Set l := l + 1; if l  N , return to step (2), otherwise
stop.

Occupancy distributions and expected quantities (such as
moments or marginal probabilities) can be evaluated within
the same iterative framework.

5. APPROXIMATIONS EVALUATION
For homogeneous ASIP systems, we consider a 10-site sys-

tem with 10 particles, varying the arrival rate � from 0.05
to 0.85 and setting all gate opening rates to µ = 1. Site-
occupancy distributions, along with means and variances,
are examined. For site-occupancy distributions, the dif-
ference between the methods is insignificant for the first
few sites. As we move downstream and as � increases,
we see that, compared to simulation, RMF slightly over-
estimates the probability of an empty site and underesti-
mates the probability of one or more particles being present
at that site. For all sites, the PSA approximation closely
matches the simulation’s results. Both approximation meth-
ods, when compared with simulations produce similar and
relatively accurate results with small absolute errors. Total
variation and L2 distances between the approximations and
simulation are provided. RMF produces the exact mean,
while the absolute relative error of PSA as a function of
the arrival rate remains below 10�14. For variances, in the
first site the di↵erences between the approximations and the
exact values are minimal. The approximated RMF vari-
ance loses its accuracy as the site index increases, while
the PSA approximation di↵ers insignificantly from the exact
variance.

Heterogeneous ASIP systems are considered for an 8-site
system with arrival rate � = 0.45. Five heterogeneity sce-
narios are considered: monotone decreasing and increas-
ing rates, bimodal variants, and a randomly perturbed set.
PSA and RMF approximations are compared with simu-
lations. Heterogeneity introduces significant variability in

site-occupancy distributions. For example, in a system drain-
ing quickly (high downstream rates), RMF and PSA per-
form di↵erently at downstream sites, with PSA generally
providing higher accuracy: In cases where earlier gates have
longer average times between openings, particle accumula-
tion amplifies discrepancies in RMF estimates. PSA consis-
tently matches simulation results closely, achieving runtimes
1.5–12 times faster than full Monte Carlo simulations, high-
lighting its computational advantage over simulations. The
total variation distance and L2 norm between the approx-
imations and simulations remain below 0.06 in the worst
case, in the numerical experiments examined.

6. CONCLUSION
RMF and PSA o↵er complementary tools for ASIP tan-

dem queues: RMF delivers simple, analytic approximations
that scale e�ciently and provide reasonable estimates for
small to moderate occupancy indices. PSA, while computa-
tionally more intensive than RMF, achieves near-exact ac-
curacy and accelerates performance evaluation relative to
simulation, especially in heterogeneous systems. Together,
they provide e�cient alternatives to heavy simulations for
performance evaluation of stochastic clustering networks.
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1. INTRODUCTION
Consider an irreducible, ergodic discrete-time Markov pro-

cess {X(s) ; s 2 Z+} defined on the state space [n] :=
{1, . . . , n} with transition probability matrix P taking the

nearly completely decomposable (NCD) block structural form

P =

0

BBB@

P11 P12 · · · P1m

P21 P22 · · · P2m

.

.

.

.

.

.
. . .

.

.

.

Pm1 Pm2 · · · Pmm

1

CCCA
, (1)

where Pij 2 Rni⇥nj , i, j 2 [m], are nonnegative block ma-

trices such that
P

j2[m] Pij are stochastic (i.e., rows sum

to 1 with each element in [0, 1]), P 2 Rn⇥n
is a stochastic

matrix, n =
P

i2[m] ni, and the elements of Pij are tiny rel-

ative to those of Pii, i, j 2 [m], i 6= j; namely, kPiik = O(1)
and kPijk = O(✏), with k · k the spectral norm of a ma-

trix and ✏ > 0 a tiny constant. Define ⇡ := (⇡1, . . . ,⇡m),
⇡i := (⇡i1, . . . ,⇡ini), ⇡ik := lims!1 P[X(s) = (�i + k)],
k 2 [ni], where �i :=

Pi�1
`=1 n`, i 2 [m]. Since the Markov

process {X(s) ; s 2 Z+} is irreducible and ergodic, the limit-

ing probability vector ⇡ is the stationary distribution of this

process such that its invariant probability vector ⇡ exists

and is uniquely determined as the solution of ⇡ = ⇡P and

⇡1 = k⇡k1 = 1, where 1 = (1, . . . , 1)> is the column vector

containing all ones, and k · k1 is the l1 norm of a vector.

Beyond their broad applications, NCD structural proper-

ties represent a fundamental area in the theory of Markov

processes. The most efficient approaches for computing the

stationary distribution ⇡ of such NCD Markov processes are

based on similar forms of aggregation-disaggregation. Despite

significant performance benefits, these methods can still be

prohibitively expensive for large-scale processes and/or real-

time settings. Our focus is therefore on general NCD Markov

processes and on the design and analysis of a general mathe-

matical framework for computing the ⇡ of NCD processes

that addresses the performance bottlenecks of existing meth-

ods. Our framework combines: (1) advances in computer

architectures related to mixed-precision computation – to

reduce computation times at the expense of inaccuracies;

(2) advances in iterative approximate computing methods –

to mitigate inaccuracies, further reduce computation times,

and guarantee convergence. We derive a mathematical anal-

ysis that establishes theoretical properties of our general

framework, including convergence rates, and then present

IFIP WG 7.3 Performance 2025 Amsterdam, The Netherlands.
Copyright is held by author/owner(s).

numerical experiments that demonstrate orders of magnitude

improvements in computation times over existing methods.

We note that our general mathematical framework can be

analogously exploited within the context of numerical meth-

ods for general Markov processes beyond those having NCD

structural properties. This short paper briefly summarizes

our full paper [1] to which we refer the reader for all details.

2. ALGORITHMIC SOLUTIONS
The goal of our general algorithmic framework is to pro-

vide significant computational and theoretical improvements

over the most efficient existing methods. While our gen-

eral mathematical framework can be applied to any of these

methods and beyond, we focus here on applying our algorith-

mic framework to the method of Koury, McAllister, Stewart

(KMS). We consider two such applications of our general

algorithmic framework that primarily differ in the degree

of aggressiveness with which they exploit mixed-precision

computation and iterative approximate computing methods.

The performance bottlenecks of the KMS algorithm con-

cern the steps of computing the solution of m+ 1 systems

of linear equations in each (outer-loop) iteration, namely a

series of ni ⇥ ni linear systems in one step, i 2 [m], and

an m⇥m linear system in another step. To address these

bottlenecks, the first application of our general algorithmic

framework Alg. 3.1 consists of replacing every invocation

of a full-precision linear system solver within each outer-loop

iteration by a mixed-precision linear system solver based

on the iterative refinement (IR) method. Once the level of

reduced precision has been appropriately determined, the

IR method is used to solve each of these linear systems

where the iterative process is repeated until the residual falls

below a relative tolerance for double-precision arithmetic.

The second application of our general algorithmic framework

Alg. 3.2 takes a more aggressive approach by replacing

every invocation of a full-precision linear system solver in

each outer-loop iteration t with a fixed number of steps kt of

the mixed-precision Richardson iteration (RI) method. The

sequence of kt inner-loop RI steps is monotonically increased

with the progression of the outer-loop iterations t, starting

with fewer RI steps to reduce computation at the expense of

not realizing full-precision results, which is then addressed

through appropriate levels of preconditioning and iteration.

3. MATHEMATICAL ANALYSIS
We now turn to derive a mathematical analysis of our

general algorithmic framework, summarizing our main the-

oretical results for both of its applications which concern,
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Figure 1: Performance of Algorithm 3.1, Algorithm 3.2 and KMS baseline for diagonal matrices Pii with dimension ni, number

of blocks m, and off-diagonal matrices kPijk = O(✏), averaged over 10 independent trial runs (with tiny standard deviations).

on the one hand, significant reductions in execution times

afforded by mixed-precision computation at the expense of

inaccuracies in the results and, on the other hand, the ability

to mitigate inaccurate computations, further reduce execu-

tion times, and guarantee convergence afforded by iterative

approximate computing methods. Our main theoretical re-

sults establish that Alg. 3.1 is guaranteed to converge with

an approximation error k⇡(t) � ⇡k decreasing by a factor of

O(✏) at each iteration t; and that the inner-loop use of the IR

method is guaranteed to converge linearly with a decreasing

factor which is typically much faster than the decreasing

factor of O(✏) for the outer-loop convergence.

Theorem 3.1. Alg. 3.1 converges with an approximation
error in the solution ⇡(t) at each iteration t that decreases by
a factor of O(✏). The mixed-precision IR method for solving
every linear system Ax = b in each outer-loop iteration t

converges linearly with an approximation error that decreases
by a factor of O((A)) in each inner-loop iteration.

Our main theoretical results also establish that Alg. 3.2
is guaranteed to converge with an error k⇡(t)�⇡k decreasing

in regard to a tradeoff between an increased number of outer-

loop iterations t with fewer RI steps kt and a decreased

computational complexity of the RI method for smaller kt.

We derive numerical linear algebraic methods to address such

well-known tradeoffs. By starting with an inexact application

of the RI method and increasing the number of RI steps kt

with the number of outer-loop iterations t, we avoid over-

solving in the earlier stages when the estimate ⇡(t)
is far

from ⇡ using a geometric criterion for kt such as �
t
or

⇢
(t+1)✓

.

Theorem 3.2. Alg. 3.2 converges with an approxima-
tion error in the solution ⇡(t) at each iteration t > t

⇤ that
decreases by a factor of O(✏). The mixed-precision RI method
with kt steps converges linearly with an approximation error
that decreases by a spectral radius factor, which for sufficiently
large kt⇤ in the increasing sequence k1 < · · · < kt⇤ < kt of the
outer-loop iterations t > t

⇤ is dominated by this outer-loop.

4. NUMERICAL EXPERIMENTS
In this section we present a representative sample of numer-

ical experiments for solving NCD Markov processes that sup-

port our theoretical results and empirically evaluate our gen-

eral algorithmic framework, demonstrating that our frame-

work exhibits relatively little or no increase in the number of

outer-loop iterations and orders of magnitude improvements

in the computation time over the most efficient KMS baseline.

Fig. 1 presents the mean number of iterations and the mean

time (in seconds) for computing the stationary distribution

of NCD Markov processes with Alg. 3.1 , Alg. 3.2 , and the

KMS baseline, averaged over ten independent experimental

trial runs. Each vertical pair of plots fixes two of the three

NCD parameters m, ni and ✏ (as noted), while varying the

remaining parameter. The first three vertical pairs of plots

are based on randomly generated matrices under the specified

parameters, whereas the last vertical pair of plots is based on

matrices selected from a library of real-world linear systems.

We first observe that the mean number of iterations under

Alg. 3.1 are essentially identical to that of the baseline

KMS, with the mean number of iterations under Alg. 3.2
only requiring a few additional iterations (though of lower

computational complexity). The mean number of iterations

as a function of the varying parameter remains relatively

flat for all algorithms, except for Alg. 3.2 requiring slightly

more outer-loop iterations as ✏ increases, all as expected

due to the algorithmic properties. We further observe that

both applications of our algorithmic framework provide or-

ders of magnitude reduction in the mean computation time,

linearly increasing with m and ni and remaining consistent

with increasing ✏. Alg. 3.2 often provides the lowest mean

computation times, though typically having relatively small

differences with Alg. 3.1 due to their algorithmic properties.
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ABSTRACT

We develop a fluid-flow model for routing problems, where
fluid consists of di↵erent size particles and the task is to
route the incoming fluid to n parallel servers using the size
information in order to minimize the mean latency.

The problem corresponds to the dispatching problem of
(discrete) jobs arriving according to a stochastic process. In
the fluid model the problem reduces to finding an optimal
path to empty the system in n-dimensional space. We use
the calculus of variation to characterize the structure of op-
timal policies. Numerical examples shed further light on
the fluid routing problem and the optimal control of large
distributed service systems.

1. INTRODUCTION
The problem of routing jobs to parallel FCFS (first-come

first-served) servers based on job sizes and server workloads
in order to minimize, e.g., mean latency is important for
many applications [1, 2, 3]. Though SRPT scheduling for
each server is optimal in this context, FCFS is the dominant
scheduling policy in practice; see, e.g., [4], [5].

Even under Markov assumptions with homogeneous FCFS
servers, there is no simple characterization of the optimal
dispatching policy when both the size of an arriving job and
the workloads at all servers are observed [6]. We therefore
consider stable dispatching systems at the fluid limit, so in-
stead of individual jobs arriving according to a point process
in time, we model the incoming jobs as a continuum, while
keeping the notion of job sizes as a control parameter of the
fluid flow process.

The value function, or total latency, of the fluid system
approximates the value function of the underlying stochastic
system, but is more computationally tractable for determin-
ing the optimal policy and evaluating heuristics.

The main contributions of this paper are as follows:

1. We formulate the fluid control problem that captures
the dynamics of the original dispatching system when
the number of jobs in the system is large. To our
knowledge, we are the first to study size-aware flow
control for fluid models of queueing systems.

2. We show that shorter jobs should be routed to shorter
queues, which reduces the problem to an optimal path

Copyright is held by author/owner(s).

problem, and that the optimal path is invariant un-
der appropriate scaling, which reduces the number of
dimensions required to determine the path. We also
observe that unbalancing the workloads is beneficial,
especially under heavy load.

3. For some paths, and for the optimal path in heavy traf-
fic, the fluid value function matches the value function
for the original stochastic model.

4. We show, for two servers, that latency decreases as job
sizes become more variable in convex ordering.

5. We develop new heuristics for the original model based
on the optimal fluid policy when workloads are large,
but are adjusted to avoid idling for small workloads.

The fluid control problem reduces to the problem of de-
termining an optimal path to empty the system. We give
integral expressions for costs of arbitrary paths. Fixed con-
trol actions correspond to straight line segments, for which
closed-form expressions are available.

2. RELATED WORK
The dispatching problem has been extensively studied in

the queueing theory literature, and many policies have been
proposed and shown to be optimal under di↵erent assump-
tions on the available information (server states and job
sizes). If the system is homogeneous and state-aware only,
then Join-the-Shortest-Queue (JSQ) [7, 8] or Least-Work-
Left (LWL) [9, 10, 11, 12] have been shown to be optimal.
If the system is size-aware only, then Size-Interval-Task-
Assignment (SITA) [13] is shown to be optimal [14]. With
the routing history as the only state information, Round-
Robin (RR) is optimal, and combining RR and SITA can
out-perform RR or SITA alone [15, 16, 17].

The problem is much harder when the dispatching policy
is both size- and state-aware. Sequential dispatching heuris-
tics, that use both state and job-size information, and that
route short jobs to short queues, were introduced in [18],
and a particular one, called Dice, was shown numerically to
have excellent performance. Another dispatching heuristic,
CARD, was proposed in [19] and proven to be delay optimal
in heavy tra�c, and was shown to perform well in simula-
tions. Our work provides theoretical support for heuristics
like CARD and Dice that unbalance the loads and send
shorter jobs to shorter queues.

Fluid models have been applied to study sta�ng problems
e.g. [20, 21, 22], scheduling problems e.g. [21, 23, 24, 25],
and dispatching problems e.g. [26, 27, 28, 29, 30]. These
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models and their controls are often state aware, i.e., they
use remaining fluid in the system for decision making, but
are not job-size aware. We take a first step in studying size-
aware fluid dispatching problems.

3. FLUID DISPATCHING MODEL
Each of n FCFS servers has service rate 1/n, and work

comes in as a fluid flow at rate � < 1 comprising di↵erent size
particles with known density f(x), CDF F (x), and CCDF
F̄ (x) = 1 � F (x), and with mean E[X] = 1, so that ⇢ =
�E[X] = � < 1. The incoming flow is to be split among
servers as a function of job sizes (or size of particles).

The state information, assumed known, is denoted by
u = (u1, . . . , un), where ui defines the backlog, or remaining
workload, in queue i. Thus, with no arrivals, queue i would
empty at time uin. A control policy (job dispatcher) ⇡ splits
the incoming flow of jobs � into n sub-flows, based on job
sizes and the current backlog. That is, the policy chooses
arbitrary subsets of job sizes from non-negative reals, Ai(u),
and routes jobs of size x 2 Ai(u) to server i. We will show
that for an optimal policy, each subset comprises a single
non-overlapping interval, and moreover, shorter jobs Should
be routed to servers with smaller backlog.

The instantaneous rate of jobs, �i(u), and the work flow,
⇢i(u), routed to server i is then

�i(u) := �

Z

Ai(u)

f(x) dx; ⇢i(u) := �

Z

Ai(u)

xf(x) dx

where
P

�i(u) = � = ⇢ =
P

⇢i(u). For ease of notation,
we often omit “(u)” and write �i and ⇢i, but we remind the
reader that these rates are constantly changing according to
the control policy.

Given our objective of minimizing latency, each arriving
job assigned to server i incurs cost uin, so server i incurs
waiting time cost at rate �iuin, and the total cost rate is

c(u) := n
X

i

�iui. (1)

For all meaningful policies u = 0 is an absorbing state where
no further costs are incurred, but there may be others. Let
n0 denote the number of empty servers, n0 := ||{i : ui =
0}|| =

P
i 1(ui = 0). Whenever n0 · (1/n) � ⇢, the empty

servers can process all incoming jobs without increasing their
backlogs, incurring no further costs, so we call any state with
n0 � n⇢ an absorbing state. We can assume, without loss
of generality, that the system stops (is absorbed) in such a
state. The question is how to move from the current state
u to an absorbing state at minimal cost. It is easy to show
that before absorption, incoming fluid should be routed to
servers with zero fluid at rate ⇢i = 1/n, and all servers
should work at rate 1/n.

When fewer than n⇤ servers are empty, we have

u̇i = ⇢i �
1
n

=: �⌫i,

where ⌫i is queue i’s instantaneous drainage rate, with ⇢i =
1/n if ui = 0. The cost (value function) of policy ⇡ =
(A1(u), ..., An(u)), with ⌧⇡(u) denoting the time to absorp-
tion, is

v⇡(u) :=

Z 1

0

c(u⇡(t)) dt =

Z ⌧⇡(u)

0

c(u⇡(t)) dt8u.

Remark 1 (Random Split) With load-balancing random

split (RND), the total cost incurred is

Ci =

Z n
1�⇢ui

0

ci(t) dt = n

Z n
1�⇢ui

0

1� ⇢
n

t dt =
⇢nu2

i

2(1� ⇢)
,

vRND(u) =
nX

i=1

Ci =
⇢n

2(1� ⇢)

�
u2

1 + . . .+ u2

n

�
,

which, for ⇢ < 1 is finite for any job size distribution, re-

gardless of E[X2]. Moreover, this matches the value func-

tion of the stochastic system; for each M/G/1-FCFS queue,

v(u) = ⇢u2/(2(1� ⇢)) [31, 32].

4. ANALYSIS WITH n SERVERS
We first show that the optimal policy is a dynamic SITA-

type policy, which, for a given u, splits job sizes into n non-
overlapping intervals, sending shorter jobs to servers with
less work. That is, with u1 � u2 � . . . � un, the optimal
policy is determined by size thresholds 0 = h0(u)  · · · 
hn(u) = 1, so that An+1�i(u) = [hi�1(u), hi(u)).

Proposition 1 The optimal policy assigns the shortest jobs

to the server with the smallest backlog, the next size interval

to the server with the second smallest backlog, and so on.

Proof. We prove this by contradiction. Suppose ui > uj

and the optimal policy routes jobs of size (x, x+�) to server
i and jobs of size (y, y+ �0) to server j, where x+ � < y. We
choose � and �0 so that

E[X · I(x  X  x+ �)] = E[X · I(y  X  y + �0)],

i.e., the loads contributed by the two streams of jobs are
equal. Let �x = �P (x  X  x+ �) and �y = �P (y  X 
y + �0), so ⌘ := �x � �y > 0. The cost rate due to these
subflows of jobs is

cij = n(�xui + �yuj).

Interchanging the corresponding job flows reduces the cost
rate:

cji = n(�xui + �yuj) = n(�yui + �xuj + ⌘(ui � uj)) < cij ,

which contradicts the optimality of the proposed policy.

Corollary 1 (Structure of optimal policies) The opti-

mal dispatching policy can be characterized by n�1 appropri-

ately chosen state-dependent thresholds hi(u). Therefore,

the optimal policy from any initial point u is determined by

a path from that point to an absorbing state.

4.1 The Value Function in Terms of Paths
Note that there is a one-to-one correspondence between

a policy ⇡ starting in some state u and a path r(s) from u
to (0, . . . , 0), where s is the curve parameter. By time re-
versal, we can also consider paths from the origin to u. We
shall consider only paths r(s) = (r1(s), . . . , rn(s)) that are
admissible by an appropriately chosen control policy. Then
r(0) = (0, . . . , 0), r(s1) = u, and r0(s) defines the direction
of the path at point s, which must coincide with the direc-
tion of the drainage rates ⌫ = (⌫1, ..., ⌫n), ⌫(s) = A(s) r0(s),
where the scalar function A(s) adjusts the “speed” at curve
point s to the actual drift. Before the path reaches an ab-
sorbing state (while n0 < n⇤), the total drift is ⌫1+ . . . ⌫n =
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1 � ⇢, giving A(s) = (1 � ⇢)/(r01(s) + . . . + r0n(s)), where
r01(s)+. . .+r0n(s) > 0 as long as ⇢ < 1. Once the path reaches
an absorbing state, r0i(s) = 0 if ui = 0, and r0i(s) = 1/n if
ui > 0. Then,

⌫(s) =
1� ⇢

r0
1
(s) + . . .+ r0n(s)

�
r01(s), . . . , r0n(s)

�
.

Thus, the (Euclidean) length of the drainage vector ||⌫(s)||
along the path r(s) is

||⌫(s)|| = 1� ⇢
r0
1
(s) + . . .+ r0n(s)

||r0(s)||.

Note that ⌫i(s) < 0 if server i is receiving more work than
it can process (at the given time).

Lemma 1 (Value function) The total accumulated cost

along a work-conserving path r(s) is

vr(u) =
1

1� ⇢

Z s1

0

c(s)(r01(s) + . . .+ r0n(s)) ds, (2)

where c(s) is the cost rate (per unit time) that depends on

the respective control actions according to (1).

As r0(s) defines �i and ⇢i, the cost rate c(s) depends solely
on r(s) and r0(s), and therefore (2) can be evaluated (at least
numerically if not in closed form) for any given path r(s).

4.2 Scale-free paths
Let us consider a family of “scale-free” paths that are

obtained by scaling a reference path r0(s),

r(s) = ↵r0(s),

where r0(s) is some fixed path to u = r0(s1) and ↵ > 0 is a
free scaling parameter. Substituting r(s) into (2) reveals a
quadratic relationship between the two value functions:

Lemma 2 The value function of r(s) = ↵r0(s) is

vr(↵u) = ↵2vr0(u).

Lemma 2 gives the following two important structural
properties of the optimal policy.

Corollary 2 Scale-free paths are optimal.

Proof. By contradiction, suppose r(s) and r̃(s) are op-
timal paths for two states u and ũ = ↵u such that v(u) 6=
↵2v(u0), so r̃(s) 6= ↵ r(s). Then either r(s) or r̃(s) cannot
be optimal. First, if v(↵u) > ↵2v(u), then r̃(s) = ↵r(s) has
lower cost than r(s). The other case is similar.

Corollary 3 The value function for any scale-free path scales

quadratically in the Euclidean distance |u|,

vr(u) = |u|2w(✓),

where w(✓) is the value function at unit distance in the di-

rection ✓ in n-dimensional space.

Due to the scaling property, we need only determine w(✓)
in an n� 1 dimensional surface to obtain the optimal paths
for every state in the n-dimensional space.

5. OPTIMAL PATHS WITH TWO SERVERS
For n = 2 servers, both with service rate 1/2, we assume

that u1 � u2, so that u1 corresponds to the horizontal axis.
Now it is also convenient to consider an alternate state rep-
resentation, (x, y), where x = u1 + u2 is the total backlog
and y = u1 � u2 is the imbalance. From the scale-free prop-
erty (Corollary 2) the optimal path depends only on the
relative imbalance, either captured by ✓, the angle for the
point (u1, u2), or the relative queue di↵erence, ŷ = y/x.
This means that if, for some point (x0, y0) with relative im-
balance ŷ0, the optimal ŷ0

0 = 0, i.e., the relative imbalance
should not change, then this will be true until the system
empties. We call such a path a straight to the origin (STO)
path. Because our paths are continuous, the path will visit
a point with a given ŷ either exactly once, or will maintain
ŷ on an STO path. Indeed, we have the following corollary.

Corollary 4 (Monotonicity of optimal paths) For two

servers, the optimal fluid path is monotonic in ŷ. That is,

from any initial point (x, y), the optimal path will always

increase or decrease the relative imbalance until the system

empties or until some ŷ0, after which it will follow an STO

path.

A consequence is that if the optimal policy empties queue
2 before queue 1, queue 2 will remain empty, even if ⇢ > 1/2.
Similarly, if the optimal path moves to perfectly balanced
queues, they will remain balanced.

For each point (x, y) any path is characterized by y0 =
dy/dx, which in turn, for an optimal path, is controlled by
a single job-size threshold h = h(x, y) = h(u1, u2): jobs
shorter than h are assigned to queue 2 and the rest to queue
1. Let g(h) denote the load due to particles (jobs) smaller
than h, and recalling that � = ⇢, we have

g(h) := ⇢

Z h

0

z f(z) dz = ⇢P{X  h} · E[X|X  h].

Then, while u2 > 0 (y < x), u2 changes at rate g(h)� 1/2,
u1 changes at rate ⇢ � g(h) � 1/2, x changes at rate ⇢ � 1,
and

y0 =
(⇢� g(h)� 1/2)� (g(h)� 1/2)

⇢� 1
=

2g(h)� ⇢
1� ⇢

,

so g(h) = (⇢+ (1� ⇢)y0)/2. Because 0  g(h)  ⇢, we have,
for y < x, that |y0| = |y0(x)|  ⇢/(1 � ⇢). That is, as the
load increases there is more room to maneuver in terms of
changing the path direction, including having the ability to
increase (temporarily) the load at one server if ⇢ > 1/2.

To capture total costs in terms of the control y0, let �(y0)
denote the fraction of jobs forwarded to queue 2,

�(y0) := F


g�1

✓
⇢+ (1� ⇢)y0

2

◆�
.

The cost rate is then

2⇢(u2 �(y
0) + u1 (1� �(y0))) = ⇢(x+ (1� 2�(y0))y),

and the total cost for an arbitrary path y0 = y0(x) (and
y(x)) from initial state (x1, y1) is

v(x1, y1) =
⇢

1� ⇢


x2

1/2 +

Z x1

0

(1� 2�(y0))y dx

�
.
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Because x2

1 is independent of the path, an optimal policy
minimizes

T =

Z x1

0

(1� 2�(y0)y) dx.

As observed in Corollary 4, the optimal ŷ will be mono-
tone until some ŷ0 = y0/x0, after which it will be constant
until (x, y) = (0, 0). For such an STO path, y0 = ŷ0 and

TSTO(x0, y0) = x2

0ŷ0(1� 2�(ŷ0)).

When ŷ = 1 (u2 = 0), �(ŷ) = �(1) = F (g�1(1/2)), and
TSTO(x0, x0) = x2

1(1 � 2�(1)). If u2 = 0 and ⇢ < 1/2, then
�(1) = 1 and TSTO(x0, x0) = 0.

Because F and g are nondecreasing, so is �, and �(ŷ) �
�(0) > 1/2. Taking the derivative we have the following.

Proposition 2 The cost of an STO path, from any point

(x0, y0) directly to the origin, is decreasing in ŷ0 = y0/x0,

for any job-size distribution.

We conjecture that the optimal ŷ0 � 0 (the relative im-
balance should increase for the optimal path). This is sup-
ported numerically as well as by the proposition above.

Let us now consider the optimal policy when ⇢ ! 1. De-
fine the MWL (most work left) policy as the policy that
routes all jobs (fluid) to the long queue until the short queue
is empty; then short jobs are routed to the short queue such
that the rate of fluid to the short queue is max{⇢, 1/2}. It
is not hard to derive the following, where �̄(x) = 1� �(x).

Proposition 3 The MWL value function, vMWL(u), is

2⇢[2u1u2 + (2⇢� 1)u2

2 +
⇢�̄(1)
1� ⇢

(u1 + u2(2⇢� 1))2]

and MWL is asymptotically optimal, with

(1� ⇢)vMWL(u) ! 2⇢�̄(1)(u1 + u2)
2 = 2⇢�̄(1)x2.

The first two terms in the MWL value function correspond
to the cost to empty the short queue, and the last term (the
dominating term in heavy tra�c) is the cost for the STO
path that then empties the long queue once the short queue
is empty.

For the original stochastic dispatching system with identi-
cal servers, the mean waiting time is E[W ] = E[v(X, 0)] [33],
i.e., (1�⇢)E[W ] ! 2⇢(1��(1))E

⇥
X2

⇤
. This agrees with the

exact analysis of the asymptotically optimal policy for the
original stochastic system [19], suggesting that the far more
tractable fluid value function may be a good approximation
for the original value function even when ⇢ < 1.
We now consider the e↵ect of job size variability on the

dispatching cost. Intuitively, since the policy uses job-size
information, we expect more variability to decrease costs,
which is in fact the case. Recall that for two random vari-
ables X and Y , X is more variable than Y in the convex
sense, X �cx Y , if Ef(X) � Ef(Y ) for all convex functions
f . The proof of the following is in the appendix.

Proposition 4 X �cx Y ) the cost is lower for any path

when X is a random job size rather than Y , so the optimal

cost is also lower.

Now let us consider the extreme case, where all jobs have
the same size, X ⌘ 1. This is equivalent to allowing an
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Figure 1: Optimal paths with exponential, uniform,
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Figure 2: Optimal paths depending on ⇢ for expo-
nential job sizes.

arbitrary job-size distribution but job sizes are not observed
or are not used in the dispatching algorithm. In this case,
we can show that any work-conserving dispatching policy is
optimal: the proof is in the appendix.

Proposition 5 All size-unaware work-conserving dispatch-

ing policies are equally good.

6. NUMERICAL EXAMPLES

6.1 Optimal fluid paths
Let us first study how the shape of the job size distribution

a↵ects the optimal trajectories. Figure 1 shows the optimal
paths for exponential, uniform, and both bounded and nor-
mal Pareto distributions. The bounded Pareto distribution
with ↵ = 1 is truncated to [1/66, 6], so that the mean is ap-
proximately one, and the variance is approximately 2. The
variance for the Pareto is infinite.

The scaling property is clearly visible, and the di↵erence
in job-size distributions matters more when the relative im-
balance is larger. It also seems advantageous to empty one
queue at maximal speed when backlogs are identical regard-
less of the job-size distribution. (The feasibility conditions
are indicated by dashed lines on the graph.) The trajec-
tories are consistent with our conjecture that the relative
imbalance always increases along any optimal trajectory to
the origin (or until one queue empties).

Figure 2 shows the optimal paths with exponentially dis-
tributed job sizes at di↵erent loads. As ⇢ increases, the op-
timal strategy unbalances the queues more, consistent with
our heavy-tra�c result.
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Figure 3: Heuristic and optimal paths and costs with
exponential job sizes and ⇢= 0.7.

6.2 Heuristic policies
Next, we compare some heuristic routing policies with the

optimal dispatching policy for fluid flow with exponential job
sizes and ⇢ = 0.7.

Figure 3(a) depicts the paths for di↵erent heuristics and
the optimal policy. The OPT path unbalances the workloads
strongly, but not as much as MWL, which does it maximally.
All of the chosen heuristics and the optimal policy have the
scaling property, so the costs for the whole (u1, u2)-plane can
be characterized by following an arc at unit distance. The
resulting costs (value functions) are shown in Figure 3(b) as
a function of the angle ✓ for points at unit distance, ||u|| = 1.
The costs for all policies are increasing in ✓ (decreasing in
the imbalance). When the fluid system starts with a large
imbalance (small ✓), RND and LWL have significantly larger
costs than STO or MWL.

Let us next consider heuristics for the original stochas-
tic dispatching system, using the value function of the fluid
model as an approximation for the value function of the
original system, and again assuming exponential job sizes.

We propose two heuristics that use the optimal fluid policy
when backlogs are large, but adjusts to avoid idling when the
short queue length is small. The F-BLB (Fluid with a bu↵er
lower bound) policy uses the fluid optimal policy when the
backlog of the short queue is greater than some threshold,
or bu↵er lower bound, u2 > uB , and uses the LWL policy
otherwise. Numerically we observe that uB = 3 gives good
results. The F-blbh policy uses the fluid optimal policy
when u2 > uB and the arriving job size exceeds a threshold
hS . Jobs of size less than hS are always sent to the short
queue, and LWL is followed if u2  uB . In the numerical
examples, we use (uB , hS) = (2, 1.5).

We also consider two sequential heuristics, Dice [18] and
CARD [19]. Dice routes a job of size x to the queue with the
least backlog if u2 +x < ⌧ , where we use ⌧ = 6, i.e., the vir-
tual bu↵er can accommodate six average-sized jobs. CARD
uses two job-size thresholds to define “small,” “medium,”
and “large” jobs, and it always routes small jobs to the short
queue and large jobs to the long queue, and it routes medium
jobs to the short (long) queue if the short queue length is
below (above) some threshold. Dice generally tends to per-
form better than the sequential CARD heuristic [19], while
requiring a single tuning parameter that works well for all
loads, rather than CARD’s three parameters that all need
to be tuned for each load.

Finally, we consider the Short-to-Short and Long-to-Long
(SSLL) heuristic. Jobs shorter than a threshold hS are al-
ways routed to the shorter queue, and the rest go to the
longer queue. We use the load balancing threshold, h ⇡
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Figure 4: Performance with di↵erent heuristic poli-
cies relative to LWL as a function of ⇢.

1.678 (that is specific to job-size distribution). This is also
known as (static) SITA with switch, which is an improve-
ment on SITA, where short jobs are always sent to a given
fixed queue, regardless of the relative backlogs.

Figure 4 shows the numerical results as a function of ⇢ for
the heuristics and the optimal policy. The y-axis is scaled
by the waiting time with LWL, as a base-line policy, i.e. the
relative performance metric for policy ⇡ is the ratio,

E[W⇡]
E[WLWL]

.

The numerical results are based on average waiting time
observed during relatively long simulation runs of 100-200
million arrivals. We can observe that F-blb does a better
job than LWL as load increases (LWL is optimal when the
system is lightly loaded). CARD, while provably optimal
as the load goes to 1, does not perform well at lower loads.
On the other hand, the rather simple Dice and F-blbh
heuristics have near-optimal performance across all loads.
We also note that if the initial loads are balanced, LWL is the
individually optimal policy for strategic jobs that choose a
queue upon arrival, so we can view the curve for the optimal
policy in Figure 4 as a measure of the “cost of anarchy.”

7. FUTURE WORK
Many of our fluid results hold for two servers. We would

like to extend our results and heuristics to more than two
servers. One possibility for a heurisitc approach, along the
lines of the CARD heuristic, is to carefully control the fluid
to the short queue, while dividing the remaining fluid to
balance the loads of the other queues.

Heuristics based on the fluid model work well when there
are a large number of jobs in all queues. We expect that
they will work well for a model in which there are occasional
large bursts of tra�c, and queues have finite bu↵ers, so that
overflows are forced into shorter queues. We plan to explore
the impact on the optimal fluid paths when queues have
finite bu↵ers, as well as the e↵ect of bursty arrivals.

8. APPENDIX

8.1 Proof of Proposition 4
Consider two job-size distributions, X ⇠ FX and Y ⇠ FY ,

with similar subscripts for T , g, and g�1. Because F , g, g�1,
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and z = z(y0) are non-decreasing, we have

gX(h)  gY (h) 8h � 0

) g�1

X (z) � g�1

Y (z) 8z 2 [0, ⇢]

) �X(y0) � �Y (y0) 8y0 2 [�⇢/(1� ⇢), ⇢/(1� ⇢)]

) TX  TY .

Also,

gX(h) = ⇢

Z h

0

xfX(x)dx = ⇢E[X|X  h]P{X  h}

= ⇢[1� E[X|X > h]P{X > h}]
= ⇢[1� E[(X � h)+]].

Because ⇢[1� (x� h)+] is convex in x, the result follows.

8.2 Proof of Proposition 5
Here our admissible dispatching policies are the fraction of

jobs, p, to be routed to server 2, depending on the backlogs,
(u1, u2), and by work conserving, we assume that when u2 =
0, the fraction of jobs routed to server 2 will be p = 1/(2�) =
1/(2⇢) (the maximal proportion to incur 0 costs, by making
the load = 1/2). Given the fraction of jobs routed to server
2 is p,

y0 =
(2p� 1)⇢
1� ⇢

) p =
(1� ⇢)y0 + ⇢

2⇢
,

and the cost rate is given by

c = 2⇢(pu2+(1�p)u1) = 2⇢
⇣x+ y

2
� py

⌘
= ⇢x�(1�⇢)y0y

which is similar to our earlier cost rate, with p replacing �.
The total cost rate is

vdet(x1, y1) =
1

1� ⇢


⇢x2

1/2�
Z x1

0

(1� ⇢)y0y dx

�
.

Thus, ignoring constants and x2

1, which does not depend
on the path, we obtain the following equivalent variational
problem for the optimal path:

T =

Z x1

0

y0y dx = max .

Integrating T by parts gives
Z x1

0

y0y dx =

Z y1

0

y dy =
y2

1

2
,

i.e. any allowed (work-conserving) path is optimal.
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ABSTRACT

In free-floating (FF) car-sharing systems, FF cars share park-
ing spaces in public space with much more numerous private
cars. The system is modelled as a closed queuing network
with two classes of customers, FF and private cars, with dif-
ferent orders of magnitude. They move between N nodes,
each with a large capacity CN , C > 0.
Mean-field techniques are adapted to the presence of pri-

vate cars, which act as a fast-varying random environment.
This allows us to study the impact of load-balancing poli-
cies on the distribution of the number of FF cars per zone
when the system gets large. For two load-balancing poli-
cies, respectively modifying the routing probabilities and the
pick-up rates, we obtain an explicit distribution, a binomial
negative distribution driven by a fixed point equation. The
influence of parameters on performance is derived.

1. INTRODUCTION

Context. Free-floating (FF) car-sharing systems are be-
coming increasingly popular as an alternative means of trans-
port that is both environmentally friendly and cost-e↵ective.
These car-sharing systems do not require physical stations.
FF cars share public space with the more numerous private
cars. Few studies take into account this sharing of capacity
between private and FF cars. Indeed, by dividing the service
area into small zones, from 0.25 km2 to 1 km2, acting as sta-
tions [5], transport research often assimilates FF car sharing
to a classical model based on stations with arbitrarily fixed
capacities.

Model. The stochastic model presented here is specific
to FF. It involves a closed system of MN FF cars and LN

private cars moving according to two di↵erent Markov dy-
namics between N zones. Each zone has a large capacity
CN , C > 0. Private cars are assumed to be more numerous
than FF cars, so that MN is of the order of N while LN is
of the order of N2. For further discussion on the orders of
magnitude, see Appendix A. Travel times for both types of
cars follow exponential distributions, while routing is di↵er-
ent: uniform for private cars and weighted for FF cars. This
modeling is flexible enough to take into account balancing
policies based on the number of FF cars available in each
zone.

Copyright is held by author/owner(s).

Aim of the paper. This paper studies the impact of load-
balancing policies on the distribution of the number of FF
cars per zone when the system is large. For the application,
the objective is to have one FF car per zone. In particular,
two incentive policies are considered, aimed at better dis-
tributing FF cars and improving their availability. The first
policy has repulsive routing (RR) rates, which discourage
users from parking their cars in zones close to saturation.
The second presents adaptive pick-up (AP), which adapts
the pick-up rates to the number of FF cars parked locally.

Results. The large-scale analysis of our model with load-
balancing policies gives that the lack of parking spaces is
independent of the presence of free-floating cars. The limit-
ing invariant distribution of the number of FF cars per zone
is derived in Theorem 3.1. The analysis uses mean-field tech-
niques, adapted to the presence of private cars which act as
a random environment for FF cars. For the RR and AP
policies, this limiting distribution is explicit. It is a negative
binomial distribution with a parameter driven by a fixed
point equation. This is a generalization of the geometric
distribution of the zero-incentive case.

The impact of each of the two policies on system per-
formance is studied. We prove that the performance is a
decreasing function of the fleet size parameter. This allows
us to quantify the minimum fleet size required to attain a
given performance threshold, in terms of the strength of the
load-balancing policies. Qualitatively, when the strength of
repulsion in the RR policy or that of adaptivity in the AP
policy increases, the fleet size that guarantees a certain per-
formance becomes smaller. Moreover, both policies exhibit
a significant performance improvement when transitioning
from zero-incentives to low-incentives dynamics, after which
the gains become progressively smaller.

Related work. From a queuing point of view, the model
proposed here is a network with two classes of customers
with two di↵erent orders of magnitude. This model is suited
to FF and close to the one introduced in [3] and analyzed
in [2] where FF car routing is uniform among the N zones
and private cars arrive and leave every zone independently,
without moving between zones. Thus, the asymptotic be-
havior of the system is that of N M/M/CN/CN queues of
class-2 customers (private cars), disrupted by the presence
of a small number of class-1 customers (FF cars) moving be-
tween N nodes (zones) as a closed system. From the point
of view of FF cars, competition with private cars to share
the capacity of each zone creates a random environment that
varies rapidly due to the numerical imbalance between FF
and private cars. In [2], it is shown that the operator has
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no control over the lack of parking spaces, but only over
the availability of FF cars. Dynamic pricing can be used
to better distribute FF cars in the service area. In [7], it
is shown that even small di↵erences in pricing by a simple
adaptive algorithm can a↵ect demand or routing. Dynamic
pricing therefore seems a promising way for the operator for
rebalancing based on incentive policies.

Beyond shared mobility, load-balancing is a main topic
in stochastic networks with a huge literature. However,
most papers concern parallel queues rather than closed sys-
tems. It consists in schemes like d-choice from [9], Power-
of-2 from [6], Join-the-shortest-queue (JSQ), Join-the-idle-
queue (JIQ), etc. Our load-balancing policies are closer to
the dynamics introduced by Spitzer in [8], in the context of
interacting particle systems, where the jump rates depend
only on the state of the departure site (zero range).

2. MODEL DESCRIPTION

The model considered in this paper is a system with two
classes of customers that move between N nodes, each with
capacity CN , for C 2 N⇤. The total numbers of class-1
customers (FF cars) and class-2 customers (private cars)
are, respectively, MN and LN . We assume

lim
N!1

MN

N
= s > 0 and lim

N!1

LN

N2
= w > 0,

where the parameter s is called the fleet size parameter. In

the following wN
def
= LN/N2. Therefore, the two classes of

customers have di↵erent orders of magnitude with respect
to the scaling parameter N . This reflects the fact that in
the real world, private cars outnumber FF cars.

The dynamics of the model are described as follows.

• There is a single server in each node for class-1 cus-
tomers. Service times at node i have exponential dis-
tribution with parameter �(vi), where � : N 7! R+ is a
bounded increasing function, and vi is the number of
class-1 customers at node i. At service completion, the
class-1 customer leaves the node and starts a switch-
over time. Service times represent user inter-arrival
times in the zone.

• The switch-over time has exponential distribution with
parameter µ. At the end of the switch-over, the cus-
tomer of class-1 chooses the next node, say node j,
according to probability Pj(v) = p(vj)/

PN
l=1 p(vl),

where p : N 7! R+ is a decreasing function and

9 C > 0, 1/C  mink�0 p(k)

maxk�0 p(k)
 C. (1)

If the customer does not find an available slot at node
j, they start a new switch-over time with exponential
distribution with the same parameter µ. Then they
choose a node according to probability P (v), and re-
peat the process until they find an available slot.

• Once they join a node, class-2 customers are immedi-
ately served. The service times have an exponential
distribution with parameter �.

• The switch-over time of class-2 customers has expo-
nential distribution with parameter ↵. At the end of
the switch-over, the customer of class 2 chooses the
next node to visit with uniform probability 1/N. For

↵

µ
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X
X

X

XX
X

X

X

V
V V
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P
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Figure 1: The system with N nodes of capacity CN
connected to the (N+1)-th central node. Two classes

of customers: FF cars V and private cars X.

class-2 customers, saturation is managed in the same
way as for class-1 customers.

• All inter-arrival times, service times and switch-over
times are independent.

The system can be seen as a generalization of a closed Jack-
son network with N +1 nodes and two classes of customers.
The (N + 1)-th node has infinite capacity, it represents the
route containing all cars in circulation (see Figure 1).

3. MARKOV PROCESS

For i = 1, ..., N , let us denote by mN
i (t) the number of

available slots, V N
i (t) the number of class-1 customers and

XN
i (t) the number of class-2 customers, at node i, at time

t. Note that, for i = 1 . . . N and t � 0, the relation

mN
i (t) + V N

i (t) +XN
i (t) = CN

holds. Thus XN (t) can be omitted and the state of the
system is described by the process

(mN (t), V N (t)) = ((mN
i (t), V N

i (t))1iN ),

which is a Markov process on the state space SN defined as
the set of (m, v) 2 N2N with the following constraints

mi + vi  CN,
NX

k=1

vk  MN ,
NX

k=1

(CN �mk � vk)  LN .

The transitions of this Markov process modify only the state
of one node at a time. The transition rates for node i are,
from state (m, v) = (mi, vi)1iN to

(m, v)+

8
>>>><

>>>>:

�ei + fi 11{mi>0}µ(MN �
PN

l=1 vl)Pi(v)

+ei � fi �(vi)11{vi>0}

+ei �(CN �mi � vi)

�ei 11{mi>0}↵
⇣
LN�

PN
k=1(CN�mk� vk)

⌘
/N,

where (ei, fi)1iN is the canonical basis of R2N .

3.1 Preliminary results

The following lemma gives a coupling between the process
of available slots and a birth-and-death process, which will
be useful to prove convergence results. For this, we assume
that � is a bounded function on N.
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Lemma 3.1 (Coupling). Assume w > C. For any

�0 > �, any w0 such that C < w0 < w and N large

enough, for i = 1, . . . N , there exists a coupling between pro-

cess (mN
i (t)) and (Li

m(Nt)), where (Li
m(t)) is the number

of customers in a M/M/1 queue with arrival rate �0C and

service rate ↵(w0 � C), such that

Li
m(0) = mN

i (0), mN
i (t)  Li

m(Nt), t � 0. (2)

See Appendix for the proof. The following proposition gives
that, under some condition on the parameters, (mN

i (t)) at
scale Nt is negligible compared to N for every starting state
of the system. Its limit will be specified by Theorem 3.1.

Proposition 3.1 (Magnitude of available slots).

Assume �C < ↵(w � C) and let 1  i  N be fixed. The

process (mN
i (Nt)/N) converges in distribution to (0).

Proof. It is su�cient to construct the previous coupling
of Lemma 3.1 and to apply Lemma A.1.

3.2 Mean-field analysis

Let us denote by (⇤N (t)) the empirical measure process of
the state process (mN (t), V N (t)), i.e.

⇤N (t) =
1
N

NX

i=1

�(mN
i (t),V N

i (t)). (3)

The objective is to analyse the behavior of the state process
through the evolution equation (21) of the empirical mea-
sure process, written in the Appendix. From the transition
rates, using assumption (1), which implies easily that Pi(v)
is of order 1/N , it holds that,for any i, process (mN

i (t)) is
fast with respect to the scaling parameter N compared to
the process (V N

i (t)). Therefore, intuitively, for large values
of N , the indicator function 11{mN

i (t)>0} behaves like the

stationary probability that the number of available slots is
non-zero. This reflects the stochastic averaging principle.
Based on this limiting probability, independent of i by ho-
mogeneity, two regimes can be identified:

• If this limiting probability is equal to one, the system
is said to be in the underloaded regime, and there is
no saturation in the nodes.

• Otherwise, it is in the overloaded regime.

In the following, we study the overloaded regime, more in-
teresting from a theoretical and a practical point of view.

Definition 3.1 (Occupation measure). For a non-

negative Borelian function g with compact support on R+ ⇥
N2

, the occupation measure µN is defined by

hµN , gi = 1
N

NX

i=1

Z

R+

g(u,mN
i (Nu), V N

i (Nu))du. (4)

The next theorem is the main result of the paper. It de-
scribes the long-time behavior of a large system in the over-
loaded regime.

Theorem 3.1. Assume �C < ↵(w�C). The sequence of

occupation measures (µN ) on state space R+⇥N2
defined by

equation (4) is tight. Moreover, for the weak convergence,

any limiting point µ1 satisfies

hµ1, gi =
Z

R+

E[g(u,X1, X2)]du (5)

for any function g with finite support on R+⇥N2
, where X1

and X2 are independent random variables such that

• X1 has a geometric distribution on N, with parameter

�C/↵(w � C),

• the distribution ⇡2 of X2 is related to the choice of the

load-balancing policy and is solution to the fixed point

equation,

⇡2(k)=⇡2(0)

✓
µ�C

↵(w � C)

s�
R
N v ⇡2(dv)R

N p(v) ⇡2(dv)

◆k kY

i=1

p(i� 1)
�(i)

, (6)

for k 2 N+.

To prove Theorem 3.1 we adapt the proof of [2, Theorem 2]
to our framework. See Appendix for the key arguments.

Remark 1. The limiting number of available slots per

zone X1 does not depend on the FF cars parameters. As

in [2] without incentives, this is due to the negligible order

of magnitude of FF cars compared to private cars.

4. LOAD-BALANCING POLICIES

In this section, we focus on two examples of policies where
the limiting distribution ⇡2 (see Theorem 3.1) of the number
of FF cars per zone can be computed explicitly. The two
policies act at two times: at car drop-o↵ and at car pick-up.

• Repulsive routing (RR) policy: it discourages users
to park their FF car in zones with many FF cars;

• Adaptive pick-up (AP) policy: it adapts the pick-
up rate in a zone to the number of FF cars parked
there.

For r 2 N+ and ⇢ 2 (0, 1), let us denote by ⇡r,⇢ the Negative
Binomial distribution with parameters r and ⇢, given, for
k 2 N, by

⇡r,⇢(k) = (1� ⇢)r⇢k
 
k + r � 1

k

!
,

and let us introduce the following notation

A =
µ�C

�↵(w � C)
. (7)

4.1 Repulsive routing (RR) policy

The following proposition gives the limiting distribution
⇡2 for a particular choice of routing function p : N 7! R+,
while the departure rate �(k) = � > 0 is fixed.

Proposition 4.1. Let us assume �C < ↵(w � C) and

�(k) = � > 0 for all k 2 N. For some parameter r 2 N+
,

consider a routing mechanism with

pr(k) = 1 +
r � 1
k + 1

, k 2 N. (8)

Then the distribution ⇡2 of the random variable X2 in (5)
is the negative binomial distribution with parameters r and

⇢(r), unique solution of equation

(1� ⇢)r+1 + ⇢(1�As�Ar) = 1�As. (9)
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Proof. Replacing p(k) = pr(k) and �(k) = � in (6), the
equilibrium distribution ⇡2 of the the number of FF cars is
such that, for k 2 N,

⇡2(k) / ⇢k
(k + r � 1)!

k!

with

⇢
def
= A

s�
R
N v ⇡2(dv)R

N(1 +
r�1
v+1 )⇡2(dv)

, (10)

thus ⇡2 is a negative binomial distribution with parameters r
and ⇢. With straightforward computations of its right-hand
side as a function of ⇢, equation (10) can be rewritten

1 = A
s� r ⇢

1�⇢

1� (1� ⇢)r
, (11)

if ⇢ 2 (0, 1], which gives (9).
Let us denote by f , the function defined for every ⇢ 2 (0, 1],
by

f(⇢) = (1� ⇢)r+1 + ⇢(1�As�Ar) +As� 1.

Since f is continuous in [0, 1], f(0) = As > 0 and f(1) =
�Ar < 0, there exists at least one solution of the fixed-point
equation (9). For ⇢ 2 (0, 1],

f 00(⇢) = r(r + 1)(1� ⇢)r�1 > 0,

thus the solution of (9) is unique.

Impact of parameter r. In the routing probability (8),
the term (r � 1)/(k + 1) reflects some discouragement for
users to join a zone, inversely proportional to the occupation
of this zone by FF cars. The parameter r expresses the level
of discouragement that the operator applies to users. When
r = 1 there is no discouragement, the choice is uniform
among the nodes. The level of discouragement increases
with r. More precisely, when r increases, the distribution ob-
tained by renormalizing pr(k) at all stations becomes more
and more concentrated in zones with few or no FF cars. The
following proposition states that, when r becomes large, the
limiting distribution ⇡r,⇢(r) converges to a Poisson distribu-
tion. This shows that the mass of the limiting invariant dis-
tribution ⇡r,⇢(r) becomes increasingly concentrated around
the mean (see Figure 2). Recall that the Negative Binomial
distribution with parameters r and ⇢ is denoted by ⇡r,⇢.

Proposition 4.2. For r = 1, the routing is uniform and

⇡1,⇢(1) is a geometric distribution with parameter

⇢(1) =
1
2

⇣
1 +As+A�

p
(1 +As+A)2 � 4As

⌘
. (12)

For r ! 1, ⇡r,⇢(r)
d�! Poisson(�), where � > 0 is the

unique solution to the fixed-point equation

� = s� 1� e��

A
. (13)

Proof. For r = 1, the system is a Jackson network with
N +1 nodes. In this case, one gets a geometric distribution
⇡1,⇢(1) = (1� ⇢(1))⇢(1)k with explicit parameter ⇢(1) given
by (12). In order to study the convergence of the limiting
distribution ⇡r,⇢(r) when r becomes large, let us consider
the generating function of a random variable Xr,⇢(r) with a

negative binomial distribution ⇡r,⇢(r). It is given by

GXr,⇢(r)
(u) =

✓
1� ⇢(r)
1� u⇢(r)

◆r

, |u| < 1.

Note that limr!1 ⇢(r) = 0. Moreover and that limr!1 r⇢(r) =
� where � is the unique solution to the fixed point equation
(13), see Appendix for details. Then

lim
r!1

GXr,⇢(r)
(u) = e�(u�1), |u| < 1,

which is the generating function of a random variable with
a Poisson distribution with parameter �. It follows that
Xr,⇢(r) converges in distribution, when r becomes large, to
a random variable X with a Poisson distribution with pa-
rameter � (see Figure 2).
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⇢
(k
)
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Figure 2: Plot, for the RR policy, of the Negative Bi-

nomial distribution with parameters r and ⇢(r). For

large values of r, approximation by a Poisson(r⇢(r))
distribution. A = 2 and s = 10.

4.2 Adaptive pick-up (AP) policy

In this section, we study the limiting distribution ⇡2 for
a particular choice of the pick-up rate function �, while the
routing function is p(k) = 1 for all k 2 N. The parameter
⇢ is again derived from a fixed point equation and has an
explicit expression.

Proposition 4.3. Let us assume �C < ↵(w�C), p(k) =
1 for all k 2 N, and consider the following pick-up rates for

class-1 customers. For k 2 N,

�r(k) = �

✓
1� r � 1

k + r � 1

◆
,

for some parameter r 2 N+
. Then the distribution ⇡2 of the

random variable X2 in (5) is a negative binomial distribution

with parameters r and ⇢ where ⇢ is given by

⇢ =
1
2

⇣
As+Ar + 1�

p
(As+Ar + 1)2 � 4As

⌘
. (14)

Proof. Replacing p(k) = 1 and �(k) = �r(k) in (6), the
limiting distribution ⇡2 is given by

⇡2(k) = ⇡2(0)A
k

✓
s�

Z

N
v ⇡2(dv)

◆k (k + r � 1)!
k!(r � 1)!

.

This is a negative binomial distribution with parameters r
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and ⇢ with

⇢
def
= A

✓
s�

Z

N
v ⇡2(dv)

◆
. (15)

Writing the right-hand side of (15) in terms of ⇢, the follow-
ing fixed point equation is derived for ⇢ 2 (0, 1]

⇢ = A

✓
s� r

⇢
1� ⇢

◆
, (16)

rewritten as a second-degree polynomial equation

⇢2 � ⇢(As+Ar + 1) +As = 0,

which has two distinct solutions 0 < ⇢� < 1 < ⇢+. There-
fore, there exists a unique value of ⇢ 2 (0, 1], with explicit
expression (14), suitable to be the parameter of the negative
binomial distribution ⇡2.

Remark 2. For r = 1, the transition rates are the same

for both policies. Thus the limiting distribution ⇡1,⇢ is again

a geometric distribution with explicit parameter ⇢ = (1 +
As + A �

p
(1 +As+A)2 � 4As)/2. For the AP policy,

studying the convergence of the distribution ⇡r,⇢(r) when r
becomes large makes no sense. In fact limr!1 �r(k) = 0
for every k 2 N, thus the limiting pick-up rate of cars is 0.

5. PERFORMANCE EVALUATION

Users of FF car-sharing systems face the problem of find-
ing available cars and parking spaces throughout the service
area. While in the underloaded regime, the limiting propor-
tion of zones without parking spaces is 0, in the overloaded
regime the limiting proportion of zones without available
parking spaces is �C/↵(w � C) by Theorem 3.1, and de-
pends only on the parameters of the environment (private
cars and characteristics of the zone). Therefore, the car-
sharing operator can only act on the limiting probability
of finding available FF cars. The following corollary gives
straightforwardly an explicit expression for this probability
under the RR and the AP policies.

Corollary 5.1 (Performance). The limiting proba-

bility of failure, defined as the stationary probability of ab-

sence of FF cars at any zone, is given, for fixed r, by

⇡r,⇢(r)(0) = (1� ⇢(r))r,

where ⇢(r) 2 (0, 1] is the solution to the fixed point equa-

tion (9) for the RR policy, and (16) for the AP policy.

As a by-product, the following proposition states that the
limiting probability of failure decreases with the fleet size.

Proposition 5.1 (Influence of fleet size). The lim-

iting probability of failure is a decreasing function of s.

See Appendix for the proof. As a consequence, given a
threshold, say ", for the limiting probability of failure, one
can compute the minimum fleet size s" that assures

⇡r,⇢(0)  ".

By simple calculations, the minimum fleet size s" is explicitly
given by

s"(r) =

8
<

:

1�"
A + r 1�"1/r

"1/r
for the RR policy

1�"1/r

A + r 1�"1/r

"1/r
for the AP policy.

Note that the di↵erence between the two expressions of the
minimum fleet size s" is of the order of "1/r, which is negli-
gible, for very small thresholds " in practice. The parameter
r represents the strength of repulsion in the RR policy and
that of the adaptivity in the AP policy. For both policies,
for a fixed value of ", the minimum fleet size s" is a de-
creasing function in r. See Figure 3. Figure 3 shows that
both policies exhibit a significant performance improvement
when increasing the parameter from r = 1 to r = 2, after
which the gains become progressively smaller.
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Figure 3: Plot of the minimum fleet size s" = s"(r)
that guarantees the failure probability to be smaller

than ", for di↵erent ". Increasing the parameter r
from r = 1 to r = 2, s0.01 decreases from 100 to less

than 20 for both the RR and the AP policies. A = 5.
The two policies cannot be compared, since the total

demand from users is not the same.

6. CONCLUSION AND FUTURE WORK

In this paper, we model some load-balancing policies for
FF car-sharing systems assuming that the operator can act
on the drop-o↵ and pick-up rates of cars. We show that pri-
vate cars behave as a fast random environment for FF cars.
Thus private cars, in addition to the urban characteristics of
the service area, determine if the system is in underloaded
or overloaded regime.
Adapting mean-field techniques to this framework, we derive
the limiting invariant distribution of the number of available
spots and of FF cars in any zone of the service area. Explicit
expressions for this distribution are obtained for two load-
balancing policies: Repulsive Routing (RR) and Adaptive
Pick-up (AP). In particular, for both policies, the number of
FF cars in a given zone has a negative binomial distribution.
We define the failure probability of a FF car-sharing sys-
tem as the limiting proportion of zones without available FF
cars. We show that the probability of failure is a decreasing
function of the fleet size parameter s. Finally, we compute
the minimum fleet size that guarantees that the probability
of failure is less than some threshold, as a function of the
strength of the incentive policy.
In future work, we will study the influence of incentive poli-
cies when the system is not homogeneous. In practice, a
natural example is a two-cluster system where the service
area is divided into two regions: a high-demand area and
a low-demand area. Incentives need to be adapted to the
inhomogeneous demand of FF cars.
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APPENDIX

A. PRELIMINARIES

Discussion on the orders of magnitude. Since the
objective for the system is to have one free-floating car per
zone, the scaling has been designed so that the fleet size
per zone, which is the quantity of interest, is of unit order.
We therefore choose the same order of magnitude for the
total number of free-floating cars and the number of zones.
The number of private cars per zone is proportional to the
number of parking spaces per zone, this models well what
happens in reality. The choice of having the number of park-
ing spaces per zone (and, therefore, of private cars per zone)
of order N is to be in line with Kelly’s scaling for loss net-
works. One could choose other orders of magnitude for this
ratio.

Lemma A.1 (Stable M/M/1 queue). If (L(t)) is the
number of customers in a M/M/1 queue with arrival and

service rates respectively ⌘ and ⌫ with ⌘ < ⌫ then, if L(0) =
0, for all � � 0, the process

✓
L(N�t)

log2 N

◆

converges in distribution to (0). In particular, for the con-

vergence in distribution, process

✓
L(Nt)
N

◆

converges to (0).

The proof is omitted. See [2].

B. PROOFS OF SECTION 3

Proof of lemma 3.1. We can construct a coupling
(mN

i (t), Li
m(Nt)) where (Li

m(t)) is the number of customers
in a M/M/1 queue with arrival rate ⌘ and service rate ⌫
and Li

m(0) = mN
i (0), where ⌘ and ⌫ are properly chosen

such that ⌘ < ⌫. If the system is in state (m, v), the jumps
and the respective rates of process (mN

i (t)) are
8
>>>><

>>>>:

�1

✓
↵N

⇣
wN � C +

PN
l=1(ml + vl)/N

⌘

+µ
⇣
MN �

PN
l=1 vl

⌘
Pi(v)

◆
11mi>0,

+1 �(CN �mi � vi) + �(vi)11vi>0.

The rate for jump �1 is larger than ↵N(wN � C)11mi>0

and the rate for jump +1 is smaller than �CN + �(vi).
Recall that the function � is bounded, thus for any fixed
�0 > �, w0 < w and N large enough, �CN +�(vi) < �0CN
and ↵N(wN � C)11mi>0 > ↵N(w0 � C)11mi>0. Choosing
therefore ⌘ = �0C and ⌫ = ↵(w0 � C), (Li

m(t)) is the birth
and death process with transitions

k ! k +

(
�1 ↵(w0 � C)11{k>0}

+1 �0C

thus equation (2) holds for N large enough.

The following lemma is part of the proof of Theorem 3.1.
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Lemma B.1. Assume �C < ↵(w � C). The sequence of

occupation measures (µN ) on state space R+ ⇥ N2
is tight

and, for the weak convergence of measures, any limiting

point µ1 can be expressed as

hµ1, gi =
Z

R+⇥N2
g(u,m, v)⇡u(dm, dv)du (17)

for any non-negative Borelian function g on R+⇥N2
, where

⇡u is a probability measure on N2.

Proof of lemma B.1. First, let us prove that for fixed
" > 0, there exists K0 > 0 such that for K � K0, K 2 N,
for every N 2 N and t � 0,

E(µN ([0, t]⇥ N⇥ [K,+1[)) < "t/2. (18)

Using Markov inequality, by definition (4) of µN , it holds
that

E [µN ([0, t]⇥ N⇥ [K,+1[)] =
1
N

NX

i=1

Z t

0

P(V N
i (Nu) � K)du

 1
N

NX

i=1

Z t

0

E
✓
V N
i (Nu)
K

◆
du

 1
N

Z t

0

MN

K
du =

tMN

NK
.

Using that limN!1 MN/N = s, we get

lim sup
N!1

E [µN ([0, t]⇥ N⇥ [K,+1[)]  ts
K

.

Thus, there exists K1 and N0 such that, for N � N0 and
K � K1, equation (18) holds. One can then choose K2

such that, for N < N0 and K � K2, equation (18) holds.
Therefore equation (18) holds for K � K0 = sup(K1,K2)
and uniformly in N .

Second, let us prove that for fixed " > 0, there exists K̃0

such that for any K � K̃0, K 2 N, for any N 2 N and t � 0,

E(µN ([0, t]⇥ [K,+1[⇥N)) < "t/2. (19)

Using the coupling (mi(t), L
i
m(Nt)) of Lemma 3.1, with

Li
m(Nt)) the number of customers in a M/M/1 with ar-

rival rate �0C and service rate ↵(w0 �C) for all �0 > � and
w0 < w, relation mN

i (Nt)  Li
m(N2t) holds for all t � 0

and N large enough. This yields

E[µN ([0, t]⇥[K,+1[⇥N)] = 1
N

NX

i=1

Z t

0

P(mN
i (Nu) � K)du

 1
N

NX

i=1

Z t

0

P(Li
m(N2u) � K)du

 1
N

NX

i=1

1
N2

Z N2t

0

P(Li
m(u) � K)du

and, by ergodic theorem,

lim sup
N!1

E [µN ([0, t]⇥ [K,+1[⇥N)] 
✓

�0C
↵(w0 � C)

◆K

t

for all �0 > � and w0 < w. Choosing �0 and w0 such that
�0C < ↵(w0 � C), it is thus su�cient to choose K large
enough to obtain (19) for N su�ciently large. It is then
easy to check that (19) holds uniformly in N , choosing K
su�ciently large.

From equations (18) and (19), for t � 0 and " > 0 fixed,
there exist K̄0 such that for any K � K̄0, K 2 N,

inf
N

E(µN ([0, t]⇥ [0,K]2)) � (1� ")t.

Thus, since it is tight, the sequence (µN ) is relatively
compact, due to [4, Lemma 1.3], which is a consequence
of Prohorov’s theorem (see also [1, Theorem 2.2]). More-
over [4, Lemma 1.4] gives that any limiting point µ1 of this
sequence can be represented as in equation (17).

Proof of Theorem 3.1. We just give a sketch of the
proof. See analogous details in the proof of [2, Theorem 2].
The main idea is that an averaging principle holds with a
fast process and a slow process. The general method for this
is described in Kurtz [4].
From the definition of the empirical measure (3), for any
function f with finite support on N2 and t � 0,

⇤N (t)(f) =
1
N

NX

i=1

f(mN
i (t), V N

i (t)),

used in the following in this form

⇤N (t)(f) =

Z

N2
f(m, v)⇤N (t)(dm, dv).

Let us introduce, for (m, v) 2 N2N and (i, j) 2 N2, the
following notation

�i,j(f)(m, v) = f(m+ i, v + j)� f(m, v). (20)

The functional evolution equation for the empirical mea-
sure process is

⇤N (t)(f) = ⇤N (0)(f) (21)

+

Z t

0

Z

N2
�(1,�1)(f)(m, v)�(v)11{v>0}⇤

N (s)(dm, dv)ds

+ µ

Z t

0

MN
N �

R
N2 v⇤

N (s)(dm, dv)R
N2 p(v)⇤N (s)(dm, dv)

Z

N2
p(v)�(�1,1)(f)(m, v)11{m>0}⇤

N (s)(dm, dv)ds

+ �CN

Z t

0

Z

N2
�(1,0)(f))(m, v)⇤N (s)(dm, dv)ds

� �

Z t

0

Z

N2
(m+ v)�(1,0)(f)(m, v)⇤N (s)(dm, dv)ds

+ ↵N(wN�C)
Z t

0

Z

N2
�(�1,0)(f)(m, v)11{m>0}⇤

N(s)(dm, dv)ds

+ ↵

Z

N2
(m+v)⇤N(s)(dm, dv)

Z t

0

Z

N2
�(1,0)(f)(m, v)⇤N(s)(dm, dv)ds

+
1
N

NX

i=1

MN
i,f (t)

where (MN
i,f (t)) are square integrable martingales.

Let us choose f(m, v) = h(m)k(v), replace t by Nt and
divide by N2 in equation (21). It easy to check that the
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martingale term
 
MN

f (Nt)

N2

!
=

 
1
N3

NX

i=1

MN
i,f (Nt)

!

converges to (0) as N ! 1, together with some of the
integral terms. For the remaining terms, Lemma B.1 gives
that, when N ! 1,

0 =

Z t

0

Z

N2
k(v)

✓
�C�1(h)(m)

+ ↵(w � C)��1(h)(m)11m>0

◆
⇡u(dm, dv)du,

for all t � 0. Note that assumption (1) is used to prove that
the third term in the right-hand side of (21) converges to 0.
Let ⇡t(dm|v) be the conditional distribution of m given v,
and ⇡2,t(dv) the marginal distribution of v. For almost all
t � 0,
Z

N
(�C�1(h)(m) + ↵(w � C)��1(h)(m)11m>0)⇡t(dm|v) = 0,

⇡2,t(dv) almost surely for all functions h with finite support
on N. We recognize the integral of the infinitesimal gener-
ator of a M/M/1 queue with arrival rate �C and service
rate ↵(w � C) with �C < ↵(w � C), therefore ⇡t(dm|v) is
a geometric distribution with parameter �C/↵(w � C) for
all v � 0. In particular ⇡t(dm|v) is independent of v, thus
⇡t(dm|v) = ⇡1,t(dm) and

Z

N
11m>0⇡t(dm|dv) = 1� ⇡1,t(0) =

�C
↵(w � C)

. (22)

Choosing then f(m, v) = k(v), replacing t by Nt in (21),
and dividing it by N , it holds that

⇤N (Nt)(f)
N

=
⇤N (0)(f)

N

+

Z t

0

Z

N2
��1(k)(v)11{v>0}�(v)⇤

N (Nu)(dm, dv)du

+ µ

Z t

0

MN
N �

R
N2 v⇤

N (u)(dm, dv)R
N2 p(v)⇤N (u)(dm, dv)

Z

N2
�1(k)(v)11{m>0}p(v)⇤

N (Nu)(dm, dv)du

+
1
N2

NX

i=1

MN
i,k(Nt). (23)

Letting N ! 1, the martingale term and the left-hand side
of equation(23) converge to 0. Then Lemma B.1 gives that

0 =

Z t

0

Z

N2

✓
�(v)��1(k)(v)11v>0

+ µ
s�

R
N v ⇡2(dv)R

N p(v) ⇡2(dv)
�1(k)(v)11m>0p(v)

◆
⇡u(dm, dv)du.

Conditioning by m and using (22), we get

0 =

Z t

0

Z

N

✓
�(v)��1(k)(v)11v>0

+ µ
�C

↵(w � C)

s�
R
N v ⇡2(dv)R

N p(v) ⇡2(dv)
�1(k)(v)p(v)

◆
⇡2,u(dv)du.

Therefore, for almost all t � 0,

0 =

Z

N

✓
�(v)��1(k)(v) v>0

+
µ�C

↵(w�C)

s�
R
N v⇡2(dv)R

N p(v)⇡2(dv)
�1(k)(v)p(v)

◆
⇡2(dv). (24)

In the right-hand side of equation (24) is the generator of
a birth-and-death process that, when in state n 2 N, has
birth rate

µ
�C

↵(w � C)

s�
R
N v ⇡2(dv)R

N p(v) ⇡2(dv)
p(n),

and death rate �(n).
The marginal distribution ⇡2 has therefore the following

expression. For k 2 N+

⇡2(k) = ⇡2(0)
kY

i=1

✓
µ

�C
↵(w � C)

s�
R
N v ⇡2(dv)R

N p(v) ⇡2(dv)

p(i� 1)
�(i)

◆

which gives straightforwardly (6). The existence of such ⇡2

is guaranteed by lemma B.1.

C. PROOF OF SECTION 4

Proof of Proposition 4.2. Let us detail in this proof
that limr!1 r⇢(r) = �. Using (11), we obtain straight-
forwardly that r⇢(r) < s. Thus, for any sequence (rn)n
converging to infinity, (rn⇢(rn))n is bounded and therefore
admits at least one limiting point. Then, rewriting the sec-
ond term of the left-hand side of (9) as r⇢(1/r�As/r�A),
any limiting point satisfies (13). And � 7! 1�exp(��)�A�
is continuous and non-decreasing from 0 to +1. Therefore,
for fixed s > 0, there is a unique � solution of (13).

D. PROOF OF SECTION 5

Proof of Proposition 5.1. Let us denote by '(⇢) =
⇡r,⇢(r)(0) = (1� ⇢)r the limiting probability of failure as a
function of ⇢. Then ⇡r,⇢(r)(0) as a function of s is given by
 = ' � s�1 and its derivative by  0 =

�
'0 � s�1

�
/
�
s0 � s�1

�
.

Di↵erentiating function ' with respect to ⇢ gives '0(⇢) =
�r(1 � ⇢)r�1 < 0. For the RR policy, for every ⇢ 2 [0, 1),
the fleet size as a function of ⇢ is given by

s(⇢) =
1

A(1� ⇢)

�
1� (1� ⇢)r+1 � ⇢(1�Ar)

�
,

and its derivative by

s0(⇢) =
r
�
A+ (1� ⇢)r+1

�

A(1� ⇢)2
> 0.

For the AP policy, for every ⇢ 2 [0, 1), s(⇢) is given by

s(⇢) =
⇢
A

+ r
⇢

1� ⇢

and

s0(⇢) =
1
A

+
r

(1� ⇢)2
> 0.

Therefore, for both policies,  0 < 0 and we can conclude
that ⇡r,⇢(r)(0) is a decreasing function of s.
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ABSTRACT

We study the maximum stability region (MSR) of a schedul-
ing problem involving multiple queues, a single server, and
randomly modulated dynamics. In the case where the mod-
ulation process is autonomous, takes values in a finite set,
and is in stationary regime, we characterise the stability
region as a Minkowski sum of deGua simplices, structures
known as cephoids in the convex geometry literature. Be-
yond endowing the stability region with a rich mathemat-
ical structure, this apparently novel connection enables an
explicit description of the MSR in the 2-queue case, and
provides a simple iterative scheme to obtain its minimal H-
description in the general case.

Keywords

Queuing systems, scheduling, random modulations, stabil-
ity, Minkowski sum, deGua simplices, cephoids

1. INTRODUCTION
Multi-queue scheduling systems in which service capaci-

ties fluctuate according to an underlying random environ-
ment arise naturally in applications ranging from wireless
networks to manufacturing lines. In such systems, charac-
terizing the set of arrival-rate vectors that can be sustained
(the stability region) is a fundamental problem in perfor-
mance evaluation. Existing approaches primarily focus on
“throughput-optimal” policies, but they often fall short of
providing an explicit characterisation of the maximal stabil-
ity region (MSR) in terms of the input parameters.

In this work, we unveil a novel connection between queu-
ing systems and convex geometry. Specifically, when the
environment process has a finite state-space and is in sta-
tionary regime, the MSR can be shown to coincide with the
Minkowski sum of certain simplices (called deGua simplices)
whose parameters encode the average service rates in each
environment. These Minkowski sums, known as cephoids

in the convex geometry literature, inherit a rich combinato-
rial and geometric structure that we exploit to derive: (i)

an explicit description of the MSR as the solution set of a
finite system of non-redundant linear inequalities – the so-

Copyright is held by author/owner(s).

called minimal H-description – in 2-queue systems; and (ii)

a simple iterative scheme to derive the same type of min-
imal description in higher dimensions (which in particular
provides a universal and explicit formula for the number of
facets of the MSR in terms of the number of queues and
environments).

1.1 Bibliographic review
We review the literature spanning the two fields that mo-

tivate this paper: queueing systems and convex geometry.

1.1.1 Stability of queuing systems
The seminal paper [1] considers a slotted system in which

the service rate alternates between 0 and a positive value
(the so-called ON/OFF setting), establishing necessary and
su�cient conditions for stability, and showing that a Max
Weight policy is throughput optimal. For an equivalent
continuous-time system, a Loynes’ construction was em-
ployed in [2], and, more recently, the e↵ect of decision epochs
on decision making has also been studied in [3]. More gen-
eral environments are considered in [4, 5], where throughput-
optimal policies are analyzed and the MSR is characterized
in terms of so-called static policies. We finally refer to [6],
which investigates the H-description of the stability region
in multi-queue, multi-server queuing systems.

1.1.2 Cephoids
Despite many existing theoretical developments, a general

description of sums of polytopes is incomplete due to its
complexity. For a comprehensive overview of the existing
literature, which includes also combinatorial and algorith-
mic perspectives, we refer to [7] and the references therein.
When the involved polytopes are deGua simplices, the re-
sulting Minkowski sums are called cephoids

1. A deeper un-
derstanding is available in this more restrictive case, much
of which is presented in Rosenmüller’s recent monograph
[8], which builds on a series of papers coauthored with Pal-
laschke.

2. THE BASIC MODEL
We introduce the model that serves as a basis for our anal-

ysis. Consider a system of K queues, with queue indices in

1Originally, the term cephoid referred to a ‘cephalopodic’
structure, but the name was later adapted for convenience;
see the introduction of [8] for a related discussion.
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the set K = {1, . . . ,K}. Each queue k 2 K has its spe-
cific arrival rate �k 2 [0,1). By simplicity, we assume that
the arrival process at queue k is ruled by an autonomous
i.i.d. process (Ak(t))t2N0 consisting of N0-valued random
variables satisfying E[Ak(t)] = �k and Var[Ak(t)] < 1. The
system is influenced by a stochastic environmental process
(Y (t))t2N0 taking values in the finite set M = {1, . . . ,M}.
We assume that this process evolves (also autonomously)
as an irreducible discrete-time Markov chain with invariant
distribution ⌫. Each environment m 2 M defines a vec-
tor µm 2 [0,1)K , where, for each k 2 K, µm

k denotes the
potential service rate in queue k under environment m. For
each k, we construct a potential service process (Dk(t))t2N0 ,
consisting of N0-valued random variables, as a function of
Y (t) and an exogenous source of randomness. This process
satisfies E[Dk(t) | Y (t) = m] = µm

k , and its variance is as-
sumed to be uniformly bounded. We further assume that
all the involved processes are mutually independent for dif-
ferent queue indexes.

In each time-slot, a single server chooses one queue to
serve according to a policy, i.e., a rule specifying how the
decision is made. All policies discussed herein are Marko-
vian, so we will refer to them simply as policies. The formal
definition, which encompasses random policies, follows.

Definition 1 (policy). A (Markovian) policy is a

kernel ↵ : Q ⇥ M ! K. In other words, for every (q,m),
↵q,m is a probability on K.

The ‘queue-lengths’ process (Q(t))t2N0 , which takes values
in the state space Q = NK

0 , will be iteratively constructed
as a function of the objects already introduced. Define Q(0)
arbitrarily. Assume that Q(t) has been defined. Let Z(t)
be the queue index selected by the policy, precisely defined
as a K-valued random variable drawn with conditional law
↵Q(t),Y (t) independently of everything else. For each k, the
iterative queue-lenghts construction follows:

Qk(t+ 1) = [Qk(t) +Ak(t)�Dk(t)1{Z(t) = k}]+.

3. STABILITY NOTIONS
The process ((Q(t), Y (t)))t2N0 is a Markov chain, which

takes values in the countable state-space Q⇥M.

Definition 2 (stability). A Markov chain is said to

be stable if it is irreducible and aperiodic, and the return

time to any state has finite mean. The stability region of a

policy ↵ is defined as

S↵ =

⇢
� 2 [0,1)K :

the Markov chain associated
to (�,↵) is stable

�
.

The maximum stability region (MSR) is defined as the set of

arrival rates for which there exists a stable policy. Precisely,

MSR =
[

↵ policy

S↵ .

We will see in Theorem 4 below, which is a restatement
of [5, Theorem 1], that the notion of MSR is closely related
to the following sub-family of policies.

Definition 3 (static policies). A policy ↵ is said to

be static if it depends only on the environmental state and

not on the queue lengths, that is, ↵q,m = ↵q0,m for all m 2
M and q, q0 2 Q. We will write �m = ↵q,m to emphasize

such independence.

Theorem 4 ([4, Theorem 3.1]). The following char-

acterisations for the MSR holds:

MSR =
[

� static

S�

=

8
<

:� 2 [0,1)K :
9� static s.t., 8k 2 K,

�k 
X

m2M

⌫(m)�m(k)µm
k

9
=

; . (1)

In the previous statement, the bars denote topological clo-
sures, which avoids complications from critical cases. The
first identity shows that static policies su�ce to generate
the MSR. Since

P
m2M ⌫(m)�m(k)µm

k is the average service
rate of queue k under policy �, the condition in (1) provides
a per-queue arrival-service rate characterisation. Static poli-
cies are theoretically relevant, as they allow the abstract
description of the MSR given in the previous theorem, but
they lack practical applicability. For optimal policies, see [4,
5].

4. DEGUA SIMPLICES AND CEPHOIDS
The notion of cephoid stands on the notions of Minkowski

sum and deGua simplex, defined as follows:

Definition 5 (Minkowski sum). The Minkowski
sum of two subsets A,B ✓ RK

is defined as

A+B = {x+ y : x 2 A, y 2 B}.

This operation is associative and commutative, hence its def-

inition extends to the sum of a finite number of subsets.

Definition 6 (deGua simplex). A K-dimensional

deGua simplex is characterised by a vector u 2 [0,1)K . It

is defined as

�u = conv{0, u1e
1, . . . , uKeK},

where {e1, . . . , eK} is the canonical basis of RK
and conv

stands for the convex hull.

A useful characterisation of a deGua simplex is the fol-
lowing one: � 2 �u if and only if �  u � h for some
K-dimensional stochastic vector h. Here the inequality is
coordinate-wise, the symbol � denotes the Hadamard (or
coordinate-wise) product, and a vector is called stochastic
if its entries are non-negative and sum to 1.

Once the notions of Minkowski sum and deGua simplex
have been introduced, the notion of cephoid is easily defined.

Definition 7 (cephoid). A cephoid is the Minkowski

sum of finitely many deGua simplices. The cephoid formed

from the deGua simplices (�um)m2M will be denoted byP
m2M �um .

The aforementioned characterisation for deGua simplices
immediately results into the following one for cephoids:
� 2

P
m2M �um if and only if there exist K-dimensional

stochastic vectors (hm)m2M such that

� 
X

m2M

um � hm. (2)

To avoid trivialities, we will assume in the remainder that
all the involved cephoids satisfy the following condition:
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v0
v1 v2

v3

v4

v5

v6

0

6X

m=1

�um

�u1 �u2 �u3

�u4 �u5 �u6

Figure 1: 2-dimensional cephoid formed by 6 deGua sim-
plices.

um 6= 0 for every m 2 M, and, for every k 2 K, there
is at least one m 2 M for which um

k > 0.
Before stating Theorem 8, our main result, we illustrate

some low-dimensional examples of cephoids. The general
structure of cephoids in higher dimensions is deferred to Sec-
tion 6.

2-dimensional cephoids. We present a procedure for
summing finitely many 2-dimensional deGua simplices
(�um)m2M. For further details, we refer the reader to [8,
Chapter 1]. The slope of the m-th deGua simplex is defined

as sm = �um
2

um
1

2 [�1, 0]. Without loss of generality, we

assume that the elements of M are ordered in such a way
that sm � sm+1 for every 1  m < M . We define the set of
points v0, v1, . . . , vM as follows:

v01 = 0, v02 =
X

m2M

um
2

vm = vm�1 + (um
1 ,�um

2 ), m 2 M.

The polygonal contour v0 — v1 — . . . — vM — 0 — v0

determines the border of the cephoid. See Figure 1 for an
example of a 2-dimensional cephoid formed by 6 deGua sim-
plices.

3-dimensional cephoids. In [9], some analytical expres-
sions have been derived for the 3-dimensional case that al-
low rapid implementation, resulting in the outcome shown
in Figure 2.

5. THE KEY CONNECTION: STABILITY
REGIONS ARE CEPHOIDS

The next result states that the MSR of queueing mod-

866 J.-P. Bourrières / Computational Geometry 47 (2014) 856–867

Fig. 5. Pentagonal facet (left), trapezoidal facet (right).

Fig. 6. Minkowski sum of 40 simplices.

%**********************MINKOWSKI SUM OF 3-SIMPLICES************************
%********************* Author: Jean-Paul BOURRIERES ***********************
%**************IMS laboratory, University of Bordeaux,France***************
%prepare display

clear;

clf;

hold on;

grid on;

%ENTER SIMPLEX SYSTEM

A=[1 4 7

1 2 2

1 3 3.5

3 3 2]

s=length(A);%number of simplices

f=s*(s+1)/2;% maximal number of facets

% for each pair (p,q), 1<=p<=q<=s

for p=1:s

for q=p:s

%COMPUTE FACET SLOPES

gamma(1)=min(A(p,3)/A(p,1),A(q,3)/A(q,1))*max(A(p,2)/A(p,3),A(q,2)/A(q,3)) ;

gamma(2)=min(A(p,1)/A(p,2),A(q,1)/A(q,2))*max(A(p,3)/A(p,1),A(q,3)/A(q,1)) ;

gamma(3)=min(A(p,2)/A(p,3),A(q,2)/A(q,3))*max(A(p,1)/A(p,2),A(q,1)/A(q,2)) ;

%COMPUTE FACET CONFIGURATION MATRIX

for J=1:3

K=mod(J,3)+1; L=mod(K,3)+1;

for i=1:s

Figure 2: 3-dimensional cephoid formed from 40 deGua sim-
plices, using the MATLAB implementation developed in [9].

els under random modulations, as described in Section 2,
admits a cephoid description.

Theorem 8 (MSRs are cephoids). The topological

closure of the MSR of the model described in Section 2, is a

cephoid with associated deGua simplices explicitly defined in

terms of the statistical properties of the modulation process.

Precisely,

MSR =
X

m2M

�⌫(m)µm . (3)

In the previous statement, the vectors (um)m2M used
as bases for cephoids are identified with (⌫(m)µm)m2M,
thereby translating the definitions of cephoids into the
framework of queueing systems.

Proof of Theorem 8. We saw that � belongs to the
r.h.s. of (3) if and only if inequality (2) holds for a family of
stochastic vectors (hm)m2M (taking, as mentioned, um =
⌫(m)µm, m 2 M). Under identification �m = hm, m 2 M,
inequality (2) becomes a restatement of the inequalities in
(1), and the result follows by Theorem 4.

6. STABILITY IMPLICATIONS OF THE
CEPHOID IDENTIFICATION

Identifying the mathematical structure of the MSR allows
us to obtain the following three results: a readily verifiable
necessary condition for stability, the explicit characterisa-
tion of the MSR in the 2-dimensional case, and an iterative
scheme for describing the MSR in higher dimensions.

6.1 Necessary condition
The proof of the following necessary condition will appear

in the full version of the paper.

Corollary 9. For � to be in MSR it is necessary that

h�, wi 
X

m2M

⌫(m)max
k2K

µm
k wk 8w 2 RK .

In particular, if µm
has all its entries strictly positive for

every m 2 M, � 2 MSR implies

X

k2K

�k

µm
k


X

m02M

⌫(m0)max
k2K

µm0
k

µm
k

, m 2 M. (4)
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Observe that the inequalities in (4) can be interpreted as
per-environment bounds on the loads.

6.2 2-dimensional MSR description
As already mentioned, the H-description of a polytope

refers to its representation as the solution set of a finite sys-
tem of linear inequalities. The cephoid identification pro-
vides the following H-description of the MSR for K = 2.
Its proof, which stands on the description of 2-dimensional
cephoids given in Section 4, will be available in the full ver-
sion of the paper.

Corollary 10. Consider the case K = 2. For each m 2
M, let nm

be the unit external normal vector defined as

nm =

8
>><

>>:

���
⇣

1
µm
1
, 1
µm
2

⌘���
�1 ⇣

1
µm
1
, 1
µm
2

⌘
if µm

1 , µm
2 > 0

e1 if µm
2 = 0

e2 if µm
1 = 0

.

Then MSR contains precisely the vectors � 2 [0,1)2 satis-

fying the following inequalities:

h�, nmi 
X

m02M

⌫(m0)max
n
µm0
1 nm

1 , µm0
2 nm

2

o
, m 2 M.

Observe that, when µm has strictly positive entries for ev-
ery m 2 M, the conditions given in this result are precisely
(4). In other words, (4) is necessary and su�cient in this
case. We will see that this is not at all the case when K > 2.

6.3 MSR description in higher dimensions
We introduce the following classifications of H-

descriptions which prevent redundant or unnecessary
information.

Definition 11. An H-description is called minimal if no
inequality in the system can be removed without altering the

polytope, and it is said to be weakly minimal if every in-

equality defines a facet.

A lack of minimality occurs, for example, in Corol-
lary 10 when two di↵erent environments m,m0 2 M satisfy
µm
1 µm0

2 = µm0
1 µm

2 , making the corresponding constraints re-
dundant. The weak minimality requirement allows repeated
inequalities provided that their associated hyperplanes inter-
sect the polytope in facets, but excludes those intersecting
the polytope in lower dimensional faces, or not intersecting
it at all. For instance, the H-description given in [6] does
not satisfy weak minimality.

There is a notion of non-degeneracy for cephoids (of any
dimension), introduced in [8], which excludes homotheties
among the generating subsimplices. For K = 2, this condi-
tion simply prevents two deGua simplices from having the
same slope, avoiding in this way the redundancy mentioned
in the previous paragraph. Under this non-degeneracy con-
dition, the H-description provided in Corollary 10 (as well as
the one in Corollary 12 below) is minimal, and it is weakly
minimal in the absence of non-degeneracy.

The Pareto surface of a cephoid is the set of points � on its
topological boundary such that, for every " > 0, the point
� + (", . . . , ") does not belong to the cephoid. The Pareto

faces are defined as the facets contained in the Pareto sur-
face. In the 2-dimensional case treated in Section 4, the
Pareto surface is simply the polyline v0 – v1 – . . . – vM .

We will explain how existing results for cephoids allow the
description of the Pareto surface in any dimension – which
of course provides a full description of the cephoid. This
description, together with Theorem 8, will lead to Corol-
lary 12.

There are two main di↵erences between the 2- and the
K-dimensional H-descriptions: (i) in the general case, there
are

LK,M =

 
K +M � 2

K � 1

!

inequalities instead of just M , and (ii) the hyper-spaces as-
sociated with these inequalities are no longer given explicitly,
but are instead derived through a recursive procedure. In
higher dimensions, LK,M gives the number of Pareto faces
in the non-degenerate case, and serves as an upper bound
in the degenerate one. For instance, in the ON–OFF case
(see [1, 2]), there are M � 1 = 2K � 1 inequalities (one per
non-empty subset of queues, as the empty set yields a null
service rate vector), which is strictly fewer than LK,M�1 for
K > 2. This reflects the high degeneracy of the ON–OFF
structure, which produces several redundant inequalities.

6.3.1 Some preliminaries on cephoids
It is convenient to identify the system of generating vec-

tors (um)m2M with the matrix U 2 [0,1)M⇥K whose rows
are given by rowm(U) = um, m 2 M. We can associate to
the matrix U a family JU consisting of LK,M Boolean ma-
trices. This family is called the set of reference systems, and
provides a precise description of the Pareto surface. Specif-
ically, JU is a family

JU = {Jl 2 {0, 1}M⇥L : l 2 [LK,M ]}

that allows us to express the Pareto surface as
S

l2[LK,M ] Fl,

where

Fl =
X

m2M

conv
n
um
k ek : Jl(m, k) = 1

o
, l 2 [LK,M ].

In the non-degenerate case, Fl is a Pareto face for every l.
In the degenerate case, the dimension of Fl is K � 1 for
every l, the dimension of Fl \ Fl0 is at most K � 2 if l 6= l0,
and a Pareto face can be the union of di↵erent Fl’s. For
each m, the term conv

�
um
k ek : Jl(m, k) = 1

 
is a standard

sub-simplex of the m-th deGua simplex, and the m-th row
of Jl is indicating the indices which are being considered in
such a sub-simplex.

It is instructive to describe the reference systems in the
case K = 2. As we did in Section 4, assume that the envi-
ronments are ordered according to their slopes. In this case,
LK,M = M , and the l-th matrix Jl is defined as

rowm(Jl) =

8
><

>:

(1, 0) if m < l

(1, 1) if m = l

(0, 1) if m > l

.

Once the reference systems have been found, the (weakly
minimal) H-representation of the cephoid can be obtained
as follows. For each l 2 [LK,M ], the unit exterior normal
nl to Fl is obtained by solving the linear system requiring
orthogonality to every standard sub-simplex conv{um

k ek :
Jl(m, k) = 1}, m 2 M. A point in Fl is then easily
constructed as the sum of one point from each such sub-
simplex. By projecting this point onto nl, we obtain the
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distance al between the origin and the hyper-space gener-
ated by each Fl. Hence we get the following representation
for the cephoid:

X

m2M

�um =
n
� 2 [0,1)K : h�, nli  al 8l 2 [LK,M ]

o
.

The dual cephoid is the one formed by the columns of U .
In other words, the matrix representing the dual cephoid is
UT . Interestingly, the reference systems of the dual cephoid
are simply the transposes of those of the original cephoid:
JUT = {JT : J 2 JU}. This immediately provides a char-
acterisation of the dual cephoid in terms of the characteri-
sation of the original one. Duality will be necessary for the
iterative scheme.

6.3.2 Iterative scheme
We now describe an iterative procedure for determining

the Pareto faces, adapted from [8, Chapter 6]. We do not
discuss its computational complexity and refer the reader to
this book and references therein for further details.

We first treat the case M � K. Suppose inductively that,
for every m 2 M, the set of reference systems associated
with (um0

)m02M\{m} is known. This is equivalent to say-
ing that we know JU�m , where U�m is the matrix obtained
from U after removing the m-th row. We will define a map-
ping ⇣m : JU�m ! {0, 1}M⇥K as follows. For J 2 JU�m ,

compute its associated normal vector nJ as in Section 6.3.1,
let k 2 K be such that

nJ
ku

m
k = max

k02K
nJ
k0um

k0 ,

and define ⇣m(J) by adding to J the row um
k ek in the m-th

position. Precisely,

rowm0(⇣m(J)) =

(
rowm0(J) if m0 6= m

um
k ek if m0 = m

.

The reference system JU is obtained by running this pro-
cedure over all m 2 M (with possible repetitions), that is,
JU =

S
m2M ⇣m(JU�m). Note that, since we are dealing

with Boolean matrices, it is straightforward to discard rep-
etitions in this union.

If M < K, simply apply duality and the previous case.
Finally observe that this procedure finishes because the set
of reference system is known for K = 2.

Corollary 12. For general K, we have

MSR = {� 2 [0,1)K : h�, nli  al 8l 2 [LK,M ]},

where the families of non-null vectors (nl)l2[LK,M ] and

strictly positive numbers (al)l2[LK,M ] are obtained by the

iterative procedure described in Sections 6.3.2 (combined

with Section 6.3.1 for the normals and the distances to the

hyper-spaces) applied to the vectors (um)m2M defined as

um = ⌫(m)µm
, m 2 M. This representations is weakly

minimal, and it is minimal in the non-degenerate case.

We highlight that this characterisation is fundamentally
di↵erent from the one given in (1), as it is direct rather
than formulated as an existence condition. To the best of
our knowledge, this type of characterisation exists only for
ON/OFF-type environments.

7. CONCLUSION
Determining minimal H-descriptions of sums of polytopes

is a challenging problem. In general, no closed-form ex-
pression is known for the minimal H-description of the sum
of two general polytopes in terms of their respective mini-
mal H-descriptions. The cephoid identification introduced
in this work provides a structural framework that makes
such a description possible for the MSR of randomly modu-
lated multi-queue single-server systems, in arbitrary dimen-
sions. Without this identification, obtaining the minimal
H-description seems not be feasible.
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ABSTRACT

In this paper, we investigate how polling systems with intelli-
gent policies perform compared to the optimal service policy.
To this end, we introduce two new policies: an intelligent
server idling policy incorporating information about short-
term future arrivals, and an informed switching policy that
uses queue lengths to switch to the next non-empty queue.
For benchmarking purposes, the optimal service schedule
is obtained by formulating the problem as a Mixed Integer
Program, with full arrival information. Our results show
that with these intelligent policies, polling systems signifi-
cantly improve in performance, thereby narrowing the gap
between polling policies and optimal schedules.

Categories and Subject Descriptors

G.3 [Mathematics of Computing]: Probability and Statis-
tics—Queueing Theory

General Terms

Theory, Performance

Keywords

Polling model, optimisation, switching rules, idling

1. INTRODUCTION
A polling system consists of multiple queues served by

a single server in a fixed sequence. In a polling system,
setup times are required for the server to move from one
queue to another. For analytical purposes, it is typically
assumed that these setup times are incurred even when the
next queue is empty. As a result, the server continues switch-
ing between queues even when the entire system is empty,
implying that the server never idles. This behaviour is not
only obviously suboptimal, but it also leads to the anomaly
that increasing setup times can actually improve system per-
formance (see, e.g., [5]).

Despite having received much scientific attention, the fol-
lowing question remains largely unanswered: How does the
quality of service achieved by a polling system compare to

Performance 2025 Amsterdam, The Netherlands
Copyright is held by author/owner(s).

that of an optimal policy? The objective of the present study
is to make a step in answering this question. Therefore, we
explore polling systems with a novel smart server idling pol-
icy and introduce the concept of informed switching. The
latter policy allows the server to move directly to the next
non-empty queue while bypassing any empty queues. As
these switching policies seem to be di�cult to analyse from
a queueing perspective, we perform simulation studies un-
der the exhaustive, k-limited and gated service policies. In
our simulation study, we examine a situation in which the
server has perfect foresight regarding future arrivals. This
assumption enables us to derive the truly optimal service
policy by formulating the scheduling problem as a Mixed
Integer Program. The optimal policy serves as a benchmark
for evaluating the e↵ectiveness of the idling and informed
switching policies. Perfect foresight is also a realistic, prac-
tical assumption, since the polling system is frequently part
of a multi-stage framework implying that full information is
available on upstream departures (see, e.g., [15]).

Our study shows that informed switching significantly im-
proves system performance in many situations. We can also
conclude that the combined idling and informed switching
policy most closely approaches the performance of the op-
timal strategy for moderate tra�c situations. However, in
highly asymmetric cost cases, a considerable performance
gap remains. Finally, our results show that in heavy traf-
fic, idling is not necessarily advantageous, as customers are
(almost) always waiting in one of the queues. The main con-
clusion of our research is that intelligent idling and switch-
ing rules bring performance levels in polling systems closer
to the optimal performance benchmark. From a practical
point of view, this is an important conclusion as computing
the optimal solution is an NP-hard problem requiring sub-
stantial computational resources. In contrast, the intelligent
polling strategies can be implemented in an operationally ef-
ficient way.

The structure of this paper is as follows. In Section 2,
we introduce the class of polling models and formulate the
objective function. Section 3 discusses the characteristics of
several idling and switching policies together with the opti-
mal policy. Subsequently, in Section 4 we present the setup
and the results of the simulation study. Finally, Section 5
states our main conclusions and outlines several promising
directions for future research.

2. MODEL AND OBJECTIVE
This section describes the polling systems under consid-

eration, followed by a formulation of the objective function.
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We consider a system with a single server for N � 1 queues,
in which there is an infinite bu↵er capacity for each queue.
Customers arrive at queues according to (independent) Pois-
son processes with rates �i and � :=

PN
i=1 �i. The service

times at queue i are independent, identically distributed ran-
dom variables with mean E[Bi] and finite second moment
E[B2

i ]. Let the arrival times and the beginning-of-service
times of customers to queue i be denoted by {TA

i,j}1j=1 and
{TB

i,j}1j=1, respectively. When the server starts service at
queue i, a setup time is incurred, of which the first and sec-
ond moments are denoted by E[Si] and E[S2

i ], respectively.
The mean total setup time E[S] in a cycle (i.e., the time
between two successive visits to a queue) is given by E[S] =PN

i=1 E[Si], and we use Var[S] to denote the variance of the
total setup time S. Lastly, we define ⇢i := �iE[Bi] as the
contribution of queue i to the total load ⇢ =

PN
i=1 �iE[Bi].

We investigate systems with the following service disci-
plines:

• Exhaustive: when the server polls a queue, it serves its
customers until that queue is empty;

• Gated : when the server polls a queue, it serves all, and
only, customers found at the polling instant;

• k-limited : when the server polls a queue, it continues
working at this queue until either a predefined number
of ki customers is served or until the queue becomes
empty, whichever occurs first.

In the remainder of the paper, we assume that the polling
system is stable (see [11, 8] for the conditions).

Our objective is to minimise the weighted sum of the mean
waiting times E[Wi],

min
NX

i=1

ciE[Wi], (1)

where ci is the cost parameter of queue i. If ci equals ⇢i for
all queues, this cost function simplifies to the well-known
pseudo-conservation law (see, e.g., [4]). Assuming identi-
cal mean service times across all queues, for the gated and
exhaustive service policy the mean waiting time of an arbi-
trary customer E[W ] =

PN
i=1

�i
� E[Wi] directly follows from

the pseudo-conservation law.

3. IDLING AND SWITCHING POLICIES
This section focuses on various intelligent idling and switch-

ing policies. Moreover, we introduce the optimal strategy.

3.1 Non-idling policy
This sub-section examines an anomaly in non-idling polling

systems, providing additional motivation to incorporate idling
policies into our study. Non-idling policies mean that as
soon as the service-discipline-specific switching condition is
met, the server switches to the next queue, in contrast to
intelligent idling policies that will be discussed in the next
section. In classical non-idling polling systems, setup times
are incurred even when the next queue is empty. This
also means that the server never idles and that it contin-
ues switching between queues even when the entire system
is empty. About 35 years ago Sarkar and Zangwill [12] pub-
lished a paper on non-idling polling systems, in which they
numerically show that reduction of setup times can increase

the mean queue lengths. It can be seen from the pseudo-
conservation law that an increase in mean setup times actu-
ally leads to reduced mean waiting times if

Var[S]
E[S]2 >

⇢±
PN

i=1 ⇢
2
i

⇢(1� ⇢)
,

where the± should be read as� for exhaustive service and +
for gated service. In [6] it is demonstrated that server idling
is an e↵ective mechanism to prevent, to a large extent, queue
lengths from increasing when setup times are reduced.

Motivated by this counter-intuitive e↵ect of setup times,
[7] proved that for exhaustive and gated non-idling polling
systems, the queue length distribution is invariant with re-
spect to deterministic shifts in setup times so long as the
net shift is zero, ceteris paribus (see also [2]). This result
has been extended to a more general setting, i.e., including
k-limited service and all other policies where service is de-
termined based on local queue information in [14], and we
state this previously unpublished result below. Via stan-
dard probabilistic arguments, it is shown for a general class
of policies that if setup times are decreased (increased) by
a fixed total amount, it is immaterial which specific setup
times are decreased (increased). The only restriction en-
forced on the policy is that it is allowed to use local in-
formation only. Consider the non-idling polling system as
introduced in Section 2. Let Sbi

i = Si + bi denote the setup
time which results when the original setup time Si is shifted
by bi 2 [�bmax

i ,1] time units where bmax
i 2 R+is the infi-

mum of the support of Si. The theorem below implies that
the queue length distributions depend on the vector of shifts
only via its aggregate sum. Without loss of generality, we
focus on queue 1.

Theorem 1 For a non-idling polling system with setup times
Sbi
i , the distribution of the queue length L1 depends on the

vector (b1, b2, . . . , bN ) only via its sum b.

Due to page restrictions, we omit the proof here and in-
stead refer to [14, Theorem 4.3.3].

3.2 Intelligent policies
Motivated by the anomalous behaviour observed, we in-

troduce a new class of intelligent idling policies that go be-
yond the rudimentary approach of extending setup times.

3.2.1 Idling policy
We introduce an intelligent server idling policy that has

not been previously studied in the literature. Before the
server is ready to switch over from the queue i currently be-
ing served, it checks if there will be any arrivals to queue i
within the next x time units. If so, the server waits at queue
i to serve the incoming arrival(s) as long as the constraints
imposed by the service policy (e.g., maximum k services in
one server visit in case of k-limited) are being satisfied. For
exhaustive idling policies, the server idles at a queue if it de-
tects incoming arrivals in the next x time units, and keeps
serving that queue until it is empty again, and then again
checks if idling is possible. Of course, idling and gated ser-
vice are incompatible, since any arrivals during the server’s
idle period would be positioned behind the gate established
at the beginning of the server’s visit.

3.2.2 Informed switching policy
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Under the informed switching policy, once the server has
completed its visit to a queue and is ready to switch, it
skips the setup phase at empty queues and starts setup only
upon reaching the next non-empty queue. This means that
at the end of a server visit to a queue, the server immediately
switches over to the next non-empty queue. If the system
is completely empty, the server goes to the queue where
the next arrival will occur and starts setup at this queue
immediately. State-dependent switching strategies have also
been analysed in [1, 9, 13]. However, these models di↵er in
various ways from our informed switching strategy.

3.3 Optimal policy
The optimal service schedule is obtained by solving the

optimisation problem in Eq. (1) up to a time horizon T :

min
TB
i,j

i=1,...,N,

j=1,...,LT
i

NX

i=1

LT
iX

j=1

ciWi,j =
NX

i=1

LT
iX

j=1

ci
⇣
TB
i,j � TA

i,j

⌘

subject to:

8
>>>>>>><

>>>>>>>:

TB
i,j � TA

i,j

TB
i,j � TB

i,j�1 +Bi
(
TB
i,j � TB

k,l +Bk + Si if TB
i,j � TB

k,l

TB
k,l � TB

i,j +Bi + Sk otherwise

for k 6= i, k = 1, . . . , N, l = 1, . . . , LT
k

for j = 1, . . . , LT
i , i = 1, . . . , N.

Here LT
i is the number of customers at queue i who have re-

ceived/ are receiving service, up to time T . We have set up
the problem so that the constraints are as general as possi-
ble; this means that idling and/or informed switching is/are
feasible with the constraints, but not necessary. Also note
that the optimisation problem is solved with full information
about arrival times TA

ij , for j = 1, . . . , LT
i , and i = 1, . . . , N ,

thus the objective function e↵ectively reduces to minimising
PN

i=1

PLT
i

j=1 ciT
B
i,j , i.e., the cost-weighted sum of beginning-

of-service times. This optimisation problem to obtain the
optimal service policy is a Mixed Integer Program, which is
known to be in the class of NP-hard problems.

4. SIMULATION STUDY
In this section we use a simulation study to evaluate the

performance of the proposed intelligent policies.

4.1 Setup of the study
We evaluate the performance of polling models focusing

on the cost-weighted mean waiting time. We test three ser-
vice disciplines – Exhaustive (‘E’), Gated (‘G’) and k-limited
(‘KL’) – under four policy variants as applicable: Classic
non-idling and non-informed switching (‘C’), Idling (‘Id’),
Informed Switching (‘InS’) and their combination (‘IdInS’).
To examine the e↵ects of straying from polling in cyclic or-
der, we introduced two sub-variants for the ‘Idling + In-
formed Switching Exhaustive’ (‘IdInSE’) service policy: one
where the next queue is chosen in cyclic order (‘IdInSEC’),
and the other where the next queue is chosen based on the
longest waiting customer (‘IdInSELW’).

By definition, the idling policies have access to informa-
tion about arrivals in the next x time units, while informed
switching policies have access to the queue lengths for the

Table 1: Parameter values for the symmetric case.

Parameter Value (Unit, optional)
Number of queues 3

Service time 1 s
Setup time 2 s

Table 2: Loads, ki and time horizon for the symmetric case.

Instance ⇢i’s
Optimised ki’s /

T (s) # Runs
Minimum req. ki’s

Light
⇥
0.01
3 , 0.01

3 , 0.01
3

⇤
[1, 1, 1] / [1, 1, 1] 49999 100

Medium
⇥
0.5
3 , 0.5

3 , 0.5
3

⇤
[4, 4, 4] / [2, 2, 2] 120 17

Heavy
⇥
0.95
3 , 0.95

3 , 0.95
3

⇤
[40, 40, 40] / [38, 38, 38] 499995 100

Table 3: (Additional) parameter values for testing the e↵ect
of varying the idling parameter for the symmetric medium
case.

Parameter Value (Unit, optional)
Time horizon T 99999 s
Idling thresholds [0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5]

# Runs 100

entire system and in case the system goes empty, the server
knows which queue will have the next arrival. We have set
the threshold for server idling, x to be equal to the setup
times. For simplicity, we assume identical, deterministic ser-
vice and setup times. For the k-limited service discipline, we
optimised the service limits ki based on the solution for the
constrained optimisation presented in [3, Eq. (6.10)], by
constraining

PN
i=1 ki = K and accounting for stability.

The optimal service schedule is derived by solving the op-
timisation problem in Section 3.3, assuming full arrival in-
formation over the time horizon T . This problem is tractable
for light tra�c regimes (load tends to zero) over long time
horizons. Under medium tra�c regimes, we could only solve
the optimisation for a small time horizon, otherwise the com-
putations become extremely time- and memory-intensive.
For heavy tra�c (load tends to one), computing the optimal
schedule becomes infeasible for all non-trivial time horizons
for the same reason. We study symmetric cost cases (render-
ing cost values redundant) and cases with asymmetric costs.
Under the chosen time horizons for the symmetric light and
heavy cases, the system reaches a steady state.
Symmetric cost: We examine the waiting times in a sym-
metric three-queue polling model under light, medium, and
heavy tra�c. The parameters are shown in Tables 1 and
2. We also have conducted tests with asymmetric tra�c
loads in a symmetric costs situation, however for reasons of
brevity, we omit presenting those tests here, since the in-
sights to be gained from those tests were similar. For the
symmetric case in medium tra�c, we examine the e↵ect of
varying the idling threshold parameter in a steady state sys-
tem. Idling is executed only if the server knows that there
will be customers arriving within this idling time. Thus if
the threshold parameter is set to be too low, the system is
unable to exploit the full benefit of idling. If it is set too
high, then the system su↵ers from unnecessary delays. The
(additional) parameters for this test are shown in Table 3.
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Table 4: Parameter values for the asymmetric case.

Parameter Value (Unit, optional)
Number of queues 2

Arrival rates [0.7, 0.1]/[0.4, 0.2]
Service time 1 s
Setup time 2 s

Waiting costs [1, 50]/[1, 5]
Optimised ki’s [16, 4]/[10, 10]

Minimum req. ki’s [14, 2]/[4, 2]
Time horizon T 99

# Runs 90/72

Figure 1: Symmetric case in light tra�c.

Figure 2: Symmetric case in medium tra�c.

Figure 3: Symmetric case in heavy tra�c.

Asymmetric costs: In order to study the e↵ect of waiting
costs, we examine a two-queue polling model with asym-
metric load and cost structure: the queue with the higher
load has lower costs, and vice versa. Out of the two cases
we look at, this divide between queues in terms of the loads
and costs is more extreme in one situation than the other.
The parameters are presented in Table 4.

4.2 Discussion of the results
Figs. 1-3 present the global waiting times (averaged over

several runs) for the above-described policies in the sym-
metric costs cases, Fig. 4 shows the e↵ect of varying the
idling threshold on the mean waiting times, and Figs. 5-6

show the asymmetric costs case. The error bars represent
the respective standard errors of the mean. Note that we
have performed more tests, all confirming our observations.

4.2.1 Symmetric cost
1. The informed switching variants have significantly lower

mean waiting times than the classic variants across all
service policies and tra�c intensities, except in heavy
tra�c, where we observe similar performances. This
demonstrates improved performance simply by adding
queue lengths to the global state information.

2. The idling variants improve upon the performance ex-
hibited by their respective classic service policies. How-
ever, the advantage diminishes in heavy tra�c, when
idling might not necessarily lower mean waiting times.
Forced idling in heavy tra�c leaves the server unoc-
cupied during times when there are ‘almost always’
waiting customers that can be served immediately.

3. The combined idling and informed switching exhaus-
tive policy most closely approximates the performance
of the optimal benchmark for moderate tra�c situa-
tions. This is quite significant since the optimisation
problem is NP-hard, requiring heavy computational
resources to compute the optimal solution, whereas a
polling policy can generate a service schedule in a frac-
tion of the time and computing resources.

4. While the optimal policy is not mandated to incorpo-
rate idling or informed switching, a closer examina-
tion of the optimal service schedule reveals that both
strategies naturally emerge. Some instances where the
optimal schedule outperforms the combined idling and
informed switching exhaustive policy are when the op-
timised server idles longer. Below we conduct a more
detailed analysis of how the performance of the strate-
gies is influenced by the value of the idling parameter.
Other instances where the optimal strategy outper-
forms the combined idling and informed switching ex-
haustive policy are when it deviates from the visiting
order (cyclic or serving the longest waiting customer).

Some of the conclusions above are supported by findings
in [10], where Liu et al. have also compared several service
policies in polling systems. However, the policies considered
in this paper are much more extensive, in particular those
involving idling and informed switching.

E↵ect of the idling threshold: Fig. 4 shows that the
value of the idling parameter has an e↵ect on system per-
formance in the symmetric medium case. Consistent with
our intuition, there exists an optimal range, typically be-
tween 2 and 3 seconds for most policies, that minimises the
mean waiting time. We have conducted a similar test for
the symmetric heavy tra�c case and noticed that the policy
performance was determined only by the service discipline.
Informed switching did not seem to a↵ect the mean waiting
time, which was also remarked upon earlier in the discussion
of the results. The test also confirmed that mean waiting
times are monotonically increasing with respect to the idling
threshold parameter, thereby leading to the conclusion that
idling is not helpful to improve performance in heavy tra�c
regimes.

4.2.2 Asymmetric cost
Medium asymmetric case: Fig. 5 shows that there is not
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Figure 4: E↵ect of varying the idling threshold parameter
for the symmetric case with medium tra�c.

Figure 5: Case with medium asymmetry between queues.

Figure 6: Case with high asymmetry between queues.

much di↵erence in the performance of the exhaustive and k-
limited policies. This is not only because of the moderate
asymmetry, but also because the service limits ki are set
to be significantly higher than required for stability, which
could skew the behaviour of the k-limited policies towards
that of exhaustive. Both gated policies are amongst the
poorer performing ones, which is notable in contrast to the
highly asymmetric case (discussed below).
Highly asymmetric case: Due to the highly asymmet-
ric cost and load structure, the k-limited and gated policies
outperform the exhaustive policies as illustrated by Fig. 6.
However, these policies are still far from the optimal bench-
mark. The k-limited and gated policies exhibit superior per-
formance compared to the exhaustive variants, as they in-
corporate periodic checks for arrivals at queue 2 even when
queue 1 is non-empty.

5. CONCLUDING REMARKS
In this paper we have shown that the quality of service lev-

els in polling systems can be significantly improved by imple-
menting intelligent idling and switching rules. Our results
lead to many promising directions for future research, three

of which we outline here. Firstly, the assumption of per-
fect foresight regarding future arrivals is practically realistic
given that polling systems often operate within multi-stage
networks (see, e.g., [14, 15]). We aim to further investigate
optimal strategies for such networks leveraging upon the in-
troduced intelligent policies, potentially incorporating job
size as a factor as well to optimise the service order within a
queue. Secondly, we want to extend our research to polling
models allowing for the simultaneous servicing of multiple
queues. Thirdly, this paper focused on the minimisation of
the weighted sum of mean waiting times. An interesting di-
rection for future research is optimising higher moments or
tail probabilities.
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ABSTRACT

In this paper, we study the stationary behaviour of a Markov-
modulated multiplicative Lindley-type recursion Wn+1 =
[VnWn+Yn(Vn)]

+. Given the state of the background Markov
chain, we consider two cases: a) Vn equals either 1, or
a 2 (0, 1), or it is negative with certain probabilities, and
Yn(Vn) := Yn = Sn � An+1, where both An and Sn have a
rational Laplace-Stieltjes transform (LST). b) Vn equals 1
or �1 according to certain probabilities, and Yn(Vn) follows
a more general scheme, dependent on Vn. In both cases,
we derive the LST of the stationary transform vector of
{Wn}n2N0 . In the second case, we also provide a recursive
approach to obtain the steady-state moments and provide an
asymptotic result. A simple numerical example illustrates
the theoretical findings.

Keywords: Recursion; Laplace-Stieltjes transform; Markov-
modulation

1. INTRODUCTION

In this work, we focus on the stationary analysis of a
Markov-modulated multiplicative Lindley-type recursion

Wn+1 = [VnWn + Yn(Vn)]
+
, (1)

with [x]+ := max{x, 0}, and where Yn(Vn) can be written as
a di↵erence of two nonnegative random variables that may
depend on Vn. Stochastic recursions have received much
attention in the applied probability literature, and especially
those of autoregressive type, due to their wide applicability
across various scientific domains including biology, finance,
and engineering, e.g., [8, 9, 16] and the references therein.

In this work, we focus on two models. In Model I, the
Vn are either equal to one, or equal to a positive constant
a 2 (0, 1), or negative, according to certain probabilities.
We further assume that Yn(Vn) = Sn �An+1 (i.e., indepen-
dent of Vn), and we demand that both the positive and the
negative parts of the Yn have a rational LST. In Model II,
the Vn are equal either to one, or to minus one, and Yn(Vn)
have a more general form that is dependent on Vn. In both
cases, Yn(Vn) are also dependent based on the state of an ir-
reducible discrete time Markov chain with finite state space.

The vast majority of the related works focus on the inves-
tigation of the stability conditions, limit theorems and ques-
tions related to queuing applications, whereas our primary

Copyright is held by author/owner(s).

focus lies on the derivation of results for the stationary dis-
tribution of the process under investigation. Furthermore,
most of the related works refers to the scalar case. Our
focus is on the investigation of the stationary behaviour of
vector-valued stochastic recursions of the type in (1).

In [6], the authors investigated both the transient and
the stationary behaviour of the (scalar) recursion Wn+1 =
[aWn+Sn�An]

+, a 2 (0, 1). In such a case, Wn refers to the
workload in a queueing system just before the nth arrival,
which adds Sn work, and makes obsolete a fraction 1� a of
the already present work. The case where a = 1 describes
the waiting time of the standard G/G/1 queue, while the
case where a = �1 refers to the analysis of carousel systems
[19]. In [4], the authors investigated the scalar recursion
Wn+1 = [VnWn + Sn � An]

+, where Vn can be positive or
negative; see also [3] for a more general (scalar) case. In [5],
the authors considered Lindley-type recursions with depen-
dencies motivated by applications in queueing and insurance
risk models. Recently, in [12] the authors generalized the
work in [6] by considering non-trivial dependence structures
among {Sn}n2N, {An}n2N; see also [14, 7].
In [11], the author investigated general Markov-modulated

recursions of the form Wn+1 = [aWn + Sn � An+1]
+, a 2

(0, 1), thus, considered the Markov-dependent version of the
process analysed in [6]. Note that the specific case of a = 1
in [11] corresponds to the waiting time in a single server
queue with Markov-dependent interarrival and service times
studied in [1]. The case where a = �1 was investigated in
[20] in the context of carousel models.

1.1 Contribution

1. A major contribution of the present paper, regarding
Model I, is that we derive and solve a system of Wiener–Hopf
equations, which allows to study the stationary behavior of
the {Wn}n2N0 process. To the best of the author’s knowl-
edge, in Model I we studied for the first time a recursion
of the form Wn+1 = [VnWn + Yn(Vn)]

+, where Yn(Vn) =
Yn = Sn � An+1, P (Vn = 1) = p1, P (Vn = a) = p2, where
a 2 (0, 1), P (Vn < 0) = p3 = 1 � p1 � p2, under a semi-
Markov dependent framework (see Section 3). If p1 = 1,
the model is reduced to the one in [1], while if p2 = 1 is
reduced to the one in [11], and if p3 = 1 is reduced to the
one in [20]. We focus on the most interesting case where
0 < pi < 1, i = 1, 2, 3. The model in [11] is the most relevant
to our model, however is focused on the case P (Vn = a) = 1,
a 2 (0, 1). In this work, we allow Vn to take arbitrary distri-
butions on (�1, 0], thus we introduce to the model specific
mathematical intricacies, but still, we are able to get explicit
results in terms of LSTs. Moreover, contrary to the work in
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[4] where the authors studied a scalar version, we introduce
Markov-modulated dependencies, which lead to a vector-
valued fixed-point functional equation that will be solved
recursively, with some additional technical requirements in
proving the convergence of the iteration scheme based on
matrix norms (see [10, Th. 1]). In contrast to the scalar
case analyzed in [4], the Markov-modulated framework we
introduce results in a system of Wiener-Hopf equations (in-
stead of a single equation in [4]) that we succeed to solve
and prove the convergence of its solution. We also discuss
the stability condition. Moreover, contrary to [13], where
the authors studied a similar recursion, and derived the first
two moments, in our work, we succeed to derive the station-
ary distribution of the process under study in terms of LSTs,
thus we are able to derive all the moments, which is quite
helpful in performance analysis. This is accomplished by
applying the Wiener-Hopf method in a vector-valued func-
tional equation, which seems to be a quite promising tech-
nique that can be used to solve a large number of interesting
and unsolved problems in applied probability literature.

2. Our second contribution refers to the analysis of a Markov-
modulated Lindley-type recursion in Model II, for which the
monotonicity assumption does not hold. The scalar Lindley
recursion refers to the class of discrete time Markov chains
described by the recursion Wn+1 = F (Wn, Xn). An im-
portant assumption that is often made in the related liter-
ature is that the function F (w, x) is non-decreasing in its
main argument w [2]. The recursion we focus on does not
satisfy that usual assumption, which in turn, does not al-
low us to exploit the known duality results between Markov
processes and monotone increasing continuous processes; [2,
Section IX.4]. We go one step further and study in detail the
Markov-modulated version of that recursion that does not
satisfy the monotonicity property, thus, filling an important
gap in the related literature. Moreover, although we incor-
porate Markov-modulation to capture fluctuations in inter-
arrival and service times, we are still able to solve explic-
itly the vector-valued functional equation in terms of LSTs.
Contrary to the scalar case in [7], where the authors solved a
Wiener-Hopf boundary value problem to derive the LST of
the waiting time distribution, we solve a vector-valued func-
tional equation by using simple arguments, without using
the Wiener-Hopf method. This is quite promising since our
framework, allows for solving complicated problems without
increasing significantly the mathematical di�culties.

In Model II (Section 4), we study the Markov-dependent
multiplicative Lindley-type recursion (1), where P (Vn =
1) = p, P (Vn = �1) = q := 1 � p, p 2 [0, 1]. Moreover,
contrary to the work in [7], where the authors studied a
scalar version, in our work we consider Markov-modulated
dependencies among {An}n2N0 , {Bn}n2N (resp. {Cn}n2N0 ,
{Dn}n2N), and on top of that we further allow Yn to depend
on Vn: Yn(1) = Sn�An+1, Yn(�1) = Dn+1�Cn. Our main
goal is to derive the LST of the steady-state distribution of
{Wn}n2N, when it exists. To the author’s best knowledge,
it is the first time that such a Markov-modulated multi-
plicative version of Lindley recursion is studied. We further
provided a recursive approach to obtain the steady-state mo-
ments of the waiting time distribution, as well as to inves-
tigate the asymptotic behaviour of the steady-state waiting
distribution for light-tailed service time distributions.

Despite our methodological contribution, our work has

also strong connections with respect to the performance
analysis of service systems. In particular, this state-dependent
queuing process, as discussed in detail below (see also [7]),
is connected to LaPalice queues [15], in which customers are
scheduled to be served such that the period between two
consecutively scheduled customers is greater than or equal
to the service time of the first customer. A LaPalice queue
can be considered as a special queue in which each customer
makes an appointment with the server but may arrive lat-
ter due to some unexpected delays that can be modeled as
shifting delays. LaPalice queues are an alternative to flow
control in high speed networks [15]. The Markov-modulated
framework that we incorporate provides an even more real-
istic aspect of the model, since in many practical situations,
customer arrivals and the service mechanism of a queueing
system are influenced by some factors external or internal
to the system [17]. In a more general framework, Wn may
represent an inventory in time period n (e.g. cash), Vn may
represent a multiplicative, possibly random, decay or growth
factor between times n and n + 1 (e.g. interest rate) and
Yn(Vn) may represent a quantity that is added or subtracted
between times n and n+1 (e.g. deposit minus withdrawal).
When Vn = 1 (i.e., p = 1) we have the MAP/G/1 queue

[1], and when Vn = �1 (i.e., p = 0, equivalently q = 1) we
have a modulated alternating service model with two service
points that arise in the performance analysis of warehouse
systems; see [18, 20]. Studying a recursion that contains the
Markov-modulated version of both Lindley’s classical recur-
sion [1] and the recursion in [18, 19] as special cases it is of
interest in its own right. As shown below, for p 2 (0, 1), our
model describes a Markov-modulated FCFS queue, in which
the service times and the interarrival times depend linearly
and randomly on the waiting times, as well as on the value
of Vn: Consider an extension of a modulated G/G/1 queue,
which is specified by an ergodic sequence of non-negative
random variables {(K̄n(Vn), L̄n(Vn), bKn(Vn), bLn(Vn), Vn}n2N0 .
Given the state of an irreducible finite state Markov chain,
the sequence {Wn}n2N0 is defined recursively by Wn+1 =
[Wn + Kn(Vn) � Ln(Vn)]

+, where Kn(Vn) = K̄n(Vn) +
bKn(Vn)Wn, Ln(Vn) = L̄n(Vn) + bLn(Vn)Wn with

K̄n(Vn) =

⇢
Sn, when Vn = 1,
Dn+1, when Vn = �1,

,

L̄n(Vn) =

⇢
An+1, when Vn = 1,
Cn, when Vn = �1.

Then, K̄n(Vn) can be considered the nominal service time
of the n customer, while L̄n(Vn) can be considered as the
nominal interarrival time between customers n and n+1, be-
cause these would be the actual times if the state-dependent
behavior were omitted. Moreover, they are both dependent
on Vn, as well as on the state of the background Markov
chain. Then, we have a modulated multiplicative Lindley
recursion with Vn = 1 + bKn(Vn) � bLn(Vn). When Vn = 1

(w.p. p), then bKn(1) = bLn(1), while when Vn = �1 (w.p.

q = 1� p), bLn(�1) = 2 + bKn(�1). See also [21, Sec. 5] for
an application in scheduling arrivals in a production system.

2. MODEL DESCRIPTION

In this work, we focus on the stationary analysis of a
Markov-dependent version of (1), where the distribution
of the i.i.d random variables {Yn(Vn)}n2N0 is regulated by
an irreducible discrete-time Markov chain {Zn}n2N0 with
state space E = {1, 2, ..., N}, one-step transition proba-
bility matrix P := (pi,j)i,j2E , and stationary distribution
⇡̃ := (⇡1, . . . ,⇡N )T .
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Let �n
W,i(s) := E(e�sWn1{Zn=i}), i = 1, . . . , N, Re(s) �

0, n � 0, and assuming the limit exists, let �W,i(s) =
limn!1 �n

W,i(s), and �̃W (s) := (�W,1(s), . . . ,�W,N (s))T .
We consider the following two model variants in (1):
Model I: P (Vn = 1) = p1, P (Vn = a) = p2, a 2 (0, 1),
P (Vn < 0) = p3 := 1� p1 � p2, Yn(Vn) := Yn = Sn �An+1.
Let also for n � 0, x, y � 0, i, j = 1, . . . , N , 0  r  n� 1:

P (An+1  x, Sn  y, Zn+1 = j|Zn = i, (Cr+1, Dr, Zr))

= P (An+1  x, Sn  y, Zn+1 = j|Zn = i) = pi,jFS,i(y)GA,j(x),
(2)

where FS,i(.), GA,j(.) denote the distribution functions of
Sn, An+1, given Zn = i, Zn+1 = j, respectively. Note that
An+1, Sn, Zn+1 are independent of the past given Zn, and
An+1, Sn are conditionally independent given Zn, Zn+1.
We assume that the sequences {An}n2N and {Sn}n2N0 are
autocorrelated as well as cross-correlated.
Model II: P (Vn = 1) = p, P (Vn = �1) = q := 1 � p,
and Yn(1) = Sn � An+1, Yn(�1) = Cn+1 � Dn. Note that
when Vn = 1, the dynamics among {An}n2N, {Sn}n2N0 are
governed by (2). When Vn = �1, then, for 0  r  n� 1

P (Dn+1  x,Cn  y, Zn+1 = j|Zn = i, (Dr+1, Cr, Zr))

= P (Dn+1  x,Cn  y, Zn+1 = j|Zn = i) = pi,jFC,i(y)GD,j(x),

where FC,i(.), GD,j(.) denote the distribution functions of
Cn, Dn+1, given Zn = i, Zn+1 = j, respectively. Note that
Dn+1, Cn, Zn+1 are independent of the past given Zn, and
Dn+1, Cn are conditionally independent given Zn, Zn+1.
We assume that the sequences {Dn}n2N and {Cn}n2N0 are
autocorrelated as well as cross-correlated.

3. MODEL I

We consider the Markov-dependent mixed case, which is
described by the recursion Wn+1 = [VnWn + Sn � An+1]

+

under the Markov-dependent dynamics in (2), with 0 < pi <

1, i = 1, 2, 3, p1 + p2 < 1. Let us discuss the stability
condition. We denote with X a generic random variable
distributed as X0, and always assume that E(|V |) < 1,
E(|Y |) < 1. For the scalar case, in [21, Theorem 1] it is
shown that if P (V < 0) > 0 and P (Y  0) > 0, then,
Wn tends to a proper limit as n ! 1. Note that for our
case, V does not depend on the state of the background
discrete-time Markov chain, although P (V < 0) = p3 > 0.
The other requirement is always satisfied since, in the simple
case where A|Z = j ⇠ exp(�j), and S|Z = j follow a general
distribution with distribution function Bj(.), and LST �

⇤
j (.),

P (Y  0) =
PN

i=1

PN
j=1 ⇡ipi,j�

⇤
i (�j) > 0, thus, from the

regenerative nature of Wn, the limit W is unique.
We further assume that S|Z = i and A|Z = j have a

rational LST, with poles at t1,i, . . . , tmi,i, i = 1, . . . , N , and
s1,j , . . . , slj ,j , j = 1, . . . , N , respectively, i.e.,

�B,i(s) :=
NB,i(s)

DB,i(s)
, �A,j(s) :=

NA,j(s)

DA,j(s)
,

withRe(sr,j) < 0, r = 1, . . . , lj , j = 1, . . . , N andRe(tk,i) <
0, k = 1, . . . ,mi, i = 1, . . . , N .

In such a setting, denote by Hi,j(s) := E(e�sYn |Zn =

i, Zn+1 = j) =
N

(i,j)
Y (s)

D
(i,j)
Y (s)

=
NB,i(s)NA,j(�s)

DB,i(s)DA,j(�s) . Denote further

the N ⇥ N matrix H(s) := (Hi,j(s))i,j=1,...,N . Then, we
have the following result.

Theorem 1. For s 2 ⌦ := {s : Re(s) � 0, det(I �
p1F (s)) 6= 0}, the transform vector �̃W (s) satisfies

�̃W (s) = R(s)�̃W (as) + Ṽ (s), (3)

where F (s) := P
T � H(s) and ’�’ denotes the Hadamard

product

R(s) := p2(I � p1F (s))�1
F (s),

Ṽ (s) := (I � p1F (s))�1
ṽ(s),

ṽ(s) := (
Pl1+

PN
k=1 mk

!=0 c!,1s
!

QN
k=1 D

(k,1)
Y (s)

, . . . ,

PlN+
PN

k=1 mk
!=0 c!,Ns!

QN
k=1 D

(k,N)
Y (s)

)T ,

where c0,j = ⇡jp3
QN

k=1 D
(k,j)
Y (0). The solution to (3) is

�̃W (s) =
P1

k=0

Qk�1
m=0 R(am

s)Ṽ (ak
s). (4)

The remaining terms c!,j , ! = 1, . . . , lj +
PN

k=1 mk, j =

1, . . . , N are determined by solving the
PN

j=1 lj+N
PN

k=1 mk

linear equations given below:

p2⇣̃r,jF (�r,j)�̃W (a�r,j) = �⇣̃ṽ(�r,j),

p3
PN

i=1 pi,jN
(i,j)
Y (tf,k)

QN
⌫ 6=i DB,⌫(tf,k)

⇥
R 0

�1

hP1
v=0

Qv�1
m=0 R(am

tf,ky)Ṽ (av
tf,ky)

i

⇥P (V � 2 dy) =
Plj+

PN
k=1 mk

!=0 c!,j(tf,k)
!
,

(5)

where �r,j, r = 1, . . . , lj , j = 1, . . . , N are the
PN

j=1 lj roots

of det(I�p1F (s)) = 0, such that Re(�r,j) > 0, and ⇣̃r,j, r =
1, . . . , lj , j = 1, . . . , N , are nonzero row vectors satisfying
⇣̃r,j(I � p1F (�r,j)) = 0.

Proof. The detailed proof is given in [10].

We can now obtain the steady-state moments. Let mi :=
limn!1 E(W1{Zn=i}), i = 1, . . . , N , and m̃ = (m1, . . . ,mN )T .
Di↵erentiate (3) with respect to s and let s ! 0. Then:

m̃ = ((p1 + ap2)P
T � I)�1(�⇡̃ + v0(0)),

where � = P
T �H 0(0), where ”0” denotes the first derivative.

4. MODEL II

We now focus on Model II, a Markov-modulated queue
with service and interarrival times depending on waiting
times as described in Section 2. We assume that An|Zn =
j ⇠ exp(�j), Dn|Zn = j ⇠ exp(µj), while Sn|Zn = j,
Cn|Zn = j, are arbitrarily distributed with distribution
functions Bj(.), and Cj(.), respectively. Denote also their
LSTs with �

⇤
j (s) =

R1
0

e
�st

dBj(t), c
⇤
j (s) =

R1
0

e
�st

dCj(t),
and let �j =

R1
0

xdBj(x), �j =
R1
0

xdCj(x), j = 1, . . . , N .
In the following we discuss the stability condition. Follow-

ing ideas from [21, 7], note that from (1), by replacing Vn

with max{0, Vn}, and Yn(Vn) with max{0, Yn(Vn)}, then,
the resulting waiting times are least as large as those given
in (1). Then, exploiting ideas from [21], if Wn satisfies (1),
then with probability 1, Wn  Qn for all n, where

Qn+1 = max{0, Vn}Qn +max{0, Yn(Vn)}, n � 0, (6)

and Q0 = W0 � 0. Thus, if Wn satisfies (1), Qn sat-
isfies (6), and Qn converges to the proper limit Q, then
{Wn}n2N is tight and P (W > x)  P (Q > x) for all
x, where W is the limit in distribution of any convergent
subsequence of {Wn}n2N. With that in mind, as well as
[8, Theorem 1], implies that Qn satisfying (6) converges
to a proper limit if P (max{0, Vn} = 0) = P (Vn  0) =
q > 0. Then, looking at [21, Theorem 1], the sequence

{Wn}n2N is tight for all ⇢ = E(K̄0(V0))
E(L̄0(V0))

=
PN

i=1 ⇡i(p�i+qµ�1
i )

PN
i=1 ⇡i(p�

�1
i +q�i)
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and W0. If, in addition, 0  p < 1 and {(Vn, Yn(Vn))}n2N0

given the state of the background discrete time Markov
chain is a sequence of independent vectors with P (V0 
0, Y0(V0)) > 0, then the events {Wn = 0} are regenera-
tion points with finite mean time and {Wn}n2N0 converges
in distribution to a proper limit W as n ! 1 for all ⇢

and W0. Note that when p = 1, we need to have ⇢ < 1;
[1]. Let ⇤ = diag(�1, . . . ,�N ), M = diag(µ1, . . . , µN ), and
B

⇤(s) = diag(�⇤
1 (s), . . . ,�

⇤
N (s)), H(s) = pB

⇤(s)P⇤.

Theorem 2. The transform row vector �̃T
W (s) satisfies

�̃T
W (s)[H(s) + sI � ⇤] = ṽ(s), (7)

where, �̃T
W (0) = ⇡̃

T ,

ṽ(s) = (sk̃1 + s
2
k̃2 � q⇡̃⇤M)(M + sI)�1

,

k̃l = (k1,l, . . . , kN,l), l = 1, 2,

kj,1 = q⇡jµj + µjv
(1)
j � �jv

(�1)
j , j = 1, . . . , N,

kj,2 = v
(1)
j + v

(�1)
j , j = 1, . . . , N,

v
(1)
j = p

PN
i=1 pi,j�

⇤
i (�j)�W,i(�j), j = 1, . . . , N,

v
(�1)
j = q[⇡j �

PN
i=1 pi,jc

⇤
i (µj)�W,i(µj)], j = 1, . . . , N,

Proof. The detailed proof is given in [10].

To fully specify �̃T
W (s) we need to obtain 2N2 unknown

terms, namely �W,i(�j), �W,i(µj), i, j = 1, . . . , N , which are
involved in the vectors k̃1, k̃2. This task is accomplished in
the following steps. The first part of Theorem 3 (see [10] for
the proof), gives the number and placement of the solutions
of det(H(s)+ sI �⇤) = 0. That result is used in the second
part to obtain N equations relating the elements of k̃1, k̃2.

Theorem 3. 1. The equation det(H(s)+sI�⇤) = 0, has
exactly N zeros, say s1, . . . , sN , Re(si) > 0, i = 1, . . . , N .
2. Suppose that the N solutions si, i = 1, 2, . . . , N, with
Re(si) > 0 stated above are distinct. Let ãi = (ai,1, . . . , ai,N )T

be a nonzero column vector satisfying (H(si)+siI�⇤)ãi = 0̃,
i = 1, . . . , N , where 0̃ is a row vector of zeros. Then,
ṽ(si)ãi = 0, or equivalently,

PN
k=1 vk(si)ai,k = 0, (8)

where ṽ(s) = (v1(s), . . . , vN (s)) with

vj(s) =
1

µj+s [�q⇡j�jµj + skj,1 + s2kj,2], j = 1, . . . , N.

Proof. The proof is given in [10].

Expanding (7), and substituting s = µl, l = 1, . . . , N , we
obtain N

2 equations that relate �W,i(�j), �W,i(µj), i, j =
1, . . . , N . More precisely, we have for j, l = 1, . . . , N :

�jp
PN

i=1 pi,j�W,i(µl)�⇤
i (µl)� (�j � µl)�W,j(µl)

= 1
µj+µl

h
µl(µl + µj)p

PN
i=1 pi,j�W,i(�j)�⇤

i (�j)

+µlq(�j � µl)
PN

i=1 pi,j�W,i(µj)c⇤i (µj) + (µl + µj)q⇡j(µl � µj)
i
.

(9)
The remainingN(N�1) equations are obtained as follows:

Expanding (7), and for each j = 1, . . . , N , substituting s =

�k, k 6= j, k = 1, . . . , N , we have:

�jp
PN

i=1 pi,j�W,i(�k)�
⇤
i (�k)� (�j � �k)�W,j(�k)

= 1
µj+�k

h
�k(�k + µj)p

PN
i=1 pi,j�W,i(�j)�

⇤
i (�j)

+�kq(�k � �j)
⇣PN

i=1 pi,j�W,i(µj)c
⇤
i (µj) + (�k + µj)⇡j

⌘i
.

(10)
Then, (8), (9), (10) constitute 2N2 linear equations for the

2N2 unknowns �W,i(�j), �W,i(µj), i, j = 1, . . . , N . Once
these terms are known, the vectors k̃1, k̃2 are known, and
thus, ṽ(s) is known. This implies that �̃T

W (s) is known. We
are now ready to compute the moments of the steady-state
waiting time distribution. For i = 1, . . . , N , denote:

mr,i = limn!1 E(W r
n1{Zn=i}), r = 0, 1, 2, . . . ,

m̃r = (mr,1, . . . ,mr,N ), r = 0, 1, 2, . . . ,
�r,i =

R1
0

x
r
dBi(x), r = 0, 1, 2, . . . ,

�r = diag(�r,1, . . . , �r,N ), r = 0, 1, 2, . . . .

Then, we have the following result (see [10] for the proof).

Theorem 4. The moment-vectors m̃r satisfy the follow-
ing recursive equations: m̃0 = ⇡̃,

m̃1 =
h
m̃0 (p(P⇤� �1P⇤M) +M � ⇤)� k̃1

i
(⇤M)�1(pP � I)�1,

m̃2 = 2
h
k̃2 � m̃1 (p(P⇤� �1P⇤M) +M � ⇤)

m̃0
�
p( 12�2P⇤M � �1P⇤) + I

�⇤
(⇤M)�1(pP � I)�1,

while for r � 3:

(�1)r

r! m̃r(I � pP )⇤M = (�1)r�2

(r�2)! m̃r�2
⇥
p( 12�2P⇤M � �1P⇤) + I

⇤

+ (�1)r�1

(r�1)! m̃r�2 [p(P⇤� �1P⇤M) +M � ⇤]

+p
Pr�3

j=0
(�1)j

j! m̃j

h
(�1)r�j�1

(r�j�1)! �r�j�1P⇤+ (�1)r�j

(r�j)! �r�jP⇤M
i
.

We now focus on an asymptotic result. Let G(s) :=
H(s) + sI � ⇤, and Adj(G(s)) denotes its adjoint matrix.
From Theorem 2 we know that

�̃T
W (s) = ṽ(s)Adj(G(s))

det(G(s)) , (11)

where G(s), is a vector of analytic functions for Re(s) >

0. Assume that the LST �
⇤
i (s) exists in a neighborhood

of the origin. Then, due to (11), the functions �W,i(s)
are analytic for all s with Re(s) > �R, where �R de-
notes the zero of det(G(s)) with the largest real part in
the negative halfplane. From the damping property of the
Laplace transforms, we have L(eRt

FW,i(t)) = �W,i(s � R),
i = 1, . . . , N, where FW,i(t) denotes the distribution of W
when the background Markov chain is in state i, and L(g(t))
denotes the LST of the function g(t). Given that the limit
exists, limt!1 e

Rt
F̃

T
W (t) = lims!0 s�̃

T
W (s � R) = C̃, where

F̃
T
W (t) = (Fw,1(t), . . . , FW,N (t)). Let s = �R be a simple

pole of �W,i(s), then we obtain, using de L’Hopital rule:

C̃ = ṽ(�R)Adj(G(�R))
d
ds det(G(s))|s=�R

. (12)

Thus, the waiting time distribution decays exponentially at
rate R, and the corresponding constants are given in (12).

5. A SIMPLE NUMERICAL EXAMPLE

Due to space limitations, we just numerically illustrate
the theoretical findings in Sections 3, 4. Let N = 2, and
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⇤ = diag(2, 3), M = diag(µ1 = 10/u, µ2 = 8/u), u = 1, 2, 3,
A|Z = j ⇠ exp(�j), j = 1, 2.
Regarding Model I: Here we assume that a = 0.2,

S|Z = j ⇠ exp(µj). The parameter u is used to explore
the e↵ect of increasing the expected service duration on the
mean workload. We compare the case where interarrival and

service times are autocorrelated i.e., where P =

✓
0 1
1 0

◆
,

and the case where there is no autocorrelation, i.e., where

P =

✓
0.5 0.5
0.5 0.5

◆
. In such a scenario, we have positive cross-

correlation between the interarrival and service times. Fig-
ure 1 shows that the mean workload is higher when there is
autocorrelation, and increases as u increases.

Figure 1: Mean workload vs u.

Regarding Model II: For convenience, we assume that
S|Z = j ⇠ exp(µj), and C|Z = j ⇠ exp(✓j), j = 1, 2,

with ✓1 = 8, ✓2 = 6. P =

✓
0.2 0.8
0.6 0.4

◆
. Figure 2 shows

the expected waiting time as a function of p, for increasing
values of u. Note that as u increases, the mean waiting time
also increases, since the mean service time increases. That
increase becomes more apparent as p increases, that is, when
our model is more likely to operate as a regular MAP/G/1
queue rather than an alternating service model.

Figure 2: Mean waiting time vs p.
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ABSTRACT

Optical Neural Networks (ONNs) offer ultrafast computa-
tion, high bandwidth, and low energy use by exploiting pho-
tonic hardware. Training, however, remains difficult since
parameters learned on simplified in silico models often de-
grade when transferred to physical devices with noise and
fabrication imperfections.

We study how noise misspecification during in silico train-
ing impacts performance and propose Gradient-Informed
Fine-Tuning (GIFT). This is a lightweight in situ algorithm
that adapts pretrained parameters. GIFT requires no full re-
training or elaborate setups and comes with mathematical
guarantees on when it improves performance.

Simulations on a five-layer ONN for MNIST classification
show that GIFT yields up to 28% relative accuracy improve-
ment under noise misspecification. Thus, GIFT offers a prac-
tical means to close the gap between digital models and
physical ONNs.1

1. INTRODUCTION

Empirically, Neural Network (NN) performance has been
seen to follow a power law relationship that depends on the
dataset size and model scale [13, 14]. Consequently, improv-
ing performance requires ever larger datasets and more com-
plex models. These, in turn, demand significantly greater
computational resources. However, advancements in com-
pute performance are plateauing, driving a surge of research
into alternative computing hardware solutions. Optical Neu-
ral Networks (ONNs) offer the promise of ultra-fast and
energy-efficient computing due to the speed of light process-
ing and the high bandwidth [35, 29, 25].

Despite these advantages, ONNs face several unique chal-
lenges that complicate their deployment. Noise, in particu-
lar, is a fundamental issue, arising from sources such as sig-
nal encoding, transmission, and processing, which can de-
grade network performance. Additionally, device-level im-
perfections, such as phase errors in Mach–Zehnder Inter-
ferometer (MZI) meshes, thermal crosstalk, and fabrication
inconsistencies, introduce further variability that affects sys-
tem performance [30, 18, 11]. Moreover, the high-precision
and high-speed requirements of Digital–Analog Conversions

1The extended version of this paper, [20], is available at
https://arxiv.org/abs/2506.22122.

Copyright is held by author/owner(s).

(DACs) and Analog–Digital Conversions (ADCs) add signif-
icant overhead in analog–digital architectures [15, 11].

A widely adopted training approach for ONNs is the in
silico training, which involves training a digital model that
simulates the physical hardware, allowing backpropagation
to be performed computationally before mapping the op-
timized parameters to the actual optical hardware [37, 1,
42], where only inference can be executed. Effective in sil-
ico training requires accurate modeling of the ONN, includ-
ing the activation functions (e.g. sigmoidal [28] or sinusoidal
[31]), initialization schemes to avoid saturation, and com-
pensation for quantization and noise effects in Photonic In-
tegrated Circuits (PICs) [30, 16]. Nevertheless, in silico
models are prone to model misspecification. Even small
discrepancies between the simulated model and the phys-
ical hardware can accumulate and become amplified as they
propagate through the network’s layers [4].

Hybrid approaches have been proposed to mitigate mis-
specifications between model and physical ONN by perform-
ing forward passes directly on the ONN (in situ) while re-
taining backpropagation in a digital model [46, 42]. While
this method reduces errors from model inaccuracies, it re-
quires a complex interface to integrate feedback from phys-
ical hardware into the training process. Figure 1(left, mid-
dle) illustrate the in silico and hybrid training approaches,
respectively.

While previous work has focused on adapting training al-
gorithms to the unique properties of ONNs [11, 30], we pro-
pose a fine-tuning method that is largely agnostic to the
specific model. This ensures reliable performance in a wide
range of real-world applications.

Specifically, we give a novel in situ fine-tuning method
to mitigate errors from model misspecification in in sil-
ico-trained ONNs, nicknamed GIFT. Unlike previous ap-
proaches, our method does not require incorporating hard-
ware feedback into the digital model. Instead, we focus
on directly fine-tuning the weights on the physical hard-
ware to correct for discrepancies between digital model and
physical hardware, as illustrated in Figure 1(right). This
approach is motivated by the observation that parameters
learned through in silico training are often close to the op-
timal parameters for the physical system, showing the need
for a sophisticated retraining algorithm. Using our method,
fair minimizers are first identified through standard in sil-
ico training, and then fine-tuned towards better minimizers
directly on the ONN platform, in situ. To the best of our
knowledge, this form of device-level fine-tuning is novel and
offers a practical, computationally efficient solution for real-
world ONN deployment.
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Figure 1: Comparison of training approaches. Left : Full in silico training, where both forward and backward passes occur in a digital

model. Middle: Hybrid training, where optical forward passes are backpropagated through a digital model. Right : Gradient-Informed

Fine-Tuning (GIFT), which fine-tunes an in silico trained model using optical forward passes, without requiring the complex experimental

setup of hybrid training.

1.1 Related literature

Noise in ONNs arises from data encoding and signal pro-
cessing (DACs/ADCs, laser fluctuations, modulator resolu-
tion), thermal crosstalk, cumulative optical communication
noise, and nonlinear activation functions [5, 22, 4, 33, 37].
Device-level components such as microring weight banks,
MZI meshes, and Semiconductor Optical Amplifier (SOA)-
based networks introduce distinct noise, often modeled as
Additive White Gaussian Noise (AWGN), as do fabrication
errors in components like directional couplers.

To address these noise issues, strategies include
quantization-aware methods [11, 41, 47, 15], noise-aware and
hardware-in-the-loop training to improve robustness [45, 10,
38], loss-landscape smoothing via gradient penalties [17, 43,
40], and hardware/circuit-level approaches such as pruning,
weight blocks, duplication, and design optimizations to re-
duce variation and crosstalk [12, 9, 19, 27].

Integrated photonics offers an ultra-low latency and
energy-efficient platform for ONNs, through on-chip inte-
gration [36, 6, 39]. Key building blocks include MZI-
meshes for linear transformations, while techniques such
as Wavelength-Division Multiplexing (WDM) enhance par-
allelism and bandwidth [3, 8, 7, 24]. Optical nonlineari-
ties have been demonstrated with photodetectors, saturable
absorbers, and SOAs among others, supporting the imple-
mentation of diverse architectures from Multi-Layer Percep-
tronss (MLPs) to more advanced Convolutional Neural Net-
works (CNNs) and Spiking Neural Networks (SNNs) [1, 2,
26, 44]. The growing availability of standardized Process
Design Kits (PDKs) paves the way for full-scale photonic
integration [23].

2. SUMMARY OF RESULTS

A physical ONN is inherently noisy and thus, for given
weights w and some input x, the ONN’s output �ONN(x,w)
is a random variable with certain distribution. Ideally, a
model M of the physical ONN incorporates a noise distri-
bution N such that for all x and w and some realization
N ⇠ N of the modeled noise, its output M(x,w,N) has the

exact same distribution as �ONN(x,w). In this ideal sce-
nario, an optimal w⇤ for the model M will also be optimal
for the ONN �ONN. However, a model is a mere approxima-
tion of reality and there is typically model misspecification.

In [20, Section 2.1], we construct a function M that can
at the same time describe a noisy in silico NN and model
an in situ ONN. There, the presumed noise distribution
Ns includes a noise level parameter s 2 (0,1) that effec-
tively determines the variance of the present AWGN. Our
construction is such because we care about the scenario in
which a practitioner has an estimate noise level s0 2 (0,1)
of some underlying hidden, unknown and true noise level
st 2 (0,1), and such that s0 ⇡ st and s0 6= st.

2.1 Result 1: Characterization of the mini-

mizers under L2-loss

We assume that a practitioner is training M using a pro-
jected Stochastic Gradient Descent (SGD) algorithm on L2-
loss in silico. This means specifically that the practitioner
is iterating

w{k+1}

= pH
�
w{k} � "krw

�
y{k} �M(x{k}, w{k},N{k})

�2� (1)

in silico. Here, the w{0} denote initial weights, N{k} ⇠ Ns

noise realizations, (x{k}, y{k}) ⇠ µ data samples, and "k > 0
step sizes.

For s 2 (0,1), let Ns refer specifically to the noise dis-
tribution implied by [20, (15)] in [20, Section 2.1], and µ a
data distribution on d0 ⇥ dL . Furthermore, let

Js(w) :=

Z Z
(y �M(x,w,N))2 dNs(N) dµ(x, y) (2)

be the objective function at level s. The fact that Equa-
tion (2) really is the objective function is implied by our
first result: the exact description of the limiting behavior
of Equation (1) in Propositions 1 and 2 of [20, Section 2.1].
Informally stated, for one for example, Proposition 2 [20]
implies:
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Result 1 (Informal). For any s 2 (0,1), under
typical assumptions, the limit of Equation (1) converges to
a point in the set {w : rwJs = 0}.

The proofs of Propositions 1 and 2 [20] are modifications
of proofs in [34], and ultimately rely on the so-called Ordi-
nary Differential Equation (ODE) method [21]. The proof
parts that deal with the AWGN are new.

Now that we have identified in [20, (15)]what the objective
function is, and what the limit points of Equation (1) are,
we can tackle the problem of model misspecification.

2.2 Result 2: Minimizers from a misspecified

model can be improved

Assume now that s0 6= st, i.e., that there is model mis-
specification. Our second result, Theorem 1, gives condi-
tions under which there is in fact scope for improvement.
This is made explicit by the strict inequality in Equation (5).
Its proof is given in [20, Section 3.3.1]:

Theorem 1. Let s0, st 2 (0,1). Assume that

w0 2 {w : rwJs0(w) = 0} 6= ; and
wt 2 {w : rwJst(w) = 0} 6= ;. (3)

The following then holds: if for all ⇣ 2 (s0 ^ st, s0 _ st)

0 < |st � s0| <
k @

@s
rwJs0(w0)k2

1

2

���
⇣

@2

@s2
rwJ⇣(w0)

⌘
T
⇣

@

@s
rwJs0(w0)

⌘���
, (4)

then w0 6= wt. Moreover,

Jst(wt) < Jst(w0). (5)

2.3 Result 3: GIFT improves minimizers from

a misspecified model

Our third result is Algorithm 1, nicknamed GIFT. Impor-
tantly, GIFT is designed to be implementable in situ. Specif-
ically, it takes in silico estimates of opportune directions,

D[0]

W (`)(K1,K2) =
1

K1K2

K1X

k=1

K2X

mk=1

R(`),{k}�A(i�1),{k}�T

(6)

⇥
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↵2S

�
s�2

0

�
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�
T
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and

D[0]

b(`)
(K1,K2) =

1
K1K2

K1X

k=1

K2X

mk=1

R(i),{k} (7)
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(see Line 2), along which an in situ search is then performed
(see Lines 5 to 9). The candidate point along the direction
that scores best according to the in situ evaluation function

Evalw(K1,K2) =
1

K1K2

K1X

k=1

K2X

m=1

�
y{k} � �ONN(x{k}, w)

�2

(8)
is returned by the algorithm. For GIFT, we prove the fol-
lowing performance guarantee in [20, Section 3.3.2]:

Algorithm 1 Gradient-Informed Fine-Tuning (GIFT)

Require: An estimate s0 2 (0,1) of st, parameters ⌘ >
0,K1,K2 2 N+, and a performance evaluation function
Evalw(K1,K2) evaluable in situ
Initialization:

1: Calculate an approximate minimizer w0 2 {w :
rwJs0(w) = 0}, e.g. via Equation (1), in silico

2: Calculate an estimate of (@/@s)rwJs(w), say
D[0](K1,K2), in silico
Directional search:

3: Initialize w[0]  w0, i 0
4: Evaluate L[0]  EvalK1,K2(w

[0]) in situ
5: repeat
6: Calculate w[i+1,±]  w[i] ± ⌘D[0]

7: Evaluate L[i+1,±]  EvalK1,K2(w
[i+1,±]) in situ

8: Increment i i+ 1
9: until L[i,+] _ L[i,�] � L[0]

Finalization:
10: Return
11: wf 2 argmin

w2{w[c,·]|c2[i],·2{+,�}}
�
EvalK1,K2(w)

 

Theorem 2. Let s0, st 2 (0,1). Let the fine-tuned
weights output by Algorithm 1 be

wf = GIFT(s0; ⌘,K1,K2). (9)

Assume that Equations (3) and (4) hold and that w0 2 {w :
rJs0(w) = 0}. Then, for sufficiently small ⌘ and suffi-
ciently large K1,K2,

Jst(wf ) < Jst(w0). (10)

2.4 Conceptual explanation of Theorem 1

We found inspiration for Theorems 1 and 2 in [32]; a paper
that establishes the existence of optimality gaps in appropri-
ately dimensioned large many-server systems. As in [32], but
for different reasons, there exists a performance gap when
optimizing a misspecified ONN. Let us explain this using
Figure 2 for a one-dimensional, stylized example.

Jt

J0

x⇤
0x⇤

t

Optimizer
gap

Loss
gap

In situ
objective

wt

In silico
objective

w0

Figure 2: (Left) Schematic depictions of Js0 and Jst for some

s0 6= st. (Right) The curves around the minimizers of the in situ
and in silico objectives.

In Figure 2, illustrations of J0 and Jt are shown in red
and green, respectively, for some s0 6= st while also s0 ⇡ st.
Notice that the curves are not identical because s0 6= st, but
that they are close to each other because s0 ⇡ st. Notice
also that the minimum of the green curve is strictly less than
its value at the minimizer of the red curve. This is the con-
tent of Theorem 1. Thus, in short, a better minimizer and
better minimum can be found when there is model misspec-
ification. Finally, observe that by moving away from the in
silico minimizer w0 (say experimentally towards the left and
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right) and evaluating Jt’s value by trial and error, one can
indeed be led towards the actual minimizer wt. GIFT builds
on this intuition; and the fact that this idea works, is the
content of Theorem 2.

Recall, however, that the stylized example in Figure 2 is
one dimensional. The parameter space of a NN typically is
of a much higher dimension; and the direction in which to
adjust the parameters via trial–and–error is not obvious. To
address this, Algorithm 1 calculates the direction of error de-
scent as a function of the noise level s in silico. Algorithm 1
then explores this direction in situ by testing along the one-
dimensional line opened by this calculated direction.

To make condition (4) in Theorem 1 more transparent,
we explicitly evaluate the right-hand side of the bound for
a linear network and a specific learning task in [20, Section
1.1.5]. There we find that the range specified by (4) is quite
generous. In a specific scaling case, finetuning is always
successful when the true system experiences less noise than
assumed during training (st < s0). Moreover, if the true
noise exceeds the assumed noise in training (s0 < st), fine-
tuning remains guaranteed for all st < 1, even when there
was no noise in training.

3. SIMULATION STUDY ON GIFT

To evaluate the effectiveness of Algorithm 1, we conducted
experiments on two NN architectures: a shallower NN with
layer dimensions 784–500–100–100–10 and a deeper NN with
layer dimensions 784–500–250–250–100–50–10. Both archi-
tectures use hyperbolic tangent activation functions and
were trained on the Modified National Institute of Standards
and Technology (MNIST) classification task. The training
algorithm closely follows (1), with two key deviations: the
projection step is ommitted and updates are performed for
batches of (x{k}, y{k}) pairs rather than individual samples.

All experiments were implemented using a modified Py-
Torch framework and executed on systems equipped with
NVIDIA Tesla V100-PCIE-16GB and NVIDIA GeForce
RTX 2080 Ti GPUs.

We first apply GIFT to obtain fine-tuned weights and eval-
uate training performance, analyzing results for the deeper
network under both noise misspecification in the AWGN
model (Section 3.1) and when the AWGN assumption is vio-
lated (Section 3.2). Additional simulations assess GIFT on a
shallower network [20, Fig. 4] and examine whether the fine-
tuned weights wf generalize to unseen test data [20, Fig. 6].
For each setting, we trained 10 networks per training noise
level, each with different random initialization.

3.1 GIFT Performance on the Deeper NN

Figure 3 illustrates the performance improvements ob-
tained by applying GIFT to the deeper NN.

Observe in Figure 3 that both the loss and accuracy per-
centage improvements increase as the magnitude of the in-
jected noise (i.e., the variance of the AWGN used during
training) increases. This positive correlation holds true irre-
spective of whether the subsequent true noise level is higher
or lower than the noise level assumed during training. How-
ever, the trends in loss improvement and accuracy improve-
ment exhibit distinct behaviors relative to the true noise
level: the largest percentage reductions in the loss occur
when the true noise level is low, whereas the greatest accu-
racy improvements occur when the true noise level is high.

A plausible explanation for this observed divergence arises
from the fundamental differences between the accuracy and

Figure 3: Percentage improvements in loss (Mean Squared Er-

ror (MSE)) and accuracy achieved with GIFT (Algorithm 1) com-

pared to the baseline (no fine-tuning) for the deeper NN, under

varying training (s0) and true (st) noise standard deviations.

MSE metrics. Accuracy is threshold-based and hence, in
high-noise conditions, even slight adjustments to decision
boundaries can correct misclassifications, resulting in sub-
stantial relative improvements.

On the other hand, MSE measures the average squared
deviation and naturally increases under higher noise due to
increased random fluctuations. Consequently, even if the
absolute reduction in loss remains constant across noise lev-
els, the relative (percentage) improvement appears smaller
when the baseline loss is higher.

The opposite reasoning applies for accuracy. As noise in-
creases, baseline accuracy deteriorates, amplifying the rela-
tive importance of absolute improvements. Therefore, the
largest relative accuracy improvements tend to appear in
high-noise environments, even when the relative improve-
ment in loss appears diminished.

Notably, even when s0 = st, following the gradient direc-
tion D[0] in Algorithm 1 still results in substantial loss im-
provements. This occurs because D[0] reflects the gradient
with respect to the full (available training) data distribution.
In contrast, the original training procedure relies on itera-
tive updates from small mini-batches; cf. the introduction
to this section. GIFT applies a structured gradient-informed
adjustment that follows the gradient direction as calculated
for the whole data distribution.

3.2 GIFT’s performance when the noise is not

AWGN

To test the robustness of GIFT under different noise
assumptions, we replaced AWGN with uniform noise
U(�st, st), multiplicative Gaussian noise with standard de-
viation st, and Laplace-distributed noise with parameters 0
and st. Performance results for these scenarios are presented
in Figure 4. Shown on the top is the loss reducuction and
at the bottom accuracy improvement.

Because the selection step in GIFT (line 11 in Algorithm 1)
includes the initial weights w0 as a baseline, the improve-
ment in loss is inherently nonnegative. This guarantees that
the fine-tuned model will not perform worse than the initial
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Figure 4: Percentage improvements in loss (top) and accuracy (bottom) achieved by Algorithm 1 compared to the baseline (no fine-

tuning) for the deeper network under violations of the AWGN assumption. Results are shown for Laplace-distributed noise (left),

multiplicative Gaussian noise (middle), and uniformly distributed noise (right). Confidence intervals represent 95%.

one, which is clearly observed in Figure 4.
Accuracy improvements (bottom row), however, require a

more nuanced interpretation. In several configurations, per-
centage accuracy gains of approximately 10% are achievable.
Yet, caution is needed, as in certain extreme cases of double
misspecification (both variance and noise distribution devi-
ating significantly from assumptions), accuracy can degrade
substantially—exceeding 25% deterioration. Nonetheless,
provided that the double misspecification remains moder-
ate, GIFT consistently delivers meaningful improvements.

These results demonstrate that GIFT exhibits notable
robustness even when the AWGN assumption is violated.
Thus, the proposed algorithm can effectively be applied in
physical ONNs systems, which typically exhibit more com-
plex or mixed noise characteristics beyond the idealized
Gaussian assumptions.

4. CONCLUSION

This work introduces GIFT (Algorithm 1) which is a
lightweight and effective method for mitigating the impact
of misspecification in in silico-trained ONNs by finetuning in
situ. GIFT refines trained models using precomputed infor-
mation that captures the interplay between noise and net-
work structure, relying solely on on-chip inference to ad-
just network parameters. As a result, GIFT operates with-
out requiring on-chip retraining, which is either infeasible
in practical settings or requires complex interfaces. This
makes GIFT an experimentally simple yet effective solution
for adapting models to unpredictable noisy real-world con-
ditions. Our theoretical and simulation results demonstrate
its efficacy. In short, the key contributions of this paper are:

• Mathematical results establishing conditions under
which GIFT improves ONNs (see Sections 2 and 3 in
[20]). We provide a formal analysis of noise-aware

ONN training and theoretically prove that GIFT Al-
gorithm 1 leads to improvements (Theorems 1 and 2).

• Empirical insights into how the magnitude of noise
misspecification influences fine-tuning success (Sec-
tion 3), including observed accuracy improvements of
up to 28% on MNIST classification. Our results in [20]
show that deeper ONNs benefit most from GIFT.

Beyond its demonstrated performance gains, GIFT also
showed robustness across various noise types, including
Laplace, multiplicative Gaussian, and uniform noise; de-
spite it having been designed under the AWGN assump-
tion. This suggests that GIFT may generalize well beyond
the original training assumptions. We further hypothesize
that GIFT may also compensate for mapping inaccuracies
and fabrication–induced imperfections, making it a promis-
ing direction for practical ONN deployment.

Taken together, the theoretical and experimental findings
presented here introduce GIFT as the first in situ fine-tuning
approach for in silico trained ONNs with a proven ability
to improve models trained under misspecified AWGN noise.
As such, GIFT represents a valuable step toward scalable,
reliable integration of ONNs in real-world applications.

Having established the foundational efficacy of GIFT, fu-
ture work can explore possible extensions to other noise
models. For example, one may consider more complex
and realistic noise models, and device-specific distortions in
ONNs. Showcasing GIFT’s usefulness in a system-level sim-
ulator or in proper hardware implementations can further
underscore the effectiveness of GIFT.
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ABSTRACT

The Q-learning algorithm is well known for its convergence
guarantees to the optimal policy in finite-state environments.
In this paper, we investigate its limitations in countable infi-
nite state spaces – a setting common in real-world problems.
To this end, we introduce a simple queueing model, based
on a load balancing problem, with a countably infinite state
space. In this model, a dispatcher assigns incoming jobs to
one of two queues by choosing between two possible actions:
“red” and “green”. The “red” action leads to transient be-
havior, whereas the “green” action ensures stability. Our
main result shows that, under certain parameter conditions,
Q-learning exhibits instability and fails to converge to the
optimal policy. Our findings reveal a critical gap in the theo-
retical understanding of model-free Reinforcement Learning
methods in infinite domains. Numerical experiments illus-
trate that the transience also occurs with decreasing step-
sizes that satisfy the usual Robbins-Monro conditions.

1. INTRODUCTION
In the realm of Reinforcement Learning (RL), simple al-

gorithms such as Q-learning or SARSA stand out as an eas-
ily implemented and successful approaches for solving com-
plex stochastic decision-making problems. In particular, Q-
learning has garnered significant attention as an algorithm
with the ability to learn optimal policies without requiring
a model of the environment.

In many real-world problems, however, such as resource
allocation in communication networks or control of physical
systems, natural models have an infinite state space. This
is the starting point of the present article, where we discuss
Q-learning on discrete but infinite state spaces.

In the context Markov Decision Processes (MDPs) or model-
based methods, several recent studies have explored the
challenges associated with infinite state spaces. For instance,
[5] addressed the convergence of the Natural Policy Gradient
algorithm on some queueing MDPs in infinite state spaces,
providing insights into how finite-state approaches can be
extended. These generalizations typically rely on the struc-
tural properties of the state space and on the continuity

∗Corresponding author. email: vpuricelli@laas.fr

Copyright is held by author/owner(s).

of the reward and transition functions, which allow for the
extension of convergence proofs from finite to infinite envi-
ronments, both for discounted and undiscounted settings.

Interestingly, our results indicate that such generaliza-
tions do not necessarily hold when dealing with model-free
approaches. Model-free methods, which do not assume knowl-
edge of the underlying MDP dynamics, face significant and
di↵erent challenges from MDPs in infinite state spaces. In
particular, the lack of a prior knowledge of state transitions
and costs can lead to instability and to convergence issues
that are not present in model-based approaches. Within the
realm of model-free Reinforcement Learning, we focus on the
Q-learning algorithm, which stands out as one of the most
fundamental and widely studied algorithms due to its sim-
plicity and theoretical grounding. Our goal in this paper is
to formally demonstrate that, under certain parameter con-
ditions, the Q-learning algorithms can exhibit instability in
the form of transience, implying the inability to learn the
optimal policy.

To this end, we consider a queueing system that models
a load balancing problem – a widely studied scenario that
is appealing due to its simplicity, despite operating in an
infinite (countable) state space. In this queueing example,
jobs arrive and are dispatched to one of two queues. The
state of the system is represented by the number of jobs in
each queue, and the goal is to balance the load between the
queues to optimize performance metrics such as throughput
and waiting time. The dispatcher can choose between two
actions, “red” and “green”, which determine the probability
of assigning jobs to the queues. The parameters are chosen
so that if the “red” action were taken at every state, the
number of jobs in the system would be transient, whereas
with the “green” action, the number of jobs would remain
stable.

The main result of this work Theorem 1 states that, un-
der certain parameter conditions, the Q-learning algorithm
exhibits transient behavior. This transience implies that
the agent’s policy will not stabilize, leading to suboptimal
performance. This result is significant as it highlights a fun-
damental limitation of Q-learning and of similar algorithms
in infinite state spaces, where traditional convergence guar-
antees may not hold. The discrepancy between the results
obtained in the MDP and RL setting highlight the need for
new theoretical frameworks and algorithms specifically de-
signed to address infinite state spaces in RL.

For a full-length version of this extended abstract see [1].
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2. RELATED WORK
Regarding Q-learning, as mentioned in the introduction,

the first convergence results towards the optimal policy were
established for step sizes satisfying the Robbins-Monro con-
ditions and finite state MDPs in [9] and [8]. Convergence
guarantees for tabular Q-learning with constant step sizes in
finite state spaces were provided in [2]. Let bQn denote the
n-step estimate of Q⇤, the optimal action-value function. In
[2], the authors show that for any ✓ > 0, there exists a step
size ↵✓ > 0 and K✓ > 0 such that for all ↵  ↵✓ and n � K✓,
k bQn �Q

⇤k1  ✓.
In the context of model-based approaches for infinite state

spaces, convergence of the Natural Policy Gradient (NPG)
algorithm is proven in [5] for queueing MDPs under the ad-
ditional assumption on the initial policy being stable. In [3],
again for queueing systems, the authors consider a parame-
terized policy class and construct a practical algorithm that
iteratively improves the average reward. This algorithm is
also initialized with a stable policy.

In [7], the authors propose a model-free algorithm for dis-
counted reward MDP with an infinite state space, under the
the generative framework (where one can sample transitions
from any pair of state/action). The proposed algorithm op-
erates in a forward-backward manner, where at every step
the action is determined based on a simulation of the fu-
ture events. They show that the process obtained by the
application of this algorithm is stable.

3. THE MODEL: STATE DEPENDENT LOAD
BALANCING

In this section, we present a class of two-dimensional prob-
lems arising in a queueing system, for which we will establish
instability of Q-learning in Theorem 1. We have not identi-
fied a nontrivial one-dimensional example that exhibits tran-
sience phenomena. Consider jobs arriving to a dispatcher
with rate �. After a job arrives the dispatcher sends the job
to one of two queues. The dispatcher can choose between
actions r (“red”) and g (“green”), where action a represents
selecting pa for the probability of assigning a job to Queue
1. Meanwhile jobs leave the system in the following way:
when both queues are busy a job in Queue i leaves the sys-
tem with rate µi for i = 1, 2. When one (no matter which
one) queue is empty a job leaves the busy queue at rate eµ.

Dispatcher

S
(1)

S
(2)

Figure 1: Load balancing

It is known from theory that given a continuous-time
Markov chain on a discrete state space, one can construct a
corresponding discrete-time Markov chain by observing the
system at the random times when state transitions occurs.
This yields what is known as the embedded Markov chain.

In this construction, the transition probabilities of the em-
bedded chain capture the probability of jumping from one
state to another, conditioned on the fact that a transition
occurs. Following this approach, we consider a discrete-
time MDP (S,A, p) where: the state space is S = Z2

+ (2-
dimensional integer-valued vectors with non-negative coor-
dinates) so each state indicates the lengths of both queues
(how many jobs are in each queue), action space A = {r, g}
and standard results yield that the transition probabilities
p(s0 | s, a) defined for di↵erent states s = (s(1), s(2)) are as
follows:

1. For states with s
(1)

> 0, s(2) > 0:

p(s+ (1, 0) | s, a) = �pa

�+ µ1 + µ2

p(s+ (0, 1) | s, a) = �(1� pa)
�+ µ1 + µ2

p(s+ (�1, 0) | s, a) = µ1

�+ µ1 + µ2

p(s+ (0,�1) | s, a) = µ2

�+ µ1 + µ2

(1)

2. For boundary states with s
(2) = 0, s(1) > 0:

p(s+ (1, 0) | s, a) = �pa

�+ eµ

p(s+ (0, 1) | s, a) = �(1� pa)
�+ eµ

p(s+ (�1, 0) | s, a) = eµ
�+ eµ

(2)

3. For boundary states with s
(1) = 0, s(2) > 0:

p(s+ (1, 0) | s, a) = �pa

�+ eµ

p(s+ (0, 1) | s, a) = �(1� pa)
�+ eµ

p(s+ (0,�1) | s, a) = eµ
�+ eµ

(3)

4. For the origin state s = (0, 0):

p((1, 0) | (0, 0), a) = pa

p((0, 1) | (0, 0), a) = 1� pa

(4)

3.1 The drift conditions
Our goal is to model an agent that: has no prior knowledge

of the transition dynamics p( s0 | s, a) and that at each time
step n � 0 it has to select some action An at state Sn,
leading to a next state Sn+1 ⇠ p( · | Sn, An).

We then analyze whether the stochastic process (Sn)n�0

on S can be unstable in the following sense:

Definition 1. We say that (Sn)n�0 is transient or un-
stable if for any bounded set U ⇢ S, there is s0 /2 U such

that

P( inf{n � 1 : Sn 2 U} = +1 | S0 = s0) > 0. (5)
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We say that (Sn)n�0 is positive recurrent or stable if for

any bounded set U ⇢ S and any s0 /2 U

E( inf{n � 1 : Sn 2 U}) | S0 = s0) < +1. (6)

Note that Definition 1 coincides with the standard defi-
nition of transience and positive recurrence in the case of
irreducible Markov chains on S.

Consider an agent always applying “red” action, yield-
ing a Markov chain (Sr

n)n�0, and another always applying
“green” action, yielding another Markov chain (Sg

n)n�0. We
establish parameter conditions ensuring (Sr

n)n�0 is transient
(unstable) and (Sg

n)n�0 positive recurrent (stable).
Then first condition concerns the instability of action r,

(
µ1 < �pr

µ2 < �(1� pr).
(7)

Concerning action g we assume
(

µ1 < �pg

µ2 > �(1� pg).
(8)

and also that

eµ > �

✓
(µ1 + µ2)pg � µ1

µ2 � �(1� pg)

◆
. (9)

Note that if µ1 + µ2 < � < eµ, conditions (7), (8) and (9)
are satisfied for some pr, pg 2 (0, 1).

For each action its corresponding drift Da is given by

Da(s) = (1, 0)⇥ p(s+ (1, 0) | s, a)
+ (0, 1)⇥ p(s+ (0, 1) | s, a)
+ (�1, 0)⇥ p(s+ (�1, 0) | s, a)
+ (0,�1)⇥ p(s+ (0,�1) | s, a).

(10)

Observe that Da(s) takes 4 di↵erent values as a function
of the state according to (1), (2), (3) and (4). We refer to
Figure 2 for a visual representation ofDa(s) for both actions.
The drift in the positive orthant (states with both coordi-
nates strictly positive) plays an important role in Theorem
1, and we reserve for it the notation Da. From (10) and (1):

Da =

✓
�pa � µ1

�+ µ1 + µ2
,
�(1� pa)� µ2

�+ µ1 + µ2

◆
. (11)

From Theorem 3.3.1 of [4] it follows that if (7) holds the
Markov chain (Sr

n)n�0 is transient, and that if (8) and (9)
hold the Markov chain (Sg

n)n�0 is positive recurrent.

0 1 2 3 4

1

2

3

4

0 1 2 3 4

1

2

3

4

Figure 2: Drift of red (left) and green (right) action.

We still need to assume one further condition upon the
parameters for our main result Theorem 1 to hold. Consider

the quantity

% := min{Dr · (1, 0), Dg · (1, 0)}

= min

⇢
�pr � µ1

�+ µ1 + µ2
,

�pg � µ1

�+ µ1 + µ2

�

=
�pr � µ1

�+ µ1 + µ2
,

(12)

where the last equality follows from (7) and (8). Then we
will assume that the vector (%/2)Dr + (1 � %/2)Dg has all
its coordinates positive (see Figure 3). Precisely in terms of
the parameters, this is equivalent to the following condition:

µ2 < �(1� pg) +
1
2
(�pr � µ1)(pg � pr)

�+ µ1 + µ2
. (13)

Dr

Dg

(%/2)Dr + (1 � %/2)Dg

(1, 0)

(0, 1)

Figure 3: The configuration of the drifts derived from
(7), (8) and (13).

3.2 The cost function
We end the description of our model by considering a spe-

cific cost function c : S ⇥A⇥ S ! R given by:

c(s, a, s0) =
⇣
s
0(1) � s

(1)
⌘
+
⇣
s
0(2) � s

(2)
⌘
. (14)

We refer this cost as being “local”, in the sense that it only
depends on the transition, and not on the current state.
This assumption is required in order to formally establish
the main result, see Section 5 for more details. Numerical
experiments reported in Section 6 illustrate that the insta-
bility of Q-learning remains when the cost function is defined
as the sum of the coordinates of the current state.

In infinite-horizon cost problems the goal for an agent is
to minimize for some fixed � 2 (0, 1] the following objective:

J� := lim sup
n

E
 

nX

i=1

�
i
c(Si, Ai, Si+1)

!
, (15)

where J� is called the total discounted cost for � < 1, while
J := J1 is the total cost.

We see that for the cost function defined by (14) in ad-
dition of penalizing the growth of the queues, having finite
total cost prevents transience as defined by Definition 1.

Since the agent that always applies green action defines
a positive recurrent Markov chain, it has finite total cost.
Moreover we have that

J
g
� := E

 
+1X

i=1

�
i
c(Sg

i , g, S
g
i+1)

!
= O(1) as � ! 1. (16)

for a complete proof of (16) we refer to [1].
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4. Q-LEARNING
As underlined in the introduction, the Q-learning algo-

rithm is a popular option to solve total or discounted cost
problems. The algorithm is based on sequentially approach-
ing the optimal state-value function Q

⇤ : S ⇥A ! R, which
is known to be the unique solution of the so-called Bellman
equation [6], that for � < 1 takes the form:

Q
⇤(s, a) = min

a02A

(
X

s02S

p(s0|s, a)[c(s, a, s0) + �Q
⇤(s0, a0)]

)
.

The knowledge of Q
⇤ allows to obtain an optimal pol-

icy ⇡
⇤ (i.e. such that J

⇡⇤
�  J

⇡
� for all ⇡) by considering

A⇤(s) = argmina2A Q
⇤(s, a) and setting

⇡
⇤(a | s) =

8
<

:

1
|A⇤(s)| if a 2 A⇤(s)

0 if not.

Definition 2. Fix " 2 [0, 1] and ↵ > 0 the exploration

parameter and step-size respectively. Consider s0 2 S and

bQ0 : S⇥A ! R. The asynchronous Q-learning with constant

step size ↵ is the sequence (Sn, An,
bQn)n�0 where S0 = s0

and for each n � 0:

1. ⇡( a | bQn(Sn, ·)) =

8
<

:

1� "

| bAn|
+ "/2 if a 2 bAn

"/2 if not,

where bAn := argmina02A
bQn(Sn, a

0),

2. An ⇠ ⇡( · | bQn(Sn, ·)),
3. Sn+1 ⇠ p( · | Sn, An),

and lastly

bQn+1(s, a) = bQn(s, a) + 1{Sn=s,An=a}⇥

⇥ ↵[c(Sn, An, Sn+1) + � min
a02A

bQn(Sn+1, a
0)� bQn(Sn, An)].

This can be called (1�")-greedy asynchronous Q-learning
with constant step-size ↵. We recall that in [2] (see Theorem
3.4), the authors derive an upper bound for the expected

error of the approximation E(|| bQ � Q
⇤||1) in the case of

finite state spaces.

5. MAIN RESULT
In this section we state our main result Theorem 1, where

we show that for the model defined in Section 3, Q-learning
exhibits transient behavior. This transience arises because
upon the first visit to each state, the agent chooses with
su�ciently high probability the “red” action and is unable
to recover from its instability (see (7)), leading to a tran-
sient behavior. As a consequence, we demonstrate that Q-
learning exhibits suboptimal behavior in terms of total dis-
counted cost.

Theorem 1. Consider (S,A, p) as defined in Section 3.

Then for all " 2 [0, 1] and ↵ > 0 if bQ0 = 0 the process

(Sn)n�0 induced by the Q-learning algorithm given by Defi-

nition 2 is transient. Also

J� = ⌦

✓
1

1� �

◆
as � ! 1. (17)

We observe that this implies that for � su�ciently close
to 1, Q-learning is sub-optimal under the assumptions of
Theorem 1. This sub-optimality arises because the optimal
discounted cost J

⇤
� satisfies the inequality J

⇤
�  J

g
� = O(1)

(see (16)) while from Theorem 1 we obtain J� = O(1/(1 �
�)) ! +1 as � ! 1.

A complete proof of Theorem 1 can be found in [1]. We
provide here a sketch of the proof for the transience of Q-
learning.

Sketch of the proof of transience. From the model
described in Section 3, we define a new model enlarging
the state space in such a way that we erase the e↵ect of
the boundary states. This new model is explicitly given by
(S 0

,A0
, p

0), where S 0 = Z2, A0 = {r, g} and p
0 is given by (1)

for all s 2 Z2. Observe that in this new model each action a

induces a constant drift Da in space which by construction
is given by (11). We also extend the cost function c given by

(14) to all Z2. This allows us to consider (Sn, An,
bQn)n�0

defined exactly by Definition 2 in this new model (S 0
,A0

, p
0).

The key step of the proof is to show that there exits a uni-
formly positive probability on the initial condition S0, for
Sn > S0 coordinate-wise for all n � 1. By construction this
property also holds for the process derived from Q-learning
in the original model. To verify the transience of Q-learning
(see Definition 1), we consider any bounded set U and s0 > s

for all s 2 U , and obtain

P( inf{n � 1 : Sn 2 U} = +1 | S0 = s0)

� P(Sn > S0 for all n > 0 | S0 = s0) > 0,

which follows since there is a positive probability of Sn > S0

for all n � 1.
In order to derive this key step of the proof, we first show

that � := limn
1
n

Pn�1
i=0 1{Ai=r}, the average number of times

Q-learning applies red action, is well defined and that

lim
n

Sn

n
= �Dr + (1� �)Dg 2 R2 P-a.s.. (18)

We aim to prove that all coordinates of the limiting drift
(18) are positive. This is crucial to stablish that there ex-
its a uniformly bounded positive probability, on the initial
condition S0, for Sn > S0 coordinate-wise for all n � 1. To
show that all coordinates of (18) are positive, we establish
the bound � � %/2 (recall (12)) through two observations.
First, % is a lower bound for the average number of times the
process (Sn)n�0 visits new states. Second, since bQ0 = 0, at
these states visited for the first time there is at least prob-
ability 1/2 of applying red action. Finally this bound on �

implies that the limiting drift (18) lies in the line between
Dr and (%/2)Dr + (1� %/2)Dg. Using (13) we deduce that
both coordinates of (18) are strictly positive (see Figure 3).

We conclude giving some details on how to establish (18),
the main idea is to show that (Sn)n�0 has a regenerative
structure. Given the assumptions on the drifts, we focus on
the process Dr and Dg have a common component towards
l = (1, 0), we are going to focus (Sn · l)n�0, with l = (1, 0),
which captures the horizontal drift of the process. We then
show that there exists some random time ⌧1 � 0 such that
S⌧1 · l > St · l, for all t < ⌧1 and S⌧1+t · l � S⌧1 · l, for
all t � 0. Due to the locality nature of the cost function
(see (14)) and the way in which the Q-learning algorithm
operates (see Definition 2), it follows that ⌧1 is a renewal
epoch for (Sn)n�0 . This enables us to find a next random
time ⌧2 > ⌧1 such that S⌧2 · l > St · l, for all t < ⌧2 and
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S⌧2+t · l � S⌧2 · l, for all t � 0. Iterating this process we
conclude that (Sn)n�0 has a renewal structure, with renewal
epochs ⌧n, n = 0, 1, . . . This renewal structure implies in
turn the existence of the limit and its characterization in
(18).

6. NUMERICS
In this section we perform numerical experiments to illus-

trate the behavior of Q-learning in various settings combin-
ing constant and non-constant step size and local and non-
local cost function. As non-constant step size we consider
↵n = 1/(n+1), which satisfies the classical Robbins-Monro
conditions. As a non-local cost function we consider the to-
tal number of jobs, namely c(s, a, s0) = s

(1) + s
(2), which

is a standard objective considered in the literature. In par-
ticular, we consider the following four settings: (i) (setting
of Theorem 1) constant step-size and local cost function as
given by (14), (ii) constant step-size and non-local cost func-
tion, (iii) non-constant step-size and local cost function, and
(iv) non-constant step-size and non-local cost function.

Throughout the experiments, we fix the following choice
of parameters for the load balancing model: � = 1.5, µ1 =
0.1, µ2 = 0.35, pr = 0.45, pg = 0.8 and eµ = 0.01 + �((µ1 +
µ2)pg)/(µ2 ��(1� pg)). We consider the discounting factor
� = 0.1, exploration parameter " = 0.1, step-size ↵ = 0.2,
initial condition S0 = (0, 0) and initialization bQ0(s, a) = 0.

Figure 4: Evolution over time of the L1-norm of
(Sn)n�0 derived from Q-learning in various settings
(circles) and of (Sg

n)n�0 (triangles). The dashed line
indicates the value J

g.

In Figure 4 we simulate N = 1000 trajectories up to time
n = 10000 and we plot over time the average L1 norm
||s||1 = s

(1) + s
(2) as a function of time for (Sg

n)n�0 and
(Sn)n�0 derived from Q-learning for settings (i)-(iv) with
initial condition S0 = (0, 0). We observe that the quali-
tative behavior of Q-learning is similar across all settings,
suggesting that Q-learning remains transient even when us-
ing decreasing step-sizes and non-local costs.

In Figure 5, under the setting of Theorem 1, we plot the
discounted cost functions J� and J

g
� as a function of �. For

this we simulate N = 100 values of J� , calculated for a
n = 10000 path-length, and plot an average for each �. We
recall that from Equation (15), we know that as � ! 1,

J
g
� ! J

g = limn E
⇣
S

(1)
n + S

(2)
n

⌘
, a value we represent with

a big circle in Figure 5. As predicted by Theorem 1, we
observe that J� increases with � and has an asymptote at

Figure 5: The discounted cost J� for the Q-learning
algorithm (solid) and J

g
� (dashed) as a function of �.

� = 1, whereas Jg
� stays finite.
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ABSTRACT

Rule-based cloud security posture management (CSPM) so-
lutions are known to produce a lot of false positives based
on the limited contextual understanding and dependence on
static heuristics testing. This paper introduces a validation-
driven methodology that integrates active behavioral test-
ing in cloud security posture management solution(s) to
evaluate the exploitability of policy violations in real time.
The proposed system employs lightweight and automated
probes, built from open-source tools, validation scripts, and
penetration testing test cases, to simulate adversarial at-
tacks on misconfigured or vulnerable cloud assets without
any impact to the cloud services or environment. For in-
stance, cloud services may be flagged as publicly exposed
and vulnerable despite being protected by access control lay-
ers, or secure policies, resulting in non-actionable alerts that
consume analysts’ time during manual validation. Through
controlled experimentation in a reproducible AWS setup,
we evaluated the reduction in false positive rates across var-
ious misconfiguration and vulnerable alerts. Our findings
indicate an average reduction of 93% in false positives. Fur-
thermore, the framework demonstrates low latency perfor-
mance. These results demonstrate a scalable method to im-
prove detection accuracy and analyse productivity in large
cloud environments. While our evaluation focuses on AWS,
the architecture is modular and extensible to multi-cloud
setups.

Keywords

Cloud Security Posture Management, False Positive Reduc-
tion, Behavioral Validation, Active Security Testing, Ex-
ploitability Assessment, Alert Triage

1. INTRODUCTION
Cloud computing revolutionized application deployment

to ensure infrastructure becomes scalable, agile, and provi-
sioned quickly. But with this agility comes greater complex-
ity and risk, especially in securing dynamic configurations in
distributed environments. Typical problems like misconfig-
urations, excessive permissions, and public endpoints con-
tinue and are often raised as security warnings by Cloud
Security Posture Management (CSPM) solutions and Cloud-

Copyright is held by author/owner(s).

Native Application Protection Platforms (CNAPPs).
While worthwhile, these tools often rely on static, rule-

based detection methods with no contextual awareness of
the specific environment or business impact [1]. As a re-
sult, they generate large amounts of false positives. For
instance, critical severity risk alerts like publicly exposed
storage buckets or unused access keys may pose minimal risk
when compensating controls are implemented. This deluge
worsens analyst fatigue, decreases productivity, and inhibits
response to valid threats in a timely manner [2, 4].

At scale, triaging that level of noise is costly. Current
research indicates that false positives waste analyst time and
disrupt remediation e↵orts [1], diluting the e↵ectiveness of
threat detection, particularly when critical alerts are lost
among noise.

To address this challenge, we introduce a behavioral val-
idation mechanism that supplements static rule-based de-
tection with lightweight, runtime exploitability analysis. By
leveraging open source tool exploitation and automated val-
idation methods, our mechanism emulates true world anal-
ysis, e.g., examining suspected resources, ascertaining ex-
posure, and executing simple validation commands. This
strategy enables prioritization based on actual observed risk
instead of theoretical vulnerabilities.

This approach was evaluated by controlled experiments
run in Amazon Web Services (AWS), simulating real-world
misconfigurations. The results show that behavioral val-
idation significantly reduces false positives, simplifies the
alert triage process, and enables analysts to prioritize alerts
with real security e↵ects without sacrificing detection ac-
curacy, improving cloud security controls. Although our
implementation and evaluation are conducted within AWS,
the underlying validation logic and modular architecture
are cloud-agnostic by design. With appropriate provider-
specific probes, the framework can be extended to Azure,
GCP, or hybrid environments without altering the core
methodology.

2. RELATED WORK
Cloud Security Posture Management (CSPM) and Cloud-

Native Application Protection Platforms (CNAPP) are the
building blocks of modern cloud security frameworks. How-
ever, a persistent problem identified by the corporate world
and by researchers too is the overwhelming number of false
positives with rule-based detection controls, which over-
whelm the security team and slow down timely actions [4].

Most rule-based scanners perform only static compliance
checks or signature matches without accounting for contex-
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tual security posture. For instance, a reported configuration
might already be addressed by upstream access control or
firewall rules unknown to the scanner [9]. E↵orts to improve
this involve augmenting rule engines with contextual enrich-
ment or alert prioritization schemes [1, 2, 3]. However, these
approaches remain passive as they do not actively validate
exploitability.

Machine learning (ML) algorithms have also been investi-
gated to minimize false positives in cloud alerting. Though
promising, they typically demand enormous amounts of la-
beled data, are not transparent, and pose threats of false
negatives, especially in mission-critical environments [6, 7,
15].

Active validation i.e., checking whether a problem faced
can indeed be attacked, has been utilized in intrusion detec-
tion systems and explored in emerging cloud security valida-
tion approaches, with discussions on contextual verification
also noted in CSPM literature [17]. The majority of produc-
tion tools, even open-source such as Prowler and commercial
CSPMs, remain dependent on static rules based compliance
frameworks (e.g., CIS, NIST), and little runtime probing.

Our solution addresses this important shortfall by pro-
viding an in-line, real-time behavioral validation layer that
complements rule-based alerts without modifying the un-
derlying scanning engine. In contrast to ML-based or
enrichment-only solutions, our solution actively verifies
whether reported misconfigurations (e.g., open S3 buckets,
exposed credentials, insecure ports) are actually reachable or
exploitable. This reduces false positives without sacrificing
the explainability and regulatory compliance of rule-based
CSPM.

To the best of our knowledge, while prior work has applied
anomaly-detection approaches (e.g., Extended Isolation For-
est) to reduce alert volumes in SOCs [16], there is no existing
work that has demonstrated real-world behavioral validation
on top of production-level CSPM pipelines in real live clouds
with negligible overhead. We test our system on AWS, with
real misconfiguration scenarios, and measure its impact on
false positive reduction.

Table 1 provides a comparative summary of the pro-
posed behavioral validation method with earlier cloud secu-
rity alert reduction methods. Rule-based CSPM solutions
traditionally carry out static analysis and are plagued by
high false positive rates, with recent research suggesting
estimated false alarm rates higher than 40% in enterprise
environments. Context aware enrichment steps typically a
part of CNAPPs strive to enhance prioritization [2] but do
not directly validate exploitability, and their e↵ectiveness re-
mains largely untested in peer reviewed research. Machine
learning–based methods have experienced partial success in
mitigating alert noise; however, they need enormous labeled
datasets and tend to be black boxes, leading to explainabil-
ity and reproducibility issues. Unlike those alternatives, the
proposed behavioral validation framework achieves a 93%
reduction in false positives using lightweight, transparent,
and reproducible runtime probes, verified through controlled
experimentation on AWS.

3. RESEARCH QUESTIONS AND
METHODOLOGY

3.1 Research Questions

Table 1: Comparison of Behavioral Validation with
Existing Alert Reduction Techniques
Feature / Capability Rule-based CSPM Contextual Enrichment ML-based Filtering Proposed Behavioral Validation

Detects Misconfigurations Yes Yes Sometimes Yes
Tests Exploitability No No No Yes
Real-time Validation No Limited No Yes
Requires Large Dataset No Maybe Yes No
Explainability / Transparency High Medium Low High
Multi-cloud Support Tool-dependent Yes Depends AWS-focused (Extensible)
Open-source Tool Integration Yes Partial No Yes
Reduction of False Positives Limited (40%) Moderate (Undocumented) Good (Documented in ML studies) Very High (93%, this paper)

This study examines how behavior validation can be
added into traditional rule-based CSPM systems in order to
minimize false positives. It also explores which lightweight
behavior analysis techniques can e↵ectively separate valid
violations from harmless, non-exploitable misconfigurations.
Finally, it considers how adding this layer a↵ects both de-
tection accuracy and how quickly alerts can be triaged.

3.2 Methodology
To address the limitations of traditional rule based Cloud

Security Posture Management (CSPM) scanners, we intro-
duce a validation first solution that augments static rule-
based detection with dynamic behavioral verification. In
this work, behavioral validation refers to the execution of
targeted, automated probes that actively test whether a re-
ported cloud misconfiguration or exposure can be exploited
in practice, classifying each case as true positive, false pos-
itive, or inconclusive. This verification layer, built using
a combination of open-source and proprietary tools, cross-
verifies alerting with lightweight, context-aware probes that
mimic adversary behavior in a secure runtime environment.
While traditional CSPM scanners have wide visibility, pre-
configured rule employment leads to high false positive rates
because of a lack of contextual knowledge [9]. Probes return-
ing timeouts, inconsistent results, or indeterminate permis-
sions are marked as inconclusive and excluded from preci-
sion/recall calculations.

The mapping in Table 2 is applied consistently across all
experiments to classify each finding and compute reported
metrics. TP stands for true positive and FP stands for false
positive.

Table 2: Alert Types, Probes, and Classification
Criteria
Alert Type Probe Action(s) TP / FP Criteria

Public S3 Bucket HEAD/GET (auth & unauth) TP if unauth GET succeeds; FP if all blocked
EC2 Open Port nmap scan + service check TP if service responds; FP if closed/filtered
IAM Key Exposure get-access-key-last-used TP if key active & used; FP if inactive/denied
Secret Leak Tru✏ehog scan TP if secret valid; FP if revoked/invalid

Figure 1 illustrates a typical CSPM architecture that pro-
duces large amounts of potentially irrelevant alerts through
static analysis.

Our proposed solution is focused on lightweight, real-time
verification of cloud alerts based on simulation of attack be-
havior [17]. This enhances detection and allows triage mech-
anisms to determine if an alert is truly exploitable.

3.2.1 Alert Categorization and Enrichment

The platform consolidates alerts from CSPM tools and
maps them to a provider-agnostic unified schema. The alerts
are enriched with contextual metadata (e.g., timestamps,
account IDs, resource types) and grouped into threat cate-
gories: public resource exposure (e.g., EC2 with permissive
security groups), open storage (e.g., S3 buckets), and creden-
tial leakage (e.g., keys in code repositories). This schema-

Performance Evaluation Review, Vol. 53, No. 4, March 2026 85



Figure 1: Rule-based CSPM architecture static
detection-dependent, resulting in too many false
positives. Common in open-source and commercial
products.

based grouping allows for e�cient verification of high-impact
risks.

3.2.2 Behavioral Validation Framework

Behavioral validation actively tests for exploitability with
lightweight probes simulating real-world attack behavior, in
contrast to static policy validation. These probes verify
whether misconfigurations are actually exploitable or mit-
igated by controls such as IAM policies or firewall rules.

Figure 2 illustrates how our architecture layers validation
logic on top of current rule-based detection.

Figure 2: Improved CSPM with behavioral valida-
tion. Alerts are validated in real-time prior to esca-
lation.

Each validation question maps to some type of misconfig-
uration. For example: - S3 Exposure: Anonymous HEAD

and GET requests are issued, denial of access renders the
alert unexploitable. - EC2 Exposure: Port scans (e.g.,
22, 3389) with nmap confirm public access. - Credential
Leaks: AWS CLI verifies key use and performs scoped
sts:AssumeRole calls, disabled or least-privileged keys are
reported as false positives.

All the probes are run in isolated, transient environ-
ments in order to minimize any possible impact on running
systems. Each test stores metadata that contains times-
tamps, command output, and result status (exploitable,
non-exploitable, or inconclusive).

Tools such as Nmap, AWS CLI, and Tru✏eHog are used
within test environments to execute lightweight simula-
tions. IAM-related notifications trigger privilege simulation
probes, and compromised credentials are verified through
sandboxed authentication attempts.

3.2.3 Effective, Real-Time Implementation

Each probe is time bounded and stateless. Validation oc-
curs in isolated machines or transient virtual machines, iso-
lated from CSPM scanning. This independence prevents
failure or delay in a single probe from impeding others and
enables probes to scale in parallel without stalling CSPM
scans. With a 5-second per-probe limit, the architecture
maintained near real-time analysis without bottlenecks at
the evaluated scale. However, larger-scale deployments may
require containerized/serverless probe orchestration.

Current implementations use traditional computing in-
stances, but upcoming releases will take advantage of server-
less platforms and containerized probes to enable distributed
scalability. This aids performance flexibility in steady-state
and dynamic alerting patterns.

Figure 3 illustrates the end-to-end validation flow, where
CSPM results are enriched with behavioral metadata
through custom scripts and tools, then parsed into struc-
tured outputs for accurate classification.

Figure 3: Validation flow: CSPM results are en-
riched with behavioral metadata and parsed into fi-
nal output.

3.2.4 Security Controls and Constraints

To reduce risks incurred due to active probing, the system
enforces various protections:

- Scoped IAM Roles: All probes run under least-
privilege policies, tightly scoped to avoid administrative ac-
cess or resource modification.

- Request Throttling: Rate limits ensure API usage
remains within safe bounds, preventing potential slowdowns
or rate-limit alarms.

- Tagging and Transparency: Probe requests include
tags that allow monitoring systems to distinguish valida-
tion tra�c from real threats. These mechanisms enable safe
and responsible probe usage. In our assessment, these con-
trols prevented privilege escalation attempts, avoided AWS
rate-limit alarms, and ensured probe tra�c remained dis-
tinguishable from real threats. Enhancements in the future
include anomalies in probe behavior detection and tighter
integration with cloud native security services.

3.2.5 Integration and Output

Validated alerts are appended with a transparent ex-
ploitability status and accompanying metadata. Outputs
preserve the original CSPM data and include actionable val-
idation evidence. It can be integrated with SIEMs and in-
cident response tools through webhooks and APIs so that
SOC teams can prioritize incidents based on confirmed ex-
ploitability [7].

3.3 Environment Configuration
To validate our behavioral validation framework, we con-

structed a testbed within a standalone AWS account. The
configuration involved fundamental AWS services that are
typically utilized in CSPM. Configuration decisions were in-
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formed by the CIS AWS Foundations Benchmark v1.4 and
AWS security best practices to optimize test cases against
broad threat models. We established fifty S3 buckets, forty
EC2 instances, and thirty IAM users with common mis-
configurations in two AWS regions. Notifications were trig-
gered using the Prowler implementation, AWS Config rule,
and custom Python-based scanners that simulate CSPM
logic. The entire validation process was automated us-
ing Python scripts, and the code is available at: https:

//github.com/27dikshant/Noisecut.

3.3.1 Simulated Scenarios

To stress test the validation framework, we wrote diverse
misconfigurations corresponding to true and false positives.
We drew examples from real-world incident reports and
CSPM data. Among the tests were public S3 bucket poli-
cies, some readable, others set up to look open but locked
down by IAM or bucket conditions. Another test launched
EC2 instances with public IP addresses, but locked down
via Security Groups or NACLs, to test alerts against shal-
low exposure indicators.

Credential leak scenarios involved deliberately revealing
IAM access keys. Few keys were enabled, while others were
disabled or had already expired, all for the sake of simulating
false positives. Secrets and high-entropy tokens were cached
to simulate accidental data leakage, including decoy artifacts
to test noise robustness.

We also simulated access keys found in public GitHub
repositories and derived variations with di↵erent statuses
(active, rotated, disabled). Each scenario was designed to
mimic common deterministic misconfigurations documented
in benchmarks and incidents, not artificial test cases tailored
to our system. These configurations tested the framework
to identify edge cases where static CSPM tools misclassify
alerts. To enhance credibility, these scenarios were derived
from recurring misconfigurations documented in the CIS
AWS Foundations Benchmark and cloud incident reports,
ensuring they mirrored real-world conditions.

3.3.2 Tools and Automation

Baseline alerts were gathered from Prowler scans against
the CIS AWS Benchmark. Probes were executed as state-
less scripts using Python, AWS CLI and command-line
utilities like curl and nmap. Visibility of S3 buckets,
for example, was probed with unauthenticated aws s3api

get-object-acl and curl; EC2 visibility was probed with
nmap -Pn port 22 and port 3389 scans. Access key probes
invoked iam get-access-key-last-used and tried scoped
sts:AssumeRole actions. We did use custom developed
scripts for parsing the results of CSPM solutions (includ-
ing false positives) with the parser scripts as the part of
behavioral validation as discussed in Section 3.2.3.

3.4 Evaluation Standards
We assessed behavioral validation using standard security

analytics metrics. The main metrics were False Positive
Rate (FPR) the proportion of benign alarms incorrectly
labelled as threats and True Positive Rate (TPR) the
proportion of true threats correctly labelled.

To provide context for results, we also provide precision,
recall, and the F1-score [13]. Precision estimates the con-
sistency of signaled alarms; recall estimates coverage of ac-
tual misconfigurations; and F1 is a balance of both.

Labels used for these metrics were derived from automated
probe outcomes and cross-checked via brief manual verifica-
tion by the experiment team.

Additionally, we also approximated Analyst E�ciency
manual triage time reduction per alert, using time sav-
ings seen in simulated workflows on 100 randomly selected
alerts. Those alerts that were marked by validation as not
exploitable were assumed to take very little analyst time, ap-
proximating real-world time savings. Together, these met-
rics provide an overall evaluation of technical accuracy and
operational relevance, measuring not just the detection qual-
ity, but the real-world utility in cloud alert fatigue reduction.

4. RESULTS AND DISCUSSION

4.1 False Positive Reduction
Before presenting quantitative results, we establish our

baseline choice. We contrast behavioral validation with a
popular rule-based CSPM scanner, Prowler, the de facto in-
dustry tool for cloud misconfiguration scanning. AI-powered
triage or graph-based prioritization [12] is marketed by com-
mercial CNAPPs , but these are closed-source tools with
non-reproducible approaches and no public data sets to com-
pare on a level playing field.

We know of no other existing open-source or academic
platform that provides post-scan behavioral validation of
CSPM alerts [2]. Thus, our system is a first of its kind so-
lution, measured against the baseline standard of rule-only
scanning. This gives us a real-world, conservative bench-
mark for measuring the marginal value of behavioral probes
in minimizing false positives [11].

The addition of an active behavioral validation layer
atop standard Cloud Security Posture Management (CSPM)
alerts greatly reduced false positives for a wide range of test
cases. For example, publicly exposed S3 buckets that were
first identified as publicly exposed by rule-based scanning
were behaviorally validated, and this revealed that approx-
imately 93% of them were actually secured by object per-
missions, access controls, or bucket policy. This provided
significant reduction in false alarms.

Similarly, EC2 instances with public IP addresses but
shielded by firewalls or restricted security group access con-
trols witnessed a 92% decrease in erroneous network expo-
sure alerting. Furthermore, access keys that were identified
as publicly exposed but were subsequently discovered to be
disabled experienced a 94% decrease in false positives in-
volving credentials.

Table 3: Behavioral Validation Impact on False Pos-
itives
Misconfigurations Total Alerts FP (Before) FP (After) Reduction (%)

Public S3 1000 800 50 93.72%
Public EC2 300 280 20 92.88%
Exposed Access Keys 2000 1700 100 94.12%
Exposed Credentials 200 160 10 93.75%

Total 3500 2940 180 Avg. 93.88%

4.2 Detection Accuracy and Trade-offs
Quantitatively, we ascertained that the true positive rate

(TPR) was well above 0.91 across all test categories. Behav-
ioral validation did not hinder any of the discovered alerts
that were indeed exploitable during the time of annotation.
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Baseline CSPM alert sets comparison, with and without the
integrated behavioral validation, showed no loss of measur-
able recall. This confirms the assertion that the framework
does not sacrifice detection accuracy while reducing the in-
cidence of false positives [5].

Table 4: Validation Performance Metrics
Metric Value
True Positives (TP) 360
False Positives (FP) 180
True Negatives (TN) 2960
Precision 0.667
Recall (TPR) 0.911
False Positive Rate (FPR) 0.058
F1-score 0.769

We computed standard binary classification metrics from
the labels derived from the evaluation process[7]. Table 4
presents these metrics for each alert class. The behavioral
validation system had a recall of 0.911, which indicates a
high detection rate for real threats, with a precision of 0.667.
The false positive rate decreased to 5.8%, which indicates a
notable reduction in noise. The F1-score of 0.769 indicates
a good balance between completeness and correctness [14].

4.3 Overview of the contribution
To quantify analyst productivity savings, we modeled rep-

resentative triage workloads for each alert type with baseline
rule-based CSPM output and our system. In the baseline,
triage was done manually by examining alerts through the
AWS Console, examining bucket policies, IAM roles, access
key metadata, and firewalls processes typically taking 2–5
minutes per alert depending on complexity. Alerts identi-
fied by our behavioral validation system, however, already
had exploitability ratings and logs and less than 30 seconds
on average [9, 10].

The time savings were measured across 100 sample alerts
with a script based stopwatch method with multiple mea-
surements to control for variability. The results showed an
observed average triage time reduction of 86.4%, with
certain high-volume kinds of alerts (e.g., public EC2 in-
stances or inactivated access keys) decreasing greater than
90%.

5. ANALYSIS AND LIMITATIONS
Our findings indicate that lightweight active behavioral

validation meaningfully augments rule-based CSPM tools.
Validating whether misconfiguration alerts are exploitable,
the system significantly reduces false positives and enables
security teams to focus on actual threats. The framework’s
modular architecture makes it straightforward to integrate
into current security infrastructures without significant ar-
chitectural adjustments.

However, some limitations must be considered. Behav-
ioral validation is most e↵ective for deterministic forms
of misconfigurations such as publicly accessible resources,
overly broad IAM policies, and breached credentials. These
are best resolved using active probing and regular verifica-
tion practices. On the other hand, the model is less e↵ec-
tive for identifying intricate or indirect attacks such as time
based privilege escalation, insider threats, or lateral move-
ment that depend on dynamic runtime conditions not dis-

cernible through cloud APIs or config files. Additionally, be-
havioral probes cannot determine exploitability when com-
pensatory controls are applied outside of their scope, e.g.,
attack surface reduction products or multi-layered monitor-
ing systems. Encrypted communications channels and ob-
fuscation of services can also hinder the probes’ ability to
identify exposure correctly [6].

Another real-world limitation is scope: the existing imple-
mentation has been validated mainly in AWS environments.
Adding support for Azure, GCP, and hybrid clouds will in-
volve probe modifications to cloud-specific APIs, resource
models, and IAM infrastructures.

Finally, as cloud attackers evolve, the validation logic itself
may be targeted or evaded. Keeping the integrity and secu-
rity of the validation pipeline would demand constant tun-
ing, adaptive techniques, and incorporation with anomaly
detection or AI-driven techniques [8].

6. CONCLUSION AND FUTURE DIREC-
TIONS

The paper proposes a new active behavioral validation
layer for minimizing false positives of cloud security alerts of
rule-based CSPM solutions. Lightweight goal-based probes
are employed for validating actual resource exposure and
credential status, and the solution significantly enhances
alert accuracy as well as analyst productivity without the
degradation of detection accuracy with cloud native or open
source solutions.

Experimental measurement in an AWS controlled environ-
ment showed substantial reductions in false positives across
typical cloud misconfiguration. The results o↵er the promise
of behaviorally validating enhanced operational e�cacy at
the expense of reduced alert fatigue in large-scale cloud se-
curity operations.

In line with our prior work [18], we are also exploring
behavioral query driven mechanisms to further reduce false
positives. This prior work is currently under peer-review,
but is cited here as ongoing complementary research.

Future work will include extending behavioral validation
support to Azure and GCP. This will involve incorporating
cloud-specific probe implementations while preserving the
modular design principles demonstrated in the AWS eval-
uation. Adaptive, AI-driven validation methods may be
used to further improve alert prioritization and response au-
tomation. The proposed framework is a stepping stone to
more contextual, dynamic cloud security posture manage-
ment and reflects the need for ongoing collaboration between
practitioners and academic researchers towards solving new
cloud security challenges.

APPENDIX

A. REPRODUCIBILITY DETAILS

A.1 Cloud Setup

• Platform: AWS Free Tier

• Regions Used: us-east-1, us-west-2

• Resources Created:

88 Performance Evaluation Review, Vol. 53, No. 4, March 2026



– 50 S3 buckets with varied ACLs and bucket poli-
cies, files level permissions

– 40 EC2 instances (with/without public IPs and
firewall rules)

– 30 IAM users (with active, rotated, and disabled
access keys)

– 20 fake secrets pushed to public GitHub reposi-
tories

A.2 Alert Simulation
• Tools Used: AWS Config Rules, Custom Python-

based CSPM Scanner, Prowler

• Baseline Rules Simulated:

– s3-bucket-public-read-prohibited

– ec2-instance-no-public-ip

– iam-access-key-access-check

– Custom high-entropy credential scan

A.3 Behavioral Validation Scripts
• Public S3 Check:
curl -I https://<bucket>.s3.amazonaws.com/

• EC2 Exposure Scan:
nmap -Pn -p 22,3389 <public-ip>

• Test Credential Use:
curl -H "Authorization: Basic $(echo -n

’user:pass’ | base64)"

https://api.example.com

• Check Access Key Status:
aws iam get-access-key-last-used

• Secrets Discovery + Validation:
trufflehog git https://github.com/yourorg/

test-repo.git --json > secrets.json

Parse discovered secrets and attempt validation using:
aws sts get-caller-identity --access-key <key>

--secret-key <secret>

• Run Full Validation Script:
python3 validate prowler.py

prowler findings.json output.json --aws-region

us-east-1 --threads 10

Replace prowler findings.json with the path to the
Prowler output file, output.json with the desired
output file, and adjust the AWS region or thread
count as needed.

• EC2 Individual Port Scan:
python3 port scanner.py <public-ip>

Scans TCP ports 22 and 3389 on the specified host to
detect possible SSH or RDP exposure. Reports open
ports or confirms absence of these services.

• S3 Bucket Exposure Check:
python3 check s3 exposure.py <bucket name>

<region>

Checks if the specified S3 bucket is publicly acces-
sible by sending an HTTPS GET request to the
bucket URL. Reports if the bucket is public, private
(forbidden), or nonexistent.

• AWS Credentials Validation:
python3 validate aws credentials.py

Prompts interactively for AWS Access Key ID, Secret
Access Key, and AWS region. Validates the credentials
by attempting to list S3 buckets using the AWS SDK.
Reports if credentials are valid or invalid.

A.4 Evaluation Process

• Parse JSON outputs from AWS CLI and scanners

• Cross-reference with alert metadata

• Generate false positive metrics (before vs. after vali-
dation)

A.5 Code Repository
The complete dataset and scripts are available at:

https://github.com/27dikshant/Noisecut
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ABSTRACT

We study the convergence of o↵-policy TD(0) with linear
function approximation when used to approximate the ex-
pected discounted reward in a Markov chain. It is well
known that the combination of o↵-policy learning and func-
tion approximation can lead to divergence of the algorithm.
Existing results for this setting modify the algorithm, for
instance by reweighing the updates using importance sam-
pling. This establishes convergence at the expense of ad-
ditional complexity. In contrast, our approach is to anal-
yse the standard algorithm, but to restrict our attention
to the class of reversible Markov chains. We demonstrate
convergence under this mild reversibility condition on the
structure of the chain, which in many applications can be
assumed using domain knowledge. In particular, we estab-
lish a convergence guarantee under an upper bound on the
discount factor in terms of the di↵erence between the on-
policy and o↵-policy process. This improves upon known
results in the literature that state that convergence holds
for a su�ciently small discount factor by establishing an
explicit bound. Convergence is with probability one and
achieves projected Bellman error equal to zero. To obtain
these results, we adapt the stochastic approximation frame-
work that was used by Tsitsiklis and Van Roy [1997] for the
on-policy case, to the o↵-policy case. We illustrate our re-
sults using di↵erent types of reversible Markov chains, such
as one-dimensional random walks and random walks on a
weighted graph.

1. INTRODUCTION

Temporal-di↵erence learning (TD learning) [Sutton, 1988]
is a reinforcement learning algorithm that aims to predict
the expected reward of a dynamical system. The conver-
gence of TD learning has been well studied, for instance by
considering di↵erent ways to approximate the value func-
tion that represents the predicted reward, and by using ei-
ther on-policy or o↵-policy sampling of states. We know
that in the tabular case, on-policy TD learning converges to
the optimal prediction [Sutton, 1988, Dayan and Sejnowski,
1994, Jaakkola et al., 1994]. Under linear value function
approximation, on-policy TD learning algorithm still con-
verges. The point of convergence is no longer optimal, but
does have a projected Bellman error (PBE) of zero [Tsitsik-

Copyright is held by author/owner(s).

lis and Van Roy, 1997, Dayan, 1992, Tsitsiklis, 1994, Tadić,
2001]. However, o↵-policy learning with function approxi-
mation may diverge, as shown through examples by Baird
[1995] and Tsitsiklis [1994].

All of the above work considers the convergence of TD
learning for a general input, i.e., for any possible Markov
chain. In this work, by restricting our attention to the class
of reversible Markov chains, we are able to prove conver-
gence of the o↵-policy TD(0) algorithm under linear function
approximation. The class of reversible Markov chains cov-
ers many application areas, such as queueing theory [Allen,
2014], statistical mechanics [Davidson, 2013], and Bayesian
statistics [Bolstad and Curran, 2016]. We show that o↵-
policy TD(0) with linear function approximation converges
whenever the on-policy and o↵-policy chain are reversible
and have the same structure, under a condition on the dis-
count factor. In particular, the di↵erence between the on-
policy and o↵-policy chain imposes an upper bound on the
discount factor. Finally, we show in Remark 1 that our
results also apply to a more general setting, where the re-
versibility restriction is not necessary.

The stability of TD(0) learning is commonly analysed by
considering the update rule in general form

wt+1 = wt + ↵t(A(Xt)wt + b(Xt)), (1)

where Xt is a Markov chain describing the sampling process,
wt is the parameter vector that is learned, ↵t is the step size,
and A(Xt) and b(Xt) contain the details of the update rule.
Also, define matrix A as A(Xt) for Xt in steady-state. The
core requirement for convergence is that matrix A is negative
definite [Tsitsiklis and Van Roy, 1997, Dayan, 1992, Sutton
et al., 2016, Sutton and Barto, 2018]. Matrix A is negative
definite if and only if xTAx < 0 for all x 6= 0. Tsitsiklis and
Van Roy [1997] showed that this matrix is always negative
definite for on-policy TD learning with linear function ap-
proximation. We generalise their result by showing that for
reversible Markov chains, matrix A is negative definite for
o↵-policy TD learning with linear function approximation.
We show that A = �T (�Q̂P � Q̂)�, where the elements
of this matrix are the linear features �, discount factor �,
o↵-policy distribution Q̂, and the transition probabilities P
corresponding to the original chain. If the on-policy and
o↵-policy processes are very di↵erent, then the di↵erence
between Q̂P and Q̂ can be large, and A may not be nega-
tive definite. Decreasing the discount factor � can mitigate
this e↵ect, since A always becomes negative definite when
� approaches zero. In this paper we address the open ques-
tion as to how small the discount factor should be to achieve
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convergence.
Our main contribution is that we establish convergence

with probability one of o↵-policy TD(0) with linear func-
tion approximation for the class of reversible Markov chains.
Our analysis builds on the work by Tsitsiklis and Van Roy
[1997], and extends the convergence of on-policy learning to
the o↵-policy case. We model the Markov chain of the o↵-
policy process as a perturbation of the original chain, where
this perturbation describes the di↵erence between Q̂P and
Q̂. We derive an exact upper bound on the discount factor
� in terms of this perturbation, and we show that the algo-
rithm converges when this upper bound is satisfied. Larger
perturbations imply that the discount factor should be cho-
sen small, while a large discount factor limits the size of the
perturbation. The point of convergence is the fixed point of
the projected Bellman operator, and this point has a pro-
jected Bellman error (PBE) of zero. Finally, we show how to
apply these results to common classes of reversible Markov
chains, such as one-dimensional random walks, and random
walks on a weighted graph.

In the literature other approaches have been introduced
to deal with the divergence of o↵-policy TD learning. Some
convergence results are available for the o↵-policy linear
function approximation case, but these rely on modifying
the algorithm. Following his example of divergence, Baird
[1995] suggested residual algorithms, but these are slow to
converge and require double samples. Similarly, least-squares
temporal-di↵erence (LSTD) as proposed by Nedić and Bert-
sekas [2003] is stable but has quadratic per-step complexity
in the number of parameters. A similar approach is used by
gradient TD algorithms, like gradient temporal-di↵erence
(GTD) methods by Sutton et al. [2008] and linear TD with
gradient correction (TDC) by Sutton et al. [2009], which
perform true gradient descent in the Bellman error. A gen-
eralization of these algorithms to non-linear function ap-
proximation was presented by Maei et al. [2009]. These al-
gorithms converge and do not encounter the double sample
issue, but they require a second set of parameters with a
second step size, and thus are more complex to implement.
Importance sampling techniques [Sutton et al., 2016, Pre-
cup et al., 2001] have also been used to stabilise the algo-
rithm by reweighing the updates, but these methods can
have high variance depending on the setting. On the other
hand, standard TD learning works well in many settings,
has low complexity, and is easy to implement. Based on the
current work, if reversibility can be assumed, the standard
algorithm is guaranteed to converge. Also, our models and
analysis opens the way to obtain bounds on the convergence
rate similarly to Srikant and Ying [2019].

In Section 2 we specify the Markov chain model that is
studied and the TD learning algorithm including linear func-
tion approximation and o↵-policy learning. Section 3 con-
tains the main convergence result of this paper. In Sec-
tion 4 we apply the result to two types of reversible Markov
chains: one-dimensional random walks and random walks on
a weighted graph. Finally, Section 5 contains the conclusion,
discussion and outlook for future work.

2. MODEL FORMULATION

In this section we specify the Markov chain model that we
study as well as o↵-policy TD learning with linear function
approximation. Moreover, we connect this to a stochastic
approximation result and define the matrix A, which we will

use in our analysis to establish convergence conditions. Re-
garding notation: Unless otherwise specified, all vectors are
column vectors, and we will interchangeably use subscripts
and parentheses to denote elements of vectors. Also, kvk
denotes the Euclidean norm of vector v and kAk denotes
the corresponding induced norm for matrix A.

We consider a reversible, irreducible and aperiodic Markov
chain {St 2 S | t = 0, 1, . . .} with finite state space S =
{1, . . . , n} [Aldous and Fill, 2002]. The transition prob-
ability matrix is denoted by P 2 Rn⇥n, where entry pij
gives the probability of a transition from state i to state
j. Let q 2 Rn be the row vector that denotes the unique
steady-state probability distribution satisfying q = qP . Let
Q = diag(q), the diagonal matrix with the elements of q
on the diagonal. Markov chain St is reversible if and only if
qipij = qjpji for any pair of states i, j 2 S. This implies that
pij > 0 () pji > 0, such that we can define the transition
ratio

⇢ij :=
pij
pji

. (2)

for any i, j 2 S. As a result, ⇢ji = ⇢�1
ij exists and we can

write

qj = qi⇢ij . (3)

We denote by r 2 Rn the reward vector over the states,
where r(i) gives the reward for state i. Our interest is in
the expected sum of discounted rewards, defined through
the value function V : S �! R, with V (i) the value when
starting in state i, i.e.,

V (i) := E
" 1X

t=0

�tr(St)|S0 = i

#
, (4)

where � 2 (0, 1) is the discount factor. We aim to approxi-
mate V using linear function approximation. In particular,
let

Vw(i) :=
KX

k=1

w(k)�k(i), (5)

where �k 2 Rn for k = 1, . . . ,K are the feature vectors,
w 2 RK are the weights, and i 2 S. We define � 2 Rn⇥K as
the matrix where column k corresponds to vector �k, such
that we can write

Vw = �w. (6)

We assume that feature matrix � has full column rank, i.e.,
the basis vectors �k, k = 1, . . . ,K, are linearly independent.
We will use the notation �(s) = (�1(s),�2(s), . . . ,�K(s)),
s 2 S, i.e., �(s) is the transpose of a row in �.

Next, we introduce the o↵-policy TD(0) algorithm. This
algorithm iteratively updates the weights in w with the aim
of approximating V by Vw. The update rule is

wt+1 = wt + ↵tdt�(Ŝt), (7)

where ↵t > 0 is the step size, dt is the temporal di↵erence
which will be specified below, and Ŝt 2 S is a state that is
sampled at time t. The o↵-policy property means that the
states Ŝt are sampled from a di↵erent Markov chain than
{St 2 S | t = 0, 1, . . .}, the Markov chain that the algorithm
aims to estimate V for. In particular, we have reversible, ir-
reducible and aperiodic Markov chain {Ŝt 2 S | t = 0, 1, . . .}
with transition probability matrix P̂ , steady-state probabil-
ity distribution q̂ and Q̂ = diag(q̂). We assume that

p̂ij > 0 () pij > 0, (8)
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such that both Markov chains have the same structure. We
will refer to {St 2 S | t = 0, 1, . . .} and {Ŝt 2 S | t = 0, 1, . . .}
as the original and the perturbed Markov chain, respectively.
The temporal di↵erence dt is based on a one-step transition
in the original Markov chain when starting from state Ŝt,
i.e. let S0

t be defined as

P(S0
t = j|Ŝt = i) = pij . (9)

The temporal di↵erence is then defined as

dt := r(Ŝt) + �Vwt(S
0
t)� Vwt(Ŝt), (10)

= r(Ŝt) + ��T (S0
t)wt � �T (Ŝt)wt. (11)

We assume that the step sizes ↵t are positive, nonincreas-
ing, and satisfy the Robbins-Monro conditions [Robbins and
Monro, 1951]

1X

t=0

↵t = 1, (12)

1X

t=0

↵2
t < 1. (13)

By rewriting (7) as

wt+1 = wt + ↵t

⇣
A(Ŝt, S

0
t)wt + b(Ŝt, S

0
t)
⌘
, (14)

with

A(Ŝt, S
0
t) := �(Ŝt)

⇣
��T (S0

t)� �T (Ŝt)
⌘
, (15)

and

b(Ŝt, S
0
t) := �(Ŝt)r(Ŝt), (16)

we see that it is an instance of a stochastic approximation
algorithm that is well studied. In particular, we have the
following convergence result.

Theorem 1 (Theorem 17 from Benveniste et al. [2012]).
Consider an iterative algorithm of the form

wt+1 = wt + ↵t(A(Xt)wt + b(Xt)), (17)

where

1. the step size sequence ↵t is positive, nonincreasing,
and satisfies

P1
t=0 ↵t = 1 and

P1
t=0 ↵

2
t < 1;

2. Xt is a Markov process with unique steady-state distri-
bution, and X denotes the random variable distributed
according to this steady-state distribution. Further-
more, there exists a mapping h : S �! R satisfying
the remaining conditions;

3. A(·) and b(·) are matrix and vector valued functions,
for which A = E[A(X)] and b = E[b(X)] are well de-
fined and finite;

4. matrix A is negative definite;

5. there exists constants M and g such that for all x

1X

t=0

||E[A(Xt)|X0 = x)�A||  M(1 + hg(x)), (18)

and
1X

t=0

||E[b(Xt)|X0 = x)� b||  M(1 + hg(x)); (19)

6. for any g > 1, there exists a constant µg such that for
all X, t

E[hg(Xt)|X0 = x]  µg(1 + hg(x)). (20)

Then, wt converges to w⇤, where w⇤ is the unique vector
that satisfies Aw⇤ + b = 0.

Our statement of the above theorem is in fact, a special
case of the more general Theorem 17 from Benveniste et al.
[2012]. The above form appears in Tsitsiklis and Van Roy
[1997, Theorem 2]. Most of our analysis will deal with veri-
fying the conditions of this theorem for our setting in which
Xt = (Ŝt, S

0
t). To set the stage for this, we define matrix A

and vector b as

A := �T (�Q̂P � Q̂)�, and b := �T Q̂r. (21)

Crucial parts of our analysis will be to show that A =
E[A(Ŝ, S0)] and b = E[b(Ŝ, S0)], and to derive conditions
under which A is negative definite, henceforth abbreviated
as n.d.

In addition to convergence guarantees, we study the point
of convergence w⇤. In particular, we will show that w⇤

minimises the projected Bellman error (PBE) [Sutton and
Barto, 2018], which we define next. In order to do so, con-
sider the inner product hx, yiQ̂ := xT Q̂y, and the associated

weighted Euclidean norm || · ||Q̂ :=
q

h·, ·iQ̂ on the space

{�w|w 2 RK} of value function approximations given linear
features �. Now,

PBE(w) := ||⇧Q̂B (�w)� �w||Q̂, (22)

where B is the Bellman operator that satisfies V = BV , and
⇧Q̂ is the projection operator from Rn onto {�w|w 2 RK}
with respect to the norm || · ||Q̂.

3. MAIN RESULTS

In this section we state the main result of this paper, that
is the convergence of temporal-di↵erence learning applied on
reversible Markov chains with linear function approximation
and o↵-policy learning.

Theorem 2. Let c � 1 satisfy

1
c
⇢ij  ⇢̂ij  c⇢ij , (23)

for all i, j 2 S for which pij > 0, and let

� <
2

c+ 1
. (24)

Then wt converges to w⇤ with probability 1, where w⇤ is the
unique vector that satisfies PBE(w⇤) = 0.

Remark 1. Careful analysis of the proof of Theorem 2
shows that we do not need reversibility of the original Markov
chain. In fact, the original chain only needs to satisfy pij > 0
i↵ pji > 0 for any states i and j, such that ⇢ij exists. Thus,
for any transition in the original Markov chain the reverse
transition probability should also be positive.

The factor c determines the size of the perturbation, in
other words how di↵erent the o↵-policy distribution is from
the on-policy distribution. The proof of Theorem 2 and the
proofs for the other results provided in this paper are given
in Overmars et al. [2025]. We do, however, present the main
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technical lemma that is used in the proof here. In particular,
we give a su�cient condition for A as defined in (21) to be
n.d.

Lemma 1. If

� <
2

1 + 1
q̂i

Pn
j=1 q̂jpji

(25)

for all i 2 S, then matrix A is n.d.

The proof for this result is based on establishing diagonal
dominance, see for instance Horn and Johnson [1985, Corol-
lary 7.2.3]. Note, that this is a su�cient but not necessary
condition for A to be n.d., as a matrix being n.d. does not
imply that it is also diagonally dominant. To illustrate (25)
consider the on-policy case where Q̂ = Q. There we have
q̂i =

Pn
j=1 q̂jpji, and we can rewrite (25) as

� <
2

1 + 1
q̂i

Pn
j=1 q̂jpji

=
2

1 + 1
q̂i
q̂i

= 1, (26)

which is always satisfied as � 2 (0, 1). Hence, we establish
the result of Tsitsiklis and Van Roy [1997] result that on-
policy TD(0) learning with linear function approximation
converges as a special case of Theorem 2.

Though it is not stated explicitly, Lemma 1 and its proof
do not require reversibility of either the original or the per-
turbed Markov chain. However, Lemma 1 seems to be most
useful in the case of reversible Markov chains, where lim-
ited information about the original and the perturbed chain
may provide convergence guarantees. One instance of this
is Theorem 2, where we only require a bound the perturba-
tion of the transition ratios. In Section 4 we give another
application of Lemma 1 that demonstrates that if more in-
formation about the process is available, tighter bounds on
� can be obtained.

4. APPLICATIONS

In this section, we first show how to apply Theorem 2
to the class of random walks on a weighted graph in the
case when a bound on the perturbations of the weights is
available. Next, we apply Theorem 2 to the class of one-
dimensional random walks. Furthermore, using Lemma 1
we show how to obtain better bounds if more information
about the process is known.

4.1 Random walk on a weighted graph

Consider a random walk on a weighted graph [Aldous and
Fill, 2002]. We define the undirected, complete graph G =
(V,E) with vertices V and edges E. Edge {i, j} 2 E for
i, j 2 V has weight uij > 0. Since edges are undirected we
have uij = uji. We then consider the Markov chain with
transition probabilities defined as

pij =
uijPn

k=1 uik
. (27)

The equilibrium distribution for this process equals

qi =

Pn
k=1 uikPn

`=1

Pn
k=1 u`k

. (28)

It can be easily shown that this process is reversible. Fur-
thermore, every reversible Markov chain can be rewritten
as a random walk on a weighted graph [Aldous and Fill,
2002]. This is done by setting the weights as uij = qipij , so
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Thm. 2

Figure 1: Upper bounds on � given by Theorem 2 and Corol-
lary 1 for the simple random walk.

that detailed balance immediately holds using uij = uji. In
this way, we can apply our result to any reversible Markov
chain by bounding the weights in a similar manner as shown
below. However, this requires knowledge of stationary dis-
tributions q and q̂ in order to define the weights. As a result,
it is easier for a general Markov chain to apply Theorem 2
by bounding the ratios of transition probabilities directly.

Now consider a perturbed process defined on the same
graph G with weights ûij > 0. Moreover, suppose that the
di↵erence in weights between the original and the perturbed
process can be bounded as

1
�
 ûij

uij
 �, (29)

for all edges {i, j} 2 E, for some � � 1. Using ûij = ûji and
uij = uji we can write

p̂ij
p̂ji

=

Pn
k=1 ûjkPn
k=1 ûik

(30)


�
Pn

k=1 ujk

��1
Pn

k=1 uik
(31)

= �2
pij
pji

. (32)

A similar argument can be made for the other direction, so
that we have

1
�2

 ⇢̂ij
⇢ij

 �2. (33)

Hence, we can apply Theorem 2 with c = �2.

4.2 One-dimensional random walk

Consider the case that the original and the perturbed
chain are one-dimensional random walks on n states, i.e.,
pij > 0 and p̂ij > 0 if and only if i) |i � j| = 1, or ii)
i = j = 1, or iii) i = j = n. For these random walks it can
be easily verified that detailed balance holds. As a result,
they are reversible and the stationary distributions can be
shown to equal

qi = q1

i�1Y

j=1

⇢j,j+1 (34)
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for i = 2, . . . , n, where q1 follows from normalization and
where a similar expression holds for q̂i. Note, that the tran-
sitions ratios capture the drift of the random walk to the left
or right side of the state space. A transition ratio ⇢i,i+1 > 1
corresponds to a drift to the right side, while a transition
ratio ⇢i,i+1 < 1 corresponds to a drift to the left side.

Let

cij =

8
<

:

⇢̂ij
⇢ij

if pij , p̂ij > 0,

1 otherwise,
(35)

for i, j 2 {1, . . . , n} and

c = max
i,j2{1,...,n}

⇢
max

⇢
cij ,

1
cij

��
. (36)

The interpretation of c is that it is the maximum relative
di↵erence in drift between the original and the perturbed
chain. From Theorem 2 it follows that as long as our feature
matrix is full rank and � < 2/(c+ 1), TD(0) converges.

Next, we demonstrate how Lemma 1 can be used to obtain
a better bound on � if more information about the original
and perturbed process are available. In particular, we re-
strict our attention to the simple random walk in which the
transition ratios are constant and known for all states.

Corollary 1. Let the original and the perturbed process be
simple random walks on n states with ⇢i,i+1 = ⇢ and ⇢̂i,i+1 =
⇢̂ for i = 1, . . . , n� 1. Let � = ⇢̂/⇢ and

� < min

⇢
2(⇢+ 1)
⇢+ 2 + �⇢

,
2(⇢+ 1)

2⇢+ 1 + ��1

�
. (37)

Then wt converges to w⇤ with probability 1, where w⇤ is the
unique vector that satisfies PBE(w⇤) = 0.

The di↵erence with the proof of Theorem 2, in which no
structural information besides reversibility is available, is
that for this corollary we use the random walk structure of
the process. The key idea is that Lemma 1 imposes a condi-
tion for each state and that it turns out that the conditions
imposed by boundary states 1 and n are the most stringent.
Moreover, these conditions can be loosened w.r.t. the bound
given in Theorem 2, most importantly because ⇢̂/⇢ is now
known exactly.

We have illustrated the bounds of Corollary 1 in Figure 1
for ⇢ = 2 and ⇢ = 0.5 and the limiting behavior for � ! 1
and � # 0. For comparison, we have also depicted the bound
of Theorem 2 by using c = ��1 for � < 1. The figure il-
lustrates that Lemma 1 allows for better bounds than given
in Theorem 2 by using more information. If such informa-
tion is available depends on the application. The value of
Theorem 2 is that it only requires a bound on the di↵erence
between the original and the perturbed process.

5. CONCLUSION AND DISCUSSION

In this paper, we have shown convergence of o↵-policy
temporal-di↵erence learning with linear function approxi-
mation for reversible Markov chains. Unlike previous re-
search, which modifies the temporal-di↵erence learning al-
gorithm to establish convergence results, we instead con-
sider the base algorithm. Key in our analysis is the matrix
A = �T (�Q̂P � Q̂)�, which is required to be negative defi-
nite for the algorithm to converge. In our setting, we show

that this matrix is negative definite under a condition be-
tween the discount factor � and the size of the perturbation
caused by o↵-policy learning.

Our work may be extended to more general settings by
eliminating various assumptions at the cost of complexity of
the proof. Think of the assumption of a finite state space,
or linear independence of the basis functions, or aperiodicity
of the underlying Markov chains, as mentioned by Tsitsiklis
and Van Roy [1997] for the on-policy case.

A central assumption in this paper is reversibility of the
Markov chains, and extending our results beyond this as-
sumption would improve their applicability. Reversibility is
a technical assumption in our analysis, as it allows us to ma-
nipulate the sum

Pn
j=1 q̂jpji found in Lemma 1. This sum

captures the size of the o↵-policy behaviour in our model.
In Remark 1, we have already shown that our results also
hold if the original Markov chain is not reversible, but still
satisfies pij > 0 () pji > 0 for any i, j 2 S, i.e., the reverse
transition always exists. It is worth investigating to extend
our result to the case where the perturbed chain is also not
reversible, and instead satisfies the assumption that the re-
verse transition exists. This extension requires changing our
analysis and it seems to lead to a more complex result as we
can no longer use the definition of reversibility to rewrite the
terms in the sum mentioned above. As a result, we would
have to add correction terms to account for this, which may
in turn change the bound on �.

Another extension is to consider the rate of convergence
instead of the asymptotic convergence shown in this paper.
Srikant and Ying [2019] derive finite-time error bounds for a
stochastic approximation scheme, which they apply to TD
learning with linear function approximation in the on-policy
case. Our model follows a very similar set of assumptions, so
we expect that we can extend the results from Theorems 7
and 9 in Srikant and Ying [2019] to our setting. These re-
sults place bounds on the expected error between the iterates
and the TD-fixed point, and the higher moments of this er-
ror, respectively. However, Srikant and Ying [2019] mostly
assume a constant step size, while we assume the Robbins-
Monro conditions [Robbins and Monro, 1951]. The authors
do briefly cover diminishing step sizes in Theorem 12, but
this result requires technical assumptions on the step size
for small values of t. Furthermore, these assumptions in-
volve terms such as the mixing time, which depends on the
structure of the Markov chain. Thus, the main challenge
will be to derive corresponding assumptions for our setting.

Finally, we can test the tightness of the bound on � as
given in (24). We have performed numerical experiments to
find the maximum value of � under which A is still nega-
tive definite, which is required for convergence. We did this
for the simple random walk presented in Section 4.2, such
that we can also use the tighter bound given in Corollary 1.
These experiments showed a significant gap between the nu-
merically required values for � and those obtained from our
error bounds. Part of this gap is likely due to the fact that
Lemma 1 is a su�cient, but not necessary condition for A
to be n.d. Thus, values of � that do not satisfy (24) can still
lead to convergence. Future steps would be to derive all the
terms that make up the gap, and to quantify the di↵erences
between the bounds for various settings.
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Game of arrivals to a two queue network with
heterogeneous customer routes

Agniv Bandyopadhyay ⇤ Sandeep Juneja†

ABSTRACT

We consider a queuing network that opens at a specified
time, where users are non-atomic and belong to di↵erent
classes. Each class has its own route, and as is typical in
the literature, the costs are a linear function of waiting and
service completion time. We restrict ourselves to a two class,
two queue network: this simplification is well motivated as
the diversity in solution structure as a function of problem
parameters is substantial even in this simple setting (e.g.,
a specific routing structure involves eight di↵erent regimes),
suggesting a combinatorial blow up as the number of queues,
routes and user classes increase. We identify the unique
Nash equilibrium user arrival profile when the user linear
cost preferences are di↵erent. This profile is a function of
problem parameters including the size of each class, service
rates at each queue, and user cost preferences. When user
cost preferences match, under certain parametric settings,
the equilibrium arrival profiles may not be unique and may
lie in a convex set. We further make a surprising observation
that in some parametric settings, users in one class may ar-
rive in disjoint intervals. Further, the two classes may arrive
in contiguous intervals or in overlapping intervals, and at
varying rates within an interval, depending upon the prob-
lem parameters.

Keywords: Strategic arrivals, queuing network games, pop-
ulation games

1. INTRODUCTION

Queueing games or games where strategic users, served
by a queue or a queuing network, decide on actions such as
which queue to join, whether to join, when to join, what
level of priority to select and so on, are well studied in the
literature (see [6, 7, 9] for surveys). In this paper we focus on
the queuing arrival game where users decide on when to join
a queuing network. This is in contrast to much of the litera-
ture that considers arrival games to a single queue (see, e.g.,
[3, 5, 8, 9, 11, 12, 13]). Applications of such arrival games to
multiple queues are many: users arriving at a health facility
where they queue up to meet a doctor and then may queue
to get tests done and/or procure medicines; in banks where
∗TIFRMumbai, India, agniv.bandyopadhyay@tifr.res.in
†Ashoka University, Sonipat, India,
sandeep.juneja@ashoka.edu.in

Copyright is held by author/owner(s).

di↵erent users may need to go to di↵erent and multiple coun-
ters; in cafeteria where users queue up for di↵erent and mul-
tiple food items, etc. In consonance with much of the exist-
ing literature, we model users as non-atomic ‘infinitesimal’
fluid particles with costs that are linear in waiting time and
in time to service, users are served in a first-come-first-serve
manner, and service facility opens at time zero (see [10, 11,
13]). In [12], the uniqueness of the equilibrium solution was
proven in a single queue setting with stochastic service rates
and a large number of users. Moreover, [12] showed that the
equilibrium solution with a large number of users is well ap-
proximated by the corresponding fluid system, thus lending
support to the fluid analysis. This fluid setting has resulted
in unique and elegant, easily calculable user equilibrium pro-
files for single queues as well as certain symmetric queuing
networks where users have homogeneous travel routes (see
[10, 11]).

To keep the discussion simple, we focus on a two-queue,
two-class user setting where each class of users has a distinct
route, and users in each queue are served in a first-come-
first-served manner. While this set-up may be practically
interesting, our main contributions are theoretical. Our key
aim is to test whether the elegance and simplicity of user
equilibrium behavior to a single queue extends to more gen-
eral queuing networks in the presence of heterogeneous rout-
ing.

Even in the simple two queue setting, we see that, unlike
for the single queue, here the solution structure and order of
arrivals in equilibrium is a function of all the problem param-
eters, i.e., linear coe�cients of the cost function, the queue
service rates, and the population size of each class of users.
For one set of user travel routes, we observe that, depending
upon problem parameters, there exist eight distinct solution
structures. This suggests that as the number of queues in-
creases, there may be a rapid explosion in the solution struc-
tures. This may make the problem of identifying and learn-
ing the correct structure computationally prohibitive. Our
other broad contributions/observations are: 1) We find that
similar to the single queue setting, the equilibrium profile of
arriving users is unique for a wide set of parameters. How-
ever, interestingly, when user cost preferences across classes
are identical up to a constant, there may be multiple equilib-
rium arrival profiles, all lying in a convex set that we iden-
tify. Although there are many arrival profiles in equilibrium
in this case, they all have identical social cost. 2) In [11],
the equilibrium profile is determined for the case where mul-
tiple classes of users with linear costs are arriving in a single
queue. They find that di↵erent classes of users arrive in
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non overlapping and contiguous intervals. In our two-queue
setting, we find that depending upon the problem parame-
ters, in equilibrium, arrivals may come in non-overlapping
and contiguous intervals, in overlapping intervals, or under
certain parametric settings, a class of users may even arrive
in disjoint intervals. Moreover, we show that whether the
classes will arrive over overlapping sets or not is independent
of the population sizes and is entirely decided by the queue
service rates and user preferences.

Related literature: The arrival games to queues were first
considered by [5]. The concert queueing game, the fluid set-
ting, was introduced in [11]. The arrival game in a fluid
network of bottleneck queues including tandem, Trellis, and
general feedforward networks was considered in [10], where
they characterized the equilibrium arrival profile in each of
these topologies. Our work di↵ers from the existing litera-
ture on queueing arrival games in the aspect that we con-
sider a two queue network with heterogeneous arrival routes,
linear costs, and in this setting we are able to characterize
the equilibrium user arrival profiles in a closed form, and
for a large class of parameters, show that these profiles are
unique.

Outline: In Section 2 we provide background information
on the arrival queueing game and describe the two-class,
two-line, two-route networks that we consider. We empha-
size on two heterogeneous routes networks 1) where the
departures of the two classes are through di↵erent queues
(Heterogeneous Departure System or HDS) and 2) where
the arrivals enter at di↵erent queues (Heterogeneous Arrival
System or HAS). We also describe the connection between
non-fluid two queue networks and the fluid model towards
the end of this section. Section 3 contains our main result
about the existence of equilibrium arrival profile(s) for HDS
and HAS, and also contains several interesting properties of
the equilibrium. In particular, for HDS, we present the four
di↵erent structures that the equilibrium can have depending
on the parameters defining the instance and provide out-
lines of the arguments behind their occurrence. Similarly
for HAS, we discover that the equilibrium can have eight
possible structures. Furthermore, for HDS, we identify a
parametric regime that has a unique equilibrium and an-
other parametric regime that has multiple equilibriums that
form a convex set. We end with a brief conclusion. In this
paper, we have confined our discussion only to presenting
the interesting properties of the equilibrium. The details
are presented in [2].

2. PRELIMINARIES

Fluid Model: We consider a fluid model having two classes
of users. The size of each class i = 1, 2 is given by a positive
quantity ⇤i > 0. In every class i = 1, 2 individual users
are infinitesimal and the set of all users in class i is given
by the points in the interval [0,⇤i]. We define functions
F (i) : R ! [0,⇤i] for i = 1, 2 such that F (i)(t) denotes the
number of users of class i who arrive by time t. We call F (i)

the arrival profile of users in class i. Therefore, each F (i) is
non-decreasing and satisfies F (i)(�1) = 0 and F (i)(+1) =
⇤i. We consider F (i) that are right-continuous and doesn’t
contain any singularly continuous component. As a result,
F (1), F (2) can be expressed as a sum of a non-decreasing
absolutely continuous function and a non-decreasing discrete
function (by [1, Proposition 4.5.1]). We call the pair F =

{F (1), F (2)} as the joint arrival profile of the two classes.
In this paper, we consider a network comprising of two

queues in tandem, both starting service at time t = 0. Users
can choose to arrive before both queues start at time zero.
Let µ1 and µ2, respectively, denote the fixed deterministic
service rates in the two queues after they start service. We
consider instances where two classes of users get served by
the network such that: 1) The two classes get served via dis-
tinct routes, 2) Every queue serves atleast one of the classes.
There can be two instances which satisfy these two crite-
rias: 1) Classes 1 and 2 both arrive at queue 1 but depart,
respectively, from queues 1 and 2, and 2) Classes 1 and 2,
respectively, arrive at queues 1 and 2, but depart from queue
2. We call the first instance the Heterogeneous Departure
System or HDS (illustrated in Figure 2), and the second
instance as the Heterogeneous Arrival System or HAS (il-
lustrated in Figure 4).

Waiting and Departure Times: To specify the waiting
and departure times in a system, first consider a single queue
setting where A(t) denotes the total mass of users of all
classes that have arrived at the queue by time t. Let µ
denote the service rate. We use the notations W (t) and
⌧(t) = W (t) + t, respectively, to denote the waiting and
departure times of an user arriving at time t. Both W (·) and
⌧(·) are well-defined as functions of the arrival profile A(·)
(see [4, Theorem 6.5]) and in particular, W (t) = A(t)/µ �
max{t, 0}+I(t), where I(t) is the amount of time the queue
remains empty in the interval [0, t]. I(·) is also well defined
as a function of A(·). We refer the reader to [2, Section 2.2]
for detailed discussion about the dependence of W (·), ⌧(·)
and I(·) on A(·).

We introduce the following notation: 1) Ai(t) be the to-
tal mass of users of both the classes who have arrived at
queue i = 1, 2 till time t (Note that while F (j) denotes ar-
rival profile corresponding to user class j, Ai denotes overall
arrival profile to queue i.), 2) Wi(t) be the waiting time suf-
fered by a user arriving at queue i at time t, and ⌧i(t) =
t+Wi(t) be the departure time of the same user from queue

i, and 3) W (j)
F (t) and ⌧ (j)

F (t) be the waiting and departure
times from the network su↵ered by a class j user arriving
at time t for j 2 {1, 2}. Explicit dependence on F in this
notation is useful to our analysis later.
For both the queues i = 1, 2 upon defining the arrival pro-
file Ai(·), Wi(·) and ⌧i(·) are well-defined. Now we spec-
ify the waiting and departure times of both the queues in
HDS and HAS as functions of time, under the assump-
tion that the joint arrival profile F = {F (1), F (2)} is ab-
solutely continuous (we later argue by Lemma 2.1 that con-
sidering absolutely continuous joint arrival profiles are suf-
ficient for identifying equilibrium behavior): HDS: Arrival
profiles at individual queues are A1(t) = F (1)(t) + F (2)(t)
and A2(t) = F (2)(⌧�1

1 (t)), where ⌧�1
1 (t) = sup{s | ⌧1(s) 

t}. Both A1(·) and A2(·) are absolutely continuous. With

this, W (1)
F (t) = W1(t), ⌧

(1)
F (t) = ⌧1(t), W

(2)
F (t) = W1(t) +

W2(⌧1(t)), and ⌧ (2)
F (t) = ⌧1(t) + W2(⌧1(t)). HAS: Arrival

profile at individual queues are A1(t) = F (1)(t) and A2(t) =
F (1)(⌧�1

1 (t)) + F (2)(t) where ⌧�1
1 (t) = sup{s | ⌧1(s)  t}.

Both A1(·) and A2(·) are absolutely continuous. With this,

W (1)
F (t) = W1(t) + W2(⌧1(t)), ⌧

(1)
F (t) = ⌧1(t) + W2(⌧1(t)),

W (2)
F (t) = W2(t), and ⌧ (2)

F (t) = ⌧2(t).

Solution Concept: We assume that every user in group

98 Performance Evaluation Review, Vol. 53, No. 4, March 2026



j (j 2 {1, 2}) has a cost function linear in her waiting and

departure times from the network given by: C(j)
F (t) = ↵j ·

W (j)
F (t)+�j · ⌧ (j)

F (t), where ↵j and �j are positive constants
quantifying the cost su↵ered by a class j user for unit waiting
time and delay in departure. Given an arrival profile t 7!
B(t) such that B(+1) < 1, we use the notation S(B) to
denote the smallest closed set having a B-measure equal to
B(+1), which is also called the support of B.

Definition 2.1 (Equilibrium Arrival Profile (EAP)). The
joint arrival profile F? = {F (1),?, F (2),?} is an Equilibrium
Arrival Profile of this game if for both the groups j 2 {1, 2}: t 2
S(F (j),?) and t̃ 2 R implies C(j)

F? (t)  C(j)
F? (t̃). In particular,

the arrival profile is iso-cost along its support.

Note that, the EAP doesn’t change upon normalizing the
cost function of both the classes j = 1, 2 by multiplying
1/(↵j + �j). For simplicity, and without loss of generality,
we assume both the classes j = 1, 2 have their normalized
cost function, which are: C(j)

F (t) = �jW
(j)
F (t)+(1��j)⌧

(j)
F (t)

where �j =
↵j

↵j+�j
quantifies the preference of every class j

user. A value of �j close to 1 indicates users in group j
prefer late departure compared to waiting a long time in
the network and �j close to 0 implies the opposite. So, we
use �j to quantify the cost preference of every group j user.

Remark 1. EAP captures the aggregate equilibrium be-
havior of the group. We can equivalently define Nash equi-
librium at individual level where under it no individual has
unilateral incentive to deviate. As is well known and dis-
cussed in more detail in [11], the two concepts are equiva-
lent.

Lemma 2.1 helps us restrict our search of EAP only to ar-
rival profiles F (1) and F (2) which are absolutely continuous.

Lemma 2.1. In every EAP, F = {F (1), F (2)} of the HDS
and HAS, the arrival profiles F (1) and F (2) are absolutely
continuous.

Proof of the above lemma is similar to proof of statement
(ii) of Lemma 1 in [11]. On assuming contradiction, if any
of the arrival profiles have a jump, any user arriving in that
jump will be strictly better o↵ arriving slightly early and as
a result the arrival profile cannot be an EAP.

[11] show that when two classes of users having cost pref-
erences �(1) and �(2) arrive at a single queue with service
rate µ, the EAP has a simple structure. The class with
smaller �(j) comes first at arrival rate µ ·min{�(1), �(2)} over
an interval, while the next class arrives at a contiguous but
non-overlapping interval, at rate µ ·max{�(1), �(2)}. Figure
1 illustrates this EAP and the resulting queue length with
the assumption �(1) < �(2) and is useful to contrast with
the various EAP structures that we find for HDS and HAS
in Section 3
Relation between fluid model and non-fluid queu-
ing networks: [12] considered the non-fluid setting of an
arrival game with a single class and single queue, construct-
ing a sequence of non-fluid game instances converging to
the corresponding fluid model with an appropriate scaling.
[12] proved existence of a unique MNE of every instance in
this sequence and further proved that the aggregate arrival
profile of the MNE of these instances converge to the EAP
of the fluid model. In [2, Section 2.4], we provide the de-
tails about how such a sequence of non-fluid instances can

Ta(1) Tf(2)Ta(2)

F(1)

F(2)

𝜇𝛾(2)𝜇𝛾(1)

Figure 1: EAP structure when two classes of users with
cost preferences �(1) and �(2) (assuming �(1) < �(2)) are
arriving at a queue of capacity µ. The support boundaries

are T (2)
f = ⇤(1)+⇤(2)

µ , T (2)
a = ⇤(1)

µ �
⇣

1
�(2) � 1

⌘
⇤(2)

µ and

T (1)
a = �

⇣
1

�(1) � 1
⌘

⇤(1)

µ �
⇣

1
�(2) � 1

⌘
⇤(2)

µ .

𝜇1 𝜇2 

    Λ1

 Λ2

Figure 2: Heterogeneous Departure System

be constructed for HDS and HAS, so that they converge to
the respective fluid models. Extending the methods of [12]
to HDS and HAS is technically challenging and beyond the
scope of this paper. However, we conjecture that, with ap-
propriate scaling a similar convergence result of the MNE
of the non-fluid queuing networks to the EAP of the fluid
model can be proved.

3. MAIN RESULTS

Heterogeneous Departure System or HDS: We now
consider the situation where the two classes arrive at the
first queue and depart from di↵erent queues as illustrated
in Figure 2.

Note that class 2 users, after getting served at queue 1,
arrive at queue 2 at a maximum rate of µ1. As a result, if
µ1  µ2, queue 2 remains empty and the instance becomes
equivalent to a single queue instance where the two classes
get served only by a queue with service rate µ1. According
to [11, Theorem 2], the EAP of the case µ1  µ2 has the
two classes arriving over disjoint intervals ordered in the
increasing order of their preferences (for eg., the EAP will
be the one in Figure 1 with µ = µ1 when �(1)  �(2)).
Therefore, we restrict our discussion only to the case µ1 >
µ2.
Theorem 3.1 is the main result of this section.

Theorem 3.1. The following statements are true about the
EAP of HDS with µ1 > µ2: 1) If �(1) 6= �(2), there is a
unique EAP. Furthermore, depending on the mass of the
two classes ⇤(1) and ⇤(2), the EAP can have four possible
structures. 2) If �(1) = �(2) = �, there is a unique EAP

if ⇤(1) <
⇣

µ1
µ2

� 1
⌘
⇤(2). Otherwise, there can be multiple

EAPs and the set of all these EAPs is convex.

Due to space constraints we hide the detailed closed forms
of the EAP in the statement of Theorem 3.1. We refer the
reader to [2, Theorems 3.2 and 3.3] for the closed forms of the
EAPs, respectively, under the cases �(1) 6= �(2) and �(1) =
�(2) = � in Theorem 3.1. We restrict our discussion only
to several interesting properties of the EAPs and provide
illustrations of them whenever relevant.
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Threshold behavior: In the beginning of the section, we
discussed that the two classes arrive over disjoint intervals
when µ1  µ2 and �(1) 6= �(2). A natural question is,
whether there is a maximum value or a threshold for µ1,
such that the two classes with unequal preferences (i.e.,
�(1) 6= �(2)) arrive over disjoint intervals in EAP if and only
if µ1 is below that threshold. Lemma 3.1 provides us that
threshold.

Lemma 3.1. If �(1) 6= �(2), then the two classes always ar-
rive over contiguous intervals, i.e., S(F (1),?), S(F (2),?) and
S(F (1),?) [ S(F (2),?) are intervals. Furthermore, S(F (1),?)
and S(F (2),?) intervals overlap if and only if µ1 > µ2 ·
max

n
1, �(2)

�(1)

o
.

[2, Lemma 3.1 and 3.2] contains the detailed version of
Lemma 3.1. Here we provide a brief sketch of necessity in
Lemma 3.1. Proving that the two classes arrive over con-
tiguous intervals when �(1) 6= �(2) irrespective of µ1 and
µ2, is done via contradiction and we skip that argument
due to space constraint. If the two intervals overlap, we
must have µ1 > µ2, otherwise, by [11, Theorem 2], the two
classes arrive over disjoint intervals. Now, by Definition
2.1 of the EAP, C(1)

F? (·) and C(2)
F? (·) must, respectively, be

constant within S(F (1),?) and S(F (2),?). Thus the deriva-
tive of the costs of the two classes in their respective ar-
rival intervals must be zero. For the previous statement to
hold, we can prove that: 1) (C(1)

F? )0(·) = 0 implies the two
classes must arrive at a joint rate of µ1�

(1) over S(F (1),?),

and 2) (C(2)
F? )0(·) = 0 implies class 2 users must arrive at

rate µ2�
(2) over S(F (2),?). Therefore, if the two intervals

overlap, then at the overlap, the combined rate of arrival
of the two classes must be strictly larger than the rate of
arrival of class 2 users, which implies, µ1�

(1) > µ2�
(2), i.e.,

µ1 > µ2 · �(2)

�(1) . Combining this with our initial observation

µ1 > µ2, we obtain the overall threshold µ2 ·max
n
1, �(2)

�(1)

o
,

such that, µ1 must be strictly higher than the threshold for
the two classes to arrive over overlapping intervals.

Ordering of classes according to preferences: By [11,
Theorem 2], for single queue instances with multiple classes
of users having distinct preferences (i.e. distinct �’s), the
EAP has all the classes arrive over disjoint intervals which
are ordered according to the increasing order of their pref-
erences. In HDS as well, we can see similar behavior in the
EAP when �(1) 6= �(2). We see this behavior in two sep-

arate cases: 1) µ2 < µ1  µ2 · max
n
1, �(2)

�(1)

o
and 2) µ1 >

µ2 ·max
n
1, �(2)

�(1)

o
(recall that we are only considering HDS

with µ1 > µ2).
In case 1, by Lemma 3.1, the two classes must arrive over

disjoint intervals. Furthermore, for case 1 to happen, we
must have �(2) > �(1). The illustrative EAP for case 1 is
in Figure 3, case a. We can observe that, class 1’s arrival
precedes class 2’s arrival which reflects �(1) < �(2). The
argument behind this structure relies on proof via contra-
diction and [2, Lemma 3.6] provides the details. We argue
that, if the two disjoint intervals are ordered otherwise, i.e.,
class 2 users arrive before class 1 users, then: every class 2
user can strictly reduce her cost by arriving at the time when
class 1 users finish arrival, which contradicts Definition 2.1
of the EAP.

In case 2, there can be two situations depending on whether
⇤(2)/⇤(1) is above or below the threshold c(�(1), �(2)) =

min
n

1��(2)

1��(1)

⇣
µ1�

(1)

µ2�(2) � 1
⌘
, µ1
µ2

� 1
o
(we use c as a shorthand

to denote c(�(1), �(2)) for notational simplicity). If ⇤(2) �
c⇤(1), class 1 users arrive within the support of class 2 users
in the EAP (illustrative EAP is in case b of Figure 3). If
⇤(2) < c⇤(1), then arrival intervals of the two classes are or-
dered according to the increasing order of their preferences,
even though they overlap. This can be observed in the il-
lustrative EAPs of cases c and d in Figure 3, which, respec-
tively, represent the situations �(1) < �(2), ⇤(2) < c⇤(1) and
�(1) > �(2), ⇤(2) < c⇤(1). Now we provide a brief overview
of the argument behind this ordering of arrivals of the two
classes. In [2, Lemma 3.6], we prove that, under case 2: 1) if
�(1) < �(2), class 2 users finish arrival after class 1 users
finish and 2) if �(1) > �(2), class 2 users start arrival before
class 1 users start. Thus, the ordering of one of the ends
of the supports are decided by the relative ordering of the
preferences. According to [2, Lemmas 3.8, 3.9], the order-
ing of the other end of the supports are decided according
to the relative ordering between ⇤(2) and c⇤(1), favoring the
class having relatively larger mass. To be more specific: 1) if
⇤(2) � c⇤(1), the other ends of the support are ordered such
that class 1’s support lies inside class 2’s support (case b in
Figure 3), and 2) if ⇤(2) < c⇤(1), the two classes arrive in
the increasing order of their preferences and their supports
overlap without class 1’s support being fully inside class 2’s
support (cases c and d in Figure 3). Therefore, as class 1’s
mass ⇤(1) increases and exceeds ⇤(2)/c, the arrival of class
1 users get spilled from the left or right end of class 2’s the
support depending, respectively, on whether �(2) > �(1) or
�(2) < �(1).

EAPs forming convex set under equal preferences:

When �1 = �2 = �, we have c(�, �) = µ1
µ2

�1. Under the case

⇤(2) � (µ1/µ2 � 1) · ⇤(1), there is a unique EAP which can
be obtained by taking �(1) = �(2) = � for case b in Figure
3. In the other case ⇤(2) < (µ1/µ2 � 1) · ⇤(1), two EAPs
are the two joint arrival profiles in cases c and d of Figure
3, respectively, after taking limits �(1) = �, �(2) ! �+ and
�(1) ! �+, �(2) = �. As we state in Theorem 3.1 and pro-
vide more details in [2, Theorem 3.3], there can be multiple
EAPs under the case ⇤(2) < (µ1/µ2 � 1) · ⇤(1) and they
form a convex set specified by the properties: 1) S(F (1)) =
[Ta, Tf ], S(F (2)) ✓ [Ta, Tf ], for i = 1, 2 F (i)(Tf ) =
⇤(i), 2) (F (1))0(t) + (F (2))0(t) = µ1�, and 3) (F (2))0(t) 
µ2� for every t 2 [Ta, Tf ], where Ta = �

⇣
1
� � 1

⌘
⇤(1)+⇤(2)

µ1

and Tf = ⇤(1)+⇤(2)

µ1
. This set contains both the EAPs ob-

tained earlier by taking limits over cases c and d in Figure
3.
Heterogeneous Arrival System or HAS: We consider
the instance where the two classes arrive at di↵erent queues
and depart from the same queue, as illustrated in Figure 4.
We restrict our discussion in this section to HAS with un-
equal preferences, i.e., �(1) 6= �(2) and provide the detailed
results for equal preferences (�(1) = �(2)) in [2, Section 4.2].
We first describe below the main result of this section.

Theorem 3.2. If �(1) 6= �(2), HAS has a unique EAP. Fur-
thermore, depending on the instance parameters ⇤(i), µi, �

(i)

for i = 1, 2, the EAP can have eight di↵erent structures.
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Figure 3: Illustrative EAPs of HDS when �(1) 6= �(2) and
µ1 > µ2
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Figure 4: Heterogeneous Arrival System

For detailed closed forms of the EAP, see [2, Theorems
4.2 and 4.3]. Much of the proof arguments for HAS resem-
ble those for HDS except for the larger no. of regimes in
HAS compared to HDS. We restrict our presentation to two
interesting structural properties of the EAP in HAS.

Threshold behavior: Recall that in HDS, the two classes
share queue 1 in their path and Lemma 3.1 provides a thresh-
old to µ1 such that the two classes share queue 1 in EAP, if
and only if, µ1 is strictly above that threshold. Similarly, in
HAS, the two classes share queue 2. A natural question is
whether we have a similar threshold for µ2 like the one for
µ1 in HDS. Lemma 3.2 below provides such a threshold.

Lemma 3.2. If �(1) 6= �(2), in EAP, queue 2 serves the two
classes over disjoint sets of time if and only if µ1 � µ2�

(2).

Proof of Lemma 3.2 is similar to that of Lemma 3.1 and
for a detailed proof see [2, Lemma 4.1]. We first show that

for C(2)
F? (·) to remain constant in S(F (2),?), the combined

rate of arrival of class 2 users and class 1 users coming from
queue 1, must be µ2�

(2). Secondly, we argue that queue 1
must remain busy, i.e., length of queue 1 must be positive
when users of the two classes share queue 2. As a result,
class 1 users must arrive at queue 2 from queue 1 at rate µ1.
Since the combined arrival rate of the two classes in queue 2
must be larger than the arrival rate of the class 1 users from
queue 1 to queue 2, we must have µ1 < µ2�

(2) for the two
classes to share queue 2 in equilibrium. Proving su�ciency
of this condition requires proving properties related to the
structure of S(F (1),?) and S(F (2),?).
Disconnected support of EAP: Under the regime µ1 �
µ2�

(2) > µ2�
(1) and ⇤(2) >

⇣
1/�(2) � 1

⌘
⇤(1) we prove that

class 2 users arrive over the union of two disjoint inter-
vals in the EAP. We provide the illustrative EAP of this
regime in Figure 5 case c. This is unlike HDS, where both
classes arrive over contiguous intervals in EAP. We provide
a brief outline of the arguments here and the details are
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Figure 5: EAP of HAS under the regime µ1 � µ2�
(2) >

µ2�
(1). Cases a, b and c, respectively, represent (µ2/µ1 �

1)⇤(1) > ⇤(2), (1/�(2) � 1)⇤(1) � ⇤(2) � (µ2/µ1 � 1)⇤(1),
and ⇤(2) > (1/�(2) � 1)⇤(1).

in [2, Remark 8]. Note that the regime satisfies the con-
dition µ1 � µ2�

(2), which by Lemma 3.2 implies that the
two classes cannot share queue 2 in EAP. We first argue
that if µ1 � µ2�

(2) > µ2�
(1), then, class 1 and 2 users must

queue up, respectively, at queues 1 and 2 before time zero.
As a result, from time zero onward, class 1 users arrive at
queue 2 from queue 1 at rate µ1 until queue 1 expires. We
further prove that queue 1 must be empty by the time the
last class 1 user arrives at the system. Hence, class 1 users
arrive at queue 2 from queue 1 starting from time zero until
the end of class 1’s arrival interval. By Lemma 3.2, class
2 users cannot arrive at queue 2 during this period. This
leaves class 2 users with two options: 1) The entire popu-
lation of class 2 arrives before time zero, and 2) The class
2 population divides itself into two parts, one queueing up
before time zero and the other arriving after class 1 arrival
finishes. We observe this phenomenon in Figure 5, where
the entire class 2 population arrives before time zero as long
as ⇤(2)  (1/�(2) � 1)⇤(1). As ⇤(2) exceeds (1/�(2) � 1)⇤(1),
a fraction of the class 2 population arrives after the class 1
arrival finishes, and thus breaking class 2’s support into the
union of two disjoint intervals.

Conclusion: We studied a simple two-queue, two-class net-
work with a linear cost structure, where we analyzed in de-
tail two heterogeneous routing configurations: (1) where the
user classes arrived at the same queue but departed in di↵er-
ent queues, and (2) where the user classes arrived at di↵erent
queues but departed from the same queue. We discovered
non-trivial user behaviour not apparent in a single queue
or in networks studied thus far in the literature. We found
that although for most sets of parameters, the equilibrium
profile is unique, there exist settings where the collection of
equilibrium profiles is not unique but a convex set. While
in a single queue, multiclass customers arrive in contiguous,
nonoverlapping intervals, in our two queue setting there are
regions where, in equilibrium, di↵erent class arrival times
may overlap. Further, there exist regions, where a single
class customer may arrive in disjoint intervals. Broadly, the
paper suggests that even for more complex networks one
may expect a unique equilibrium profile for most parameter
settings. It also suggests that the number of di↵erent solu-
tion structures may explode with the size of the network, so
learning the structure in any case may be a di�cult task.
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Restless multi-armed bandits (RMABs) can model sev-
eral resource allocation problems. To cite only a few ap-
plications, RMABs are used to solve optimization problems
related to stochastic scheduling in a queue [1],[2], oppor-
tunistic scheduling [3],[4], machine maintenance [5], health-
care [6] or recommendation systems [7].

A RMAB is composed of N independent arms, each of
them being a Markov process that evolves in discrete time.
At each time instant the decision maker chooses a set of
arms to be activated, with the goal of maximizing rewards
cumulated across all arms, while not being able to activate
more than a certain number of arms at a time. Introduced
by Gittins and Jones [8], the Gittins index policy and its
further extension the Whittle index policy consists of as-
sociating a number – called index – to each state of each
arm, and then to activate the arms with the highest indices
in priority. Indices can be computed for all arms that sat-
isfy a broad condition called indexability. If this and other
index based policies are not optimal in general, they have
been shown to be asymptotically optimal when the number
of arms goes to infinity, under indexability and a technical
condition that is often verified in practice [9],[10]. Moreover,
they work extremly well in practice [11].

The computation of the indices of the states of a given
arm can be done independently of the other arms and only
requires to have access to the arm parameter, i.e, its tran-
sition kernel P and reward function r. There exist in the
literature very e�cient algorithms and implementations that
compute the indices of an arm given (P, r) [12].

There are many situations, though, where the parame-
ters (P, r) are unknown to the decision maker who can only
estimate them through sampling. This is our focus: we con-
sider a scenario where an agent interacts with an environ-
ment that can simulate an arm. The agent is faced with the
learning problem of how to use these samples to estimate
the indices as precisely as possible. The problem of learn-
ing Whittle indices has become popular in the recent years,
and a number of algorithms have been developed, most of
them relying on the popular model-free algorithm frame-
work called Q-learning. One of the first papers to develop
such a reinforcement learning is [13] which focuses on a par-
ticular case of monotonic bandit model. Their approach has
then been extended to (unstructured) discrete state-space in
[14],[15]. The convergence of a two timescales approach to

Copyright is held by author/owner(s).

learn indices is done in [16], where the Q-Whittle algorithm
is introduced to learn Whittle indices in the average reward
setting. This algorithm has been adapted in [17] to improve
convergence speed. There also exist variants of Q-Whittle
algorithms that use function approximation, for instance lin-
ear function approximation in [18], but also neural network
approximations in [19],[20],[21].

One important common denominator to all of these pa-
pers is that they are based on Q-learning and most of them
use a two timescales approach: the learning algorithm is
composed of a primary layer that learns the Q-value of a
�-penalized MDP and in parallel adapts the penalty � at a
slow rate in order to find the penalty corresponding to the in-
dices. This approach is called model-free because the agent
does not try to estimate a model of the arm but directly
learns the Q-values and the Whittle indices. The advantage
of such an approach is that it is quite flexible and can eas-
ily be adapted to function approximation like deep neural
networks (although without theoretical guarantees in gen-
eral). Yet, model-free approaches make a poor use of sam-
ples: they require very long runs of simulations in order to
converge to an acceptable value. In addition, even though
most Q-learning algorithms o↵er convergence guarantees
under some assumptions, it is very di�cult to obtain perfor-
mance guarantees, i.e. su�cient conditions on the number
of samples needed to get an acceptable approximation.

In this work, we propose a radically di↵erent approach
and develop a new model-based approach to learn Whit-
tle index. Our approach consists in using a simulator to
sample an arm and to build estimates of the transition ma-
trices and rewards (P̃ , r̃). The GGK algorithm of [12] is the
fastest known algorithm to compute Whittle indices today.
Hence, it would be tempting to simply call GGK on (P̃ , r̃)
and return the index values of this model. Yet, we show
that this naive method does not work in general because
the set of indexable arms is not an open-set: even if the
true model (P, r) is indexable, there is no guarantee that
the estimated model (P̃ , r̃) is indexable, regardless of how
close (P̃ , r̃) is from (P, r). This is why we introduce a gen-
eralization of GGK, called Extended GGK or EGGK, that takes
as input any parameter value (P̃ , r̃) and output a vector of
real values EGGK(P̃ , r̃). We show that if the original problem
(P, r) is indexable, then EGGK(P̃ , r̃) converges to the true in-
dices GGK(P, r) when (P̃ , r̃) converges to (P, r), even when
the parameters (P̃ , r̃) are never indexable. This allows us to
derive an algorithm, that we call BLINQ (BLINQ Learning
Is Not Q-learning). It uses a simulator to collect samples
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of (P, r) to produce (P̃ , r̃) and sporadically calls EGGK. We
prove that if (P, r) is indexable, then BLINQ converges to the
true indices as the number of samples goes to infinity. We
present numerical experiments that show that BLINQ largely
outperforms Q-learning based approaches for any reason-
able number of samples.

Summary of contributions
• Our first contribution is to show that for some index-

able arms there exists non indexable arms that are
arbitrarily close. As a result, we extend the GGK algo-
rithm by introducing EGGK, which works on all arms
(indexable or not) and returns values that coincide
with Whittle indices when the input is indexable.

• Our second contribution is to show that when all Whit-
tle indices are distinct for an indexable arm, then it has
an indexable neighborhood.

• Our third and main contribution is the introduction
and detailed analysis of BLINQ: a learning framework
that uses EGGK. We provide a detailed analysis of its
performance, that is, its rate of convergence as a func-
tion of the time and MDP parameters.

• As a side product, our fourth contribution is to provide
a bound on the Whittle indices of an indexable arm,
in terms of its parameters.
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1. INTRODUCTION

We consider a dynamic matching model where a bipartite
graph determines the compatibility among two set of nodes,
usually referred to as “supply” and “demand” nodes. Items
arrive to these nodes following a stochastic process and are
matched by pairs - and leave the system - according to a
matching policy. Items that are not matched queue up until
they are matched later on, which entails a holding cost.

Most of the literature in dynamic matching models consid-
ers First-Come-First-Serve or Match-the-Longest [1, 5]
matching policies and characterizes the steady-state distri-
bution, which is of a product-form. Recent literature, see
for instance [2–4], studies bipartite dynamic matching mod-
els where a bipartite graph describes the compatibility con-
strains among customers and servers. In [4] the authors
consider the N -shaped bipartite matching model and show
that a threshold-based policy optimizes the mean holding
cost. The authors also conjecture that an analogous policy
may be optimal in a more generalized setting.

In this extended abstract, we aim at analyzing the per-
formance of threshold-based policies for the W -shaped dy-
namic matching model. On the one hand, we characterize
the steady-state of the model for small threshold values and
show that this is of a product-form. Moreover, we show that
the threshold value is of fundamental importance when op-
timizing the weighed mean holding cost of the system. On
the other hand, for general threshold values, we consider an
approximation of the model and study the behavior of its
weighted holding cost with respect to the threshold value.

2. MODEL DESCRIPTION

We consider a discrete-time W -shaped dynamic match-
ing model. The model consists of two sets of nodes, V1 =
{v1, v2, v3} and V2 = {v4, v5}, where items in nodes v1 and
v3 are compatible with items in nodes v4 and v5 respectively,
and items in node v2 are compatible with items in any node
in V2. Unmatched items queue up at its corresponding node.
At each time slot, two items arrive simultaneously, one

to a node in V1 and another to a node in V2. We denote
∗This work has been partially funded by the Department of
Education of the Basque Government through the Consol-
idated Research Group MATHMODE (IT1456-22). Elene
Anton’s research benefited from the support of the FMJH
Program Gaspard Monge for optimization and operations
research and their interactions with data science.

Copyright is held by author/owner(s).

by pi the probability that an item arrives to node vi for
i = 1, . . . , 5, where p1 + p2 + p3 = 1 and p4 + p5 = 1.
Moreover, we assume symmetric arrivals, i.e., p1 = p3 and
p4 = p5. We denote by ~Q = (Q1, . . . , Q5) the queue length
vector in steady-state.

We consider the following threshold-based matching pol-
icy with threshold value T 2 N[ {1}: first match all possi-
ble items in v1 and v3 with those in v4 and v5, respectively.
Then, if the number of items in a V2-node exceeds the thresh-
old value T , these items are matched to items in v2, up until
there are T � 1 items in both V2-nodes. When T = 1, items
in v2 are immediately matched to any item in a V2-node.
Hence, the system behaves as if there was no threshold.

The Markovian state descriptor of this system is given by
the queue length vector at each time slot, after matching all
possible items following the threshold-based policy. We de-
note by ts2s1 the 1-step transition probability from state s1 to
s2. Due to the symmetric arrivals and threshold-based pol-
icy, the associated Markov chain is symmetric w.r.t. queues
v1 and v3, and queues v4 and v5. We use the latter symmetry
to define a partition of the state space to apply lumpability,
as defined in [6]. With some abuse of notation, we let ~Q de-
note the queue length vector in steady-state for the lumped
Markov chain. Note that, Q1 = 0 and Q2 +Q3 = Q4 +Q5,
therefore

�
Q2, Q3;Q4

�
describes the state of the system.

We consider a linear cost function w.r.t. the queue lengths
and symmetric costs for nodes v1 and v3 and for nodes v4 and
v5. We aim at analyzing the weighted mean holding cost of
the form E

⇥
C(Q)

⇤
= E

⇥
Q3

⇤
+ cE

⇥
Q2

⇤
. We assume c 2 [0, 1];

in which case, it has been conjectured in [4] that, for this
matching model, threshold-based policies are optimal.

3. EXACT ANALYSIS FOR T=1,2,3

In this section, we assume threshold values T = 1, 2, 3. Let
us define the path from state x to state y through a sequence
of states (x1, . . . , xn) as Iyx , with x1 = x and xn = y. We
also define the set of all possible paths without cycles from
state x to state y by B(x, y).

In the following, we provide several definitions required
to characterize the product-form steady-state distribution
of this model. Consider states s0, sf and y as well as the
path from s0 to y, Iys0 .

We denote by p
sf
y (Iys0) the probability of all the possible

paths without cycles from state y to sf , and where the path
from s0 to y is Iys0 . This is given by

p
sf
y (Iys0) =

X

(x1,...,xn)2B(y,sf )

tx2
x1

n�1Y

i=2

�

✓
t
xi+1
xi

p
sf
xi (I

xi
s0 )

, Iys0

◆
, (1)
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where the function � is defined as

�

✓
t
xi+1
xi

p
sf
xi (I

xi
s0 )

, Iys0

◆
=

8
<

:

t
xi+1
xi

p
sf
xi

(I
xi
s0

)
, if Iys0 \ Ixi

y = {y}

1, if Iys0 \ Ixi
y 6= {y}

. (2)

Formula (1) represents the probability of all possible paths
from y to sf , omitting the portions of possible paths that
intersect with Iys0 . I.e., when a possible path from y to sf
reaches a state in Iys0 , that path is not expanded further.

We denote by p
sf
s0 the probability of all the possible paths

without cycles from state s0 to sf , such that t
sf
s0 > 0 and

ts0sf > 0. This is given by

p
sf
s0 =

X

(x1,...,xn)2B(s0,sf )

tx2
x1

n�1Y

i=2

t
xi+1
xi

p
sf
xi (I

xi
s0 )

.

Theorem 1. Let s0 and sf be any two adjacent states,
i.e., t

sf
s0 > 0 and ts0sf > 0. Then, the following relation

satisfies the balance equations of the system:

p
sf
s0 ⇡(s0) = ps0sf ⇡(sf ) .

Theorem 1 states that a balance property is satisfied be-
tween any two adjacent states.

From Theorem 1 we fully characterize the stationary dis-
tribution, for T = 1, 2, 3, and observe that it is of product-
form. We also obtain explicit expressions of the weighted
mean holding costs of this model. The order relation among
the weighted mean holding costs depends on the holding
weight c and arrival probability p1, as shown in Figure 1.
Observe that both for small values of c and large values of
p1, either T = 2 or T = 3 are optimal. Indeed, when p1 is
close to 1

2 , T = 3 outperforms both T = 1, 2.

Figure 1: The order relation among the weighted mean hold-
ing costs w.r.t. the threshold value T , for T = 1, 2, 3.

4. APPROXIMATE ANALYSIS FOR T>3

In this section, we consider a slightly di↵erent matching
policy: whenever the number of waiting items in nodes v4
and v5 is smaller than T �1, and a new item pair (v2, v4) or
(v2, v5) arrives, this item pair is immediately matched and
leaves the system, i.e., only (v1, v5), and (v3, v4) pair arrivals
queue up.

Under this policy, one can easily solve the balance equa-
tions of the lumped Markov chain, because there are fewer
transitions among the states:

⇡(q2, q3; q4) =

8
<

:

⇣
p2
p1

⌘q2
⇡(0, 0; 0) , q4, q5  T � 1

⇣
p1

p1+p2

⌘q4�T+1
⇡(0, 0; 0) , otherwise

. (3)

We obtain explicit expressions of the weighted mean hold-
ing cost of this modified model for any value of T . When
p1 = p2 = 1

3 , the weighted mean holding cost is minimized
at threshold values T  3, for any value of c 2 [0, 1]. In Fig-
ure 2 (left), we observe that as c increases, i.e., the weight
of node v2 increases, a smaller threshold value T is optimal.
However, as T increases, node v2 items are less likely to be
matched. Hence, a smaller weight on v2 is fairer.

Figure 2: The weighted mean holding costs for T = 1, . . . , 7
with respect to c when p1 = 1

3 (left); and the weighted mean
holding costs for c and p1, with respect to T (right).

When p1 6= p2, the threshold value T that minimizes the
weighted mean holding cost depends on both the value of c
and p1, as shown in Figure 2 (right). Moreover, when p1 >
p2 the weighted mean holding cost increases unbounded as
T ! 1, for any c 2 [0, 1]. The same is true when p1 < p2
and c > 0. However, when p1 < p2 and c = 0, the weighted
mean holding cost approaches 0 as T ! 1.

5. FUTURE WORK

In this extended abstract, we fully characterize the sta-
tionary distribution of theW -shaped dynamic matching model
for thresholds values T = 1, 2, 3. Generalizing these results
to any threshold value remains an open problem that we
aim to tackle in the near future. Moreover, we believe that
the balance property that we obtain is also applicable to a
broader framework, such as order independent queues.
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1. INTRODUCTION

Poisson point process (PPP) is fundamental in stochas-
tic geometry for modeling random node locations in wire-
less networks [2, 4]. Classical PPP is inherently scalar and
isotropic. Although they capture spatial randomness, other
important information in 6G wireless communication, such
as orientation, polarization, and geometric semantics of elec-
tromagnetic (EM) fields, is not considered. Existing exten-
sions, such as marked PPP, Boolean models, and determi-
nantal point processes, remain limited because they lack an
internal algebraic structure capable of representing such in-
formation. To bridge the gap, this work introduces an in-
novative Clifford-algebraic model called the Clifford Poisson
Point Process (Clifford PPP), where each point is marked
with a Clifford multivector, as shown in Figure 1. In this
model, in addition to location, other properties of a node,
such as those related to an EM field, including its scalar,
vector, bivector and higher multigrade components [1], are
represented by a Clifford structure.

(a) Classical Poisson Point Process

Spatial domain Rd

Each point xi has scalar mark (intensity �)

(b) Clifford Poisson Point Process

Spatial domain Rd with multivector marks

Rotor (orientation)
Multigrade mark (Ai2C`p,q)
Grade-separated intensity �(g)(x)

Figure 1: Comparison between (a) the traditional scalar
Poisson Point Process (PPP) and (b) the proposed Clif-
ford Poisson Point Process (Clifford PPP). Classical
PPP models random spatial locations with scalar inten-
sity �, whereas Clifford PPP endows each point with a
multivector mark Ai2C`p,q carrying grade-wise informa-
tion and rotor orientation.

2. CLIFFORD POISSON POINT PROCESS

MODEL

2.1 Clifford Algebra and Multivectors

Let V be a real vector space of dimension n = p + q
equipped with a quadratic form Q : V ! R of signature
(p, q), where Q(v) = v2 = hv, vi. The Clifford algebra C`p,q
is the unital associative algebra generated by V subject to

Copyright is held by author/owner(s).

the relation v2 = Q(v), 8v 2 V. This implies the anticom-
mutation relation for orthogonal basis vectors ei, ej 2 V ,

eiej + ejei = 2⌘ij ,

where ⌘ij = diag(+1, . . . ,+1| {z }
p times

, �1, . . . ,�1| {z }
q times

), encodes the met-

ric signature.
The reversion of a multivector R is denoted by R̃ and ob-

tained by reversing the order of all basis vector products.
For example, if R = e1e2e3, then R̃ = e3e2e1. The spin
group is Spin(p, q) = {R 2 C`+p,q | RR̃ = 1}, represent-
ing rotations (and boosts) via x0 = RxR̃. In particular,
Spin(3)'SU(2) for 3D spatial rotations. SU(2) denotes the
special unitary group of degree 2, SU(2) = {U 2 C2⇥2 |
U†U = I2, detU = 1 }, where U† denotes the Hermitian
conjugate (also called the conjugate transpose) of a com-
plex matrix U .

A general element of C`p,q is a multivector :

A =
nX

k=0

hAik = a0 + ai
1ei + aij

2 eiej + · · ·+ a1...n
n e1 · · · en,

where hAik denotes the grade-k component. The full space
C`p,q is 2n-dimensional and decomposable into grades 0 
k  n.

The geometric product of multivectors combines the sym-
metric inner product and the antisymmetric outer (wedge)
product: ab = a · b+ a^ b. The Clifford algebra thereby en-
codes both algebraic and geometric relations and supports
operations such as grade projection, reversion, and rotor
transformations. It is particularly suited for modeling fields
with direction, orientation, and phase, such as EM fields.
For details, see [5].

2.2 Clifford Poisson Point Process

Let (Rd,B, µ) be a standard Borel measure space, and
C`p,q be the Clifford algebra over Rp+q with n = p + q.
Define the space of marked points: S := Rd ⇥ C`p,q.

Definition 1 (Clifford Poisson Point Process). A Clifford
Poisson Point Process (Clifford PPP) � on S with intensity
measure ⇤ is a random countable subset of S satisfying:

• For any disjoint measurable sets B1, . . . , Bk ⇢ S, the
random variables �(Bi) are independent.

• For any measurable set B ⇢ S, the number of points
�(B) follows a Poisson distribution:

P[�(B) = k] =
(⇤(B))k

k!
e�⇤(B).
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Each realization of � is a multiset {(xi, Ai)}i2N„ where
xi 2 Rd is the spatial location and Ai 2 C`p,q is the
multivector-valued mark. In the classical measure-theoretic
formulation of probability established by Kolmogorov [6],
any mark space M that is measurable (with a �-algebra M)
is admissible. Assigning Clifford algebra marks to spatial
points is entirely legitimate in it: Clifford algebras are mea-
surable vector spaces, so they serve as valid mark spaces for
point processes. Unlike classical marked PPP [3], the mark
space is non-commutative and graded, supporting modeling
of polarization, angular phase, and internal EM structure.

2.3 Grade-Valued Intensity Function

To account for the algebraic decomposition of the field, we
define an intensity function that encodes the distribution of
multivector components per grade.

Let G = {0, 1, . . . , n} denote the set of grades in C`p,q.
Define the canonical grade projection ⇡g : C`p,q ! C`(g)p,q and
write:

A =
nX

g=0

⇡g(A) =
nX

g=0

A(g).

Definition 2 (Grade-Valued Intensity Measure). Let �(g) :
Rd ! R�0 be the grade-g intensity function defined by:

�(g)(x) := E

2

4
X

(xi,Ai)2�

�xi(x) · kA
(g)
i k2

3

5 .

Then, the total intensity is:

�total(x) :=
nX

g=0

�(g)(x).

This definition generalizes classical intensity to a grade-
separated structure: �(0)(x) corresponds to scalar field en-
ergy at x, �(1)(x) corresponds to vector components (e.g.,
electric/magnetic), �(2)(x) captures bivector content (e.g.,
angular momentum), and higher grades model curvature,
torsion, or multiscale semantic structure.

These grade-wise intensities can be used to quantify signal
strength, grade-coherent beamforming, and semantic com-
pression via multigrade filtering.

2.4 Rotor-Valued Marks and Encoding

Each point (xi, Ai) 2 � is assumed to encode a geometric
transformation via a rotor Ri 2 Spin(p, q) ⇢ C`p,q. A rotor
is a multivector satisfying:

RiR̃i = 1, Ri = exp(�1
2
Bi), Bi 2 C`(2)p,q,

where Bi is a bivector representing a plane of rotation and
R̃i is the Clifford reverse.

Let Ai = ⇢iRi, where ⇢i 2 R�0 is a scalar amplitude.
Then, Ri determines the local polarization or phase trans-
formation applied by the RIS element at xi. The field in-
duced by the process becomes:

F (x) =
X

(xi,Ai)2�

G(x� xi)Ai,

where G(x� xi) is a grade-preserving Green’s kernel.
The field F (x) is thus a stochastic Clifford-valued random

field: F : Rd ! C`p,q, whose multigrade statistics (mean,

covariance, entropy) depend on the rotor distribution, grade
intensity, and spatial correlations.
Theorem 1 (Rotor–Grade Coupling in Clifford PPP). Let
F (x) be the induced multivector field from a Clifford Poisson
Point Process � with rotor-valued marks Ai = ⇢iRi, where
⇢i 2 R+ is a scalar weight and Ri 2 Spin(p, q) is a Clifford
rotor. Then the expected energy in grade-g is given by:

Ek⇡gF (x)k2 =
nX

g0=0

Z

Rd
k⇡g[G(x� y)R(g0)]k2�(g0)(y) dy,

where G(x � y) is a fixed Green’s kernel, �(g0)(y) is the in-
tensity measure of grade-g0 sources, and ⇡g is the projection
onto grade-g components.

3. DISCUSSION

The following provides a brief discussion on how Clifford
PPP may be applied to help model some of the emerging
6G techniques, including reconfigurable intelligent surfaces
(RIS) and six-dimensional movable antennas (6DMA).

RIS. Each RIS element acts as a rotor-valued scatterer,
encoding programmable geometric phase and polarization.
Clifford PPP can be used to capture grade-wise reflection,
interference leakage, and alignment efficiency, increasing
modeling accuracy than scalar PPP.

6DMA. In six-dimensional movable antennas, each
transceiver possesses both translation and rotation. Clifford
PPP can model this by rotor marks Ri 2 Spin(3), yielding
closed-form expressions for capacity under orientation un-
certainty and for grade-dependent Multiple Input Multiple
Output (MIMO) rank degradation.

4. CONCLUSION

The proposed Clifford PPP model generalizes stochastic
geometry to the multigrade domain, combining spatial ran-
domness with algebraic field structure. It provides a math-
ematically rigorous and physically interpretable framework
that opens up a new way to model and analyze 6G systems.
Example applications include modeling programmable EM
environments and enabling grade-aware interference analysis
which are crucial for wireless systems like RIS and 6DMA.
The approach may also be extended to the design and opti-
mization of such systems.
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ABSTRACT

We consider minimizing nonsmooth convex functions with
bounded subgradients. However, instead of directly observ-
ing a subgradient at every step, the optimizer receives an
adversarially corrupted subgradient. The adversary’s power
is limited to a finite corruption budget, with which the ad-
versary can strategically time their perturbations. We show
that the averaged subgradient descent method, which is op-
timal in the noiseless case, has worst-case performance that
deteriorates quadratically with the corruption budget. Using
performance optimization programming, (i) we construct
and analyze the performance of three novel subgradient de-
scent methods, and (ii) propose a novel lower bound on the
worst-case suboptimality gap of any first-order method satis-
fying a mild cone condition proposed by [5]. The worst-case
performance of each of our methods degrades only linearly

with the corruption budget. Furthermore, we prove that
all three proposed subgradient descent methods are near-

optimal and su↵er a worst-case suboptimality gap which
asymptotically matches our lower bound. Our subgradient
descent methods achieve near-optimal performance without
needing momentum nor averaging. This suggests that these
techniques are not necessary in this context, which is in line
with recent results by [9].

1. INTRODUCTION

We consider a nonsmooth convex function f : X ! R with
bounded subgradients. Instead of directly observing an ex-

act subgradient gk 2 @f(xk) at every step k, we assume that
the optimizer receives a corrupted subgradient g̃k = gk + ek,
where ek is an adversarially chosen perturbation. We con-
sider subgradient decent methods where we are given an ini-
tial iterate x0 2 X and construct iterates xk+1 = xk �↵kg̃k
by moving in a negative subgradient direction with stepsize
↵k. Classically, in an averaging step, a final iterate xN+1 is
constructed as a weighted average of the iterates x0, . . . , xN .
Within this class of subgradient methods parameterized by
their stepsize schedule, we seek to construct a method that
minimizes the worst-case suboptimality gap �. That is, a
method which guarantees that

f(xN+1)�minx2X f(x)  �

∗Full article available at https://arxiv.org/abs/2510.03072
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for any admissible f, x0, g̃0, . . . , g̃N�1. We assume that the
distance between the initial iterate x0 and a minimizer is at
most R, the subgradients of f have norm at most L and

PN�1
k=0 kekk

2
 �2.

That is, the adversary has a total perturbation budget �2 and
can time their perturbations strategically. Such adversaries
are of fundamental interest and have received a surge of
recent attention in the optimization [1], bandit learning [6],
and adversarial neural networks [8] communities.

Define � = �/L. For � �
p
N , it is easy to see that no

method can hope to make progress as the adversary can
simply pick ek = �gk so that g̃k = 0 for all steps k. When
� <

p
N , progress does become possible and performance

estimation programming introduced by [3, 7] can be used to
characterize the worst-case suboptimality gap � for a given
subgradient method as a convex semidefinite optimization
problem. However, the search for a subgradient method with
smallest suboptimality gap results in a nonconvex optimiza-
tion problem [2]. We introduce a novel change of variables
which however renders the search for an optimized subgra-
dient method as a convex semidefinite optimization prob-
lem. This allows for numerical construction of optimized
subgradient methods as a function of the problem parame-
ters L,R, �, N . Via a Lorentz cone approximation, we con-
struct a stepsize schedule (↵L

k)
N�1
k=0 of the form

↵L
k =

R(N � k)

L(N + 1)3/2
·

yk
y0uL

N (�)
, (1)

where (uL
N (�))2 � 1 is the minimum of the resulting second-

order cone optimization problem and (yk)
N
k=0 is an auxiliary

sequence satisfying the recursion yk+1 = yk + y2
k. We prove

that the step size schedule (1) results in a suboptimality gap

� 
RL

p
N + 1

uL
N (�), (2)

We finally suggest a third sequence of step sizes that are
given analytically as

↵0
k =

R
L

N � k

(N + 1)3/2
u(�)

u(�)2 � (u(�)2 � 1) k
N+1

· ⇠N (�), (3)

where u(�) � 1 is the solution of

�2 = u2
� 1� 2 log u, (4)

and

⇠N (�) =

vuut u(�)2 � 1

�2 +
PN+1

k=1
u(�)2�1

k(u(�)2�1)+N+1

2


1, 1 +

2
N

�
,
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Figure 1: The conic combination ↵L (reindexed in ✓ 2 [0, 1)) for N = 100 and various noise levels �. The dashed
line corresponds to the step sizes ↵0

k for � = 5.

so that this factor is negligible for large N . This step size
schedule (3) achieves

� 
RL

p
N + 1

u(�).

The step sizes (1) and (3) are depicted in Figure 1 for vari-
ous levels of gradient corruption. Unsurprisingly, increased
gradient corruption begets a less aggressive overall step size
schedule. However, the proposed subgradient method is ob-
served to be much more cautious in earlier iterations than
in later ones where it is in fact, more aggressive than in
the absence of corruption. Notably, our proposed subgra-
dient methods neither use iterate averaging or momentum.
The same observation was recently also made in the ab-
sence of gradient corruption [9] who introduced an optimal
subgradient method which our subgradient method can be
interpreted to generalize.

Finally, we prove a novel lower bound on the worst-case
suboptimality gap

� �
RL

p
N + 1

`N (�).

Our lower bound holds for any first-order optimization method
satisfying the cone conditions x0 � xk 2 cone(g̃0, . . . , g̃k�1)
for all steps k. This class contains any subgradient method
with non-negative step sizes, the Nesterov accelerated gra-
dient descent method and most practically relevant variable
step size algorithms; see also [5]. For � = 0 (uncorrupted),
this performance bound coincides with the known universal
lower bound for (uncorrupted) nonsmooth optimization [4].
We prove analytically that

✓
1�

5
2
log(N + 1)

N

◆
u(�)  `N (�)  uL

N (�)  u(�).

In particular, this means that the relative di↵erence be-
tween the worst-case suboptimality gap of each of the pro-
posed methods and the lower performance bounds vanishes
to zero at rate O(log(N)/N). This tells us that the proposed
methods asymptotically match the proven theoretical lower
bound.
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1. INTRODUCTION
Reinforcement Learning (RL) has emerged as a fundamen-

tal approach for solving sequential decision-making prob-
lems in environments characterized by uncertainty, com-
plexity, and dynamic evolution. Unlike classical optimiza-
tion techniques, RL does not require any knowledge of the
model under investigation but instead learns optimal policies
through interaction and feedback. This makes RL particu-
larly suitable for real-world applications where modeling the
entire system accurately is infeasible. Over the past decades,
RL has achieved significant success in diverse fields such as
robotics [1], healthcare [6], cybersecurity [3], and communi-
cation networks [2].

Our work presents an RL-based algorithm that applies
to a wide family of models. Specifically, our model only
assumes the existence of a set of states Sa which satisfies
the following property: when the agent is in a state of Sa

and takes any of the possible actions, the state that the
environment returns also belongs to Sa. This occurs, for
instance, in any epidemic model without external infections.

We present an algorithm that leverages the structure of
these models. Our numerical results show that our algo-
rithm learns the optimal policy in a more e�cient manner
than the Q-learning algorithm.

2. MODEL DESCRIPTION
We consider a system that evolves randomly in discrete

time. We denote by Xn the state of the system at time slot
n and by S the set of states. In state s 2 S, an action
a 2 As is chosen. We assume that S is finite and that As

is a countable set for all s 2 S. We consider that being in
state s 2 S incurs a cost of c(s). Moreover, when in state
s 2 S an action a 2 As is chosen, the state in the next time
step is s0 2 S with probability ps,a(s

0). The decision maker
decides on a deterministic policy ⇡, which determines the
action to be taken in each state, i.e., ⇡ : S ! As.

An optimal policy, which is denoted as ⇡⇤, is defined as
the policy that minimizes the value function for all s 2 S.
The standard way to compute ⇡⇤ is by solving the Bellman
equations [4]. However, in this work, we consider that we

∗This work has been partially funded by the Department of
Education of the Basque Government through the Consoli-
dated Research Group MATHMODE (IT1456-22).
†Corresponding author. Email: ccarballo002@ikasle.ehu.eus
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do not have any knowledge about the transition probabilities
and the costs of the model. Thus, we tackle the problem of
finding ⇡⇤ using an alternative approach based on RL.

The Q-learning algorithm [5] is an RL-based algorithm
that provides Q̂, which is an estimator of the action-value
function. Let st and at be, respectively, the state and the
action taken at time t. The Q-learning algorithm follows the
next update rule:

Q̂(st, at) Q̂(st, at)+

⌘t
⇣
c(st) + �min

a
Q̂(st+1, a)� Q̂(st, at)

⌘
, (1)

where ⌘t 2 (0, 1] and � 2 [0, 1).
In this work, we make the following assumption.

Assumption 1. We assume that there exists a set of ab-
sorbing states Sa, i.e., if s 2 Sa, then for all a 2 As,P

s02Sa ps,a(s
0) = 1.

Under this assumption, it is easy to see that the Q-learning
algorithm does not converge to the global optimum in the
following cases: (i) when there is a single episode whose
length is infinite, and (ii) when in each episode the initial
state belongs to Sa. As a consequence, we present an alter-
native approach in the following section.

3. OUR APPROACH
We notice that, under Assumption 1, the optimal action-

value function of the states in Sa can be learned with any
knowledge of the action-value function of the states that are
not in Sa. Therefore, we propose an RL-based algorithm
that learns the optimal policy in a more e�cient manner
than the Q-learning algorithm. The pseudocode of our al-
gorithm is shown in Algorithm 1. This algorithm initializes
the Q-values randomly and, then, it works in two phases:

• In the first stage, we apply the update rule (1), where
the starting state of each episode is a state of Sa drawn
at random. This stage is executed for a fixed number
of steps Ka. We consider that, in this stage, there are
several episodes to make sure that all the states are
visited a minimum number of times.

• In the second stage, we apply the update rule (1) and
we consider that an episode ends when one of the fol-
lowing conditions is satisfied: (i) st+1, i.e., the state
of the system at time t + 1, belongs to Sa or (ii) the
maximum number of steps in that episode is reached.
Then, a new episode starts in a randomly selected state

1
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Algorithm 1 Our approach

Parameters: learning rate ⌘ 2 (0, 1], ✏ > 0, number of
steps in the first stage Ka, number of steps of the simu-
lation Ksim:
Initialize Q(s, a) arbitrarily and k = 0
while 0  k < Ka do // beginning of the first stage

Initialize s0 2 Sa randomly
for each step t of episode do

Apply Q-learning update rule (1) with ✏-greedy
policy

k  k + 1
if episode ends then

Initialize new episode
end if

end for
end while // end of the first stage
while k < Ksim do // beginning of the second stage

Initialize s0 2 S \ Sa

for each step t of episode do
Apply Q-learning update rule (1) with ✏-greedy

policy
k  k + 1
if st+1 2 Sa or episode ends then

Initialize new episode
end if

end for
end while // end of the second stage

in S \ Sa. The second stage ends when the number of
iterations equals Ksim.

4. APPLICATION
We consider a variant of the SIR model with N homoge-

neous elements that evolve in continuous time. An element
encounters another element at a rate �. If a susceptible
element encounters an infected element, then it becomes in-
fected. An infected element gets recovered at rate ⇢. A re-
covered individual cannot be infected until it gets susceptible
again at rate �. Moreover, with a vaccination rate ↵, a sus-
ceptible individual becomes recovered directly without being
infected. We uniformize the continuous-time Markov chain
with a uniformization constant ⌦ < (N(� + ⇢ + � + ↵))�1

and obtain a discrete-time Markov chain. In this model, sus-
ceptible elements follow a confinement policy (or strategy)
⇡ : N! [0, 1], where ⇡(t) is a probability that indicates the
level of exposure to the epidemic of that element at time
t. More precisely, when ⇡(t) = 1, susceptible elements are
completely exposed to the epidemic at time zero, whereas
when ⇡(t) = 0 they are protected from taking the infection,
i.e., they are confined. We consider that there is a con-
finement cost that applies to each susceptible element. We
assume that the confinement cost of a susceptible element
at time t is cL � ⇡(t), where cL � 1 (remember that ⇡(t)
is the strategy of susceptible elements at time t). We also
consider that there is a cost associated to each infected ele-
ment; more precisely, each infected element leads to a cost
of cI > 0 per unit of time.

We consider that the action space is {0, 1}, i.e., susceptible
elements are confined or fully exposed to the epidemic.

In this model, Sa is the set of states where there are no
infected elements.

Figure 1: Logarithm of the mean relative error of
Q-learning (dashed orange line) and our algorithm
(blue line).

As a representative instance of the general pattern, let
us consider the following configuration: N = 5, � = 1.1,
⇢ = 0.6, ↵ = 0.2, � = 0.3, cI = 2, and cL = 1.001. The
discount factor is set to � = 0.99 and T = 2000. In our
experiments, we also consider Ksim = 106. We first study
the impact of Ka in the performance of our approach, and
then we will show how the presented algorithm outperforms
Q-learning.

We compare the performance of our algorithm with that
of Q-learning for this model. Figure 1 shows the evolution of
the logarithm of the mean relative error. The dashed orange
line corresponds to Q-learning: the error decreases quickly
at first, but then slows down. The blue line shows our algo-
rithm with Ka = 35000. This illustration shows that both
methods perform similarly in the initial phase, but after-
wards our approach achieves a faster and more sustained
error reduction. The plotted case corresponds to the best
performance observed among the tested values of Ka.
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ABSTRACT

This paper provides a probabilistic analysis for the depar-
ture process of a standalone two-threshold queue and the
derived calculation formula is then applied to select the op-
timal workload aware threshold sequence for IEEE 802.15
medium access control so the effectiveness of a dual-objective
optimization scheme is guaranteed.

1. DEPARTURE PROCESS ANALYSIS

The expectation of inter-departure time is decomposed
into the probabilistic weighted summation of expectations
of two exclusive and complimentary events.

E[4tk1
d ] = (1� p0)A+ p0B (1)

Let A represents the expectation of the inter departure time
when a packet arrives at non-empty queue. Let B represents
the event of packet arrival at an empty queue. A = E[tE ],
B = E[tk2

a � tk2�1
d + tE ],

B|tk2�> • =
1

p0l
� tE

p0
+ tE (2)

(3)

Fig 1 shows both the simulation and analytical results
for a two threshold queuing system and that the derived
formulas for both event A and event B are consistent with
simulation [1]. It evaluates the waiting time for the system
with both an empty queue and non empty queue.

2. DEPARTURE PROCESS DISTRIBUTION

The author attains the departure process distribution con-
sisting of two parts.That’s

f (n) = fE(n)+ fNE(n) (4)

Given the condition that Â fE(n) = p0 and Â fNE(n) = 1�
p0 where fE(n) is the probability mass function when the
packet arrives at an empty queue and fNE(n) is the PMF
when the packet arrives at an non-empty queue.

fE(t) = Be�b t [u(t � t0)�u(t � t1)]+Ce�at u(t � t1) with a =

l ,b = 2l µ
l+µ where µ = 1

tE ,t0 = E(tE1) and t1 = 0.011.

Copyright is held by author/owner(s).

Figure 1: Model Validation - Inter-departure Time (E-NE)

It is easy to deduce that fNE(n) is the sum of probabilistic
weights of three delta function d (n�ntk ) with tT correspond-
ing to the three service time options. To be precise

fNE(n) = Â
i

Â
n

pnd (n�nti) (5)

And

pn =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

ÂL1
1 pi

1�p0
, if n = nt1

ÂL2
L1+1 pi

1�p0
, if n = nt2

...
Â

Li+1
Li+1 pi

1�p0
, if n = nti

...
ÂK

LT +1 pi

1�p0
, else

(6)

The following fig 2 shows that the above analytical for-
mula is consistent with simulation. The left y-axis shows the
probability that the queue works in the first segmentation
where queue length is from 1 to L1 while the right y-axis
shows the probability that the queue works in the second
segmentation where queue length is from L1 to L2.

As the inter-departure time PMF when the queue is empty
can be further decomposed into weighted summation of the
PMF when the consecutive two packets arrive at an empty
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Figure 2: Model Validation - Probability Weights for
f_NE(t)

and the PMF when a packet arrives at an empty queue and
the previous packet arrives at an non-empty queue. For the
first term, the inter-departure time is equivalent to the inter-
arrival time as there is no log in the queue. Henceforth, we
set the following:

a = l (7)

For the second term, the inter-departure time is affected by
both the inter-arrival time and the service time. By approx-
imation, we set the following:

b =
2l µ

l +µ
(8)

t1 = 0.011 is an experimental observatory constant factor,
the physical interpretation of which can not be explicitly
explained.

The validation of the above analysis is demonstrated through
the below fig 3. In the figure, the x-axis unit is second. To

Figure 3: Model Validation - Probability Distribution for
f_E(t)

attain the value of B and C,we have: 1. The summation of

the partial probability mass function is equal to p0 and 2.
The expectation by the partial PMF is equal to 1

l p0
� tE

p0
+tE .

3. APPLICATION

In the wireless hart system[2], the server attends to each
queue in a cyclic order with a quota of one packet each
time. In current work, we assume the server will still visit
the queue in sequence even if the queue is empty as it is not
aware of the queue status before arrival. Suppose the server
processes a packet with a rate of mean value µ and there are
only three queues (equivalent to three mobile terminals in
the system). We further assume all the three queues have the
same arrival rate, the process of which follows the analysis
in the previous section. Then it is easy to arrive that for one
particular queue, the server attends with a rate of µ

3 and the
channel access procedure follows the G/M/1 queue model,
given the waiting room capacity is unlimited. The channel
access diagram is as fig 4: The below figure shows that the

Figure 4: Network System Overview

analytical results are very close to the simulation [1]results.
µ is the average service rate of the server

Figure 5: Model Validation - Waiting Time
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This extended abstract gives an overview of [6]’s results.

1. MOTIVATION
The field of machine learning, and artificial intelligence

more broadly, has taken society by storm. One of its key
techniques, Reinforcement Learning (RL), is widely applied,
e.g., in healthcare, industrial control, and robotics.

Despite its promise, RL still faces many practical chal-
lenges. Among these is the curse of dimensionality, which
makes learning in large state spaces intractable without
structure. This is problematic because the state space size
is often exponential in the number of system components.

Fortunately, many environments do exhibit exploitable
structure. For instance, when di↵erent states share similar
transition probabilities, then we could first learn a clustering
of the state space. This reduces its e↵ective size, mitigating
the curse of dimensionality’s impact.

2. STATE-SPACE REDUCTION IN BLOCK
MARKOV DECISION PROCESSES

In [6], we conduct a regret analysis for an episodic learn-
ing strategy that exploits a state-space reduction technique
tailored to Block Markov Decision Processes (BMDPs).

BMDPs are MDPs in which observations are drawn from
a large set of contexts. The transitions dynamics, however,
depend on just a few unobserved latent states. Specifically,
each context x is associated to a latent state s = f(x), and
the system moves to a new latent state s0 according to a
transition kernel p(s0 | s, a). The agent then observes only a
context y 2 f�1(s0) drawn from an emission kernel q( · | s0).
See Figure 1 for further summary.
Recently, a clustering method developed for Block Markov

Chains [5] was generalized to BMDPs [4]. It was then used
in [4] to study the sample complexity of reward-free RL. A
regret analysis when exploiting these techniques, however,
remained open. This gap is addressed in [6].

3. SUMMARY OF RESULTS
Conducting a regret analysis for BMDPs poses unique

challenges. Exploiting the block structure can reduce vari-
ance and tighten confidence bounds through data aggrega-
tion. However, errors in the learned latent clustering can
bias estimates and complicate e�cient exploration.

t.p.a.v.vuren@tue.nl
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Figure 1: Shown from bottom to top are the sequences of
hidden latent states, selected actions, observed contexts, and
gathered rewards. Every H transitions, the environment re-
sets to a uniformly random context. This defines an episode,
and each episode the agent chooses a fixed policy.

[6] addresses these challenges with a two-phase approach
building on [4]. Under [4]’s structural assumptions, cluster-
ing techniques accurately recover the latent structure based
on random exploration. This avoids biases, and makes sub-
sequent learning more e�cient. Together with a regret lower
bound established under these same assumptions, [6] obtains
a sharp characterization of the regret in such BMDPs.

3.1 Structural properties
[6] analyzes the following subclasses of BMDPs:

Definition 3.1 (⌘-Reachability). Let ⌘ > 1 be independent
of n. A BMDP is ⌘-reachable if for all su�ciently large n:

max
a

max
s1,s2,s3

✓
p(s2|s1, a)
p(s3|s1, a)

_ p(s1|s2, a)
p(s1|s3, a)

◆
 ⌘, (1)

max
s

max
x,y2f�1(s)

q(x|s)
q(y|s)  ⌘, and max

s1,s2

|f�1(s1)|
|f�1(s2)|

 ⌘.

Definition 3.2 (I-Identifiability). Let I > 0 be indepen-
dent of n. An ⌘-reachable BMDP is I-identifiable if, for
all su�ciently large n, an information-theoretic measure of
latent state separability is bounded from below by I.

Here, reachability ensures that random exploration ob-
serves every context. Identifiability ensures that the latent
states are information-theoretically distinguishable.

3.2 Regret lower bound
[6, Theorem 1.3] is a regret lower bound for ⌘-reachable

and I-identifiable BMDPs. To state it, let n, S, A, K, and
H, denote the number of contexts, latent states, actions,
episodes, and transitions per episode, respectively, and let
TK = KH. Let Reg

K
(L;�) denote the expected regret after

K episodes of a learning algorithm L on BMDP �.
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Result ([6, Thm. 1.3]). Assume that the following hold:

S = o(n), S/4 2 N�2, H � 2, and A � S/2. (2)

For any learning algorithm L, there exists an ⌘-reachable
and I⌘-identifiable BMDP �, such that if TK = ⌦(n _A),

Reg
K
(L;�) = ⌦(

p
ATK + n). (3)

The lower bound in (3) identifies two contributions to the
regret. The ⌦(

p
ATK) term captures the cost of learning

the latent state transition kernel. The ⌦(n) term captures
the cost of learning the latent structure.

3.3 Two-phase RL algorithm and regret upper
bound

[6, Algorithms 1 to 3] contain an explicit two-phase algo-
rithm achieving near-optimal worst-case regret in ⌘-regular
and I-identifiable BMDPs; see [6, Theorem 1.4].

The first phase explores by taking actions uniformly at
random, and then estimates the latent structure using the
method of [4]. The second phase uses an optimism-based
strategy to balance exploration and exploitation while re-
fining transition kernel estimates. We adapt an algorithm
designed for ordinary MDPs [1] by incorporating improved
value estimates and smaller exploration bonuses that exploit
the learned structure.

Result ([6, Thm. 1.4]). Assume that the following hold:

TK = ⌦(H4S3A), TK _A = nO(1), and SH = O(n). (4)

Assume, moreover, that � is ⌘-reachable and I-identifiable.
If [6, Alg. 1] explores for nS3A ln2 n timesteps, then

Reg
K
(L;�) = Õ(H

p
SATK + n(S3A+ SH3)). (5)

Here, the notation Õ(·) suppresses polylogarithmic factors.

The upper bound in (5) is optimal in that it matches
(3)’s dependence on n and TK up to polylogarithmic fac-
tors. Compared to the best-possible ⌦(

p
nHATK) regret on

MDPs without structure [3], exploiting the latent structure
significantly reduces the regret for large time horizons.

The bound also improves over its closest analog, which is
Õ(DS

p
AT + n2SA) [2]. Here, D replaces H in their non-

episodic setting. We specifically improve the n-dependence
from Õ(n2) to Õ(n), at the cost of a greater dependence on
S, A, and H. This gives a better bound for large obser-
vation spaces. We achieve this by incorporating dedicated
exploration and using [4]’s e�cient clustering techniques.

In addition, (5) improves the leading-order regret for large
TK by

p
S. This is significant because [2]’s rewards depend

solely on the latent state. This removes the need to learn the
emission kernel, simplifying the analysis. The improvement
stems from leveraging the algorithms and proof techniques
in [1], rather than the earlier methods used in [2].

4. SUMMARY OF THE ANALYSIS

4.1 Proof of the regret lower bound
We prove [6, Thm. 1.3] in [6, Sec. 3] by defining a class of

hard–to–learn BMDPs, adapted from [4], and showing that
it includes instances inducing ⌦(

p
ATK + n) regret.

The ⌦(
p
ATK) term is proven using techniques developed

for MDPs without structure [3]. However, the constraints

posed by Definitions 3.1 and 3.2 prevent direct application of
these techniques. We propose a modified construction that
satisfies these conditions, while still exhibiting the long-term
⌦(

p
TK) growth of the regret.

The ⌦(n) term follows from a new lower bound on the
worst-case number of misclassifications of any latent state
estimator on BMDPs in our class. Existing lower bounds
[5, 4] apply to any given BMDP, but only for algorithms
satisfying a consistency condition. By contrast, our class is
such that any algorithm violating this condition performs
poorly on at least one instance.

4.2 Proof of the regret upper bound
We prove [6, Thm. 1.4] in [6, Sec. 5] by first establishing

accurate recovery of the latent structure after the first phase.
We subsequently bound the regret during the second phase.

The analysis of the first phase refines [4]’s performance
guarantees by deriving explicit probability bounds under
weaker assumptions. These refinements are necessary for
bounding the expected regret under [6, Thm. 1.3]’s assump-
tions, and establishing the optimality of both regret bounds.

The analysis of the second phase exploits these guarantees
to broadly follow the optimism-based framework of [1]. The
main new di�culty arises from the structure of the BMDP
kernel, involving both a latent state transition kernel and
emission probabilities. Their esimators are statistically de-
pendent, and a key part of our analysis is a decomposition
that disentangles their contributions to the regret.
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1. MOTIVATION AND PROBLEM FORMU-
LATION

Computing the stationary distribution ⇡ of a large, ir-

reducible Markov chain with transition matrix P is a fun-

damental task in applied mathematics and computer sci-

ence [4]. Solving the eigenvalue problem ⇡ = ⇡P is typically

intractable for direct solvers in large dimensions, leaving it-

erative methods as the only viable option [7].

The classical power method, xt+1 = xtP , is simple but

not always e�cient. The recently proposed Red Light Green

Light (RLGL) algorithm [2] is a more flexible and often

faster alternative. It performs block-coordinate updates of

the form

xt+1 = xt + rtIBt , rt = xt(P � I),

where rt is the residue vector at iteration t and IBt is a

projection onto a selected subset of coordinates Bt. While

heuristics for choosing Bt (e.g., selecting coordinates with

the largest residue) perform remarkably well, a formal con-

vergence analysis has remained elusive. Similar coordinate

selection heuristics have been studied in the context of block

coordinate descent methods [3, 5].

This work frames RLGL as a coordinate descent algorithm

on a suitable energy functional, giving new insight on update

schedules. Using perturbative arguments, we also extend

this perspective to some irreversible chains.

2. DIRICHLET ENERGY MINIMIZATION
The primary challenge in formulating an optimization prob-

lem is that the matrix I � P>
is generally not symmet-

ric. Standard least-squares approaches [1] that minimize

k(I � P>
)x>k2 involve the matrix (I � P )(I � P>

), which

can be dense and ill-conditioned.

Our contribution is to provide a theoretical foundation

by framing RLGL as a block descent method on a suitable

energy functional, connecting it to the literature on block

coordinate descent [5, 6].

Let ⇡ be the stationary distribution of P , and⇧ = diag(⇡).
The time-reversal is P ⇤

= ⇧
�1P>

⇧. The reversible part of

P is

PS =
1
2 (P + P ⇤

).

The coordinate transformation y = x⇧1/2
symmetrizes PS .

Copyright is held by author/owner(s).

The symmetrized Laplacian is

L = I �⇧
1/2PS⇧

�1/2.

It is symmetric, PSD, and has kernel spanned by
p
⇡ =

1⇧1/2
. The associated Dirichlet energy is

E(y) = 1
2yLy

>.

Its gradient is rE(y) = yL = r⇧�1/2
. By minimizing E(y)

we can recover the stationary distribution.

3. CONVERGENCE VIA COORDINATE DE-
SCENT

The RLGL updates in xt correspond to coordinate de-

scent steps on E(y) with yt = xt⇧
1/2

. For reversible chains,

residue rt and gradient rE(yt) are closely linked.

Since E satisfies the Polyak–Lojasiewicz inequality with

Lipschitz constants Li = 1� Pii, we obtain:

Theorem 1. Let P be reversible. If the selection rule en-

sures |@itE(yt)|2 � �krE(yt)k22 for some � > 0, then

E(yt+1) 
✓
1� �µ

Lmax

◆
E(yt),

where Lmax = maxi Li and µ is the spectral gap of P .

In paricular, this proves exponential convergence for RLGL

with Gauss–Southwell and random selection heuristics. This

upper bound on the rate is often faster than Power Iteration

(see Figure 1).

4. RESCALED GAUSS–SOUTHWELL HEURIS-
TIC

The steepest decrease rule is it = argmaxi|(ytL)i|. In

x-coordinates:

it = argmaxi

���rt⇧�1/2�
i

��, rt = xt(I � P ).

We call this heuristic rescaled Gauss–Southwell rule, since

it uses rescaled residues with weights ⇡�1/2
i . In practice, ⇡

is unknown, so proxies such as xt are used (see Figure 2).

5. EXTENSION TO NEARLY REVERSIBLE
CHAINS

Write

S =
1
2⇧

1/2
(P + P ⇤

)⇧
�1/2, A =

1
2⇧

1/2
(P � P ⇤

)⇧
�1/2.

Then I � S is symmetric PSD and A is antisymmetric.
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Definition 1 (Nearly Reversible Chains). A chain with

transition matrix P is ⌘-nearly reversible if for ⌘ 2 [0, 1)

⌘ = max
i2[n]

i

µ
, i = kAi,:k2 =

1

2
p
⇡i

 
nX

j=1

1

⇡j
(⇡jpji � ⇡ipij)

2

!1/2

,

where µ = �(P ) is the Poincaré constant [8].

Theorem 2 (Convergence of RLGL). Let P have no self-

loops and Poincaré constant µ. If P is ⌘-nearly reversible

with ⌘ <
p
�, and the update sequence has fraction ⇢ >

0 of good updates with parameter �, then RLGL converges

exponentially with rate at least

�⇢ log
⇣
1� �µ+

2

µ

⌘
.

Figure 1: Di↵erence of asymptotic convergence rate compari-
son of RLGL and Power Iteration on reversible chains. On the
horizontal axis the spectral gap µ, on the vertical axis the lower
bound on the residue of updated nodes � rescaled by the size n.
In blue where RLGL is faster, in red where PI is faster. The black
curve corresponds to equal rates.

Figure 2: Empirical comparison of convergence rates for di↵er-
ent RLGL heuristics versus Power Iteration, computed on the
largest strongly connected component of the Harvard500 web
graph. On the vertical axis the `1 norm of the residue, on the
horizontal axis the number of normalized iterations, i.e., the frac-
tion of activated edges.
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ABSTRACT

We propose using Fleming-Viot (FV) particle systems to
estimate small exceedance probabilities of the electricity
grid frequency for the dynamic dimensioning of frequency
containment reserves (FCR). The methodology is proposed
as a simpler alternative to importance sampling for di↵usion
processes, which generally requires the optimization of a
functional. Under equal sample sizes, the FV estimator can
reliably estimate probabilities that are smaller than those
estimated with vanilla Monte Carlo by a factor of 10�4.

1. INTRODUCTION
The frequency of power grids has become increasingly

volatile in recent years due to the growing penetration of
renewable energy sources. Significant deviations of the fre-
quency from its nominal value can compromise the stable
operation of the grid. To mitigate this risk, transmission
system operators (TSOs) deployed energy reserve strategies
that serve as backup mechanisms. These reserves are typ-
ically allocated as a constant volume throughout the year,
based on historical volatility levels. However, because fre-
quency volatility varies over time, such static strategies are
likely to be suboptimal — reserves may be oversized during
low-volatility periods and insu�cient during high-volatility
ones.
Our work is inspired by that of Janssen et al. [3], who

propose a dynamic dimensioning of energy reserves as an
improvement over static allocation. Their method relies on
two key components: (i) an estimate of the future frequency
volatility, and (ii) an estimate of the probability that fre-
quency deviations exceed TSO-defined thresholds, triggering
reserve activation. They model frequency deviations using
an Ornstein–Uhlenbeck (OU) di↵usion process and capture
the corrective e↵ect of reserve activation by incorporating a
regressive drift term that pulls the frequency back toward
its stationary mean of 50 Hz.
As shown in [3], within this framework, the exceedance

probabilities can be expressed in closed form and computed
via numerical integration. Although the OU process provides
a reasonable first-order approximation of frequency dynamics,
it fails to reproduce the heavy-tailed distributions commonly
observed in empirical data. More realistic stochastic models
can account for these heavy tails, but they typically pre-

Copyright is held by author/owner(s).

clude closed-form expressions for exceedance probabilities,
necessitating estimation from simulated data.

To address this limitation, we propose a simulation-based
approach that yields reliable estimates of exceedance proba-
bilities when analytical computation is infeasible. We lever-
age Fleming-Viot (FV) particle systems, a multidimensional
stochastic process constrained to evolve outside regions fre-
quently visited by the underlying process. This mechanism
facilitates e�cient exploration of rare regions using a concep-
tually simpler framework than importance sampling, which,
in the di↵usion context, may pose practical challenges such
as the minimization of a functional [6].
We adapt the approach developed in [5] —originally for-

mulated for estimating rare-event probabilities in continuous-
time Markov processes on finite state spaces (e.g., queueing
networks)— to the di↵usion setting. We test our proposed
FV-based method on two di↵erent di↵usion models for fre-
quency evolution: the standard OU process with Brownian
noise introduced by [3], used here as validation, and a dif-
fusion OU process with Lévy noise, which better captures
the heavy tails typically observed in practice [4]. In our
numerical studies, we compare our FV estimation method
with a traditional Monte Carlo (MC) approach and quantify
the smallest probability that can be reliably estimated by
each method under equal sample sizes.

2. PROPOSED METHODOLOGY
We adopt the same stochastic model for frequency evolu-

tion proposed by [3], which mimics the frequency containment
reserve (FCR) strategies used by Fingrid, one of the TSOs of
the Nordic grid, where di↵erent designated reserve volumes
are activated at di↵erent thresholds. The resulting model is
a stochastic OU process described by the SDE

dFt = �↵(Ft)Ftdt+ �dWt, (1)

where Ft is the frequency deviation at time t from its sta-
tionary mean, Wt is a noise term with unit variance, and
↵(Ft) is a regressive drift function that captures the e↵ects
of reserves (see [3] for details). As argued earlier, TSOs need
to reliably estimate the probability that the frequency Ft

exceeds specific thresholds for a given reserve allocation pol-
icy ↵(·). Our estimation method leverages the regenerative
characterization of the stationary probability of a set C for
an ergodic Markov process [1, Ch. 6] which, in continuous
time, is given by:

p(C) =
EA

R TA

0
1{Ft2C}dt

EATA
, (2)
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where A is an event defining a regenerative cycle and TA is
the regenerative cycle time.
The FV estimation approach builds on the now matured

use of FV particle systems to consistently estimate quasi-
stationary distributions of Markov processes with absorp-
tion [2]. As shown in [5], the numerator in (2) can be written
in terms of an approximation of the quasi-stationary distri-
bution of a process that is absorbed when visiting a set A,
which in turn defines the regenerative cycle of the original
Markov process M. Thus, the event A in (2) becomes the
absorption event, and A is called the absorption set. The
FV particle system consists of N copies of M constrained
to evolve outside A by an appropriate restarting mechanism
of a particle touching A. To achieve our goal of accurately
estimating the probability of extreme deviations of the pro-
cess from its mean, we define the absorption set A as a set of
frequently visited states by M, which enables the FV particle
system to collect further samples from rarely visited regions.
Using the convergence guarantees of the FV estimator of
the quasi-stationary distribution as the number of particles
N ! +1 [2], a consistent estimator of the stationary proba-
bility of a set C, outside A, can also be constructed [5]. When
C is a low-probability set, this FV estimator is expected to
provide a more accurate estimation of p(C) than using (2)
on samples from an unconstrained MC exploration by M.

Besides the estimation of the approximated quasi-stationary
distribution, the FV estimator requires the estimation of the
expected reabsorption time into A, the denominator of (2).
The estimation is carried out from data collected from an
unconstrained MC exploration by M. An important require-
ment is that this exploration must observe exit events from
A, because the estimated exit state distribution is used for
the selection of the starting positions of the N particles.
Thus, as the probability of A increases, the exploration time
T also needs to increase.

3. EXPERIMENTAL SETUP AND RESULTS
We design a set of experiments that allows us to ana-

lyze the method’s performance in terms of decreasing event
probabilities. We consider the OU process defined in (1)
with Brownian noise, and leverage its symmetry to reflect
it at zero, in order to simplify the estimation problem on
events defined on the positive axis. We consider 8 nested
events of interest of the form Ck := (ck,+1), whose proba-
bilities are linearly spaced on logarithmic scale, from 10�1

to 10�8. Each ck is computed using the formula for the
exceedance probability pk := P(Ck) given in [3], adapted to
the reflected OU process. For each k, the absorption set Ak

is heuristically set as (0, ak) with ak = 0.80 ck, and the FV
hyperparameter Tk, which defines the number of steps in the
unconstrained MC simulation, is dimensioned using a very
rough approximation of the exit event as the success event
of independent Bernoulli trials with parameter equal to the
probability qk that the OU process is outside Ak, namely
as qk := 1� P(Ak). The value of Tk is derived by imposing
a minimum value M of the expected number of exit events
during the Tk discrete steps of the OU process simulation.
Hence, given M and ak, we set Tk := M/(1 � P((0, ak))),
capped to a minimum of 500. To check the consistency of the
estimator, we considered four di↵erent N values for each k:
N = 20, 40, 80, 160. For each replication in each experiment,
an MC estimator is also calculated using (2), on the basis of
data with the same sample size as the FV estimator.

k ck pk ak qk Tk := 20/qk
1 0.071 1.09⇥ 10�1 0.057 2.21⇥ 10�1

90, cap. to 500
2 0.102 1.18⇥ 10�2 0.082 5.83⇥ 10�2

342, cap. to 500
3 0.125 1.07⇥ 10�3 0.100 1.40⇥ 10�2 1,423
4 0.142 1.11⇥ 10�4 0.114 3.73⇥ 10�3 5,366
5 0.158 1.01⇥ 10�5 0.126 9.38⇥ 10�4 21,324
6 0.169 1.31⇥ 10�6 0.135 2.91⇥ 10�4 68,628
7 0.181 1.34⇥ 10�7 0.145 8.00⇥ 10�5 249,744
8 0.192 1.07⇥ 10�8 0.154 1.90⇥ 10�5 1,034,972

Table 1: Setup of the 8 experiments run with M = 20 on

the reflected version of the OU process in (1).

Figure 1 compares the FV and MC estimators of the
exceedance probabilities defined in Table 1. We observe that
MC starts to partially fail at probabilities of the order of 10�4

and completely fails for smaller probabilities by always giving
a null estimate. In contrast, FV starts to partially fail only
at probabilities of the order of 10�8. When estimators do
not fail, violin plots tend to get smaller as N increases while
including the true probability, suggesting their consistency.
Although not presented here, the results for the di↵usion
with Lévy noise are very similar to the Brownian case.

Figure 1: Violin plots on 9 replications comparing our

FV estimator (green) vs. the MC estimator (red) of the

eight exceedance probabilities p := P(C) defined in Table 1,

marked by the horizontal gray line in each subplot.
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ABSTRACT

Shared mobility services, including car-sharing, bike-sharing,
and microtransit, are reshaping urban transportation by im-
proving accessibility and addressing the first/last mile gap.
We study the design of a hub-to-spoke service model, where
users access designated locations rather than point-to-point
rides, o↵ering a more cost-e↵ective alternative with compet-
itive performance. The operator must decide both the place-
ment of service hubs and the allocation of users, a problem
that is NP-hard under dense demand. To address this, we
approximate the dense demand as a continuous density func-
tion and study the continuous variant of the problem. We
introduce a framework combining Optimal Transport theory
with Simulated Annealing to solve this location–allocation
problem e�ciently. Using 2.2 million trips from the New
York City taxicab dataset, we demonstrate that our algo-
rithms can scale to city-level demand and provide robust
solutions for shared mobility services.

1. INTRODUCTION

Shared mobility services, a key trend in the evolution of
urban transportation, aim to provide flexible, e�cient, and
accessible alternatives to private vehicle use [1]. These ser-
vices include car-sharing, bike-sharing, scooter-sharing, mi-
crotransit, peer-to-peer sharing, and other demand-responsive
modes that can either operate independently or in coordi-
nation with public transit agencies and private employers.
Cities across the U.S. and beyond are increasingly adopting
such services to build more connected, reliable, and sus-
tainable urban mobility networks. In practice, their design
and evaluation often rely on tools such as Geographic Infor-
mation System (GIS) software, simulation platforms (e.g.,
MATSim), mobility analytics systems(e.g., Remix, Popu-
lus), which may involve vast quantities of sensor data since
the demand is dense.

In this work, we study the optimal design of hub-to-spoke
shared mobility services within a city. The design problem
involves two central challenges: identifying the optimal ser-
vice locations (e.g., stops, docks, or hubs) and determining
how users should be allocated to these locations. The two

Copyright is held by author/owner(s).

subproblems are often considered jointly, known as the loca-
tion allocation problem. With dense discrete demand data,
it is also computationally challenging to solve the problem
since it is well known that the location allocation problem
is NP-hard [2].

In this paper, we approximate the dense demand as a
continuous density function, and formulate the problem as
a two-stage location-allocation optimization program as fol-
lows. We frame the allocation problem as a semi-discrete
optimal transport (OT) problem [3], which maps continuous
demand distributions onto a discrete set of candidate service
locations. For the location problem, we develop a Monte
Carlo Markov Chain (MCMC) to model the discrete opti-
mization problem, and solve it by exploiting the Metropolis-
Hastings algorithm and simulated annealing techniques [4].

To demonstrate scalability and practicality of our method,
we conduct large-scale numerical experiments, including an
application to 2.2 million trips from the New York City taxi-
cab dataset. Our results show that our algorithm can e�-
ciently handle city-scale demand and produce robust solu-
tions.

2. MODEL FORMULATION

Two-Stage Location-Allocation Optimization Prob-

lem Consider a mobility sharing service to be launched in a
city over a compact region Y in space Rd (e.g., d = 2 for pla-
nar models), where the demand distribution on Y is given by
a continuous measure ⌫Y . Given a set of potential service lo-
cations ⌦ = {s1, ..., sn}, and their associated weights a(si),
i = 1, ..., n. Assume the facility maintenance and operation
cost at location si is g(si), i = 1, ..., n. The transporta-
tion cost from user location y 2 Y to facility si is c(y, si),
where c(y, si) is a function of the distance between y and
si thus c is symmetric. For example, if c(x, y) = kx � yk2,
then it represents the Euclidean distance. Other distance
metrics can be applied similarly. The urban designer needs
to identify a subset S (⇢ ⌦) of facility locations to o↵er
the service, where |S| = m. Given a selection S ⇢ ⌦,
let µS =

P
si2S �i�si be a discrete measure of S, where

�i =
a(si)P

si2S a(si)
=: µ(si). That is, there is a mass µ(si) as-

sociated with location si. Given a section S, let T : Y 7! S
be a continuous map that allocates y 2 Y to stop T (y) 2 S,
and denote T�1(si) = {y 2 Y : T (y) = si}. The location-
allocation problem can then be formulated as the following
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two-stage optimization programming:

(LOC) min
S⇢⌦

Z(S) = ↵L(S) +W (⌫Y , µS) (1)

where L(S) =
X

i2S

g(si)

(ALLOC) W (⌫Y , µS) = min
T

Z

Y

c(y, T (y))⌫(y)dy,

subject to

Z

T�1(si)

⌫(y)dy = µ(si), 8si 2 S(2)

In the above two-stage optimization program, the first
stage focuses on the location problem (LOC) with the ob-
jective to find the subset S ⇢ ⌦ of service locations such that
the total cost Z(S) is minimized where Z(S) consists of two
parts: (1) facility and operational cost at all selected loca-
tions; and (2) transportation cost (residents inconvenience)
which is a function of the distance from his/her position to
a service location.
Solution Methods to (ALLOC) In this paragraph, we
discuss how to solve (ALLOC) using first-order optimization
methods. As established in the previous subsection, the
solution to (ALLOC) can be derived by solving the dual of
the semi-discrete OT problem:

sup
�2Rm

F (�;S) =
X

si2S

⇣
�i�i+

Z

Lag�S(i)

h
c(si, y)��i

i
⌫(y)dA(y)

⌘

(3)
which is a concave function and can be resolved by first-

order gradient ascent method:r�iF (�;S) = @F
@�i

= �i �R
Lag�S(i)

d⌫(y) = 0.

Location Problem as a Metropolis Chain Given n
potential stop locations ⌦ = {s1, s2, ..., sn}, let x(S) =
(x1, ..., xn) be a binary vector associated with a subset S
(⇢ ⌦), where xi = 1 if si 2 S. Let S = {x 2 {0, 1}n :Pn

i=1 xi = m}. The location problem (LOC) then becomes
the following discrete optimization problem: minx2S Z(Sx),
where Sx := {si 2 ⌦ : xi = 1, i = 1, ..., n} denotes the subset
of locations selected by x. Construct a graph G(S, E) whose
node set is S, and the arcs (x,x0) denote the neighboring re-
lationship between the nodes. We say x and x

0 are neighbors
if by interchanging a ”0” position with a ”1” position of x,
we get x0. For example, (1, 1, 0, 0) and (1, 0, 1, 0) are neigh-
bors. A Markov chain {Xn} on graph G(S, E) can then be
constructed as follows. (1). When Xn = x, pick one of x’s
neighbors in graph G(S,E) randomly, say x

0, Let Xn+1 = x
0

with probability ↵(s,x0), and Xn+1 = x with probability

1 � ↵(x,x0). where ↵(x,x0) = min(exp(�Z(Sx0 )�Z(Sx)

T ), 1),
and T > 0 is a fixed parameter called temperature.
OTSA We are now ready to present our overall algorithm
which solves the two-stage location allocation optimization
by iteratively solving the semi-discrete Optimal Transport
problem and exploring the location graph via Simulated An-
nealing. The main idea is as follows: first we select an ini-
tial set of service locations S0, given which the allocation
problem (ALLOC) is solved via optimal transport and the
associated transportation cost W0 is obtained. This gives
the total cost Z0 = L(S0) + W0. In the next iteration, we
follow the Metropolis algorithm with the cooling strategy of
geometric decay and select a new set of stop locations S1,
again a new cost Z1 would be obtained, and we record the
smaller cost by comparison of Z0 and Z1. Iteratively, we can

finally reach a global minimal total cost Z⇤.
Initialization Strategy The initialization is to select m
service locations S0 out of n candidate sites. We propose a
clustering-based initialization strategy to generate m clus-
ters with respective m centroids. We then use a greedy
strategy to match m locations with the m centroids so that
the total distance between the matched points is minimized.
We also explore other initialization strategies based on the
submodular surrogates in second stage.

3. EXPERIMENT

In this study, we apply OTSA to a real dataset, a pub-
licly available dataset of taxi trips in New York City (NYC),
which records a large number of taxi trips (over 100M a
year). We retrieve taxi records in Manhattan during the
period from January 1, 2016 to June 30, 2016. From these
data, we extract the pickup requests (pickup-latitude, pickup-
longitude). Suppose we plan to launch a fictitious micro-
transit service in Manhattan Area of NYC. To model the
demand, we extract around 2.2M taxi trips in Manhattan
Area of NYC between 01/01/2016 and 06/31/2016. The
streets of Manhattan are extracted from the shapefile of
NYC. Using the GIS information, a total of 596 candidate
stop locations are selected along the streets distributed in
Manhattan area of NYC. The goal is to select 100 stops
out of the 596 candidate sites and allocate the demand to
stops. The cost function used in the semi-discrete OT is the
geodesic distance (haversine) between geographical coordi-
nates in terms of latitude and longitude, also the haversine
distance is the shortest distance over the earth’s surface. We
assume that the facility maintenance cost is constant for all
sites. Our experiments show that our algorithms will con-
verge and can scale to city-level demand and provide robust
solutions for shared mobility services.

4. CONCLUSION

In this work, we study the city-scale service location selec-
tion and users allocation. When the demand is discrete and
dense, the problem is NP-hard and computationally chal-
lenging. We propose to consider the continuous approxi-
mation of the demand density function and exploiting the
optimal transport theory to solve the allocation problem.
We further develop an integrated framework that combines
optimal transport with simulated annealing. Our numeri-
cal experiments demonstrate that our algorithm converges
to the optimal solution and can handle the urban design
problem at city scale.
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Learning payoffs while routing in skill-based queues
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1. INTRODUCTION

Skill-based queues are used in, for example, data centers,
service systems, and healthcare applications. In such sys-
tems, customers must be handled by servers with the right
skill set. An illustration is in Figure 1. Maximizing the
quality of service is essential for system performance.

Canonical routing policies including First–Come–First–
Served (FCFS) Assign–the–Longest–Idle–Server (ALIS) and
Serve–the–Longest–Queue are typically static by design. Al-
though these policies are easy to implement, they do not ac-
count for long-term performance tradeo↵s or stability con-
straints. Moreover, they o↵er limited robustness and adapt-
ability against changes in environment. Other policies such
as the cµ rule and MaxWeight scheduling rely on system pa-
rameters which might a priori be unknown in real-world ap-
plications. This limits their applicability. To address these
challenges, there is growing interest in data-driven control
policies that can deal with unknown system parameters.

# �1

µ1

# �2

µ2

# �3

µ3

# �4

µ4

# �5

µ5

✓11 ✓12

✓13

Figure 1: A skill-based queue with customer–server
compatibility lines. Here, �i and µi denote the ar-
rival and service rates and ✓ij are payo↵ parameters.

In [1], we construct a machine learning algorithm called
UCB–Queue Routing (UCB–QR) that learns the payo↵ pa-
rameters adaptively while maximizing total payo↵. We show
that UCB–QR is asymptotically optimal, up to logarithmic
terms, by deriving regret bounds. UCB–QR leverages the
basic feasible solutions of a static linear program (LP) as
the action space. We find the optimal action in a similar
fashion as in Multi-Armed Bandits (MABs) [2]. To tackle
the exploration–exploitation tradeo↵, we use Upper Confi-
dence Bounds (UCBs) for the payo↵ parameters [3]. The

⇤s.f.m.v.kempen@tue.nl

Copyright is held by author/owner(s).

regret analysis overcomes the challenging interplay between
queueing and learning by analyzing the convergence of the
queue length process to its stationary behavior.

In [4], we conduct a case study using a real-world data
set and demonstrate the performance of UCB–QR. The ex-
periments show that UCB–QR learns e�ciently, adapts to
changing environments, and outperforms static benchmark
policies. This indicates its potential for live implementation.

2. THE UCB–QR ROUTING ALGORITHM

Consider a queueing system with customer types I =
{1, . . . , I}, servers J = {1, . . . , J}, and compatibility lines
L = {(ij) : i 2 I, j 2 J }. Type-i customers arrive according
to a Poisson process with rate �i > 0. Service times at server
j are exponentially distributed with rate µj > 0. Upon de-
parture of a type-i customer at server j, a random payo↵
Yij ⇠ Ber (✓ij) is obtained. Critically, we assume that ✓ij is
unknown to the operator. Denote the set of servers that are
compatible with customer type i by Si = {j 2 J : (ij) 2 L},
and similarly Cj = {i 2 I : (ij) 2 L} for the reverse.
Consider the following related optimal transport LP for

" > 0 su�ciently small (see [1, Lemma 3]) and µ"

j := µj � ":

LP(✓, ") : max
x�0

X

(ij)2L

✓ijxij , (1a)

s.t.
X

j2Si

xij = �i, 8i,
X

i2Cj

xij  µ"

j , 8j. (1b)

In short, UCB–QR works as follows. UCB–QR uses the
set of basic feasible solutions of LP(✓, ") as action space,
denoted by A. Each a 2 A is associated with a unique set
of rates {xa

ij}(ij)2L satisfying (1b). At the start of episode k,
UCB–QR chooses action a with maximal (estimated) rewardP

(ij)2L xa

ijUij(k). Here, Uij(k) = ✓̂ij(k) +
p

ln(k)/Tij(k) is
the UCB estimator of payo↵ ✓ij , determined by the empirical
estimator ✓̂ij(k) and the number of collected samples Tij(k).
During the episode, customers are routed according to the
rates xa

ij of the chosen action. At the end of the episode,
UCB indices are updated using the collected samples.

2.1 Regret Analysis

In [1], we provide an upper bound for the regret for UCB–
QR, R✓(t) :=

P
(ij)2L ✓ij

�
tx✓

ij � E✓(Dij(t))
�
, where Dij(t)

is the number of type-(ij) departures up to time t. The fol-
lowing result summarizes [1, Thm. 2]. The bound depends

Performance Evaluation Review, Vol. 53, No. 4, March 2026 123



on the minimum nonzero rate xmin := mina2A{xa

ij 6= 0} and
a constant ↵0 > 0 determined by system parameters.

Result 1. Let � 2 R>1, ↵ � ↵0, and H0 � min(4/xmin, 1).
Let the episode lengths Hk satisfy

Hk = ⌧k +H0 with ⌧k = ↵ ln�(2|J |k). (2)

Then, the regret R✓(t) of UCB–QR satisfies

lim
t!1

R✓(t)

↵ ln2�(t)|A|


X

(k`)2Oc(✓)

�✓

k`µ
"

` +
X

j2J

w✓

jµ
"

j . (3)

Oc(✓) is the set of suboptimal lines with no mass in the
solution of (1), �✓

ij � 0 is the suboptimality gap of line (ij),
and w✓

ij � 0 is the solution of the dual program of (1).
The regret analysis relies on concentration inequalities

that bound the probability that the empirical average ✓̂ij(k)
deviates far from its mean ✓ij . However, the analysis di↵ers
from the standard MAB techniques since the routing deci-
sions and therefore the number of samples Tij(k) are subject
to queueing dynamics. Because a new action is selected in
every episode, the queueing dynamics may vary from one to
the next. We overcome this challenge by adding a ‘warm-
up’ phase ⌧k to each episode (see Figure 2). ⌧k increases
in k (see (2)) so that the probability that the queue length
process is not stationary before ⌧k decreases su�ciently fast.

Q
L
!

⌧k H0 ⌧k+1 H0
0

stationary measure changes

Hk Hk+1

Figure 2: One possible queue length realization.
Each episode has a warm-up and stationary phase.

The regret accumulation in (3) is slightly worse than the
lower bound in [1, Thm. 1], implying that UCB–QR is
asymptotically optimal up to logarithmic factors. This lower
bound is summarized in the following result. In (4), K(✓, ij)
is the minimum Kullback–Leibler divergence between ✓ij
and the set of parameter values that make (ij) optimal.

Result 2. For any consistent and stabilizing policy ⇡ and
for any ✓ 2 RL

�0,

lim
t!1

R✓

⇡(t)
ln(t)

�
X

(k`)2Oc(✓)

�✓

k`

K(✓, k`)
> 0. (4)

3. CASE STUDY ON REAL-WORLD DATA

In [4], we adapt UCB–QR for implementation in practice.
This includes reducing the action space and dealing with
temporary system instability and time-varying arrival and
service rates. Moreover, we simultaneously take into account
other objectives such as queue length minimization and fair-
ness. The simulation uses data from a U.S. call center from
Technion laboratory for Service Enterprise Engineering.

We demonstrate that the modified UCB–QR routing al-
gorithm can be implemented in a large, realistic queueing
system, even when the environment is subject to change.
The algorithm accumulates high payo↵ while learning the
payo↵ parameters and estimating the (time-varying) arrival
and service rates. We show that the algorithm outperforms
the benchmark policies in terms of payo↵ accumulation, in-
cluding a “greedy” policy and a variant of the cµ rule that is
modified for payo↵ maximization. In one scenario, our algo-
rithm closes the optimality gap by over 70% when compared
to naive random routing (see Figure 3). By also developing
a new heuristic routing rule called UCB–QR–Tree (see [4,
Algorithm 3]), customer waiting times are reduced, as shown
in Figure 4. Lastly, we show that UCB–QR is not compu-
tationally heavy: runtime is comparable with those of other
routing policies like FCFS—ALIS and random routing.
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Figure 3: Average payo↵ relative to the Oracle pol-
icy based on June 2001. Weekends are highlighted.

Figure 4: Customer waiting times of UCB–QR–
Tree are comparable to those of FCFS.

In summary, [1] and [4] provide theoretical guarantees and
show practical e↵ectiveness of UCB–QR.
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